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Lie symmetry method is a technique to find exact solutions of differential
equations. One of the significant applications of Lie symmetry theory is to achieve
a complete classification of Lie symmetries and symmetry reductions of
differential equations. This project is concerned with carrying out a symmetry

analysis of a class of nonlinear Poisson equations of the form

Au = f(uw)

The Laplacian operator A will be considered in four cases: on the line (one
dimension), and the two dimensional cases consisting of plane, sphere and

helicoid. The function f (u) will be assumed to be nonlinear.
In all four cases, the aim is to

e find the minimal symmetry algebra
e find all forms of f (u) which give larger symmetry algebras and determine
these symmetry algebras

e find some symmetry reductions and exact solutions for each case of f (u).
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CHAPTER O

INTRODUCTION AND PROBLEM FORMULATION

The mathematical modeling of most of the natural and physical processes leads to
such nonlinear differential equations whose analytic solutions are hard to find. Therefore,
investigations related to simplifications of nonlinear differential equations and
construction of their exact solutions become significant in the analysis of nonlinear
differential equations. Lie symmetry method has proven to be a powerful technique for
analyzing non-linear ODEs and PDEs. It provides most widely applicable technique to
find exact solutions of differential equations and contains, as particular case cf. [33],
many efficient methods for solving differential equations like traveling wave solutions,
self-similar solutions and exponential self-similar solutions. The classical Lie symmetry
theory to study differential equations was developed by Sophus Lie more than a century
ago. A modern treatment of the classical Lie symmetry theory was provided by
Ovsiannikov [32]. Since the modern treatment by Ovsiannikov, the theory substantially
grown and found widespread uses. A large amount of literature about the classical Lie
symmetry theory, its applications and its extensions is available, e.g. [2, 6, 7, 8, 11, 15,
17,18, 19, 20, 21, 30, 31, 32, 37].

The aim of this work is to investigate the group classification problem which, in
general, consists of two main steps. The first step is finding the Lie symmetries of a
differential equation with arbitrary f. The second step is determining all possible forms of
f for which larger symmetry groups exist. The first group classification problem was
carried out by Ovsiannikov [32] who classified all forms of the non-linear heat equation
u; = (f(w)uy),. Since then a number of articles on symmetry analysis and classification
problem for non-linear PDEs have appeared in literature, cf. [3, 4, 5, 9, 10, 12, 14, 16, 22,



23, 24, 25, 26, 27, 28, 34, 35, 38, 39]. In the present work we propose to perform the
complete group classification of a class of nonlinear Poisson equations in one space
dimension, and in two dimensions on three different surfaces plane, sphere and helicoid.
The class of non-linear Poisson equations under our consideration is of the form Au =
f).

Section 0.1 contains some basic ideas about differential geometry of surfaces,
needed for setting up the problems of this research. The problem formulation and a

summary of main results of thesis are provided in section 0.2.

0.1. SOME BASIC DEFINITIONS FROM DIFFERENTIAL GEOMETRY

To formulate our problem clearly we need some basic background in differential
geometry, cf. [13, 36], specially the definition of Laplacian on surfaces. In this section we
define the metric or first fundamental form of surfaces, the Laplacian and Gaussian
curvature of surfaces.

Definition:
Let X(x,y) be a coordinate patch or parameterization of a surface M. Then,

g = ds? = Edx? + 2Fdxdy + Gdy?
is called the first fundamental form or Riemannian metric of the surface, where

E=X, Xy, F=Xy-X,, G=X,-X,.

Setting

gu=E=XXe, B2=8n=F=X"X),, 8n=060=X,-X,
leads to the classical notation of the metric

g = ds® = g;1dx® + 2g;,dxdy + gp,dy?
or in the form of a symmetric matrix

o= E2)= )

Note that



det(g) = g1182; — (812)* =EG—F* = |Xx X Xy| #0,

therefore,

-1

g =

11 412
g gl . 1 822 TB12] _ ,_ij
[g12 g?? T det(g) =812 811 ] = (&%)

The main operator involved in our investigation is Laplacian on surfaces which is defined
below.
Definition:

Consider a surface with a metric g. Then the Laplacian on the surface is defined as

Au = (0.1)

1 a i ou
J]det(g)| axt ( |det(g) Ig” ﬁ)

where the summation is taken over repeated indices.

Since the symmetry analysis of this thesis is carried out on surfaces of different
curvatures, it is worth recalling the formulas for calculating curvatures of surfaces [13].
Let X(x,y) be a coordinate patch or parameterization of a surface M.

Setting

XXX
G=Xy X, U=_2

E:Xx°Xx, F:Xx'X —m

yl
then the components of the second fundamental form are
=Xy U m=Xy U n=X,,-U

and the Gaussian curvature of the surface is given by

In-m?2

Kj =
EG—F?2




0.2. NONLINEAR POISSON EQUATIONS , PROBLEM FORMULATION
AND MAIN RESULTS

The objective of the study is to carry out complete symmetry group classification and
symmetry analysis of nonlinear Poisson equations of the form
Au = f(u) (0.2)

where A denotes the Laplacian operator defined in the previous section and f(u) is a
nonlinear function. Precisely, equation (0.2) will be investigated on

e the line (one dimensional case)
as well as on the following surfaces

e the plane (zero curvature case)

e the sphere (positive curvature case)

e the helicoid (negative curvature case)

0.2.1. Problem for the line (one-dimensional case)

The Laplacian in this case is

Au = uy,.
Hence the non-linear Poisson equation on the line becomes

(0.3)
The group classification of equation (0.3) is carried out in Chapter 2, where the following

result is proved.

Theorem 2.1
The minimal symmetry algebra of nonlinear ODE y" = f(y) is generated by X = % and

is obtained for all nonlinear arbitrary functions f(y). The larger symmetry algebra exists

in the cases given in the table below:



aly+b)3 ,a#0

f» Generators of symmetry algebra
a(y + b)¢,
v+ b Yi=2 Ky=xl-Z(ytb) 2
c#0,1,-3 ox ox c—-1 dy
b 90 vy _,0_20
ae® b#0 Xl_ax’XZ_xax oy
¥ = 0
L7 ox

X, = a+1( +b)a
2= 9x T2V ay’

_ 290 9
X;=x ax+x(y+b)ay

aly +b) 3 +c(y+b)
a#0,c<0

d
X1 :a,
aly +b) 3 +c(y+b 9 4
(y+b) (y+b) X, = er\/E_+\/582x\/E(y+b)_‘
a#0,c>0 0x dy
0 0
X3 = e_zxa—\/ze_zxﬁ(y+b)@
d
Xl :a,

X, = sin(2v=c x) :—x +VZE(y + b)cos(2v=c x) :—y

X5 = cos(2v—=cx) aa_x —/—c(y + b)sin(2v/—c x)aa—y

0.2.2. Problem for plane (zero curvature case)

Consider the xy-plane,
z=0.
It can be parameterized as

X(x,y) = (x,,0)

To find the first fundamental form, we calculate the following quantities




E=X,-X,=(100)-(100) =1
F=X,-X,=(100)-(0,10)=0
G =X, X, =(0,10)-(0,10) =1

So, the metric or first fundamental form is obviously
2 2_[1 0
g=dx*+dy- = [0 1

We can check that the Gaussian curvature for this metric is 0.

Calculation of the Gaussian curvature:
X X X, = (1,0,0) x (0,1,0) = (0,0,1)

U= Xx XXy
| X% Xy |

Xxx = (0,0,0)
Xxy = (0,0,0)
ny = (0,0,0)

The components of the second fundamental form are

= (0,0,1)

| =Xy U=0
m= Xy, -U=0
n=X,, -U=0

. In-m? 0
Gaussian curvature of the plane=——=-=10
EG-F?2 1
The Laplacian on the plane is calculated below.

_ 0 (g113_u+ 123_u)+i(g213_u

1 90 yjouy_ 29
Au = Jldet(g)| 6xi( |det(g)lg 6xf) T ox dx dy oy ox

= Uy + Uyy

Now, equation (0.2) becomes:

Uyx T Uyy = fw)

22 a_u)
oy

(0.4)

which is nonlinear Poisson equation on plane. Chapter 3 is devoted to group classification

and symmetry analysis of PDE (0.4). The main result proved is



Theorem 3.1
The minimal symmetry algebra of nonlinear Poisson equation (0.4) is 3-dimensional
generated by
P1=i, Pzzi, P3=—yi+xi
0x dy 0x dy
and is obtained for all nonlinear arbitrary functions f(u). The larger symmetry algebra

exists in the cases given in the table below:

f) Extra Generators of symmetry algebra
a(u+ b)°¢, b 6+ 0 2 ( +b)6
c+0,1 4_x6x yay c—1u ou

Infinite dimensional algebra generated by

P = <§’(x,y)i+r(x,y)i—gry(x.y)i
dx dy b du
ae™, where
ab#0 Tyx + Tyy =0,
$x = Ty,
$y = —Tx

0.2.3. Problem for sphere (positive curvature case)

Consider the sphere
x2+yt+2z2=1
with parameterization
X(x,y) = (cosx,sinx cosy,sinxsiny)
which implies
X, = (—sinx, cosxcosy,cosxsiny)
X, = (0, —sinx siny, sin x cos y)

The components of the first fundamental form are given by



E =X, X,=(—sinx,cosxcosy,cosxsiny) - (—sinx,cosxcosy,cosxsiny) =1
F =X, X, =(—sinx,cosxcosy,cosxsiny) - (0,—sinxsiny,sinxcosy) =0
G=X,-X,=(0,—sinxsiny,sinxcosy) - (0,—sinxsiny,sinx cosy) = sin? x

So, the metric is obviously

— 2 in2 2 _ 1 0
g =dx* +sin“xdy”- = [0 sinzx]

and
det(g) = sin®x

which implies

g = [(1) CS(?Z x]

We can check that the Gaussian curvature for this metric is positive.
Xy X X, = (—sinx,cosxcosy,cosxsiny) X (0,—sinxsiny,sinx cosy)

= (sinx cos x, sin? x cos y, sin? x sin y)

_ XaXXy (sin x cos x,sin? x cos y,sin? x sin y)
| X% Xy | sinx

= (cosx,sinx cosy,sinxsiny)

X,y = (—cosx,—sinxcosy,—sinxsiny)
Xyxy = (0,—cosxsiny,cos x cosy)
Xyy = (0,—sinx cosy,—sinxsiny)

Then, the components of the second fundamental form are given by
l=2X,, U= —cos?x —sin?xcos?y — sin?xsin?y = —1
m= Xy, -U=0
n =Xy, U= —sin*xcos®y — sin® x sin® y = —sin® x

Gaussian curvature of the sphere

2 in2

In-m sin“ x

- EG—F? - sin? x =1
which means that the Gaussian curvature of the sphere is positive.

The Laplacian on the sphere

ij 2t
Au = 1/|det(g axl( Idet(g)lg )

=— a(51nx1—+smx(0) )

sinx 0x

1 9 ou
in — + sin
Snxy (s x (0) + sinx csc? x 6y)

=12 (smxau) + L (cscxau)
" sinx dx dx sinx dy ay

= Uy, + (cotx)u, + (csc? X)uy,



Hence, the Poisson equation on sphere becomes:

Uyy + (cOtx)u, + (csc? x)uy, = f(u) (0.5)

In Chapter 4, we present complete group classification, symmetry reduction and some
exact solutions of PDE (0.5). The main result of Chapter 4 is precisely the following

classification is

Theorem 4.1
The minimal symmetry algebra of nonlinear PDE (0.5) is three dimensional and is

generated by

. .0 0
Sl—smya+cotxcosy@, Sz—cosy&—cotxsmy@, Sg—@

and is obtained for all nonlinear arbitrary functions f (u). Infinite dimensional symmetry
algebra exists in the case
fu) = aeb™ +% ,a,b#0
which is generated by
X = 5(9@3})% + T(x,y)% + ¢(x,y);—u
where t(x, y) is a harmonic function on sphere that satisfies the following pde
Tax + (cOt x) 7, + (cSC* X)T),, = 0,
The function &(x, y) is given by the following two relations
§=—sin’x [ 1,(x,y)dy + g(x)
$x —cotxé =1,
and the function ¢ (x, y) is given by
¢ =6,



0.2.4. Problem for helicoids ( negative curvature case )

Consider the helicoid with parameterization
X(x,y) = (xcosy,xsiny,by).

Then,

X, = (cosy,siny,0)
X, = (—xsiny,xcosy,b)

The first fundamental form has components
E=X,-X,=(cosy,siny,0)-(cosy,siny,0) =1
F=X,-X,=(cosy,siny,0) - (—xsiny,xcosy,b) =0
G=2X,-X,=(—xsiny,xcosy,b)-(—xsiny,xcosy,b) = x* + b?

So the metric is obviously

— 2 2 2 2_1 0
g=dx? + (2 +bId? = | 2 e

which implies
det(g) = x? + b?
and hence,

LN 0
8 T10 1/(x%+b?)

We can check that the Gaussian curvature for this metric is negative.

Xy X X, = (cosy,siny,0) X (—xsiny,xcosy,b) = (bsiny,—bcosy,x)

U= XxXXy  (bsiny,—bcosyx) _ ,bsiny -—bcosy x )
T |xexxy| Vx2+b2 T Wx24b2’ Vx2+b2 ' VxZ+b?
X,x =(0,0,0)

Xxy = (—siny,cosy,0)
Xyy = (—xcosy,—xsiny,0)

which give components of the second fundamental form

[=X,-U=0

_ _ -b
m=Xey U= g
n=X,,-U=0

10



Gaussian curvature of the helicoids

b2
_ In-m? — 0_x2+b2 — _ b?
EG-F2  x2+bh2-0 (x2+b2)2

This means that the Gaussian curvature of the helicoids is negative.

The Laplacian on the helicoids is given by

=t 9 ij 9%
Au = |det(g)|axi( |det(g)| g axi)

== («/ Z+b2(1) 2+ VaZ + b%(0) g—“)
+ﬁ§(m(0) + \/xz—-l_bz(xz-lkbz) 6y)
= s (PP 5) 4 s, (VA B () 5)

_ 1 X ou 1
= s + T (7mm) 3 + () o
X 1
= Uxx T (x2+b2)ux + (x2+b2) Uyy
Hence, the Poisson equation on helicoids is
X 1
Uex + (x2+b2> Uy + (x2+b2) Uyy = f(u) (0.6)

Chapter 5 contains complete symmetry group classification of PDE (0.6) where we prove

Theorem 5.1
The minimal symmetry algebra of nonlinear Poisson equation (0.6) is one-dimensional

generated by
_9
1= ayl
and is obtained for all nonlinear arbitrary functions f(u). Three dimensional symmetry

algebra exists in the case
f(u) =aed*, a,b#0

which is generated by

d

H1=@

4x

H, = (x? +b2)cosy +x51ny——§cosyaa—u

— (42 2y cin vl _ 9 Ax .0
H; = (x +b)smyax XCoSy - —psiny -

This theorem is summarized in the table below:

11



fw

Generators of symmetry algebra

any non-linear 0

Hy=—

function dy

Three dimensional algebra generated by
0

aeBu , Hl B @
L 9 .0 4x G
a,B+0 H, = (x +b)cosya+xsmy$—fcosy£
Hy = (x? + b?) sinyi—xcosyi—gsinyi
dx dy B Ju

12




CHAPTER 1

LIE SYMMETRY METHOD
FOR DIFFERENTIAL EQUATIONS

This chapter focuses on basic ideas of Lie symmetry method tht should serve the
bases for following the research results presented in chapters 2,3,4 and 5. The main aim is
to give a short review of the standard baackground in Lie symmetry method for ODEs and
PDEs. Since the fundamental results of Lie symmetry methods are well established and
have become a standard now, most of the proofs in this short review are omitted.
However, the necessry details are presented where these were thought to be essential. This
review follows the books [8, 21]. In general, the reader is referred to the standard books
[8, 17, 21, 31, 37] for thorough introduction and complete understanding of the subject of
Lie symmetry analysis and its applications.

Section 1.1 and section 1.2 present the concepts and methods of Lie symmetries
needed to deal with ODEs and PDEs respectively.

1.1. LIE SYMMETRY METHOD FOR ODEs

Beginning with the ideas of one parameter groups and their infinitesimal
generators, this section presents the notions of prolongations, symmetry of ODEs as well
as the method of finding symmetries of ODEs. The section ends with illustrative
examples of reduction of order of ODEs using symmetries.

13



1.1.1. One parameter group of transformations and infinitesimal generators

The study of Lie symmetries of ODEs involves one parameter groups of
transformations in plane.

Definition: (Point transformation in xy —plane)
A point transformation in xy -plane is a function
T:R? — R?
given by
(,9) > @)
where
x=fxy)

y=9xy)
A transformation in the xy-plane transforms a point (x, y) to another point (X, y).

Examples of transformations in xy-plane:

Translation:
X=x+3
y=y—-2

Dilation:

X = 2x
y =5y
Rotation:

X =xcosf —ysinf
y =xsinf + ycosf

Definition: (one parameter transformation)
It is a transformation that depends on one parameter only.
If the parameter is €, then it is of the form:

x=f(xy,e€)

y=g(xy,€)
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Examples:

1) The rotation above depends only on the parameter 6.
2) The translation:

X=x+e¢€

y=y+2e€
is a one parameter transformation depending on € only.
3) The translation

X=x+kg

y=x+k,
is not one parameter transformation since it is associated with two parameters
k, and k.

Definition: (one parameter group of transformations)
The one parameter transformation

‘)E = f(x' y’ E)
y=9xy,€)
is a one parameter group of transformations if the following properties hold:
(i). Identity:

The transformation with € = 0 is the identity transformation.
To(x,y) = (x,y)
(ii). Inverse:
The transformation with —& gives the inverse transformation
T.T_.=T_.T. =T,
(iii). Closure:
The composition of two transformations in the group is a member of the set of
transformation in the group
T,Ty =T,

Remark: the associativity holds always because the composition operation is always

associative.

Example: Show that the following transformation is a one parameter group.
T.:R? — R? defined by
X=x+¢€
y=y+ 2
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Solution:
(i)The identity is clearly
To(x,y) = (x,¥)
(ii)Let a, beR
TpyT,(x,y) =Ty(x+a,y+2a)=(x+a+b,y+2a+ 2b)
=((x+a+by+2(a+b)) =T,pxy)
So, the set of these transformations is closed.
(iii)The inverse of T, is
T.'=T_,
because
T eTe =T-c4e =T
and
TeT_e =Te_e =Ty

Infinitesimal generators of one parameter group of transformations

Given a one parameter group of transformations

X=f(xy,6€) (1.1)

y=9xy¢€) (1.2)
with

fx,y,0) =x (1.3)

9(x,y,0) =y (1.4)

This obviously defines a curve a(e) = (x,¥) = (f(x,y,€),9(x,y,€)). If the tangent

vector to the curve through the point (x, y) is denoted by (¢, 1), then the operator
] ]
X=Sy) o tnuy) g (1.5)

is called infinitesimal generator of one parameter group of transformations . This gives
directions in which the point will move along the curve

a(e) = (f(x,y,6),9(x,y,€)).
For practical purpose, it is more convenient to use the infinitesimal generator (or the
operator form) of the group. So it is important to learn how to find the generator from a

group, and how to find the group from a generator.
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Infinitesimal generator of groups

Given a one parameter group of transformations
x=f(xye)

y=9gxy,¢€)
with

fx,y,0)=x
9(x,y,0) =y.
The associated infinitesimal generator is given by
d d
X=Sy) o +nuy)g;
where

_ @y
§(xy) =—

e=0

dg(x,y,€)
nx,y) = e

e=0

Example: Find the infinitesimal generator of the group of rotations
X =xcosf —ysinb

y =xsinf + ycos @

Solution:

§y)=2| =-xsin0-ycos0=—y

6=0

n(x,y) :Z_Za=o =xcos0—ysin0 =x

The infinitesimal generator associated with this group then is given by

0 2
X——ya+x$
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Some important groups with their associated infinitesimals are given in the table below

Action Group Infinitesimal generator
Translation in x —axis x=x+te 0
y=y d0x
. . . X=X a
Translation in y —axis —
y=y+e dy
Dilation in x —axis X =e‘x xi
y=y 0x
. ) ¥=x d
Dilation in y —axis y—
y=ey Oy
= _ La€ 0 5}
Irregular dilation x=ex ax—+ by —
V = ebey ox 6y
) X =xcose—ysine 0 0
Rotation —y—+x—
y =xsine+ ycose 0x dy
x=x/(1-¢€y) a+ , 0
_ Xyo-tY o=
y=y/1—ey) ox ° dy

Group corresponding to generator

Given infinitesimal generator
— 9 9
X=SGy) o tntuy) 5
The associated one parameter group of transformations
X =f(x,y,€)
y=9(xy,€)
with
f(x,y,0) =x

9(x,y,0) =y
can be found by solving the system of ODEs given by
dx

{637

de

dy _
= =n(x,7)

de

with initial conditions
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Xle=o = x (1.18)
3_’|6=0 =Yy (1.19)

Gy (1.20)
ay _ _
Ty (1.21)

with the initial conditions
%(0) = x (1.22)
y(0) =y (1.23)
Solving Eq. (1.20) gives
X = Ce€ (1.24)
Applying the initial condition (1.22) implies
C=x
Therefore,

€x

xX=e
Similarly, solving the second equation (1.21) with initial condition (1.23) gives

y=ey

1.1.2. Definition of symmetries of ODEs

Given an ODE
F(x, Y, v, .. ,y(n)) =0. (1.25)
A one parameter group of transformations
X =f(xy,6€) (1.26)
y=gxy,€) (1.27)

is called a symmetry of ODE (1.25) if the form of the ODE (1.25) remains unchanged
under the transformation (1.26)-(1.27).
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i.e. after change of variables (x, y) to (X, y), we get

F(%37,y,..y®) =0 (1.28)

Example: Show that the transformation

X =ex (1.29)

y=ey (1.30)
is a symmetry of the ODE

dy _ y

2=r() (1.31)
Solution:

Eqg. (1.29) implies

dx = e€dx (1.32)
and Eq. (1.30) implies

dy = e€dy (1.33)
Dividing Eq. (1.33) over Eq. (1.32) gives

4y _edy _dy (1.34)
dx efdx dx ’

Using ODE (1.31), we get
w=r@)=r=)=-r0) (1.35)

which is of the same form as the original ODE.

This implies that the transformation forms a symmetry for the ODE.

1.1.3. Prolongation of infinitesimal generators

Let
X =¢00y) = +n(x,y) =
'y ox mx.y oy
Then, using Taylor’s series, the infinitesimal transformation of the corresponding group

is given by
¥x=x+e€&(x,y)+ 0(e?)
y=y+enlxy)+0(€)
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In order to study symmetries of ODEs, we need to know how the derivatives are

transformed via the extension of above transformation.

First prolongation

We look at the transformation of the derivative

dy — dy
A [ A

_ —_
y dx dx

Let
y =y +enl(xy,y") +0(e?)
Let us find n!*(x, y,y")

_ dy, dn

)7, _ dy _ dy+edn +0(€e?) _ T
dx dx+e dé+0(€?) 1+E;i_f

X

= (y’ + EZ—Z) (1+ eg)‘l

Y dn _ a8 2
—(y +de)(1 edx+0(e ))

_ 14 d_77_ ld_f 2
_y+6(dx ydx)+0(6)

This implies

(1] — dn _ 4
77 dx dx
or
nM=n,+yn, -y E+Y'E)
or

77[1] =1yt (773/ - fx)y’ - fyylz

Thus, the first prolongation is given by

i) i) , ’
X[l] = f(x,}’)aﬁ'ﬂ(x,}’)a"' [nx'l' (ny_’fx)y _fyy 2

which gives infinitesimal transformation for x,y, y'.
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Second prolongation
Let

d d
X=8Sxy) o +ntuy) g

be infinitesimal transformation and

= () 52+ 106 Y) 55+ 1y,
be the its first prolongation. Then, the transformation of x, y and y'are given by
¥x=x+e&(x,y)+0(e?)
y=y+enlxy)+0(e?)
y' =y +en(x,y,y) + 0(e?)

We want to find the transformation of y"’
Y =Y T
Let

y'=y"+en?l(x,y,y",y") + 0(e?)
Let us find n!21(x,y,y’,y""). The transformation of y" is given by

N dy’ dn[l]
}7 _ dy’ _ dy'+e dnll+0(e?) _ PR
ax dx+e dE+0(e?) 14%

dx
=(y”+e )(1+ df)
= (y" + edn[ ]) (1 - e—+ 0(62))
=y" + E(dn[ ] —y”%) + 0(€?)

This implies

[2] — dﬂ[ﬂ _ Hd_f
e = o (1.39)

or

I 12
[2] — d[nx*'(ny_fx)y =&y 7 d_f
r] dx y dx

= Mx t Y'ny + (ny + Y'Uy —$xx — ylfxy)y’ + (ny - fx)y”

—(Cyx + Y6V =27V E, — Y (Ex +V'E)
Simplifying gives
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N =1 + (any — &)y + (nyy ~ foy)ylz ~ Szyyy’3 + (77y — 28 )y" - 38,y'y"
(1.40)

Thus, the second prolongation is given by

2 2 2 2
X = f(X.Y)a+U(X,Y)£+77[1]a—y,+fl[z]m

n'" prolongation

In general, we can show by induction that

] — "y €€ _
n Ix yor e for n=1,2,3, ... (1.412)

and from this,

d d 0
X = 00y oo+ (e y) 5o+ B ™ 5 (142)

Example: Find the second prolongation of X = xaa_x + yaa—y.

Solution:
§(x,y) =x
nxy) =y
Then,

N =n,+0my—&)y —-&y* =0
N =y + (20ay = &)y + (yy = 260 )9"° = 609" + (1y = 269" = 38,y
— (ny _ ng)y” — _y//

Thus,

[2] — 9 o, m9o , 29 _ 90 0 49 v 0
X =8oy)gotney) gt mtndom=x 2ty o+ 055 -y 55
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1.1.4. Invariance criteria for finding symmetries of ODEs

Given an n" order ODE
F(x, v,y ...,y(n)) =0 (1.43)
A symmetry of ODE (1.42) is a one parameter group infinitesimal transformations:
Xx=x+€eé(xy)

y=y+enlxy)
that leaves the ODE (1.43) invariant, i. e.

F(%,y,y", ...y™)=0 (1.44)
where y', ...,y™ are transformed through prolongations of the group.
Treating equation (1.43) as an algebraic equation inx,y,y’, ...,y("), invariance criteria

can be generalized to the following definition.

Definition:

The infinitesimal transformation
Xx=x+€eé&(xy)
y=y+enlxy)

or equivalently the generator
X = 5(9@3})% + n(x,y)%

is a symmetry of ODE (1.63) if
XMF =0

when
F=0

where X[ is the n™" prolongation of X.

Example: Show that X = xaa—x + yaa—y is a symmetry of the ODE

2,11

12 ’
xy" +xy" —yy' =0
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Solution:
The function associated with the ODE is

2 ’

F(X, y;y,;y”) =x yII + xy,Z _ yy
The second prolongation of X as found in the previous example is given by

2 =2 4y 92 190 _ i 9

X xax+yay+06y, y 3y
Hence,

)LL) L L

X“F xax+yay+08y, 3y

=x(2xy" +y") + y(=y") —y" (x?)

— 2x2y11 + xylz _ yy/ _ xzy”

i

=x2y" +xy"” —yy

4

=0ifF=0
This implies that
] ]
X = X£+y$

is a symmetry of the given ODE.
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1.1.5. Method of finding the Symmetries of ODEs
The criteria

X["]F|F=0 =0 (1.45)
is called the invariance criteria for the symmetries of ODE (1.43) of order n. It is the basis
for computing the symmetries of ODE (1.43). This will lead us to an over determined
system of linear PDEs in &(x, y)and n(x, y). Solving this system will give us all possible
functions &(x,y) and n(x, y) that satisfy the invariance condition.

Steps for finding symmetries of ODE (1.43)

1) Find prolongation X™ where n is the order of the ODE.

2) Apply the prolongation to the ODE restricted to the validation of ODE.

3) Obtain determining equations from step 2 by comparing coefficients of powers of
derivatives.

4) Simplify and solve the determining equations.

Example: (Simple example to show the procedure, the same procedure works for any other ODEs)

Find all symmetries of

Y =0 (1.46)
Solution: Let
F(x,y,y' ,y")=y" (1.47)

Let the symmetry be of the form
d d
X= f(MJ’)a"‘U(x.Y)@ (1.48)
Step 1: write the 2" prolongation
W =n,+(ny — &)y — &y
77[2] =Mxx + (znxy - fxx)y’ + (nyy - foy)ylz - "fyy.'y,3 + (ny - fo)y” - nyy,y”
x2lF = X[Z](y”)
= £(x,9).0 + n(x,).(0) + nM(0) + n2l(1) =yl (1.49)
Step 2 : Apply 2" prolongation to the differential equation
X[z] (3’”)|y~=0 = Nxx + (any - Exx)yl + (nyy - foy)ylz - fyyy,3 (1-50)

Step 3 : Finding the determining equations as follows
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Coefficientof (y)* : &, =0
Coefficient of (y')? : 1y, —2&, =0
Coefficientof (y")! : 21,y — &4 =0
Coefficient of (¥)% : 7, =0
We get a system of linear PDEs.
Step 4: Solving the over determined system of linear PDEs (E1)-(E4)
From equation (E1), £ is linear in y. So,
§=A(x)y+ B(x)
From equation E4, n is linear in y. So,
n=fx+g9)
Differentiating equation E2 with respect to y and use equation E1, we get
Myyy = 28xyy =0
Using equation E1 in Eq. (1.53) gives
Myyy =0
which implies
f"WMx+g"(y) =0
or
@) =0
and
9" =0
From Eq. (1.56), we get
fO) = ¢+ ey + cqoy?
From Eqg. (1.57), we get
g(¥) = ¢4 + csy + c6y?
Substituting the functions f(y) and g(y) in Eq. (1.52) gives

n=(c; + 2y + c10¥?)x + ¢4 + sy + o>

Substituting equations (1.59) and (1.51) in E2, we get
2(cy + 2¢4py) — (A”(x)y + B”(x)) =0

Comparing coefficients of powers of y in the previous equation gives
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(1.51)

(1.52)

(1.53)

(1.54)
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(1.57)

(1.58)

(1.59)

(1.60)



A" (x) = 4cq
B"(x) = 2¢,
Integrating Eq. (1.61), we get
A(x) = ¢7 + cox + 2c5x2
And integrating Eq. (1.62), we get
B(x) = cg + c3x + cx2
Substituting the previous two equations (1.63)-(1.64) in Eq. (1.51) gives
& =(cy 4 cox + 2¢c19x?)y + (cg + c3x + c3x?%)
Substituting equations (1.59) and (1.65) in equation E2, we get
2¢10Xx + 2¢6 = 2(cg + 4c10x)
which implies
Cg = C¢
c10=20
Remove c;4 and cg from the formulas
E=(c;+cogx+ 2c10x2)y+ (cg+c3x+ cx?%)
= (c; + cgx )y + (cg + c3x + cx?)
N =(c1+ ¥ + cro¥?)x + (¢4 + csy + c6¥?)
= (c1 + c2)x + (s + Csy + C6Y?)

(1.61)
(1.62)

(1.63)

(1.64)

(1.65)

So, we obtain 8 independent constants (parameters). This provides 8 dimensional Lie

algebra generated by the symmetries found below.

Putting c; = 1 and the remaining constants vanish implies

0
X, =x—
1 xay

Putting c, = 1 and the remaining constants vanish implies
5 0
Xy =x"—+xy—
Putting c; = 1 and the remaining constants vanish implies
d
X3 = XE

Putting c, = 1 and the remaining constants vanish implies

d
X4—£
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Putting cs = 1 and the remaining constants vanish implies

a
X5:3’5

Putting ¢, = 1 and the remaining constants vanish implies
— 9 20
Xe=xy - +¥"5

Putting c; = 1 and the remaining constants vanish implies

d
X7 = Y5
and putting cg = 1 and the remaining constants vanish implies
_9
8 7 ox

Note : the set of all symmetries of an ODE forms a Lie Algebra with commutator
operation

[X,Y]=XY-YX
We obtain the basis of all symmetries

S={X1,X2,X3,X4,X5,X6,X7,Xg }

with commutation relations

X, X, X; X, Xs X X,
X, 0 0 —X, 0 X X, X; — Xg -X,
X, 0 0 —X, X, 0 0 —Xo | —2X3 — X<
X; X, X, 0 0 0 0 —X, —Xg
X, 0 X, 0 0 X, | X3 +2Xs Xg
Xs | -X 0 0 —X, 0 X, X,
Xs | X, 0 0 | —X;—2X: | =X, 0 0 —X,
X, | Xo— X, Xq X, —Xg —X, 0 0
Xs X, | 2X3+Xs | Xg 0 0 X, 0
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1.1.6. Reduction of order of ODEs using symmetries

Given a symmetry
] ]
X=Sy) g +nuy) g
of an ODE

F(x,y,y’, ,y(n)) = 0.
The invariants obtained through
xlr=o0
can be utilized, cf. [8], to reduce the order of ODE by the standard procedure of change of

variables. This method is illustrated in examples below.

Example: Reduce

F=x%y"4+xy" —yy' =0 (1.66)
using the symmetry
d d
X=x a + yg

Solution :

The 2" prolongation of X is

) , 0

2 — 9 4,9 L g9 _
X xax+yay+06y, y 37

We find invariants using X!?1 I = 0, whose characteristic system is

dx _dy dy' _dy"
y o =y

X

. d dy . .
Solving 7’6 = ?y implies

% = constant

4

ay
0

Solving i—x =
y' = constant

Thus, we obtain two invariants of X[?! given by
u=2 (1.67)

v=y' (1.68)

30



To write the given ODE in terms of u and v

dy
200 = 2@ adv _ pdvdu o dvXgY _ dv..
Yy =X dx_x dx_x dudx du x2 _du(xv ¥) (1.69)
Using equations (1.67)-(1.69) in the ODE (1.66) gives
x2y" + xy"” —yy' = (xv — y)Z—Z +xv:—yv =0 (1.70)
Dividing Eq. (1.70) by x implies
N 2 _ _
(v—u) —tvi-uv= 0 (1.71)
(i) fv # u, weget
@ _
du
which is separable 1°' order ODE with solution
v=ce ¥
Going back to the original variables gives
4
Y e (1.72)

dx

which is homogeneous first order ODE.

LetV = Z, then
X

dy _ xdV+Vdx
dx dx

Substituting this in ODE (1.72) leads to separable 1* order ODE

av
—XE-FV

av _
x—+V=ceV
dx

or
av_ _ dx
ceV-v  x
(i) Ifv =u,then
—
y - X
which implies
ay _ ax
y T ox

which gives the solution
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Example: Reduce the following ODE using symmetry technique
d? d d
xy 2 x4y 2 —xy? =0 (1.73)
Solution:

We can check that

0
X=y£

is a symmetry of ODE (1.73).

Next we use the symmetry to reduce the ODE (1.73). The 2" prolongation of X is

n a

=02 4y 2 4y 2

Solving the characteristic system of X!21] = 0 gives differential invariants:

u=x (1.74)
yl

= 1.75

v " ( )

These variables give

;,dy'  dyv) dv dy dv 2
= ——= = _— v— = —_ v
dx dx du + dx y du + y
or
12 dv
=242
y du

Putting this in Equation (1.73) reduces it to the first order ODE
xy? (Z—Z + vz) + xy?v? +y*v—xy? =0 (1.76)
Dividing Eq. (1.76) by xy? leads to
a2 2 =
u(du+v )+uv +v—u=0
or
dv

Lo 2p2-2p+1
du u

The reduced 1% order ODE is in the form of Riccati equation.
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1.2. LIE SYMMETRY METHOD FOR PDEs IN TWO INDEPENDENT VARIABLES

This section is devoted to discussion of symmetries of PDEs, the prolongations of
their generators and the method of finding symmetries of PDEs. For the sake of clarity we
restrict the main discussions to 2" order PDEs with one dependent variable and two
independent variables. This does not hamper the research work in the thesis since the
PDEs involved in the research work in chapters 3, 4 and 5 all belong to this class of PDEs.
A detailed account of the subject of Lie symmetry for general PDEs is contained in many
standard books on the topic cf. [2, 6, 7, 8, 11, 15, 17, 18, 19, 20, 30, 31, 32, 37].

1.2.1. Symmetries of PDEs

Consider a PDE

F(x, V) Uy Uy, Uy, Uy Uy Uy, oon) B”u) =0 (1.77)
where 8™u denotes the n™ partial derivatives of u with respect to x and y,

olu = (ux,uy)

0% = (U, Uy Uyy)

s (L, 2
o"u = (ax"’ e R
A one parameter group of transformations
X =f(xyuc¢€)
y=g(x,y,u,c¢) (1.78)
u=h(x7yuce)

is called a symmetry of PDE (1.77) if the form of PDE(1.77) remains unchanged under
the transformation (1.78), i.e. after change of variables

(x,y,w) = (X,¥,0),
we get F(%,y,1,8M, ...,0"u) = 0.
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1.2.2. Prolongations of infinitesimal generators of symmetries of PDEs

In this section we learn how to prolong infinitesimal generators involved in studying
symmetries of PDEs. For the sake of simplicity, the derivation of prolongation formulas is
restricted to symmetries of 2" order PDEs with one dependent variable w and two
independent variables x, y.
We consider the following PDE:

F(x, y,u, ux,uy,uxx,uxy,uyy) =0 (1.79)
with symmetry operator

X =y, o+ 17,0 5+ ¢y, W 5
Then, the infinitesimal transformation group is given by

x*=x+e&(x,y,u) +0(e?)

y*=v+et(x,y,u) + 0(e?)

u'=u+ep(x,yu)+0(?)
The following definition of total differentiation operator will considerably simplify the

expressions involved in prolongation formulas for vector field X.

Definition: (total differentiation operator)

Given a function F(x,y,u(x,y), f1(x,y), f2(x,y), ... , f™(x,¥)).

The total differentiation operators with respect to x and y are respectively defined as

 ouad oft 8  af% 8 afm a
D=2 4R 9 o9 49
dx Oxou dx of1 dx 9f2 dx ofm

D, =2 ouo 9t 0 , 9f 9 ot o
Y T 8y  odyou a8y dft  ay afz " 9y afn

Example: Let F = F(x,y,u,uy, uy). Then,

_ 0, w9 o 9 9 9 0
~ O0x 0xdu Ox du, Ox Jdu, Ox Yar gy T tex gy Tt

d oOuad Odu, 0 du, 0 d 0 0 0

Dy=@+$£+ dy aux+ dy auy=6y+

Dy
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Example:

D,(x)=1
Dy(y) =0
Ouy Ouy
Dy (uy) = T Uyxx

0x Ouy

ou,, 0u
— Y Yy
Dx(uJ/) T ox duy = Uyx

First Prolongation of X
ven X = 2 2 9
Given X = $(x,y,w) 5o+ 7(x, y,w) oo+ d(x, 3, W)

or equivalently the infinitesimal transformation

x*=x+€e&(x,y,u)+ 0(e?) (1.80)
y*=v+et(x,y,u) + 0(e?) (1.81)
u=u+ep(x,yu)+0(?) (1.82)

We want to find the transformation of the partial derivatives of 1% order, u, and uy.
i.e. to find functions n'*! (x, Y, U, Uy, uy) and nl] (x, Y, U, Uy, uy) such that
ule = u, +enl (x,y,u, ux,uy) + 0(e?) (1.83)
Uye = Uy + € Py, wu, uy ) + 0(€2) (1.84)
Eq. (1.80) implies
dx* = dx + € dé + 0(e?)
= dx + € [dx + &,dy + &,du] + 0(e?)

=dx+e [Exdx +&,dy + &, (g—z dx + z—;dy)] + 0(e?)

=|1+e(G+Te,)|dx+e g, + Z—’y‘fu] dy + 0(€?)
which implies
dx* = [1 + eD,éldx + €[ D, ]dy + 0(e?) (1.85)
Similarly, equation (1.81) implies
dy* = €[D,tldx + €[1 + Dyt]dy + 0(€?) (1.86)
From equation (1.82), we get

du* =du+edp + 0(e?)
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d ad 9 )
= ﬁdx +£dy +e€ [q,’)xdx + ¢pydy + (pu(idx +£dy)] +0(e?)

or
du’ = |52+ € Deg| dx + |32 + €D, | dy + 0() (1.87)
Also,
w = w(xt, yY)
implies that

du* = o dx* + 3y dy (1.88)
Using equations (1.85)-(1.87) in Eq. (1.88), we get

[Z—Z +€ Dde] dx + [g—z +€ Dygb] dy + 0(€?)

__ou”
T oaxt

a *
a;* {eDytdx + [1 + €D, 7]|dy + 0(e*)}

{[1+ eD,&ldx + eDyédy + 0(e?)} +

= (Z 11+ end) + elD,r1 3} dx + {5 €Dy 8] + T [1 + eDy]dy + 0(e?)

But since dx and dy are linearly independent, the previous relation implies

u*
ay*

au*
ox*

Z—Z +eDp = [1+ eD,é] + €[D,7]
u ou* ou*
3y T Dy = %G[Dyf] +35 [1+ eDy7]

We can put the previous two equations in matrix form as follows:

ou ou*
Pl €Dy ¢ B (1 + €D, & €D, T ) I (1.89)
du - €D, & 1+eD,t/\ 0w )
3y + equ,’) y y P
Set
B - (Dxf Dx‘[>
Dy,¢ Dyt
and

(14 eDy§ eD,t
B ( €D, ¢ 1+ EDyT> :

Then, we have
A=1+¢€B

which implies
Al=(U+eB)t'=1-€eB+0(e?

Then, from equation (1.87), we get
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ou* ou
—+ €D, ¢
ax* —1[ o
ow | =47 au ) +0(e?)
ay* 0 y¢
or
gz: Z—Z+6qub
oy | = U —€B)| 5, b + 0(€?)
3y 54‘6 y(,‘b
Simplifying, we get
a—u+e77[x](x YU Uy, Uy ) + 0(€2) Ou Ju
dx P T X Ty _ | ox D¢ Bl 2 0(e2
% Yo\ | T p,p) T B au [0
5y TEN 6y, w e uy (e9) 3y 3y
which implies
ou
U[x] _(Dx(p)_(Dxf DxT) ox (190)
Tl \Dy¢ Dy,¢ Dyt g_u ’
y

Writing Eq. (1.90) in terms of &, 7 and ¢ gives
U[X] — (¢x + qbuux) _ (Ex + Sy Tt Tu”x) (ux)
nl ¢y + dyu, &y +&u, T, +Tu,) \Uy
_ lqu + dutty — Ex + Suuduy, — (T + Tuux)uyl

by + Puuy — (S(y + fuuy)ux - (Ty + Tuuy)uy

_ [d’x + (¢u - fx)ux — TxUy — fuugzc - Tuuxuyl
B ¢y + (P — Ty)uy - fyux - fuuyux — ‘L'uu}z,

and from this , we conclude that

U[x] = ¢, + (d)u - fx)ux — TxUy — fuuDZC — TylUyxUy (1.91)

and

bl =, + (b — 1)Uy, — &y — Euyuy, — U2 (1.92)

Thus, we have got the first prolongation of X which is

9
ouy

a a 7]
XU = €06, y,1) 2 + 706y, 1) 2= + $(x, 1) =+ 1) .

where n[x] and r][Y] are given by equations (1.91) and (1.92) respectively.

37



Second Prolongation of X:

Let

a a a
X = E(x,y,u)a+ T(x,y,u)a + qb(x,y,u)%
The first prolongation has been found with

X = &(x, y,u)—+r(x y,u)—+¢>(x ) - +nx] R VA

Uy ouy
We want to prolong X to get

X121 = x4 plexl 2y plxy] 2 4 plyy] 2

OUyyx Ouyy Ouyy

So that the functions n**1, n[*¥1 and n¥»1 provide transformation for the 2" derivatives.

i.e.
Upryr = Uyy + enl* (x y,u, ux,uy,uxx,uxy,uyy) + 0(e?) (1.93)
Uysyr = Uyy + enl*v] (x, Y, u, ux,uy,uxx,uxy,uyy) + 0(e?) (1.94)
Weyr = Uyy + NPV, 1,0, Uy, Uy, U Uy, Uyy ) + O(€2) (1.95)

Eqg. (1.83) implies

duls = duy, + edn®1 + 0(€?)

6ux an[x] an[x] 77[ an[ 77[
dx + 2 dy+6[ax dx + % dy + du + o du, + 2u, duy |+ 0(e?)

6ux aux anlx plx 6n[ u u
dx +—= dy+e[a dx+ dy+ (adx+@dy)

an¥ rou, aux £ duy duy 2
+ ( dx +—= dy) (axdx+aydy) + 0(e”)

ouy ouy

which implies

duy. = (% + ern[x]) dx + (2—1;" + eDyn[x]) dy + 0(€?) (1.96)
Using equations (4), (5) and (1.96) in the following formula:
dul- = aalfi* dx* + E; " dy*

gives
duy = Uy *[( 1+ €D, &)dx + (eDyf)dy] + ux [(err)dx + (1 + eDyT)dy] + 0(€?)
Using Eqg. (1.96) and the independence of dx and dy imply

(uxx + ern[x]> _ (1 + €D, & eD,T ) (u;x

Uy, + €D, €D, ¢ 1+ €eDyt) \ Uy

>+ 0(€?)
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— Uyex 2
_A<u ) *>+0(e )

y

or

(uxx + €D, nl*l

2
ey + EDyn > (I +€B) ( x*y*> + 0(e?) (1.97)

which implies

Uppry Upy + €D,
( o ) = (I+ eB)—1< . x”[x]> +0(e?)
y Uyy + €Dy

Uy, + €D
XX xr][x]> + 0(62)
Uyy + €Dy

- ()| () - ()] + e

Using equations (1.93) and (1.94), we get

=(1—EB)<

[xx] D.nlxl] u
n _ x1 _ XX
(,7[ny> = (Dyn["]> B (ury) (1.98)
where
B = (Dxf Dxr>
Dy,¢ Dyt

Writing n**1 and n*¥1 in terms of &, 7 and ¢

.o r’[x] = r][x](x,y,u;ux'uY)

W Dol = (& 2u0 |, Ouy 0 a&i) [
DxT] <6x+ ox 6u+ 0x Ouy + Ox Ouy n

3} a
-+ u ) [x]
VX u y n

( T U 4 Uxx 5.~
Using formula (1.91) in the previous equation, we get
= [¢xx + (¢ux - S;xx)ux — TxxUy — fuxuazc - Tuxuxuy]

Uy [¢xu + (qbuu - fxu)ux — TyeuUy — fuuuyzc - Tuuuxuy]

Uy [¢u — 28Uy, — Tuuy] + Uyy [— Ty — Tuux] (1.99)
Also,
08 ou 9f
Dxf =a+a£= Ex+ux€u (1.100)
L oud
D,¢ = az 5 = Sy T UySu (1.101)
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__ ot du 0t

D,t = I + I ou =Ty + U, Ty (1.102)
dt  duot
DyT = 5 aa =Ty + Uy Ty (1.103)

Now, from Eq. (1.98), we have
P = Dyl — 1y, D — wyy Dyt
From (1.99), (1.100) and (1.102), we get
NP = [ + (Pux = St = Taxlly = Euxllf — Tuxlllly |
e [Py + (Buu = Sxadthe — Ty = Sunty — Tuulhxlly |
[ bu = & = 28ute — Tutty | + Uy [—To — Tute] — wan[§x + wial]
Uy [Ty + Uy T ]
=[x + Cux = &)t = Taxthy + (Puu = 26)UF — 2Tuxllylly ] — &y i3

+[_Tuuu326uy] F Upr [Py — 285 ] + Uty [— 3E,] + uxxuy[_Tu] + uyx[_ZTx]

Flyy Uy [—27,, ]

Tl[xx] = ¢xx + (2¢ux - fxx)ux - Txxuy + ((»buu - fou)uazc - 2Tuxuxuy - Euuu;

2
_Tuuuxuy + (¢u - ng)uxx - 3€uuxxux - Tuuxxuy - 2Txuyx - zruuxyux

(1.104)

Similarly, we can find n*¥1 as follows:

] — (2 w0 [ Oux 0  Ouy 9\ [x
Dyn <ay+ dy 6u+ dy Ouy T dy duy

0 d 0 0
_ (2 2 9 0 ) lx]
<6y + Uy Ju + Uxy ouy + Uyy auy> N

Using Eq. (1.91) in the previous relation, we get
Dyn™ = [$ry + (Buy = Sxy )t = Taylly = SuyUd — Tuytitty |
ity [ru + (Bun — Exu) Uz = Trulhy = EunlE — Tulxlhy |
ey [Py — & — 28uthe — Ty | + yy [~ T — Ty ]
= [y + (Duy = Say Jux + (bru — Ty )ty — Suytd + (Bun — Sou — Tuy JUaly ]
et + [Pty = T ] + (B — Nty + [~2utetiey — Tttty

+[—Txuyy — ruuxuyy] (1.105)

Using equations (1.105), (1.101) and (1.103) in Eq. (1.98), we get
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Nt = Dynt — 11, Dyg -y, Dyt
= [bry + (Buy = Sxy )t + (Do — Ty Juty = SuyuF + (Puw — Sxu = Tuy JUxtly ]
8+ [ty — Tuatit] + (B — ey + [~26uttetay — Tty
H=Tattyy — Tutattyy | = w8y + uyéu) — ey (7 +uyT)

or

= ¢xy + (d)uy - Exy)ux + (d)xu - Txy)uy - S;uyuazc + (¢uu - S;xu - Tuy)uxuy
_Txuujzz - fuuuazcuy - Tuuuxu321 + ((l’u —$x— Ty)uxy - z‘fuuxuxy_ ZTuuyuxy
“TxUyy — TyUyUyy — fyuxx - fuuyuxx

The same procedure can be used to find n[yy]. Eqg. (1.84) implies
duy,- = du,y, + edn! + 0(e?)

677[3’ 37] [v]

anl anl
T dx +

_ oy duy o ] 2
_axdx+aydy+e[ax 3y dy + du + dux+ yduy + 0(e”)

ou

on”! (Z—Z dx + z_u dy)

4o (% dx +au"dy) on) (a”Yd +auydy)]+0(ez)

du, \ Ox ouy

_ aﬂ aﬂ anb! anb!
= dx + % dy+6[ P dx + 3y dy + P

or
du. = ( =Y 4 D, nl] ) dx + ( Yy eDyn” )dy + 0(€?) (1.106)

Using equations (1.86), (1.87) and (1.106) in the following formula:

iy = 2 + 22 dy,
we get

duy. = us | (1 + €D&)dx + (eDy€)dy] + u, [(erT)dx + (14 eDy7)dy| + 0(€%)
Using Eqg. (1.106) and the independence of dx and dy imply

v] * *
Uyx + €DMVT\ 14+ €D & €Dyt Uy 2y = 4" 2
<u + eD.nlv] —( €D, & 1+eDr>uH FO(E) =A{ - ) +0()
yy vl y y vy y*y

(uyx + eD,nl]
Uy, + eDynl!

or
U v s

> =+ eB)< yx ) + 0(e?) (1.107)
uy*y*

Eq. (1.107) implies

41



u** * u +eD [v]
(ufx>:(1+eB)_1< rx < >+0(62)

vy Uyy + €Dynl!

Uyy + €D,
Uy, + eDynl!

_ uyx DxTI[Y] uyx
B (uyy) Te l(Dyn[y] -8 (uyy)
Using equations (1.94) and (1.95), we conclude

[yx] D.nlYl u
(n{yy}) = ( xn[y]> - B (uxx)
n Dyn xy

] = (2 4 9u0 , duy 0 , Ouy 0 ) |y
Dyn <ay+6y6u+ dy 6ux+ dy duy, n

=(1—eB)< )+0(e2)

+ 0(€?)

But

_ (2 9 0 9 \,bl
= (ay +u, Fw Tt Uyy o + Uy, auy> n

Using Eqg. (1.92) in the previous relation, we get

D, nb! = [byy + (Duy — Tyy Uy — &yt — EuyUyUy — Tyyu2]

(1.108)

+uy [(nbyu + ((.buu - Tyu)uy - fyuux - ‘fuuuyux - Tuuujzz] + Uyy [_gy - fuuy]

Fuyy [Py — Ty — Eyur — 2T

or

D, bl = [byy + (2duy — Ty )uy — Epytty — 280Uyt + (Puy — 275 U]

—Suu ity — Tyully + [_fyuxy - fuuyuxy] + (¢u - Ty)uyy

+[—fuuxuyy — ZTuuyuyy]

Using equations (1.109), (1.101) and (1.103) in Eq. (1.108), we get

n[yy] = Dyr’[y] — unyyg — unyyT

(1.109)

= [¢yy + (2¢uy - Tyy)uy - S(yyux - quyuyux + (Puu — ZTyu)ugzz] - fuuugzzux

—Tuully + [_Eyuxy - Euuy”xy] + (‘»bu - Ty)uyy + [_‘fu”x”yy - ZTuuyuyy]

_uyx(fy + ”yfu) - ”yy(Ty + uyTu)

or

U[yy] = ¢yy + (2¢uy - Tyy)uy - Eyyux - quyuyux + (d)uu - ZTyu)u32/ - Euuujzzux

— Tyt — 28Uy, — 28Uy Uy, + (Pu — 2Ty Uy, — Syl — 3TLU Uy,
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Example: Find the second prolongation of X = x— + y 3y + uiy

Solution: Here, &(x,y,u) = x, t(x,y,u) =y, ¢(x,y,u) = u. So,

* = Oy + (¢u - Ex)ux — TxUy — Euuazc — Ty UxUy
=0+ (1 — Du, — Ouy, — Oug — Ouyuy, =0
= d)y + (¢u - Ty)uy - Eyux - Euuyux - Tuu32/
=0+ (1 - Duy — O0u, — Ouyu, —Ouj =0

= ¢xx + (2¢ux - Exx)ux — TxxUy + (d)uu - Z‘Exu)uazc - ZTuxuxuy - S;uuua?é
_Tuuuazcuy + (Pu — 2&E) Uy — 3 Unx Uy — TuUyxUy — ZTxuyx - 2Tuuxyux
=0+ (0 — 0)u, — Ouy, + (0 — 0)ui — Ouyu, — Ouz — Ougu,
(1 — 2) Uy — OUypUy — OUyytty, — Oy — OUyy

= Uxx

= ¢xy + (¢uy - Exy)ux + (¢xu - Txy)uy - fuyuazc + (d)uu - ’fxu - Tuy)uxuy
_Txuujzz - fuuuazcuy - Tuuuxujzz + ((:bu — & — Ty)uxy - zfuuxuxy_ ZTuuyuxy
“TxUyy — TyUxUyy — fyuxx - fuuyuxx

=0+ (0= 0)u, + (0= 0)uy — 0ui + (0 — 0 — Ou,u,
—0uf — OuZuy, — Ou,ud + (1 — 1 — Dy, — Ouytiy,— 0wy,
—0uyy — Ouyttyy, — Ouyy — Oy tyy

= _uxy

V] = ¢yy + (Zd)uy - Tyy)uy - fyyux - quyuyux + (d)uu - 2Tyu)”321 - fuuuzlux

— Tyt — 28Uy — 286Uy Uy, + (P — 2T Uy — Sy — 3TuULUy,
= $yy + (20uy — Tyy)uy — Syt — 28Uy Us + (Pu — 2730)U5 — Suutiiily
— Ty — 28Uy, — 286Uy Uy, + (Py — 2T Uy — Sy Uyy — 3TLUL U,

0+ (0 — 0)u, — Ou, — Ouyu, + (0 — 0)uj — Oudu,

—0u5 — Oty — Ouyutyy + (1 — 2)uyy, — Ouyuy, — Ouyuy,

= TUyy

So, the second prolongation is given by:

X[Z]:g:_xJ, S+ +,,[x] 9 +,,[y] 9 +,,[xx] +,,[xy]_+,,[yy] o~
yy

0 0 5}

_x—+ya +u—+0—+0 uxxm—uxy@—uw%
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1.2.3. Definition of symmetries of PDEs using prolongation

Given an n™ order ODE
F(x,y, U, Uy, Uy, Uyy, Uyy, Uyy, -, O"U) =0 (1.110)
A symmetry of PDE (1.110) is a one parameter group infinitesimal transformations:
x*=x+e&(x,y,u) +0(e?)
y*=v+et(x,y,u) + 0(e?)
u*=u+ep(xyu)+ 0(?)
or equivalently the infinitesimal generator
X =y, o+ 17,0 5+ ¢y, 5
that leaves the PDE (1.110) invariant, i e
F(x 3,48, ..,0™)= 0,
where 81w, ..., ™u are transformed through prolongations of the group.
Treating equation (1.110) as an algebraic equation
INX,Y,U, Uy, Uy, Uyy , Uyy s Uyy 5 oon) d™u, invariance criteria can be generalized to the
following definition
Definition:
The infinitesimal transformation
Xx=x+€é(xyu)
y=y+et(x,yu)
u=u+edp(xyu)
or equivalently the generator
X = €y, o+ Ty, w) 5+ ¢ 06y, 5
is a symmetry of PDE (1.110) if
xMp| _ =0

where X[ is the n" prolongation of X.

Example: Show that X = x;—x + Zy% is a symmetry of the PDE

Uxx = Uy
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Solution:
Here, from the PDE given,
F(, 5, U, Uy, Uy, Uy, Uyy, Uyy) = Uyy — Uy

and from the generator X, we get

§(x,y,u) = x,

(x,y,u) = 2y,

d(x,y,u) =0
which implies

n[x] = ¢y + (Ppy — EDuy — TxUy — Euuazc — Ty UxUy
=0+ (0 — Duy — Ouy, — Oug — Ouyuy, = —uy
n[y] = ¢y + (¢u - Ty)uy - Eyux - Euuyux - Tuu32/

=0+ (0 — 2)uy, — Ou, — Ouyu, — Ouj = —2u,

U[xx] = Grx T+ CPux — Eex )y — TyxUy + (o — Zéxu)uazc - 2Tuxu;vcuy - S;uuu;
_Tuuuazcuy + (Pu — 28) Uy — 3EulUax Uy — TyluxUy — 2Ty Uyy — 2Ty Uy Uy
0+ (0 — 0)uy — Ouy, + (0 — 0)ug — Ouyu, — Oug — Ouguy,

+(0 = 2) Uy — Oy Uy — OUyr Uty — Oty — Oy Uy

= —2Uyy

n[xy] = ¢xy + (¢uy - Exy)ux + (¢xu - Txy)uy - fuyuazc + (d)uu - fxu - Tuy)uxuy
_Txuujzl - fuuuazcuy - Tuuuxujzz + (¢u - fx - Ty)uxy - quuxuxy_ zruuyuxy
“TxUyy — TyUxUyy — fyuxx - fuuyuxx

=0+(0—0)ux+(O—O)uy—0u§+(0—0—0)uxuy
—0u5 — OuZuy, — Ou,ud + (0 — 1 — 2) Uy, — Ouytiyy— Ouyuy,,
—0uyy, — Ouytlyy, — Oty — Oy Uy
= —3Uy,y
U[yy] = d)yy + (Zd)uy - Tyy)uy - fyyux - 2fuyuyux + (¢uu - ZTyu)u32/ - Euuujzlux
— Ty Uy — 28Uy — 28Uy lyy, + (Py — 27y Uy — Uy, — 3Ty Uy Uy,
=0+ (0 — 0)uy — Ouy — Ouyuy, + (0 — 0)uj — Ouju,
—0u3 — Ouyy — Ouyttyy, + (0 — Huy, — Ouyuy, — Ouyuy,

= —4uyy
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Hence, the second prolongation IS given by:

X[Z]_g 41 _+¢ + bl 2 9 +,7[y] ° +,,[xx] +,,[xy]_+n[yy]

Ouyy
[é] a a a a d
_xa+2y5+Oa—ux{j—ux—Zuya—uy—Zuxxm—3uxy@— uyyﬁyy
So,
[21F = oF OF _ o 9F _ 9F _ OF _ _oF_
XWEF = x + 2y + 0 Uy E 2uy, ou, 2Uyy us 3uyy, By 4u,, ouyy

=x(0) + 2y(0) + 0(0) — ux(0) — 2uy (—1) — 2uUyy (1) — 31y, (0) — 4u,,, (0)
= 2Uy — 2Uyy
= —2(uyy —uy)
= —2F
=0ifF=0
This implies that X is symmetry of the PDE given.

1.2.4. Method of finding symmetries of PDEs

The equation

n]p|F=0 =
is called the invariance criteria for the symmetries of PDE (1.110) of order n. It is the
basis for computing the symmetries of PDE (1.110). This will lead us to an over
determined system of linear PDEs in é(x,y,u),7(x,y,u) and ¢(x,y,u). Solving this
system will give us all possible functions &(x,y,u),t(x,y,u) and ¢(x, y,u) that satisfy

the invariants condition.

Steps for finding Symmetries of (1.110)
1) Find prolongation X™F where n is the order of the PDE
2) Substitute the constraint (PDE) in the prolongation found in step 1.
3) Obtain determining equations from step 2 by comparing coefficients of
derivatives of u.

4) Simplify and solve the determining equations
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Example: (Simple example to show the procedure)
Find all symmetries of

Upy = Uy
Solution: Let

F(, 5, U, Uy, Uy, Uy, Uyy, Uyy) = Uyy — Uy

Let the symmetry be of the form

a a
X = E(x,y,u)a+r(x,y,u)£+ d(x,y,u)

Step 1: write the 2" prolongation
X2F = bl 4 plax
= —[¢y + (du — 7y)uy — &yt — Suttyux — U]
Hrx + 2ux — Exx )by — Tuxtly + (Puu — 28U — 2Tuxlhylly — Sy iy
~Tyuttitly + (P — 26) ey — 3 Uxly — Tyllyxlly — 2Tyllyy — 2Ty Uy Uy |
Step 2: Substituting the constraint condition in the prolongation found in step (1) gives
X[Z]Fl}:‘:() = —[¢y + (du — 1))y — Sy tx — T
Hbrx + —Toxtly + (un — 280)Uf — 2Tuxlylly — Syutiy
— Ty Uy + (y — 26Uy — 3E,UpUy — TuUS — 2Tolyy — 2Ty Uy Uy |
= (brx = By) + (2ux — Sox + &) + (73 — 285 — T Juy
+(buu = 280U% — 2(§u + Tux)Uylhx — 2Tolyy — Sy Uy
—Ty UGl — 2Ty Uy Uy (1.111)
Step 3: Finding the determining equations

Comparing coefficients in Eq. (1.111) of step 2, we get

Constant term : bxx — Py =0 (1.112)
Coefficient of u, : 2¢0ux —éxx + &, =0 (1.113)
Coefficient of u,, : Ty — 28 —Txx =0 (1.114)
Coefficient of u2 : Puy — 26, =0 (1.115)
Coefficient of uju, Eut Ty =0 (1.116)
Coefficient of u,,, : T, =0 (1.117)
Coefficient of u3 : & =0 (1.118)
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Coefficient of ugu,, T =0 (1.119)
Coefficient of uy,u, : 7,=0 (1.120)
We get an over determined system of linear PDEs. This system can be simplified to the
following determining equations:

Ordering the equations suchthat x >y >wuand ¢ >t > £ to get

E : $u=0

E, : T, =0

E; : T, =0

E, : Ty — 28, =0

Es . Gy =0

Es 20ux = Sxx 8§y =0
E; : bxx — ¢y =0

Step 4: Solving the over determined system of linear PDEs found in step 3.
The operation (E3), — (E,) leads to
$xx =0 (1.121) Ey 4

Using this equation, equation Eg will be simplified to the following:

Eg : 2¢0ux +¢, =0
The operation (Eg), — 2(E), gives
Z(j)uy + fxy =0 (1.122)E5_4

The updated system is becoming:

Ey : $u=0

Eyy $xx =0

E, : T, =0

E; : T, =0

E, : T, — 28, =0

Es : $uy =0

Es_1 2¢ux +8xy =0

Es ©  2Pux—fu+ =0
E; : Dxx — ¢y =0
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Now, from the first two equations E; and E;_; we get

£ =A()x +B®) (1.123)
Equations E, and E5 imply

T=1(y) (1.124)
Substituting equations (1.123) and (1.124) in equation E, gives

T'(y) = 2A(y) (1.125)
From equation E5, we have

¢=fxyu+glxy) (1.126)
Using equations (1.123) and (1.126) in E5_, gives

2f, +A'(y) =0 (1.127)
which implies

2f(x,y) + A(y) = K(x) (1.128)
Using equations (1.123) and (1.126) in equation E¢ , we get

2+ A(y)x + B'(y) = 0 (1.129)
Differentiating Eq. (1.127) with respect to x and Eq. (1.129) with respect to y give

fyx =0 (1.130)

2fiy + A"(¥)x + B"(y) = 0 (1.131)
Substituting Eqg. (1.130) in Eq. (1.131) gives

A"(Y)x + B"(y) =0 (1.132)
which implies that both A(y) and B(y) are linear functions. Let

Aly) = kyy + k, (1.133)

B(y) =kzy+k, (1.134)
Using Eq. (1.133) in Eq. (1.127) gives

2f,+ki =0
or

fr,y)=-2y+H) (1.135)

Substituting Eq. (1.135) in Eqg. (1.129), we obtain
ZH’(x) + klx + k3 = 0

which implies
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H(x) = =222 = Zx + kg (1.136)

Using Eqg. (1.136) in Eq. (1.135) gives

flry) =-2y—222 - Zx+k (1.137)

Using Eq. (1.133) in Eq. (1.125) gives
T'(y) = 2A(y) = 2a,y + 2a,

or

(y) = kyy? + 2kyy + kg (1.138)

Using equations (1.126) and (1.137) in equation E- , we get

Gxx —9y =0 (1.139)
Eqg. (1.139) means that the function g(x,y) can be any function that satisfies the heat
equation given, which gives an infinite dimensional algebra generated by the solutions of

the given heat equation. Substituting equations (1.133) and (1.134) in Eq. (1.123), we get

& = (kyy + ko)x + ksy + ky| (1.140)

Ignoring the infinite dimensional term (the term with g), using equations (1.137) -
(1.140) and Eg. (1.126), we have 6 independent constants. The Lie symmetries

associated with these constants are as follows

? 2 1 1 d
X, =xya+y2£+ (—Eyu—zx2u>£

i)
X3 = ya——EXU£
90
47 ax
a
X5 = ua
a
X6 —5
Putting
g(x,y) #0,

and the constants

ki=0,i=12,..6
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lead to the infinite dimensional Lie algebra generated by

a
Xg - g(x:y)a

Commutation relations for Lie algebra generated by X; , X, , X5 ,X,, X5, X are given in

the table below

X1 X> X3 X4 X Xe
1
Xl 0 _2X1 0 —X3 0 —X2 +§X5
X2 2X1 0 X3 _X4 0 _2X6
1
X3 0 _X3 0 EXS 0 —X4
1
X, X3 X, ~=Xs 0 0 0
Xs 0 0 0 0 0 0
1
X Xp—5Xs | 2Xe X, 0 0 0
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1.2.5. Reduction of PDEs using symmetry

Given a PDE

F(x, Vo U, Uy, Uy, Uy, uxy,uyy) =0

with a symmetry
X = £y, u) =+ 10y, 1) = + (0, y,u) =
=sxyu) -+t 1lxyu 3y o(x,y,u P
The standard procedure, cf. [8, 21], is to utilize the similarity variables to reduce the

PDE to ODE where the similarity variables are the invariants of X obtained by solving

X(I) = 0. The steps of this procedure are clarified in examples below.

Example (Simple example to show the procedure)
Reduce the PDE
Uy = Uy (1.141)
using the symmetry
X=X, =x3+2y5
Solution:

Step 1: (Invariants)

To find the invariants of X(I) = 0, we solve the characteristic system

dx _dy _ du

X 2y 0

The equation

ax _ dy
X - 2y
implies
x2
~= c (1.142)

and the equation

ax _ du
x 0
implies
u==k (1.143)
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Equations (1.142) and (1.143) provide us with two invariants leading to the similarity

variables
x2
E(x! 3’) - 7

Vi) =u
Step 2:

(1.144)

(1.145)

To substitute the similarity variables given by equations (1.144) and (1.145) in the

original PDE (1.141), we need to find the following using chain rule

Uy =V'é, = Z_xVI
y
e = 2V + Zyr (B) =2y oy
y y v) "y y
—x2
uy = V’fy = ?V’

Using equations (1.146) and (1.147) in the original PDE (1.141) gives

—x2
yZ

2
EVI+4LZV”= VI
y y

Multiplying the last equation by y gives

—x2
y

2
2V’+%V” =Xy

Using Eq. (1.144) in the previous equation yields the second order ODE
2V + 4&V" = =&V’

or
LV +(E+2)V' =0

To solve this ODE, we divide it by £V’ to get

v 11

v T4 28

Integrating gives

nv' =-2-284¢
4 2
or
V’ :ie_f/4

NG
Integrating yields

V= f%e‘f/‘*df
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or
V= Zc\/Eerf(g) +k

Returning to the original variables, we get the exact solution

u(x,y) = cyerf (%) +c,

Example:

. Gl 9
Reduce the PDE uy, = Uy, + u™ using the symmetry X =y —+ x .

ay

Solution:
Step 1: ( Invariants)

The characteristic system of X(I) = 0 is

dx _ dy _ du

y x 0’
Solving the equation

dx _ dy

y x’

gives the constant

x2—y?=c¢

and solving the equation

dx _du

y 0

gives the constnt

u==%k

(1.149)

(1.150)

(1.151)

Hence, we have found from equations (1.150) and (1.151) two similarity variables,

§Coy) =x* —y?
Vi) =u
Step 2: Using equations (1.152) and (1.153), we have
u, =V'&, = 2xV’
Uy = 2V + 2xV"(2x) = 2V’ + 4x2V"
w, =V'E, = —2yV’
Uyy = =2V = 2yV"(=2y) = =2V' + 4y*V"

54

(1.152)
(1.153)



Using these in the PDE in our example gives
=2V' + 4y?2V" = 2V' + 4x2V" + V"
or
0=4V"+4(x*—y>)V" +V"
Using Eq. (1.152) in the previous equation leads to
4EV" +4V' 4+ V=0
which is the reduction of
Uyy = Uyy + U"
via the symmetry

X = yax+x—

The reduced ODE (1.154) can be analyzed for different values n.
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CHAPTER 2

GROUP CLASSIFICATION AND SYMMETRY
REDUCTIONS FOR A CLASS OF NONLINEAR POISSON
EQUATIONS ON THE LINE

This chapter is devoted to obtaining a complete classification of symmetries
and examples of symmetry reductions for a class of nonlinear Poisson equations in one
dimension of the form

y' =fQ) (2.1)

where f(y) is an arbitrary nonlinear function.

The group classification of equation (2.1) is carried out in section 2.1. It is
based on necessary conditions on f(y) which are obtained through a triangulation of
determining equations of Lie symmetries of equation (2.1). An efficient method to obtain
such triangulation is the well-known method of Mansfield [29] of generating differential
Grobner bases of determining equations. A variant of Mansfield’s method will be used to
generate cases of f(y) and hence for carrying out the group classification. Precisely, the

following result will be proved.

Theorem 2.1
The minimal symmetry algebra of nonlinear ODE y" = f(y) is generated by X = % and

is obtained for all nonlinear arbitrary functions f (). The larger symmetry algebra exists

in the cases given in the table below:
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f» Generators of symmetry algebra

a(y + b)°, 3 a2

c#01,-3 Xlza'xzzxa_z(y+b);_y
aeb” b # 0 X1=aa—x' X2=xaa—x—%%
=2,
0x
aly+b)3 ,a#0 XZ:x;—x+1§(y+b);—y,

_ 290 9
X;=x ax+x(y+b)ay

d
Xl:a‘
-3 Zx\/?a 2xvc a
aly +b)7 +c(y +b) Xy = e g ey +b) 5,
a#0,c>0 P P
— 2% —2xvc —
X;=e o JVce (y+b)6y
d
Xl:a'

d 0
ay +b) 3 +c(y+b) | X, =sin(2v—c x)a +V=c(y + b)cos(2vV—c x) 3y

a#0,c<0 9 0
X5 = cos(2v—=cx) e V—c(y + b)sin(2vV—c x) 3y

For different cases obtained in section 2.1, some examples of reductions and
invariant solutions of equation (2.1) are presented in section 2.2. Reduction of the general
case of equation (2.1) using symmetry method leads to a solution in integral form. Closed

form solutions are found in some cases of functions.
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2.1. GROUP CLASSIFICATION OF POISSON EQUATION ON THE LINE

In order to obtain the Lie symmetries of equation (2.1), let us consider the one

parameter group of infinitesimal transformations

x*=x+e&(x,y) +0(e?) (2.2)
y'=y+epxy)+0(e?) (2.3)
where € is the group parameter. The corresponding generator of Lie algebra is of the form
d ]
If X2 denotes the second prolongation of X then using the invariance condition
X[Z](y”— f(y))l(z.l) =0 (2.5)

yields the system of equations to determine &(x,y) and ¢(x,y). Here
XB(y"—f)=n"-¢f,
with
77[2] = ¢xx + (2 ¢xy - Exx)y’ + (¢yy -2 ’fxy )ylz - S;yyy,3
+( ¢y - fo)y” - SEyy”y’
This gives
X[Z] (y” - f(y)) = ¢xx + (2¢xy - fxx)y, + (¢yy - foy)ylz _Eyyyl3

+(¢y - fo)y” - 3€yy”y, - ¢fy
Substituting the constraint

y'=f),

we get
xt2 (y” - f(J’))|(2.1) = (yx + (2¢xy - fxx)y, + (d’yy - foy)ylz - S(yyy,3

+(¢y - fo)f - 3Ey fy’ - ¢ fy
= xx + (¢y - fo)f - ¢fy + (2¢xy —$xx — 3§yf)y’

+(¢yy - Zé—xy)ylz_fyyy,3 (2-6)
Comparing the coefficients of the power of derivatives of y in Eq. (2.5) yields the

following four determining equations:
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fyy =0 €

¢yy - zfxy =0 €,
2¢xy —$xx — nyf =0 €3
¢xx+f¢y_2ffx_¢fy:0 €4

The system of determining equations will be solved utilizing a triangulation procedure
based on techniques for obtaining differential Groebner basis developed by Mansfield in
[29].
The operation (e3), — 2(e;), implies

Exxy —Epfy =0 (2.7)
Differentiating Eq. (2.7) with respect to y, we get

Syfyy = 0.
Since f(y) is nonlinear, this implies that

& =0. (2.8)
The system of determining equations hence becomes

Ey: §,=0

Ey: ¢y, =0

Es: 20gy — & =0

vt o+ [y —2fE—f, =0

The two equations E;3 and E, can be used via (E3), — 2(E,), to get

—Sxxx T 48 +2¢f,, =0 (2.9)
Differentiating Eq. (2.9) with respect to y yields

2fyyéx + yfyy + Pfyyy =0 (2.10)
Differentiating Eq. (2.10) with respect to y, we get

2fyyySx T 20y fyyy + O fyyyy =0 (2.11)

Simplifying Eq. (2.11) with respect to Eq. (2.10) via £, (2.11) — f,,4,,(2.10) = 0

implies

¢y(zfyzyy - fyyfyyyy) + fo(fyzyy - fyyfyyyy) =0 (212)
Differentiating Eq. (2.12) with respect to y implies

¢y(3fyyyfyyyy - fyyfyyyyy) +26% (fyyyfyyyy - fyyfyyyyy) =0 (2.13)

59



Equations (2.12) and (2.13) can be used to eliminate ¢, giving the equation

[fygyyfyyyy_ nyyfyyyfyzyyy + fyyfyyyyyfyzyy]fx =0 (2'14)

Differentiating Eq. (2.10) with respect to x, gives

2fyySax + Pxyfyy + Pxfyyy =0 (2.15)
But from Ej,

Bry = 3 Exx (2.16)
Using Eq. (2.16) in Eq. (2.15) gives the equation

SfyySax + 20xfyyy =0 (2.17)
Differentiating Eq. (2.17) with respect to y, we get

6fyyySxx T 2¢0xfyyyy =0 (2.18)

Eliminating ¢, using equations (2.17) and (2.18), leads to

(Sfyyfyvyy = 6y )sax = 0 (2.19)
Next we look for possibilities of the functions f(y). If
=0
then by E; ,

& = constant

From Eq. (2.9) and the nonlinearity of f, we obtain
=0
without any restriction on f(y). Hence the minimal symmetry algebra is one dimensional

that exists for any choice of f(y) and is generated by X = aa_x .

To search for functions f(y) that may give larger symmetry algebra we assume &, # 0
and solve the following two equations
5fyyfyyyy = 6fyyy =0 (2.20)
fy%zyfyyyy_ nyyfyyyfyzyyy + fyyfyyyyyfyzyy =0 (2'21)
The substitution H = f,,,, reduces Eq. (2.20) to the following
SHH,, — 6H2 = 0
Then,

y =0
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implies f(y) is quadratic. Otherwise, dividing by HH,,, we get the following equation

H. H
5ty _ gty
Hy H

=0
Integrating, we get
5InH, —6InH =¢
This implies
(H)™*°H, =
Integrating again, we obtain the following
(H)VS=cy+k
Simplifying, we get
H=a(y+b)™>
Integrating twice with respect to y, we get the following solution
fO)=aly+b)>+ cy+d
Thus, solving Eq. (2.20) for nonlinear functions gives two solutions:
e f(y)=a(l?+by+c)with a#0
e f(y)=aly+b)3+cy+d with a#0

Similarly, the substitution H = f,,,, reduces equation (2.21) to the following

3 2 2 _
HyH,,-2HH,Hy, + HH,,,H; =0

Taking H,, as a common factor gives

2 2 _
Hy [HyHyy— ZHHyy + HHyyyHy] =0
The case
Hy =0

implies f () is quadratic. Otherwise,

H2H

2 —
2H,,-2HHZ, + HH,, H, = 0,

yyy-'y
we conclude that either
Hy, =0
which implies that f(y) is cubic, or dividing by HH,, H,,, gives the following

ﬂ_zHyy_l_Hyyy -0
H Hy — Hyy

Integrating, we get
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InH—-2InH, +InH,, =c
This implies

H H
22 =0

Hy H
Integrating, we get
InH, —clnH =k

=k
There are two cases:-
If c =1, then
InH =ky+ k1l
which implies
fO) =ce? +czy+ey
If c # 1, then
H™¢ = ky + k1.
This means

fyy =a(ly+b)"
This can be divided into three cases.

If n+ —1,—2 we get
_ (y+b)n+1
fy = a——-"—= d

Integrating gives

fO@)=a

which can be written in the following simpler form

(y+b)n+2

m+d}/+e where n #-1,-2

f)=aly+b)"+dy+e  where m #0,1

If n = —2, we get

_ _(y+bp)?!
fy = a_—l + d

Hence,
f(y)=—aln(y+b)+dy+e
If n = —1, we get
fyy = aly +b)™*

Integrating, we get
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fy=aln(y+b)+d
Integrating again, the following function is obtained
f) =ally+b)In(y+b) —(y+b)]+dy+e
Thus, solving Eq. (2.21) for nonlinear functions gives 6 solutions:
e f(y)isquadratic
e f(y)iscubic
e f(y)=ae"+cy+d where ab#0
e f(y)=aly+b)+dy+e wherea=+0, c #0,1,23,
e f(y)=aln(y+b)+dy+e with a# 0
e f()=aly+b)In(y+b)—(y+b)]+cy+d with a+0
Different possibilities for f (i) are analyzed below to obtain corresponding symmetry

algebras.

Case 2.1: f(y) # a(y + b) 3 + ¢y + d and f is not quadratic.

There are 5 possibilities for f
(i) f(y) is cubic
(ii)f(y)=ae® +cy+d where ¢ #0,1,2,3
(iii)f(y)=aly+b)’+dy+e where c #0,1,2,3
(iv)f(y)=aln(y+b)+dy+e
(V) f =aly+b)In(y+b) -y +b)]+cy+d

From Eg. (2.19), we have

$xx = 0.
Then, by equation E; and the previous relation, we conclude

@22)

Substituting this in Eq. (2.9), we conclude

¢ = 24 (2.23)

fyy

which is a function of y only. Therefore ¢,,,, = 0 implies that

@220

where n, m are constants.
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Case 2.1(i) f(y) is cubic
Let
f) =a®+by*+cy+d)
with a # 0.
Substituting this in Eq. (2.9), we get
0+ 4a(3y? + 2by + ¢)&, + 2¢pa(6y + 2b) = 0
Using equations (2.22), (2.24) in the previous equation, we get
2(3y% + 2by + c)A+ (ny + m)(6y + 2b) =0
Comparing the coefficients of powers of y, we get

Coefficientof y2: n=-4

Coefficientof y : 4Ab+2bn+6m=0=>2Ab+6m=O=m=—b?A
Coefficientof y°: 2cA+2mb=0=c = —%m:> c:”3_2
Substituting in Eq. (2.24), we obtain
bA
¢ =-Ay—— (2.25)

Using equations (2.22) and (2.25) in E,, we get

3+ by +cy+d)(—A—24) — (—Ay — %) (By?+2by+c¢)=0
or

—9(y3 +by?+cy+d)+ By +b)3By?+ 2by+¢) =0.
Comparing coefficients of powers of y, we conclude

c=2

and

b3

d
Thus, in order to have larger symmetry algebra for cubic f,
b2 b3 b
O =a(y+by? +=y+2) = ay +3)°
This means that larger symmetry algebra is possible in the case of cubic f only if the

function f(y) is a perfect cube i.e.

f) =aly+0)>
The symmetry algebra in this case is two dimensional and is determined by
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E = klx + kz
and

¢=-ki(y+0C)
and is generated by

_6
T Ox

with the following commutation relation

0 0
X, and X2=x——(y+b)@.

0x

X X
X, 0 X,
x, | —x, 0

Case2.1(ii) f(y)=ae® +cy+d
Substituting this function in Eq. (2.9), we get
4A[abe® + c] + 2(ny + b)[ab?e?Y] =0

Comparing the coefficients of independent functions, we get the following

Constant term : 4Ac=0=c=0 (2.26)
Coefficient of e?¥ 4Aab + 2ab’m =0 =m = - (2.27)
Coefficient of ye?” 2ab’n=0=n=0 (2.28)
Substituting equations (2.27) and (2.28) in Eq. (2.24), we get

¢=-= (2.29)

Substituting in Eq. E,, we get

0+0—2[ae? +d]A + % [abe??] = 0
This implies

d=0 (2.30)
Hence from equations (2.26) and (2.30), larger symmetry algebra is possible in this case

only if f is of the form

f) = ae™.

The symmetry algebra in this case is two dimensional and is given by
E=kix+k,

and
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2k,

¢=-——"
This Lie symmetry algebra is generated by the following generators
v = 0 v = a 290
17 ox’ 2= X9 b dy

and the commutator table is given by

X1 X2
X, 0 X,

Case2.1(iii) f(y) =a(y+b)°+dy+e where c +#+0,1,2,3,-3
Differentiating f () with respect to y , we get

fy=ac(y+b) ' +d

fyy = ac(c — 1)y + b)°2

fyyy = ac(c = 1) (c=2)(y + b)<3
Substituting these in Eg. (2.10), we get

RA+n)ac(c— Dy +b) %2+ (ny+m)ac(c—1)(c—2)(y+b)3=0
This implies

RA+n)y+b)+(ny+m)(c—2)=0
Comparing coefficient of the powers of y, we get

Coefficient of y : 2A+n+n(c—-2)=0=|n= =24 (2.31)

c—1

Coefficient of 1 ; 2Ab+nb+m(c—2)=0 (2.32)
Substituting the value of n found in relation (2.31) in Eq. (2.32), we get

2Ab+:_ifb+m(c—2)=0

This implies

m=-22 (2.33)

c—1

Substituting the values of n and m found in relations (2.31) and (2.33) in Eq. (2.24), we
get

¢ =—(y+b) (2.34)
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Substituting Eq. (2.34) in E,, we get

(32— 24) [a(y + b)° + dy + e] + 2= (y + b)[ac(y + b)* +d] = 0

c—-1

This implies

(—ZAC) [a(y + b)° + dy + e] + %(y +b)[ac(y + b))t +d] =0

c—-1

Simplifying, we get

—2Acd —2Ace 2Ad

[ty 2] [0 ) = @3
Comparing the coefficients of powers of y in Eq. (2.35), we get
Coefficient of y X =0=d=0 (2.36)
Coefficient of y© e B = 0= ce=0=e=0 (2.37)

Thus, in order to have larger symmetry algebra in this case, f should be of the form
fQ) =aly +b)*
From equations (2.22) and (2.34), the symmetry algebra in this case is two dimensional

and is given by

g = klx + k2
and
¢ =—2(y+b)
The Lie symmetry algebra in this case is generated by the following generators

X_a v = 4] 2 b 4]
17 ox’ 2= 9% c—1(y )63/

and the commutation relations are given by

X X2
X, 0 X,

Case2.1(iv) f(y) =aln(y+b) +cy+d
Differentiating the function f(y) with respect to y, we get the following derivatives

fy_

- y+b

a

+c

-a
Iy = Gy
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f _ 2a
YYY 7 (y+b)3

Substituting these in Eq. (2.10), we get

(2A+n) [ b)z] + (ny + m) [(y+b)3] =0
—RA+n)(y+b)+2(ny+m) =0
Comparing coefficient of powers of y, we get
Coefficientofy : —24—n+2n=0=
Coefficientof y°: —24b—nb+2m =0= —44b+2m =0 =
Equations (2.38) and (2.39) imply
¢ =240y + D)

Substituting these in equation E,, we get

0+ (24— 2A)[aln(y + b) + cy + d] — 2A(y + b) [ﬁ+c] =0

This implies
—2A[a+ c(y+b)] =

From the previous relation, we conclude

A=0
This implies that
$x =0,

which leads to minimal symmetry algebra.

Case2.1(w) f(y) =a(y+b)In(y+b)+cy+d
Differentiating the function with respect to y, we get
fy=aln(y+b)+ta+c

a
fyy = (y+b)

—-a
fyyy = (+b)?

Substituting these in Eq. (2.10), we get

(2A+n)[

|+ @y +my[55] =

+b)
Simplifying, we get
A+n)(y+b)—(ny+m)=0

Comparing the coefficient of y, we conclude
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A=0
This implies that

$x =0,
which leads to minimal symmetry algebra.

Case2.2: f(y)=a(ly+b)3+cy+d

In this case &, is not necessary equals 0. Then,
fy=-3aly+b)*+c
fyy = 12a(y + b)~>
fyyy = —60a(y + b)~°
Substituting these relations in Eq. (2.10), we get
(2¢, + ¢y)[12a(y + b)~°] — 60a(y + b) °¢ = 0
Simplifying Eq. (2.43), we get
(26 +¢y)( +b) =50 =0
Differentiating Eq. (2.44) with respect to y, we get
(zfx + ¢y) —5¢, =0

This implies

$x = 2¢y

Using Eq. (2.46) in Eq. (2.44), we get

(26 +5&) 7 +b) =50 =0

Equation (2.47) implies

¢ =&y +Db)

Substituting Eq. (2.48) in E,, we get
1 1 _3
eV +b) + (58— 28) [a(y + b) 3 + cy + d]

— & +b)[-3aly +b)™* +c] =0
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Simplification of the previous equation leads to

fxxx(y + b) - 3Ex[cy + d] - fx(y + b)[c] =0

Collecting similar terms, we get

(Cxxx = 42)Y + bEyxx — (3d + bc)E, = 0 (2.49)
Comparing coefficient of polynomial in y, we get the two equations

Sxxx —4c$y =0 (2.50)
and

byxx — (3d + bc)é, = 0 (2.51)

Eliminating &,,, from the system (2.50) and (2.51), we come up with the equation

(d—bc)é, =0 (2.52)
This means that to get larger symmetry algebra than the minimal, we should have

d = bc (2.53)
From Eq. (2.53), the function f should be of the form

f@)=aly+b)*+c(y+b) (2.54)

Then, we have three different cases of the equation (2.50)

Case2.2(i): c=0
In this case, equation (2.50) becomes
Sxxx = 0
This implies
& =kyx? + kox + ky, (2.55)
Then Eq. (2.48) yields

¢ =&y +b) = (2ksx + k;)(y + b). (2.56)
In this case, we get 3-dimensional symmetry algebra generated by
X =2 X—a+1(+b)a X—Za+(+b)a
17 ox’ 2= ¢ T2V oy’ 3T G 7YY oy

with the commutator table
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X X X3
X, 0 X, | 2X,
x, | —x, 0 X,
X, | —2x, | —x, 0

Case2.2(ii): ¢>0
Solving Eq. (2.50) in this case leads to
£ =ky + ky eV 4 ke 2¥Ve
From Eq. (2.48), this implies
¢ =36 +b) = (kpVc eV — kg e™2¥) (y + b)

(2.57)

(2.58)

From Equations (2.57) and (2.58), we get 3-dimensional symmetry algebra generated by

9]

Xy =—,
L™ ox

0 0
— ,2xVc 2x\¢
X,=e P ++/ce (y+b) _ay'

0 0
Xy = e g Ve eV + b) o
with the commutation relations
X, X, X,
X 0 2VcX, | —2VcX,
X2 —2cX, 0 —4cX;
X3 2VcX; | 4VeX, 0

For example, the symmetry algebra for the equation

y'=yl+y
iS generated by
X1=i X2=e2"i+yein X;=e 2 0 _
ox’ 0 oy’ ox

Case2.2(iii): ¢ <0
Solving Eqg. (2.50) in this case leads to

& = ky + kpsin(2vV—c x) + kscos(2vV—c x)
From Eq. (2.48), this implies
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¢ = [koV—c cos(2v/—c x) — kgV—c sin(2v/—c x)|(y + b) (2.60)
From equations (2.59) and (2.60), we get 3-dimensional symmetry algebra generated by

0
Xl:a_x’

X, = sin(2vV=c x) aa_x +v—=c(y + b)cos(2v—=c x) a@_y

X5 = cos(2v—=c x) aa_x —+/—=c(y + b)sin(2v/—c x)c')a_y

and the commutation relations are

X3 X2 X3
X, 0 2vV=cX; | =27/=cX,
X, —2v/—cX, 0 —2\—cX;
X3 2vV—cX, | 24/—cX; 0

For example, the symmetry algebra for the equation

y' =yl -y
is generated by

X, = :—x , Xp = sin(Zx)aa—x + }Jcos(Zx);—y, X; = cos(Zx)aa—x — ysin(Zx)%

Case 2.3 f(y) is quadratic

Let
f) =aly*+by+c),

with a # 0.

Substituting this function in Eq. (2.10), we get
2(2a)éx + ¢y (2a) + (0)p = 0

This implies
¢y, = —2&, (2.61)

Substituting this in equation E, we get
2(=28x) =& =0

We conclude

$xex =0 (2.62)
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This returns us to the same conditions as in case 2.1 above.

Then, by equation E; and the previous relation, we conclude

59

Substituting this in Eq. (2.9), we conclude

_ ~24fy

fyy

Substituting the function in the previous relation, we get

—2Aa(2y+b)
2a -

¢ = —AQ2y + b) (2.64)
Substituting equations (2.63) and (2.64) in E,, we get
0+ (—24)(y2+by+c) —2A*+by+c) + ARy +b)2y +b) =0
This implies
—4Ac + Ab? =0
or
b2 —4c=0 (2.65)

This implies that

b2 b\?
foy=a(y*+by+2)=a(y+3)
This means that in this case f(y) should be a perfect square to have larger symmetry

algebra. Similar to case 2.1(iii), the symmetry algebra is generated by

d 0 b\ 0
Xl:a' XZZXa—Z(y-FE)@.

with the commutator table
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2.2. EXAMPLES OF REDUCTIONS AND INVARIANT SOLUTIONS OF y"' = f(y)

In this section we give illustrative examples of reducing equation (2.1) using the
symmetries found in section 2 and invariant solutions of the equation. The examples are
constructed using the standard procedure of finding and utilizing the invariants of the
prolongation of the given symmetry X, in order to obtain reduction of order of the ODE
(2.1) through the symmetry X. The reader is referred to [11, 13, 18] for the method of

reduction of order of ODEs through differential invariants.

2.2.1.The general case y" = f(y).
This equation admits the symmetry X = :—x.

The first prolongation of X is given by

9
T ax

The characteristic system of

xllr=o

x[1l

is given by

!

1 0 0

dx _dy _dy

Solving the characteristic system gives two invariants of X1 given by

u=y (2.66)
p =1y (2.67)
Using these invariant variables of X[*J, we have the following
n_ @y _dv_dudv . dv (2.68)
dx dx dx du du

Substituting equations (2.66) and (2.68) in the given second order ODE reduces (2.1) to
the first order ODE given by

UZ—Z = f(u) (2.69)
The ODE (2.69) is separable and can be solved easily to get

v=+2 [ f(wdu+c. (2.70)
Returning to the original variables gives

2= +/2[fO)dy +¢ (271)
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which provides the general solution of Eq. (2.1) given by

_ dy
x= ifx/fo(y)dyH +k

2.2.2. Reduction of y"' = y3.
This equation
y'=y?
admits Lie symmetry algebra generated by
0 0

X,=—, Xp=x——y—
17 ox’ 2= %% yay

d
2.2.2.1. Using X, = %

From Eq. (2.72), we have

x=+V2 ] %;j/+c+k.

As an example, for c=0, we get the solution

x=i£+k
y
This implies
_ . \2
Y=+
2.2.2.2. Using X, = 0 0
2.2.2. Using X, = x5 yay.

The first prolongation of X = X, is given by

1,0 _ 92 5y 0
XZ - xax yay y ay'
The characteristic system of

xr=o0

is given by

dx _dy _ dy’

x -y =2y

Solving the characteristic system gives two invariants of X1 given by

u=xy

v =x°y
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Using these invariant variables of X[*!, we have the following
d—u =y+txy' = % + f—c
Z— = x2y" + 2xy’

Substituting Eqg. (2.73) in Eq. (2.77), we get

w _ 2,3 Y

==Xy + 2xy’ = . +2x

Dividing Eq. (2.79) over Eq. (2.77), we get the reduced first order ODE
dv _ uP+2v

du  u+v

which is an Abel equation of second type.

2.2.3.Reduction of y'' = e?7 .
The equation
yn — eby

admits the symmetries

¥ 0 v - a 20
LS9 2T 5 T hay
2.2.3.1. Using X, = 9
.2.3.1. Using 1= 50
From Eq. (2.72), we have
dy
=4 [—
x== eby+c+k

Three exact solutions can be found in the following cases for the values of ¢ .

For c=0, we get

=4 +
x = fJeT +k= ot k
This implies
_ 2 b(x—k)
Y=% In |
For positive values of c, we get
_ dy _ veby+c
x = ifm+k = b\/_arctanh—\/z +k
This implies
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_1 2 bye(x—-k)
y—bln[csech > ]

For negative values of ¢, we get

_ dy _ 2 VebY4c
x=x/ eby+c+k—ib\/__carctan . + k,

which implies

_1 _ 2 bV=c(x—k)
y—bln[ csec’ — —— ]

2.2.3.2. Using X, = 0 _209
.2.3.2. Using X, = x> bay

The first prolongation of X = X, is given by

L2 _20 ) 0
T " o9x bay yay’

The characteristic system of

xWr=o

is given by
@ _ _pY dy:
X 2 -y

Solving the characteristic system gives two invariants of X1 given by
u = x%eby
v=xy'

Using these invariant variables of X1, we have the following

d_u_ by 2, by, _ %
dx—er + bx“e y—x(2+bv)
ﬂ_ 17 I

Xy Ty

Substituting Eqg. (2.81) in Eq. (2.92), we get

dv u v
—=xePV +y ==-+-
X X

dx
Dividing Eq. (2.93) over Eq. (2.91), we get the reduced first order ODE

dv _  u+v
du  u(2+bv)’

which is an Abel equation of second type.
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2.2.4 Reductionof y"' =y3.
The ODE

y =y (2.95)
admits

2
2.2.4.1. Using X, = FP%

From Eq. (2.72), we have

T L e
This implies
y =+ ,HCZ(:_R)Z' (2.97)

d
2.2.4.2. Using X, = x—x+——.

The first prolongation of X = X, is given by

X2[1]_ 0o ,yo y 0

dx 20y 2 ay'

The characteristic system of

xWr=o
is given by
@& _ W _ _zd_y,'
y y

Solving the characteristic system gives two invariants of X1 given by

u= “yj (2.98)

v =+xy' (2.99)
Using these invariant variables of X1, we have the following

1-2uv

d_u_%_ﬁy,—i(l v):i(

G (2.100)

dx y2 y2 \2u 2u
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dv

=y o
Substltutlng Eq. (2.95) in Eq. (2.101), we get
av _3 _’ _u u v 1 2ud+v
_\/_y + 2x ¥ +x y2+2u2y2_y2(2u2)
Dividlng Eq. (2.102) over Eqg. (2.100), we get the reduced first order ODE
dv 2ud+v

du  u-2vu?’

which is an Abel equation of second type.

] d
2.2.4.3. Using X5 = x> — —.
3. Using X3 =x 6x+xyay

The first prolongation of X = X5 is given by

1] — ,29 9
X3 =x ax+xyay+(

The characteristic system of
=0
is given by
dx _dy _ _dy'
x2 xy  y-xy'
Solving the equation
ax _

x2 xy
gives the invariant variable

u==
X

Solving the equation

dx _ dy’

x2  y-xy'
implies

dy' _ y-xy'

dx ~ x2

Using the first invariant variable =c in the previous equation gives

xy”+y’=%=c

This implies
—d(xy,) = Y =C
dx X
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Integrating, we get
xy=(9x+k=y+k
From the last equation, we get the second invariant variable

v=xy' —y
Using these invariant variables of XX, we have the following

du _ xy'-y v

dx x2 x2

dv 1 " r_ i

oY Ty -y =xy
Substituting Eqg. (2.95) in Eq. (2.109), we get

dv_x -3
dx Y

From Eq. (2.104), we have
Yy =xu
Substituting Eqg. (2.111) in Eqg. (2.110), we get

dv 1
dx  x2ud

Dividing Eq. (2.112) over Eq. (2.108), we get the reduced first order ODE

dv 1

du wvu3’

Equation (2.113) is separable and can be integrated easily to get the solution

1
v = i:/k —';5

Returning to the original variables, we get

’ x?
xy —y==% k=3

Dividing by x2, we get

Let

Using Eq. (2.117) in Eq. (2.116), we get

d 1 1
dg_ 1|, _1

dx x? q?
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This ODE is separable and the solution is given by

1+(§+c>
K

Returning to the original variables using relation (2.117), we get the general solution

y =+ [rleed (2.119)

which is the same as that found in Eq. (2.97).

2.2.5 Reductionofy’' =y 3 +y.
The equation

y'=y3+y (2.120)
admits three dimensional symmetry algebra generated by
9] 0 9] 4] 0
X, = — X, = 2x 2%, X, = —2X 5= 2XaN,
17 ox 2=¢ 0x+e yay' A yay
2

2.2.5.1. Using X, = FP

In front of Eq. (2.72), we get
- %y . 2 4 2 _
x—ifm+k—izln[2+y +./y*+cy 1]+k,

which gives the solution

N T e (2121)

2 2
2.2.5.2. Using X, = e**— + ey —.
5.2. Using X, = e 6x+e yay

The 1% prolongation of X = X, can be found as follows

77[1] =My t+ (le- Ex)y, - EnyZ = Zezxy - ezxy'

Then,

[1] — in 2x i 2%, _ 52%,07_9_
XMt =e ax+e yay+[Ze y—e y]ay,
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We find invariants using X[*JF = 0 through the corresponding characteristic system

given by
dx _ dy dy’
o2x ye2X  2ye2X— g2xy/
Solving
dx _ dy
67 - ye2X

gives the invariant variable

u=x-—Iny

Using properties of fractions, the system (2.122) implies

dx _ dy-dy'
1 —y+y!

Solving Eq. (2.124) gives the invariant variable
v=x+In(y—y")

From Eq. (2.125), one can write

dx dx

Substituting Eq. (2.126) in Eq. (2.120), we get
’ —x (4 -
y —er*(T-1)=y3+y
Using Eq. (2.125) in Eq. (2.127), we get

_ev—x (% _ 1) — y—3 + ev—x

Simplifying the last equation, we get

dv

v—Xx — 3

_e — :)I
dx

Using Eq. (1.123) in Eq. (1.128), we get

_ev—xz_z — (ex—u)—3 — e3u—3x

This implies
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W _ _g3u-v-2x (2.130)

WL =¥y (2.131)
dx y y

Using equations (2.123) and (1.125) in Eq. (1.131) gives

B _ £ = guiu-2x (2.132)
dx ex—u

Dividing Eq. (2.130) over Eq. (2.132), we get the first order separable ODE given by

W _p2u-2v (2.133)
du

Solving equation (2.133) leads to
e?V =e?% + k (2.134)

Returning to the original variables, we get

¥ (y— ¥ =—S+k
y2
This implies
=y = +ke™ (2.135)

Using Eq. (2.123), we get

y = e* U (2.136)
Differentiating (2.136) with respect to x, we get

y' =1 —-u)e* (2.137)
Subtracting Eq. (2.137) from Eq. (2.136), we get

y—y =ue* (2.138)
Using equations (2.136) and (2.138) in equation (2.135), we get

w?eX—2U — _p2u=2X | [o=2% — e 2% (g — g2U) (2.139)

Equation (2.139) is separable and can be solved easily as follows
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— p,—2X
———=e “¥dx
Vk —e?t
Integrating implies
ke Loz g
kel 2

Solving the last algebraic equation for e*, we get

4k
e =4 |[————
4+k?(e~2%+c)?

Returning to the variable y using Eq. (2.136), we get

_ x [4+k?(e™2¥+c)?
y = te \/ 4k

which is the same as the solution found in equation (2.121).
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CHAPTER 3

GROUP CLASSIFICATION AND SYMMETRY
REDUCTIONS FOR A CLASS OF NONLINEAR POISSON
EQUATIONS ON PLANE

The aim of this chapter is to study the complete group classification problem
and some symmetry reductions of the nonlinear Poisson equation on the plane which is
given by

Uy + Uy = f (1) (3.1)

where f(u) is an arbitrary nonlinear function.

The group classification of equation (3.1) is carried out in section 3.1. It is
based on necessary conditions on f(u) which are obtained through a triangulation of
determining equations of Lie symmetries of equation (3.1). An efficient method to obtain
such triangulation is the well-known method of Mansfield [29] of generating differential
Grobner bases of determining equations. A variant of Mansfield’s method will be used to
generate cases of f(u) and hence for carrying out the group classification. Precisely, the

following result will be proved.

Theorem 3.1
The minimal symmetry algebra of nonlinear Poisson equation (3.1) is 3-dimensional
generated by
P1=i, Pzzi, P3:—yi+xi
0x dy 0x dy
and is obtained for all nonlinear arbitrary functions f(u). The larger symmetry algebra

exists in the cases given in the table below:
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f) Extra Generators of symmetry algebra

a(u + b)°, p oy 0 2 (+b)a
c+0,1 + = X ox yay c—1 ¢ ou

Infinite dimensional algebra generated by

P, = £, y) =+ 16 y) - — 22, (x, )~
=5y ox BV oy b Y 5y

ae™, where
ab#0 Tex T Tyy =0,
$x = Ty,
fy = =Ty
Table (3-1)

For different cases obtained in section 3.1, some examples of reductions and
invariant solutions of equation (3.1) are presented in section 3.2. Reduction of the general
case of equation (3.1) using symmetry method leads to a second order ODE. In some
cases of functions, the reduced ODE obtained can be completely solved using classical
methods or by symmetry method for ordinary differential equations as described in

chapter I1. Other cases are reduced to Abel equation of second type.

3.1. GROUP CLASSIFICATION OF NON-LINEAR POISSON EQUATIONS ON PLANE

In order to obtain the Lie symmetries of equation (3.1), let us consider the one

parameter group of infinitesimal transformations

x*=x+e&(x,y,u)+0(e?) (3.2)
y' =y+etlx,yu)+0(e?) (3.3)
u =u+ep(x,yu)+ 0(e?) (3.4)

where € is the group parameter. The generator corresponding to the given Lie algebra is

of the form
a a a
X = E(x,y,u)a+r(x,y,u)£+ ¢(x,y,u)a (3.5)

If X[2] denotes the second prolongation of X then the invariance condition
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X2 (w4 uyy — W) =0 (3.6)
( xx ry f ) Ugx+Uyy=Ff(U)
is used to find the symmetries of Eq. (3.1). Here
XU (g + = £0) = 1)+ 99 5)

where
N = ey + 2 — Ex e + (Pr — 280 UZ — Eu U3 — Tuxlly
— 2T Uy — Ty Uity + (Pu — 26 Uy — 38 Usx Uy
—TyuUyxUy — 2Ty lUyy — 2Ty Uy Uyy (3.8)
N = ¢y + (200 — Ty )ty + (G — 2T50) 15 - Tty = Eyy iy
—2& Uy, — & udu, + (P — 275 )uyy — 3Tuyu,
—Eullyy ity — 285y — 261yl (3.9)
From the conditional equation (3.1), we have
Uyy = f(U) — Uyy (3.10)
Substituting Eq. (3.10) in Eq. (3.9), we get
NV = ¢y + 20y — Ty )ty + (Buu — 203015~ Tuay = §yy Us
—28yulletly — Sttty + (du = 27, ) (f — ) — 37 (f — Uy
—Su(f = W)Uy = 283 Uyy — 28Uy Uy
= ¢y + buf — 215 f — (Suf + &y + (200 — 1y — 37uf )y
+(Pun — 2730 Ui~ Tty — 28yuttetly — Sy Uiy + (= by + 27y iy
+3T, Uy Uy F Eylyxly — 285Uy — 28Uy Uy, (3.11)

Using equations (3.11) and (3.8) in Eq. (3.9), we get

X2 (e +uyy = f (u))|(3.1)

= —Uiyy — Uy Tyy + UF (Pun — 2850) + Uy (20000 — Eax — Eyy — fE0)
— 2ty (T + Eyu) — UGSy + Unertlye (—28,) + Uy U (—273,)
+2uyuy, (7)) + uf,(qbuu -2 Tyu) — USTyy — 2Uyy (fy +Ty)
+uxx(21y — fo) + uy(2¢yu — Tyx — Tyy — 3fru)— 2Uyy Uy (&)
+hux + byy + [y —2fT, —Pf, =0 (3.12)

From Eqg. (3.12), we get the following determining equations:
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PE, : $,=0

PE, : 7,=0

PE; : &, +1,=0

PE, : 7,—$,= 0

PE5 : ¢y =0

PEg : 2¢y, —Tyx — Ty, =0

PE7 : 2¢xu_fxx_fyy=0

PEg : ¢xx+¢yy+f¢u_2fty_¢fuzo

The system of determining equations will be solved utilizing a triangulation

procedure based on techniques for obtaining differential Groebner basis developed by

Mansfield in [29]. The operation (PE3), — (PE,), gives

Sxx T Syy =0
This reduces PE, to
$xu =0
Also, the operation (PE3), + (PE,), implies
Tyx +Tyy =0
This simplifies Eq. PE, to
$yu =0
Differentiating Eq. PEg with respect to u, we get
fubu = 2fuTy — bufu — Pfuu =0
which is simplified to
fuu® + 2fuT, =0
Differentiating Eq. (3.17) with respect to u, we get

fuuu¢ + fuu¢u + quuTy =0
Differentiating Eq. (3.18) with respect to u, we get

fuu® + 2 fuunPu + quuuTy =0
Simplifying Eq. (3.19) with respect to Eq. (3.18) via

fuu(g-lg) - zfuuu(3-18)
implies
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d)(fuufuuuu - quzuu) - quufuuury =0
Equations (3.19) and (3.20) can be used to eliminate ¢, giving the equation

(fuufuuu - quzuu)(3-19) - fuu(3-20)

The previous operation implies

[fu(fuufuuu - quzuu) + fuzufuuu]‘l'y =0
Simplifying, we get

[fufuufuuuu - zfufuzuu + fuzufuuu]ry =0

Differentiating Eq. (3.17) with respect to y, we get

fuu¢y + quryy =0
Differentiating Eq. (3.22) with respect to u, we get

fuuu¢y + zfuuTyy =0
Eliminating ¢,, using equations (3.22) and (3.23), leads to

fuu(3-23) - fuuu(g-zz)
which implies

(fuzu - fufuuu)":yy =0

Next, we look at possibilities of f(u).

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

If T, = 0, then equations (3.21) and (3.24) are satisfied for any type of functions f(u).

Equation (3.17) and the assumption
7, =0
implies.
fuud =0
Nonlinearity of f in Eq. (3.26) implies
7=1]
From Eq. (3.15) and the assumption z,, = 0, one can conclude
Tux = 0

From equations (3.28), PE, and the assumption z,, = 0, we conclude

|T=k1+k2x|

Also, from Equation PE, and the assumption ,, = 0, we conclude
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$x=0

From equations PE; and (3.30), we have
§=¢W)

Using Eq. (3.29) in PE;, we get
§y+ky=0

which, from Eq. (3.31), implies

|S( = —kyy + k3|

(3.30)

(3.31)

(3.32)

(3.33)

All what we deduced are without any restriction on f(u). Hence, the minimal symmetry

algebra given by equations (3.33), (3.29) and (3.27) is three dimensional which exists for

any choice of f(u) and is generated by
B v 90 v 0, 0
~ox’ 27 9y’ 37 Vax T 5y

with commutation relations given in the table below

X1

Xl O O Xz
XZ O O _Xl
X | —x, | x, 0

To look for functions f (u) that may give larger symmetry algebra we assume

7,, # 0 and solve the differential equations (3.21) and (3.24). Let us begin by solving the

following two equations
fuzu — fufuuu =0

fufuufuuuu - qufuzuu + fuzufuuu = O
Solving Eq. (3.34) for a nonlinear function gives the solution:

e f(u)=ae*+b

Solving Eq. (3.35) for a nonlinear function gives 4 solutions:
e f(w)=alW?+bu+c) witha=+0
e f(u)=ae’™+c where ab#0
e f(w=alu+b)+d wherea+0, c +#0,1,2
e f(uy=aln(u+b)+d with a # 0
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Different possibilities for f(u) are analyzed below to obtain corresponding

symmetry algebras. Since the only solution of Eq. (3.34) is given by (3.36), we conclude

the following implication for nonlinear functions f (u)

f(u) #+aet +c¢=> fuzu = fufuuu # 0

(3.41)

The Symmetry Algebra for different forms of f(u) are summarized in the following

Cases:

Case 3.1.1. f(u) # ae™ +c.
From equations (3.24) and (3.41), if f(u) # a e’ + ¢, then

fuzu - fufuuu #0
From equations (3.24) and (3.42), we get

Tyy = 0.

There are three possibilities of f(u) in this case and are discussed below.

Case 3.1.1(i) f(w) is quadratic
Let
fu) =a(u? + bu+c)
with a # 0. Substituting the function in Eq. (3.17) gives
2a¢ +2a2u+ b)), =0
Simplifying the last equation, we get
¢ =—-Qu+ b,
Using equations (3. 45), (3. 43) and (3.15), we get the following results
Pxx = —(Cu+ D)7y = 2u+ b)7y, = 0
¢yy = —Qu + b)tyy, =0
$u =~ 21,
Substituting the equations (3.44)-(3.48) in equation PEg, we get
(b? - 40, = 0.
Since we assume t,, # 0, we get

b>—4c =0

(3.42)

(3.43)

(3.44)

(3.45)
(3.46)
(3.47)
(3.48)

(3.49)

(3.50)

which means that f(u) is a perfect square. Now, using Eq. (3.43), we get in this case
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T=kx+k, +kyy+kxy
Substituting Eqg. (3.51) in (3.48), we get

¢y = — 21, = —k3 — kx
Substituting Eqg. (3.52) in Eq. (3.14) implies

k=0
From the relations (3.53) and (3.51), we get

|T = klx + kz + k3y|

Substituting Eq. (3.54) in PE5, we get

This implies
§=—kiy+g(x0).
Substituting Eq. (3.54) in PE,, we get
$x =Ty = ks
Using Eq. (3.55) in (3.56), we get
9'(x) = k3
Integrating Eq. (3.57), we have
g(x) = ksx + ky.

Substituting Eqg. (3.58) in Eq. (3.55), we obtain

|€ = —k1y+k3X+k4|

From equations (3.45) and (3.51), we get

b
Thus, in the case
fw) =a(u+b)?,

we obtain four dimensional Lie algebra generated by the following symmetries

-9
T ax’

X1

[7] a
X3 = —ya+x£,

a a a
X4—x£+y£—2(u+b)£

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)

(3.61)



with the commutation relations

X1 Xz X3 X4
X, 0 0 X, X,
X, 0 0 X, | X,
. | =x, | x, 0 0
x, | =x, | =x, 0 0

Case 3.1.1(ii) f(w) =a(u+b)"+c¢c, witha+0, n +0,1,2
Substituting the function in Eq. (3.17), we get
an(n —1)(u+ b)"?¢ + 2an(u + b)"'t, =0
This implies
¢ =—
Substituting Eq. (3.62) in equation PEg, we get
(aCu+ b +0) (=1, ) +
Taking 7,, as a common factor, we get

[—Z(a(u +b)"+c¢) 2na(u+b) 2(n-—1)(a(u+b)"+c)
Ty + - =0

2(u+b) -
n-1 7Y

(3.62)

2(u+b)
n-1

na(u+b)" ‘v, —2(a(u+b)"+0c)1, =0

n—1 n—1 n—1

Simplifying the previous equation, we get

=], =0 (3.63)

n—-1

So, if ¢ # 0, then 7, = 0 which leads to minimal algebra. Hence, to get larger symmetry

algebra, we should have ¢ = 0 which means

fw) =a(u+b)" (3.64)
Using equations (3.43), (3.62), (3.15) and (3.14), we conclude
|T = klx + kz + k3y| (365)
Substituting Eq. (3.65) in Eq. (3.62), we obtain
k
¢ =——=(u+b) (3.66)

Using Eq. (3.65) in PE5, we have
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Ey =T, = —k; (3.67)
Integrating Eq. (3.67) and using equation PE;, we get

£=—ky+gx) (3.68)
But from equations (3.68), PE, and (3.65), we have

g =& =1, =k (3.69)
Integrating Eq. (3.69), we get

gx) =ksx + ky (3.70)
Substituting Eq. (3.70) in Eq. (3.68), we conclude

& = —kiy + kax + k| (3.71)

Thus, in this case we get four dimensional Lie algebra defined by equations (3.65), (3.66)

and (3.71) and is generated by the following symmetries:
a

17 557

Xo =5,

X3=—y;—x aa_y,
X4=xaa—x+y%—m( +b)aa_u

X1 X2 X3 Xy
X, 0 0 X, X,
X, 0 0 X, | X,
X | -x, | x; 0 0
x, | =x, | =x, 0 0

Remark: If we substitute n = 2 in this algebra, we get the same generators found in case
3.1.1(i) above. Hence, we can summarize that this algebra is admitted for all nonlinear
functions of the form f(u) = a(u + b)", n # 0,1.
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Case 3.1.1(iii) f(w) =aln(u+b) +c with a+ 0
Substituting the function in Eq. (3.17), we get

a

-a
@z ® T2 (E) Ty =0 (3.72)
Simplifying Eqg. (3.72), we get

¢ =2(u+b)t, (3.73)

Substituting Eqg. (3.73) in PEg and using equations (3.43) and (3.15), we have

04+0+ (aln(u+b) + C)(ZTy) - 2(u+ b, (ﬁ) —2(aln(u+b) +c)r, =0

Simplifying, we get
—2at, =0
which implies
7, =0 (3.74)

This leads to minimal algebra.

Case 3.1.2 f(u) = ae’™ +c, a,b+0
Here t,,,, is not necessarily 0.
From Eg. (3.17), we have

ab®e®™¢ + 2abe’ t, = 0

Simplifying, we get

¢=—"1, (3.75)
Substituting Eq. (3.75) in PEg and using Eqg. (3.15) imply

2 —2 2

5 Tyxx + - Tyyy + (ae? + ¢)(0) + Bry(abeb“) —2(ae?™ +c)r, =0
Simplifying the last equation, we get

—2ct, = 0. (3.76)

So, if ¢ # 0, then 7,, = 0 which leads to minimal algebra. Thus, to have larger Lie

symmetry algebras in this case, f should be of the form

f(u) = aeb™. (3.77)
Then, equation PE, implies
T=1(x,Y) (3.78)
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The function t should be harmonic according to Eg. (3.15). From Eq. (3.75), we have

-2
¢ = B Ly

(3.79)

Given a harmonic function z(x, y), we can find ¢ by solving equations PE; and PE,

simultaneously and ¢ is found using Eq. (3.79). Thus the symmetry algebra is infinite

dimensional, depending upon solutions of Eq. (3.15). Some examples of the symmetries

of this infinite dimensional algebra for simpler form of t(x,y) are summarized in the

following table:

$(x,y,u) T(x,y,u) d(x,y,u)
k, kq 0
_kly + k3 klx + kz 0
-2
kix + ks kiy + k; Tkl
k -2
- (2 =y + kg kaxy B fax
2 b
4
—2kyxy + k, kq(x? = y?) 5y

kie**sinky + k,

k,e** cos ky

2
3 ke ke** sinky

k,e** cosky + k,

k,e** sin ky

-2
5 kyke** cos ky

ke ® sinky + k,

ke cos ky

2
Eklke"‘" sinky

—kx

—kie™* cosky + k,

k,e ** sinky

-2
Tklke"‘" cos ky

ky® 4 3kyxy? — 3kyx%y — kox3 + ks

kyx3 — 3kyx?y — 3k xy? + kpy®

6
E(kzxz + 2kyxy — kyy?)

ky(—4x3y + 4xy®) + k,

by (x* — 6x%y% + y%)

8
Ek1(3xzy -3

k(x* — 6x%y% + y*) + k,

ki (4x3y — 4xy®)

-8
= ki (x® = 3xy?)

ih(y —ix) —igly +ix) + k

h(y —ix) + g(y + ix)

)
- [A(y —ix) + g(y + ix)]

Table (3-2)
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Different types of solutions t(x, y) which generate the above table are discussed below.

(Dt(x,y) = constant = k;.

Let
T(x,y) =ky

Then, Eq. (3.15)
Txx T Tyy =0

is satisfied.

Substituting this value of T in equation PE5, we get
& =0.

This implies that
§ =<&(x).

Using this in equation PE,, we obtain the ode given by
¢ =0.

This ode implies that
[ =Kz}

From equation (3.79), we conclude

(IDt(x,y) = (x)

Let us solve Eqg. (3.15) which can be written as follows
Txx T Tyy =0

implies
Tyr =0

Whose solution is
T(x) = kyx + k,

Substituting this value of = in equation PE5, we get
&y = —k;.

This implies that
§=—kiy+g(x).
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Using this in equation PE,, we obtain the ode given by

g'(x) =0.
or

g(x) = ks
This ode implies that

From equation (3.79), we conclude

(D =(x, y) = ©(y)

From Eq. (3.15), we get the following ode
Tyy = 0.

This implies that
|T(J’) =kiy +k;

Substituting this 7 in PE5, we get

$y =0
or
§=¢(x)
Substituting this in PE,, we get
ki —¢,=0
or
€ = kix + k3|

Substituting this in Eq. (3.79), we get

-2
¢ = 7k1

(IV) T(x,y) is separable

Separable solutions of Eq. (3.15): |Tyx + Ty, = 0

Let
7(x,y) = P(x)Q(¥)
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be a solution of Eq. (3.15).
Then,

P"(x)Q(») + P(x)Q"(y») =0
Dividing by P(x)Q(y), we get

P/ _ _ "
P(x) Q)

There are three cases for solving the previous system

= constant

(i) constant = 0.

In this case we conclude that

Q") =0

which implies that

|Q(3’) =0yt 6|

and

P'(x) =0
This implies

P(x) =c3x+c,
Thus,

T(x,y) = (c3x + )1y + ¢2)
The new kind is given by

[2Ce,y) = kyxy|

Substituting T in equation PE5, we get

This implies
fy = —kyy

Integrating with respect to y, we get

§=—ky? +g(x)
Substituting in equation PE,, we get

kix—g'(x)=0
Integrating, we get

99



glx) = %klxz + k,
This implies
§= —%klyz +%k1x2 +k,

or simply,

§ =2k (2 —y?) +ky

Substituting this in Eqg. (3.79), we get

-2
¢ = Tklx

(ii) Constant is positive, say constant = k?
We are going to solve the system

P”(x) _ Q”(y) _ 2

P(X) QO
Solving
_Q”()/)= 2
(0167}

gives

|Q(J’) = ky sinky + k, cos ky

Solving

P’ _ 12

P(x) '
implies

P(x) = kze*™ + ke k>
Thus,

1(x,y) = (kze* + kye ) (ky sinky + k, cos ky)

Every value of k generates a solution, which leads to infinitely many solutions.
Substituting T in equation PE5, we get

&, + k(kze™ — ke ®)(ky sinky + k, cosky) =0
Integrating with respect to y, we get

§ = —(kze™* — ke ®)(—ky cosky + k, sinky) + g(x)

Substituting in equation PE,, we get
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k(kse®* + kye™**)(k, cos ky — k, sin ky)

+k(kze®™ + kye ) (—k, cosky + k,sinky) — g'(x) =0
which implies

g'(x)=0
or

g(x) = ks
Hence,

§ = —(kze™™ — ke ™) (—k, cosky + ky sinky) + ks

Substituting this in Eq. (3.79), we get

¢ = — 2% (Jese™ + kye ™) (ky cos ey — key sin key)

(iii) Constant is negative, say constant = —k?

We are going to solve the system

P'e) _ Q") _ ;2
P(x) QW)
Solving
Q" 2
- = —k
Q)

gives

Q) = k1eky + kze_ky

And solving

P”(x) _ 2
P(x) K=

implies

|P(x) = ks sin kx + k4 cos kx|

This gives us

1(x,y) = (k3 sinkx + k4 cos kx) (ke* + k,e ™)

Every value of k generates a solution, which leads to infinitely many solutions.
Substituting T in equation PE5, we get
&y + k(ks cos kx — ky sinkx) (ke + ke ™) =0

Integrating with respect to y, we get
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§ = —(kgcoskx — kysinkx)(kie® — ke ™) + g(x)
Substituting in equation PE,, we get

k(ky sinkx + k, cos kx) (ke® — k,e™*)

+k(—k; sinkx — ky cos kx)(k;e® —k,e™) — g'(x) = 0
which implies

g'(x)=0
or

9(x) = ks
Hence,

& = —(k3coskx — kysinkx)(k,e* — ke ™) + ks

Substituting this in Eq. (3.79), we get

¢ = —%(ks sin kx + k, cos kx) (ke — ke ™)

This implies infinite dimensional symmetry algebra.

(V) =(x, y)Polynomial solutions of |7, + 7,, =0

For the sake of simplicity, we consider here two types of polynomials.

(i) 7(x,y)is quadratic in x,y
Solving Eq. (3.15) leads to
(x,y) = c1x? —c1y? + cxy + c3x + c,y + s

The cases
T(x,y) = coxy,
(x,y) = c3x,
(%, ) = ¢4y,
and
T(x,y) = cs

have already been discussed above. Here, we focus on the case

(x,y) = klxz - k1y2

Substituting this value of T in equation PE5, we get
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$y = —2kq4x.
This implies that
§ = —2kixy + g(x).
Using this in equation PE,, we obtain the ode given by
g'(x)=0.
or
g(x) =k,
This implies that
& = —2kyxy + k|,

From Eqg. (3.79), we conclude

4
¢ =;k1y .

(ii) t(x, y) is a polynomial of cubic terms in x, y.
Suppose that T(x,y) = kix3 + kyy3 + c1x2y + cxy2.
Then,

Tex = 6k X + 2¢1y

Tyy = 6kyy + 2¢,x
Substituting in Eq. (3.15) gives

Tox T Tyy = (6ky + 2¢3)x + (6ky + 2¢1)y = 0

This implies

c; = =3k,
and

c, = =3k,
So,

T(x,y) = kyx3 + kpy3 — 3k,x2y — 3k xy?

Substituting this value of T in equation PE5, we get
&, = —3kyx? 4 6k,xy + 3k ¥

This implies that
& = =3k x%y + 3k,xy? + kyy3 + g(x).

Using this in equation PE,, we obtain the ode given by
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[3k,y? — 3k,x% — 6kyxy] — [—6kxy + 3k, 7% + g'(x)] =0
g'(x) = —3k,x2.

or
g(x) = —kyx3 + ks

This implies that

& = =3k x%y + 3k,xy? + kyy3 — kyx3 + ks |

From Eq. (3.79), we conclude

¢ = _72[3k2y2 — 3k,x?% — 6k, xy]|.

(iii) t(x,y) is a polynomial of quarto termsin x, y.
Suppose that 7(x,y) = kyx* + kyx3y + ¢ x%y? + coxy3 + c3y*.
Then,
Tux = 12k x? + 6k, xy + 20, y?
Tyy = 201%% + 6¢,xy + 12¢3y2
Substituting in Eq. (3.15) gives
Tyx + Tyy = (12ky 4 2¢1)x? 4 6(ky + c2)xy + (2¢1 + 12¢3)y* =0

This implies
c; = —6k;
c; = —k;
c3 =k
So,

T(x,y) = kyx* + kox®y — 6kyx?y? — koxy® + kyy*

Substituting this value of T in equation PE5, we get
&y = —4k,x3 = 3k x%y + 12k, xy” + kyy°.
This implies that
&= —4kx3y — zkzxzy2 + 4k, xy3 + ikzy“ +g(x).
Using this in equation PE,, we obtain the ode given by
[kyx® — 12k x%y — 3k,xy? + 4k y3] — [—12k x?y — 3kyxy? + 4k y® + g'(x)] = 0
g'(x) = kpx3.
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or
glx) = ikzx“ + ks

This implies that

&= —4k,x3y — %kzxzyz + 4k xy3 + ikzy“ + ikzxd‘ + ks .

From Eqg. (3.79), we conclude

¢ = %Z[kzx:g - 12k1x2y - 3k2xy2 + 4k1y3] )
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3.2. EXAMPLES OF REDUCTIONS AND INVARIANT SOLUTIONS OF

Uy + Uyy = f(u)

3.2.1. The general case u,, + u,, = f(u)

This equation admits 3-dimesional Lie algebra generated by

0 0 4]

Xlzgi Xzzai

0x

X, 0 0 X,
X 2 O O _X 1
X | —x, | x, 0

. ]
3.2.1.1. Using X1 = Py

] ] ]

X = a+ 054- Oa

The characteristic system is given by
x _dy _ du

1 0 0
The equation

dx _dy

1 0
gives

y=c
The equation

dx _ du

1 0
Implies
u=k
Equations (3.80) and (3.81) provide two invariants of X; given by
§vy) =y
Vi) =u

From the last two equations, we get the following derivatives
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X3=—-y—+x—.

oy

(3.80)

(3.81)

(3.82)
(3.83)



u, =0

Uy =0
_ ’

uy—V
_ 17

uyy—V

Substituting equations (3.84) and (3.85) in Eqg. (3.1), we get

0+V"=f(IV)
The PDE (3.1) is reduced to the second order ODE:

Using formula (2.72) in solving Eqg. (3.86), one writes

av
=1 fw/sz(V)dV+c tk

Returning to the original variables, we get the solution

du
V=t me T K

3.2.1.2. Using X, = %

The symmetry X, is given by
a @ a
X=0 P + 5 +0 ™
The characteristic system is given by
dx _dy _ du

o 1 0
Solving

dx _dy

0 1
gives

X =cC
And solving

dy _ du

1 0
gives

u==k

So, we get two invariants of X, given by
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§(xy) =x (3.88)
V(i) =u (3.89)

Using these invariant variables, we get

u, =V’

Upy =V (3.90)
u, =0

Uyy =0 (3.91)

Substituting equations (3.90) and (3.91) in the PDE (3.1) reduces it to the second order
ODE given by

(392)

Using the formula (2.72) and returning to the original variables, one gets

= ifwlszc(l:)duw +k (3.93)

3.2.1.3. Using X3 = -y > + x =
ax ay

We use the symmetry

X = —y% + xaa—y +0 aa_u
to reduce Eq. (3.1).
The characteristic system of X;F = 0 is given by

ax _dy _ du

-y X 0
Solving

ax _ dy

> x
implies

x2+y?=c¢c (3.94)
Solving

v _ du

X 0
implies

u==k (3.95)

We have found two invariants of X5 which are given by
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§Cy) =x*+y?
Vi) =u
Using these invariants, we find the following derivatives
u, = 2xV’
Uy = 4x°V" + 2V’
u, = 2yV’
Uyy = 4y?V" 42V’

(3.96)
(3.97)

(3.98)

(3.99)

Substituting equations (3.98) and (3.99) in Eq. (3.1) leads to the second order ODE

[4EV" + 4V’ = f(V)|

3.2.1.4. Using aXy + bX, = a+ b% (linear combination of X; and X,)

] ] ]
X = aa +b 5 +0 ™

The characteristic system is given by
ax _dy _ du

a b 0
Solving

ax _dy

b

gives

bx—ay=c
Solving

dy _ du

b 0
gives

u==k

We have found two invariants of X given by

§(x,y) = bx —ay

and
V() =u

Using the variables given by equations (3.101) and (3.102), we get
u, = bV’
Uy = b2V
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u, = —al’
yy = a?V"” (3.104)
Substituting equations (3.103) and (3.104) reduces the PDE (3.1) to the second order ODE

u

given by
b2V" 4+ a?v" = f(V) (3.105)
This implies
no__ 1
V' =/ (V)

Using formula (2.72), one can write

av

=4
\/azszf(V)dwc

+k

Returning to the original variables, we get

bx —ay = +Va? + b? [

du

This can be analyzed further for different types of functions as discussed in detail in

chapter 2.

3.2.2. Reduction of u,, + u,, = u"

This equation admits 4-dimensional symmetry algebra spanned by

X, =:—x, X, =:—y, X3 = —y:—x+x:—y, Xy =x:—x+y:—y—%:—u
Commutator Table
Xq X, X3 X4
X, 0 0 X, X,
X, 0 0 —X, X,
x| -x | x 0 0
X, | -Xx; | =X, 0 0

3.2.2.1. Using X; = -

From the above Eq. (3.87), we have the following solution

_ du
Y= if\/zfu"du+c tk

This can analyzed for different values of n.
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- ~9
3.2.2.2. Using X, = %
From formula (3.93), we get

du
=t rman Tk

For n = —3, we get the following solution as discussed in chapter 2

’ 2(x—k)2
u=+ 1+C(ka)

For n = 3, we get the following solution as discussed in chapter 2

x=+V2[——+k

Vit tc
As an example, for c=0, we get the solution
u= iﬁ.
x—k

For n = —1, we get the following solution

_ V2 du
x= i7".\/lnu+c +k.
: a a
3.2.2.3. Using X3 = -yt x5

Using Eq. (3.100) in the general case, we reduce the equation to the following ODE

[46V" + 4V’ = V" (3.107)
where

§=x*+y*
and

V=u.

The ODE (3.107) admits the symmetry
] ]
X=—-(n- 1)Ea—f+V%

The first prolongation of X is given by

a a , 0
X[l] :—(Tl—l)fa—gﬁ'VE-i'nV W

The corresponding characteristic system is

¢ _av _ av’

-(n—-1)¢ 1% nv'

which gives the two invariants
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Differentiating Eq. (3.108) with respect to &, we get

FEVT (- DEVY

Differentiating Eq. (3.109) with respect to &, we get

1
‘;_V; — ﬁgﬁv' + gﬁv"

Using Eg. (3.107), we have
BRI
or
n 1, 1
fn—ﬂ/” = ZEn—1V” - fn—1V’
Substituting this in Eq. (3.111), we get

dw
dé n-1

Using equations (3.108) and (3.109) in Eq. (3.113), we get

n

aw 1 1w 1.2 (r\n-1
a_s—mf“*f%ﬁf”*(g)

Simplifying this gives

20

ag
Using equations (3.108) and (3.109) in Eqg. (3.110), we get
n-2
ar _r _ r n-1 w
F=trm-0E(3) s

Simplifying this equation, we get

n-2

2—2 = %[r +(n— 1)W(T)E]

W gy 4+ lemiyn — gy = gy + gy
= P T n-1 4

Dividing Eq. (3.114) over Eq. (3.115), we get

n
1 1,
dw Wt (Nn-1

P — Ty
ar r+(n-1)w(r)n-1

which is an Abel equation of second type.
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; a d 2u 9
3.2.2.4.Using Xy = x -+ Yo~ woiom

In this section, we are going to reduce the equation
Upy T Uyy = U"

using the symmetry

0 0 2u 0
X=x3 tys ~ i

The characteristic system of X(F) = 0 is given by

ax _ W _ 1)
x y (n—1) 2u
Solving
ax _ay
x oy
leads to the invariant variable of X given by
i
f(x! Y) - x
Solving
dx du
oDy

leads to the invariant variable
V() = x?unt

From (3.118), we get the following formulas

gy:%:%%:%f

S e L
Grat=(ra)e=(Ere=Sre =i
by = aE 3l = mE e =0

bx= b ——h =t —TE=o

Differentiating Eq. (3.119): x2u™"! = V(&) with respect to y, we get
(n— Dx*u"2u, =V'¢,
Differentiating with respect to y again, we get
(n— 1D —2)x*u"3us + (n — Dx® u™2u,, =V"E +V'E,,
Also, differentiating Eq. (3.119) with respect to x, we get

(n — Dx*u™%u, + 2xu™ 1 =V'¢,
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Differentiating again with respect to x again, we get

m—1DMm—-2)x2u"3u2+2(n— Dxu™?u, + (n — Dx? u" 2u,,

+2u™ 1+ 2x(n — Dunu, = V"EE+V'E,, (3.128)
From Eq. (3.127),

(n— Dx*u™?u, =V'E, — 2xu™? (3.129)
This implies

xzux = m(v Ex — 2xu™ 1) (3130)

Our equation ., + u,, = u"
Using equations (3.126) and (3.128) in Eq. (3.117) or
(n — Du2x%uyy + (n — Du2x%uy, = (n — Du"2x*u"
gives
V" + V’xz—zf —(m—1Dm—-2)x*u"3uz —2(n— Dxu" %u,
—2u™ !t = 2x(n— Du"u, + V"5 40
—(n—1(n—-2)x*u"3u} = (n — Du"2x*u"
This implies
V'[Ez +&2] + xz—sz’ —(n—1Dn—2)x*u™3uz — 2(n — Dxu™%u,
—2u™ !t = 2x(n - Du"u, — (n — D(n — 2)x*u"3uf = (n — Du2x*u”
From (3.122), this implies
V" [1:—52] + xz—sz’ —(n—1Dn—2)x*u"3uZ — 4(n — Dxu" %u,
—2u™t = (n = D(n - 2)x*u"3uf = (n — Du"*x*u”
Multiplying by x2, we get
V' 1+ &%]+ 28V — (n— 1) (n — 2)x%x*u™3u2 — 4(n — Dxx?u" %u,
—2x*u™ — (n— D(n - 2)x*x*u"3uf = (n — Du"2x2x%u"

Using (3.129), (3.130), (3.125) and (3.127), we get

V'[14+&2]4+28V —(n—1D(n-2) [M]Z u 3 — 4x[V'E, — 2xu™ 1]

(n-1)un—2
2
V'§ - -
-2V — (n — 1)(11 - 2) [W] un"s3 = (n — 1)u2n 2,4

This implies
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(n-2)
(n-1un-1

V'[1+&2] + 28V —

(n-2)
(n-1un-1

—4x[V'E, — 2xu™ 1] — 2V —

Simplifying, we get

(n-2)v'? (n-2)

V'[1+&2] + 28V —

—4x[V'E, = 2xu™ ] =2V = (n—1)V?
This implies

n-2) .,

(n-2)v'? [1+§2
(n-1un-1

V'[1+ &%) + 28V —

x2 (n-1)

—4xV'éE, 4+ 8x2u™ 1 =2V = (n — 1)V?
Simplifying, we get

1+82] + 4x 8 2yre,

(n-2)v'? [
(n-1)

n 2 r_

V'[1+ &%)+ 28V -

—4xV'E, + 8V =2V = (n—1)V?
Further simplification implies

B (n-2)v'?
(n-1)Vv

(n+1)
(n-1)

(n+1)

V'[1+ 2] D)

[1+¢&2]+2 V'E+2

This ODE admits the symmetry
_ 219 _ 9
X=[1+¢ ]af 28V —
The first prolongation of X is given by

3}

d d ,
X =11+ ¢? st KV (F2V - &V o5

The characteristic system of the invariant equation

XHF =0
is given by

d& __av_ _ av’

1+&2 —28v  —2v-4&V!’
Solving

L

1+&2  —2&v
leads to

V1+&H)=c
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V'3 = (n—1)V?

ER = [€2 + &2] + 4x VG4

(n-2)
(n-1)

| +4xZ2Byre, — 4

[V'262 — 4xV'Eu + 4x?u?n 2]

4 (n-2)

(n-1)

(n-2
(n-1)

|4

) _
x2n1

V—(n-1DV?=0

(3.131)



which gives the invariant variable of X!l
r=V(1+§&?)
Eq. (3.132) implies

Cc

T+
Differentiating with respect to ¢ gives

r_ —Zcf _ —2V§
T(1+82)2 T (1+£2)

or
A+ +26e=0
which gives an invariant of X! given by
w=(1+&)2 +2¢
Next to write Eq. (3.131) in terms of r, w.
From Eq. (3.133), we have
Vw — 28V = (1 + &)V’
Differentiating Eq. (3.134) with respect to &, we get
(1 + &)V =Vw — 28V
260V + (1 + &)V =V'w + VZ—V; — 2V — 28V
Now,

dw _awdr _aw g | g2
dg—drdg—dr(V(1+E)+25V)

Using Eq. (3.134) in Eqg. (3.136), we get

dw _dwdr _ dw

a8 dr d¢  ar

Substituting this in Eq. (3.135), we get

(Vw — 28V + 28V) = VWZ—‘:

1+ V" = V2w 4+ V'w — 2V — 4V’

Putting equations (3.123), (3.124), (3.125) and (3.128) in Eq. (3.131) implies

VEwSE 4 V'w = 2V — 48V + 6§V

—Z—j [V'[w — 2] + 46V’ + 4V] + 6V = (n — 1)V?
or
VZWZ—‘;V +V'w AV + 28V =T [V'w + 28V + 4V] = (n— 1)V
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Dividing by V2, we get
dw . Vv’ 4 vl n-21v’ EV
W Lw i 2e -2y 428 = (- 1) (3.138)
Equation (3.132) implies
1+52=§ (3.139)
Equation (3.133) and the previous equation imply
_rv —
W= +2§-rv2+2€
or
r=2_»t (3.140)
which implies
LA VWl pfw d w8
Wﬁ+;+25ﬁ_r 2r+V+2€r 4r (3141)
From Eqg. (3.139), we have
2T _
¢c=,-1
So, substituting this in Eq. (3.141)

w2 4

vi 4 vi_wlo 4 vt
WV2+V+2«SV2 =—+7 4 -
or
v o4 v w? 4
Wﬁ+;+2€ﬁ_7+; (3.142)
Using Eq. (3.142) in Eqg. (3.138), we get
dw = w? w?
WE-FT ———[ + ]—(n—l)
which is a first order ODE. This can be simplified to
aw 1
E n— 1[ + ] (n_ 1)
or
aw 1 _ oy 4 -1
oW = [(n 1) (n—l)r] w (3.143)

which is Bernoulli equation, with solution given by the following standard procedures
Let

U =w? (3.144)
Then,
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& = 2w —_ZW([(n—1)—

(n— 1)r] w = (n—11)r W)

8 2
e 1)r] T -Dr”
Then, using Eq. (3.144), the equation becomes

du 2
(n-Dr

2

= [Z(n -1

U=2(n—-1) — e (Linear first order ODE)
Integrating factor is given by
2
ef(n——l)rdr = (r)ﬁ
Multiplying the linear ODE by this integrating factor gives
(it
There are two cases in this equation.
Casel(n#-1)
Integrating Eqg. (3.145) gives
2 2 8
U = [ 2= D) - 52

This implies

2
(r)n—1 ‘:l_i’

(3.145)

(n 1)

2 n+1
0L (1ot — ()t + ¢

— ()] dr =

2(n—-1)2 —2

— T —4+c(r)n1 (3.146)

Returning to w using Eq. (3.144), we get

U=

2(n-1)>2
w? =
n+1

r— 44 c(ry (3.147)

Returning to the variables &, V' using equations (3.132) and (3.133), we get

[1+e5)% +2§] =20y (1 4 £2) — 4 (VL + E))
This implies
d 2 2(n-1)? -z
(d—g/V) = (Z—H)r — 4+ c(r)n1
or
dr\2 _ [2(n-1)2 _ ___2 r2
(d_E) _[ nrr T A+ e 1] (1+£2)2
or
dr T 2(n-1)2 =2
pT =+ (1+€2)\/ —r—4+ c(r)n—1 (3.148)
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Case2 (n=-1)
In this case, Eq. (3.145) becomes

()= ()72 = —4(r) "t + 4(r) 2 (3.149)
Integrating gives
Ur)t=[[-4@)*+4(@)%]dr = —4Inr — é +c

Multiplying by r, we get

\U=—4rInr —4 + cr|

Returning to w using Eq. (3.144), we get
w?=—4rlnr —4+cr (3.150)
Returning to the variables &, VV using equations (3.132) and (3.133), we get

[(1 +¢7) V; + 25]2 =—4VA+EH VA +E)] -4+ V(A +E?)
This implies

(Z—E/V)Z =—4rlnr—4+cr

or
(ﬂ)z = [—4rinr —4 + cr] r
g (1+&2)2
or
dr r
i +V—4rinr — 4 + T e

which is separable and can be written as

dr -+ aé
rV—arinr—4+cr  — 1+&2

Integrating gives

[— = +arctané +k

rv—4rlnr—4+4cr

3.2.3. Reduction of u,, + u,, = e**

This equation admits infinite dimensional Lie algebra as discussed in section 3.1.
We are going to use the following symmetries
0 0 0 0

==, X:_) X:_ - -~
0x 27 0y 3 y0x+x

X1 3y
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and some symmetries of the form
0 0 0
X = E(x,y,u)a+ T(x,y,u)a + qb(x,y,u)%
with selected &, T and ¢ from table (3-2) presented in section 3.1.2.
a
X

3.2.3.1. Using X = o

From the general case, we have the following solution

du du
Y= if‘/Zfezudu+c+ o= if\/.‘32“+c tk
For ¢ = 0, we get
y=tfe%du+k=ze"+k.
This implies that
|u =—In|y — k||.
For positive values of c, we get
du 1 Ve2litc
y= if\/—m+k = iﬁarctanh = +k
or
U= %ln[c sech?Ve(y — k)] |
For negative values of ¢, we get
du 1 e2l4c
y==/ e2u+c+k = i\/?carctan = +k

or

u = =In[—csec? V=c(y — k)]

. a
3.2.3.2. Using X, = %
From the general case, we have the following solution

du du
r=t] otk =t [tk

For c=0, we get
x=%[eMdu+k=12e¥+k.
This implies that

|u = —lnlx—k||.
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For positive values of c, we get

VeZlutc

du 1
x =1 [ ==+k=tarctanh—=—+k
or
u= %ln[c sech? Ve (x — k)| |
For negative values of ¢, we get
du 1 2Utc
X _'j:J~7§?§i?-+ k —-j:vfgarctan. Ne +k

or

u= %ln[—c sec2vV—=c(x — k)]

9

3.2.3.3. Using X3 = —y -+ x5

Using the general case, we reduce the equation to the following ODE

4EV" + 4V = €2/

Where
§=x"+y’
and
V =u.
The ODE (3.151) admits the symmetry
X =—2¢ a% =
The first prolongation of X is given by
X = —2§%+:—V+ zv’%
The characteristic system of the invariant equation
XWF =0

is given by

¢ _av _ av’

—28 1 av!
Solving

af _ av

—28 1

leads to
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2V+In(é) =c

which gives the invariant variable of X!

r =2V +1n(®) (3.154)
Solving

% _av

T2 = v
leads to

&Vl =c
which gives the invariant variable of X!

w =&V’ (3.155)
Differentiating Eq. (3.154) with respect to &, we get

Z—gz 2V’+§=2?W+§= wa“ (3.156)

Differentiating Eq. (3.155) with respect to &, we get

dw

d_f = EV + V

Using the ODE (3.151) in the previous equation, we get
aw _ 1 2v
d& 4

Using the ODE (3.154) in the previous equation, we get

aw e’

Dividing Eq. (3.157) over Eq. (3.156) gives
dw e’
dr  a(2w+1) (3.158)
This ODE is separable and its solution is given by
4w?i+w)=e"+¢
or
Cw+1?=e"+c
From Eq. (3.156) and the previous equation, we get
2 ﬂ z — 5T
& (df) =e" +c
which implies
dr d_$
N + 7 (3.159)
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There are three different cases for the values of c.
Casel c=0
Integrating Eqg. (3.159) in this case gives

2 —
—ﬁ—ilnf+k

Returning to the variables &,V using Eq. (3.155) gives
2
Returning to the original variables using equations (3.152) and (3,153) gives
1

=+Iné+k

=+In(x*+y?) +k

Gy
Solving this equation for u, we get the exact solution

u= —%ln(x2 + y2) — In|In(x? + y?) + k| (3.160)
Case2 c>0

Integrating Eqg. (3.159) in this case gives

2 veT+c
Ve Ve

Returning to the variables &,V using Eq. (3.184) gives

arctanh( ) =+Iné+k

—%arctanh ( fejzvﬂ) =+Iné+k
Returning to the original variables using equations (3.152) and (3,153) gives
\/(xz + y2)e?t + ¢
——arctanh =+In(x?+y3) +k
7 ( 7 (x* +y°)

or
(x%2 +y2e?* =¢ [tanh2 (% In(x? + y?) + k) - 1]

which implies the exact solution

u= —%ln(x2 +y%) +1n |\/E sech (% In(x? + y?) + k)| (3.161)
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Case3 ¢ <0
Integrating Eqg. (3.159) in this case gives

2 veT+c\
ﬁarctan( N ) =+Iné+k

Returning to the variables &,V using Eq. (3.155) gives

2 vée?Vic)
_ﬁarctan< = ) =+Iné+k

Returning to the original variables using equations (3.152) and (3,153) gives

% aretan (LI _ ey e
\/__Carctan( = )—iln(x +y°)+k

or
(x% + y?)e?* = — [tan2 (?ln(x2 +y?) + k) + 1]

which implies the exact solution

u= —%ln(x2 +y%) +1n |\/—c sec (\/;ln(x2 +y%) + k)| (3.162)

- —x24 0 9
3.2.2.4. Using X = xo-+ yay P

In this section, we are going to reduce the equation

Uyy + Uyy = (3.163)
using the symmetry
Yyl _ 2

The characteristic system of X(F) = 0 is given by

dx _dy _ du

x y -1
Solving

ax _ dy

xy

leads to the invariant variable of X given by

§(xy) == (3.164)
Solving

ax _ _du

x 1
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leads to the invariant variable
Vi) =u+Inx
Differentiating Eq. (3.165) with respect to x gives

v (@)
=V () v ()
= S [E2v" + 28V +1]
Differentiating Eq. (3.165) with respect to y gives
uy =" (5)
1

-y

Uyy = 3

Using equations (3.165), (3.166) and (3.167) in the PDE (3.200) leads to

S[E2V7 4+ 28V + 1] + V" = 2V 1w
This can be simplified to the second order ODE
2+ DV +28V =e? —1
This ODE admits the symmetry

X=[1+85—¢o

The first prolongation of X is given by

d d ;N 0
X = [1+52]a—§—55+(—1—25mﬁ

The characteristic system of the invariant equation

XWF =0
is given by
a _av _ av’
1+82 —&  —1-28V'
Solving
dé d_V
1482 ¢
leads to

2V+In(1+¢&¥) =¢
which gives the invariant variable of X!
r =2V +1In(1 + &2
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Solving

¢ av _ av’
1482~ -~ —1-28&v!

leads to
E+(1+8HV' =0
which gives the invariant
w=¢&+ (1 +EH)V
Eq. (3.169) implies

ar _ , 28 2(1+&2)v'+28 2w
as V' + 1462 1+§2 T 1482

Differentiating Eq. (3.207) with respect to & gives

Z_‘;’ =1+28V' + (1 + &)V
Using Eq. (3.168) in the previous equation, we get
aw _ oy
ac €
Using Eq. (3.169) in Eq. (3.173), we have
aw _ e’
d§  1+§2
Dividing Eq. (3.174) over Eq. (3.171) gives
aw _ e”
dr 2w

which implies
wi=e"+¢
From Eq. (3.171)

e (@) oy

4 dé¢
or
dr 2d¢
Veric | T 1ee

There are three cases in the integration of the previous ODE
Casel c=0
Integrating Eq. (3.176) in this case gives

2

Ve
Returning to the variables &,V using Eq. (3.206) gives

= +2arctané + ¢
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r =2V +1In(1 + &%) (3.169)

2
oA +2arctané + k

Returning to the original variables using equations (3.164) and (3,165) gives

——— = tarctan G) + k

(1+(%)2)x2e2u

Solving this equation for u, we get the exact solution

u= —%ln(x2 +y%)—1In |arctan (y) + k| (3.177)

X

Case2 ¢>0
Integrating Eq. (3.176) in this case gives

- % arctanh ( e\/rz+c) = +2arctané + ¢
Returning to the variables &,V using Eq. (3.169) gives
- % arctanh <—(1.|.§\2/)232V+c) = t2arctan¢ + k

or
(14 ¢%e? = tc[tanh?(Vcarctan € + k) — 1]
Returning to the original variables
<1 + (%)2) xZe? =¢ [tanh2 (\/E arctan G) + k) - 1]

which implies the exact solution

u= —%ln(x2 +y2) +1In |\/E sech (\/E arctan (y) + k)| (3.178)

X

Case3 ¢<0
Integrating Eq. (3.176) in this case gives

2 vel+c\
\/T_Carctan( = ) = +2arctané + k

Returning to the variables &,V using Eq. (3.169) gives

2 J(@+E2)e2V4c\
\/__Carctan (—\/__C ) = +2arctané + k

or
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(1+&%)e? = —c[tan?(V—carctan€ + k) + 1|

Returning to the original variables
(1 + G)Z) x?e? = —c [tan2 (\/—_C arctan G) + k) + 1]

which implies the exact solution

u= —%ln(x2 +y%) +1n |\/—_C sec (\/—_C arctan (y) + k)| (3.179)

X

i — (x2 —v2) 2 9 _ 9yl
3225 UsingX = (x*—y )ax + 2xy P Zxau

In this section, we are going to reduce the equation

Uyy + Uyy = e (3.180)
using the symmetry
— (2 —v2) 2 9 _9,09
X=(x y)ax+2xyay Zxau

The characteristic system of X(F) = 0 is given by

dx _dy _ du

x2-y2  2xy  -2x
The equation
ax _ 4y

x2-y2  2xy

is homogeneous and can be written in the form

D 2y (3.181)

dx  x2-y2

Let

H = g (3.182)
Then,

dy d_H

—=H+x— (3.183)
Substituting equations (3.182) and (3.183) in Eq. (3.181) gives

dH 2H
H + XE =T

Which is separable and is simplified to

dH _ H+H3

dx 1-H?2

or
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1-H? _dx
H(1+H?2)

Using partial fraction of the left hand side gives

1 2H _ dx

H 1+H2  «x

Integrating gives
InH—-In(1+H?») =Inx+c

Returning to the variables x, y gives
2
1nX—1n(1 +(%) ) —Inx+ec
X X

which leads to the invariant variable of X given by

_ Y
f(x! :V) - x2+y2
Solving
dy _ du
2xy - —-2x

leads to the invariant variable
Vi)=u+Iny
Differentiating Eq. (3.165) with respect to x gives

7Y —-2xy
U=V ((x2+y2)2>
o 4x%y? y (6x2y—-2y3
U = v ((x2+y2)4) tV ((x2+y2)3>
Differentiating Eq. (3.185) with respect to y gives
_ , x2_y2 _ l
Uy = 4 ((x2+y2)2) y

— (xz_y2)2> ,(—6x2y+2y3) i
uyy_V ((x2+y2)4 tV (x2+y2)3 +y2

Substituting equations (3.186) and (3.187) in the PDE (3.163) gives

1 w1 o2V

(x%+y?)? y2 o y?
Multiplying this equation by y? gives
£V +1=e?
The ODE (3.188) admits the symmetries

a 10
= —4-—=

0
X=<So Y=5%tta
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Reduction of Eq. (3.188) using X = Ea%

The first prolongation of X is given by
W90 _y 2
X § ¢ +0 =V

The characteristic system of the invariant equation

XWF =0
is given by
af _av_ av
g 0 v’
Solving
@ _av
P
leads to
V=c

which gives the invariant variable of X1l

r=V (3.189)
Solving

a§ _ av’

¢ v
leads to

&Vl =c
which gives the invariant

w= ¢V’ (3.190)
Now, differentiating equations (3.189) and (3.190) with respect to ¢ , we get

Z—; =V = g (3.191)
and

dw e?V-1

’ n_w
=V =24

Dividing Eq. (3.192) over Eq. (3.191), we get

dw  w+e?"-1

(3.192)

dar w

which is an Abel equation of second kind.

Next, let us try the second symmetry of Eq. (3.188).
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Reduction of Eq. (3.188) using Y = % + Fov

The first prolongation of X is given by

d 10 1 0

[1] = £
X a9t ' fav  &zav!

The characteristic system of the invariant equation
XHF =0
is given by
dé = &dV = —&24V’
Solving
dé = &dV
leads to
V—-Iné=c
which gives the invariant variable of X!
r=V-—-Iné (3.193)
Solving
dé = EdV = —&24V’

leads to
1

V’—E:C

which gives the invariant
1

w=V' ~3 (3.194)
Now, differentiating equations (3.193) and (3.194) with respect to ¢ , we get

dr o 1 —
and

dw o 1 _ e2V_1 i _ ez(r+ln$) o

w=V'ta=—m tp=—Fm =¢ (3.196)
Dividing Eq. (3.196) over Eqg. (3.195) gives

dw _ e

ar ~ w

which is separable with solution given by
w?= e +¢

Returning to the variables &,V gives
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(V’—%)2=%+c

Using the variable r in equations (3.193) and (3.195), we get
dar 2 _ 2
(d_s‘) =e“ " +c¢
or

L (3.197)

Three cases are to be discussed in solving Eqg. (3.197).

Casel ¢c=0
Integrating Eq. (3.197) in this case gives
—e"=1+f+k
Returning to the variables &,V using Eq. (3.193) gives
—ée TV =4&+k
Returning to the original variables using equations (3.184) and (3,185) gives
y e y

=+ - +k

T x? +y2 y — x2+y?2

Solving this equation for u, we get the exact solution

lu=—Inly — k(x* + y?)|| (3.198)

Case2 ¢>0
Integrating Eq. (3.197) in this case gives

1 Ve2T+c
Ve Ve

Returning to the variables &,V using Eq. (3.193) gives

—”ez‘/f/fz”)=irf+k

arctanh( ) =4+ k

1
— 7 arctanh (

or
e?V /&2 = c[tanh?(Vc& + k) — 1]

Returning to the original variables

y2e?t = c( 4 )2 sech? (%+k)

X2+y2 yZ

which implies the exact solution
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=—In(x?>+y?) +1In |\/—sech( pe ~+ k)| (3.199)

Case3 ¢<0
Integrating Eq. (3.234) in this case gives

—\/%Carctan (%) =+&+k
Returning to the variables &,V using Eq. (3.193) gives

1 ve?V/E2+c\
_ﬁarctan (T) = if +k

or
e?V /&2 = —c[tan?(vV—=c& + k) + 1]

Returning to the original variables

y262“=—c( 4 )Zsec (;’\/_+k)

x24y?

which gives the exact solution

= —In(x? + yz) + In |\/_sec(y\/? + k)| (3.200)
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CHAPTER 4

GROUP CLASSIFICATION AND SYMMETRY
REDUCTIONS FOR A CLASS OF NONLINEAR POISSON
EQUATIONS ON SPHERE

The aim of this chapter is to study the complete group classification problem and some
symmetry reductions of the nonlinear Poisson equation on the sphere given by

Uyy + (cOtx)u, + (csc?x)uy, = f(u), (4.1)
with f(u) nonlinear.

Precisely the following classification is obtained

Theorem 4.1
The minimal symmetry algebra of nonlinear PDE (4.1) is three dimensional and is
generated by

. . 0 0
Sl—smya+cotxcosy£, Sz—cosya—cotxsmya—, 53—@

and is obtained for all nonlinear arbitrary functions f (u). Infinite dimensional symmetry
algebra exists in the case
fu) = aeb™ +% ,ab#0

which is generated by

X =8(xy) g+ 1060 5o+ (6 50
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where 7(x,y) is a harmonic function on sphere that satisfies the following pde
Tyx + (cot X)T, + (csc® x)1y, = 0,

The function & (x, y) is given by the following two relations
& =—sin?x [ 1,(x,y)dy + g(x)
$x —cotxé =1,

and the function ¢ (x, y) is given by
¢ =4

The proof of theorem (4.1) is contained in section 4.1. Examples of reductions
and some exact solutions, corresponding to the cases obtained in section 4.1, are provided

in section 4.2.
4.1. GROUP CLASSIFICATION OF POISSON EQUATION ON SPHERE

We are going to obtain the Lie symmetries of the equation (4.1). To do so, we begin by
operator. Let
X =00y o+ 700y 5+ ¢, y,u) 5
ax ay u
be symmetry of the PDE (4.1).

If X2] denotes the second prolongation of X then the invariance condition for

finding &, T and ¢ is given by

X2 (wyy + (cotx)uy + (csc?x)uy,y — f(u))|(4_1) =0 (4.2)
where
[2] — [x10_ o lxx]_9 o lyyl_ 0
X X+ N ouy T OUyyx T Ouyy

whose coefficients in terms of &, T and ¢ are given by
N = ¢y + (dy — EJux = §ulif — oty — Tully (4.3)
N = e + (2 — Sdtle + (Duw — 260U = Euntd ~ Tax Uy
2T Uyl — Ty Uty + (b — 285) U — 3EuUnxUy

— 2Ty Uyy — 2Ty Uy Uy (4.4)

135



N = ¢y, + (205 — Ty )ty + (Gua = 200)05 = Tty
~Eyyly = 28yuthelly — Euutiiily + (b — 21, Juy,
—3TyuUyy Uy — Sy lUyy Uy — 28Uy — 28Uy Uy, (4.5)
Using equations (4.3)-(4.5), we have

X2 (uy, + (cotx)u, + (csc®x)uyy — f(u))|(4 D

= & 2 (Ugy + (cOt)Uy + (e5C2)1yy — (1)) — By + 7P
+(cot x)n™¥ + (csc?x)nl]

= &(—(csc? x)u,, — 2(csc?x) cotx uyy, ) — ¢fy, + !
+(cot x)n™*! + (csc?x)nby]

= &(—(csc? x)u, — 2(csc?x) cotx uy,y ) — o f;,
HPrx + Cu = Sxdtle + (Pun — 28015 — Suntiz
~Toxlhy = 2Ty Uy — Tyq UGy, + (Py — 283) Uny
—38uUex Uy — Tyulpxly — 2Tylyy — 2Ty UyUyy ]
+(cot )@y + (P — Ety — EuuE — Ty — Tyl Uy )
+(csc2) [Pyy + (20 — Tyy iy + (Puu — 2Tyu U2 — Ty Uly — &y Uy
—2& Uy — & Uiy + (P — 27Uy, — 3Tu5,u,

_Euuyyux - nyuxy - quuyuxy] (4-6)

Putting the condition
Uyy = (sin® x f — sin® x Uy, — sinx cos x uy)
in the previous expression (4.6), we get
X2 (uyy + (cotx)uy + (csc2x)uy, — f(u))|(4_1)
= &(—csc? xu, — 2 csc? x cotx (sin? x f — sin? x uy, — sinx cos x uy))
—@fu + [Pax + @dru — Ex s + (Pun — 280) U — Sun i — Taxly
2Ty Uty — Ty Uity + (B — 285 Uy — 38Uy — Tyllylhy
— 2T Uy — 2Tyl Uy ] + (cOt ) [ + (P — St — §uUE — ToU,
—Ty Uiy, ] + (csc?x )[pyy + (2¢yu - Tyy)uy + (¢)uu - Zryu)uf,

_Tuuu; - Eyyux - 2Eyuu'xu'y - Euuuflux
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+(¢py, — 27,)(sin? x f — sin? x Uy, — sin x cos x u)
—31,(sin® x f — sin® x uy, — (sinx cos x)u,)u,,
—&,(sin? x f — sin? x Uy, — sin x oS X Uy ) Uy — 28Uy
=28y UyUyy ]

= &(—csc? xu, — 2 csc? x cotx (sin? x f — sin? x uy, — sinx cos x u))
—fu + [Prx + 2w — St + (Pun — 28)UT — SunUy — Taxlly
= 2T, Un Uy — Ty Uy + (Pu — 283 Uy — 3§l Uy — Tylux Uy
—2T,Uyy — 2Ty UyUyy] + [Px(cot x) + (cot X)(Py — §x)uy
—(cot x)&uy — (cot )Ty, — (cot x)Ty Uy, ]
+[csc? x Py, + csc? x (2, — Ty )uy + csc? x (Puy — 27y, )u2
—csc? X Ty U5 — s x &y u, — 2 ¢5C2 x &y Uty — S X &y Uiy
+csc? x (¢, — 27, )(sin? x f — sin? x Uy, — sinx cos x uy)
—3csc? x 1, (sin® x f — Sin® x Uy, — Sinx cos x Uy )u,
—csc? x &,(sin? x f — sin? x U, — Sin X COS X Uy ) Uy
—2¢5C% X &)Uy — 2.65C% X &yUy Uy ]

= —&(csc? X)u, — 2&(cotx) f + 2&(cot X)uy, + 2&(cot? X)u, — ¢f,,
HPrx + 2w — St + (Pun — 280)UT — SunUly — Taxlly
= 2Ty Uy Uy — Ty Uity + (Pu — 283 Uy — 3Eulux Uy — Ty lux Uy
—2TxUyy — 2Ty Uy lyy ]
+[p(cot x) + (cot x)(¢py — & )u, — (cot x)&,uz — (cot X)Tyly,
—(cot X)Tyuuy] + (csc? x)yy + (csc x) (2¢y, — Ty )uy
+(esc? x) (o — 27y )u — (csc? )Ty ul — (csc? X)Ey, Uy
—2(csc? x)&yuuuy, — (esc? )& ul uy + (¢ — 27,)f
—((,bu - Zry)uxx - (cotx)(q.’)u — ZTy) Uy — 3Ty fUy + 3Ty U Uy
+31, (cotx) uetty, — &, fuy + &y Uylyy + (cotx)us

—2(csc? x)&,uyy, — 2(csc? X) & uy ity 4.7

Now using (4.7) in (4.2), we find the determining equations as follows:

Coefficient of u3 =0
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Coefficient of uZu, : T =0
Coefficient of u2z Py — 26,y —cOt x &, + & cotx =0

Coefficient of wu, —&csc? x 4+ 28 cot? x + 2¢yy — Exx + cOtx(py, — &)

—csc?x &,y — cot x(y — 27,) — E,f =0

Coefficient of u, u, : —2Tyy — €Ot X T,y — 2¢5C2x &y + 3Tyc0t X = 0
Coefficient of uu, : —csc?x &, =0

Coefficient of u,,u, : -3, +&, =0

Coefficient of uy,u, 27, =0

Coefficient of u,,u, : -1, +371, =0

Coefficient of u2  : csc?x(Puy — 27yy) =0

Coefficient of u3 —csc?x 1y, =0

Coefficient of u,, —21, — 2csc?x &, =0

Coefficient of u,, : 2& cotx + (¢, — 2&,) — (¢ — 27,) =0
Coefficientof wu, —Tyx — COt X Ty + ¢5¢%x (2¢pyy — Tyyy) — 3T, f = 0
Coefficient of u,,u, : — 2csc?x §uyllyy, = 0

Constant term : —2¢fcot x — Pfy + Py + Py COtx + cSC2X Py,

+(py —21,)f =0
The above system can be simplified to get the following system of determining equations:
SE,: &,=0
SE,: 7,=0
SE3: csc’x &, +1,=0
SE,: 1y, —¢x+cotx$=0
SEs: ¢y, =0
SEg: 2¢yy — Tyy — Ty SiN*X — T, sinx cosx = 0

SE; @ &(cot?x — 1) + 2¢yy — &xp — cOtx &y — &yycsc?x + 27y cotx = 0

SEg: (¢ — 21, — 28cot x)f — ¢fy + Prx + PrcOt x + ¢y, c5¢%x = 0
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Like previous chapters, this system of determining equations will be solved utilizing a
triangulation procedure based on techniques for obtaining differential Groebner basis
developed by Mansfield in [29].

The operation : (SE3), — (SE4), implies

Exx + (csc®x)E,,, — &y (cotx) + (csc?x)é =0 (4.8)
Using Eq. (4.8), we can simplify SE; to be
SE;: ¢ =0

The operation : (SE3), + (SE4), gives
TyxSIN?X + Ty + Ty SiN X COS X =0 (4.9)
Using Eq. (4.9), we can simplify SE, to be
SE¢: ¢yy =0
Differentiating equation SEg with respect to u, we get
(—2t, — 2écot x)fyy — Pfuu = 0
From the above equation and SE,, we can write

fuu® + 2fuéx =0 (4.10)
Differentiating Eq. (4.10) with respect to u, we get

fuuu® + fuu®u + 2funéx =0 (4.11)
Differentiating again with respect to u, we have

fuwnuu® + 2 funnPu + 2fuundx = 0 (4.12)
Equations (4.12) and (4.11) can be used to eliminate ¢,,, giving the following equation
¢(fuufuuuu - zfuzuu) - quufuuufx = O (413)

Equations (4.10) and (4.13) can be used to eliminate ¢, giving the following equation

[fu(fuufuuuu - quzuu) + fuzufuuu]fx =0

or
(fufufuun — 2fufitun + filfrn)§x = 0 (4.14)
Differentiating Eq. (4.10) with respect to x, we get
fuutbs + 2fuax = 0 (4.15)
Differentiating Eq. (4.15) with respect to u, we get
fuuu®Px + 2funéxx =0 (4.16)
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Using equations (4.15) and (4.16) to eliminate ¢, or f,,,(4.16) — f,4.(4.15), implies
that

(fuzu — fufuuu)s;xx =0 (4.17)

Note that the equations (4.14) and (4.17) are exactly the same as equations (3.21) and
(3.24) that were found in chapter 3.

Next, we look at possibilities of f(u).

If &, = 0, then from equation (4.12) and the nonlinearity of f(u), we deduce

=0| (4.18)
Substituting the assumption &, = 0 of this case in Eq. (4.8), we have
$yy +E=0 (4.19)
which using
$x =$u=0
implies that
|& = kysiny + k, cos y| (4.20)

Substituting ¢ in equation SE,, one gets

7, = —cotx (kysiny + k; cosy)
giving

T = —cotx (—kycosy + k,siny) + g(x) (4.21)
Using the last relation in equation SE5, we get

csc?x(ky cosy — k, siny) + csc?x (—kycosy + k,siny) + g'(x) =0
This implies

g'x)=0
from which we come up with

g(x) = k3.
Using the value of g(x) obtained in equation (4.21), we get

|T = cotx (k, cosy — k, siny) + k3| (4.22)

This is without any restriction on f (u).
Hence, equations (4.20),(4.22)and (4.18) defines the minimal symmetry algebra which is
three dimensional which exists for any choice of f(u) and is generated by the following

vector fields:
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.0 a d .0 d
Sl—smya+cotxcosy5, Sz—cosya cotx51ny£,53——

oy
The commutation relations for this Lie algebra are given in the table below
S1 S2 S3
S, 0 Ss -5,
S, | =55 0 S,
Ss S, —S; 0
To look for functions f (u) that may give larger symmetry algebra we assume
(& #0
and solve the differential equations
fi = fufuw = 0 (4.23)
futuufunoin = 2fufiiin + fibiufo = 0 (4.24)

These two equations are exactly the as equations (3.34) and (3.35) that were solved and
discussed in detail in chapter I11.
As solved before in chapter 111, only one nonlinear function solves Eq. (4.23) which is
e f(u)=ae’™+c, witha #0, b # 0
Also, there are four types of nonlinear functions that solve Eq. (4.24) as discussed in
chapter I11. These solutions are the following functions
e f(u)=au?®+bu+c, witha # 0
e f(u)=ae’™+c, witha #0, b # 0
e f(w=alu+b)X+d, witha=#0, c+0,1,2
e f(u) =aln(u+b)+c, witha # 0
Hence from the solution of Eq. (4.23), we see that
f(u) # ae™ + ¢ (4.25)
is equivalent to
fib = fufusu # 0
Using this equivalence in Eq. (4.17), relation (4.25) implies
& = 0. (4.26)
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Different possibilities for f(u) are analyzed below to obtain corresponding symmetry
algebras. The Symmetry Algebra for different forms of f(u) are summarized in the

following cases:

Case 1: f(u) # ae’™ + ¢
In this case we have
& = 0. (4.27)

There are three possibilities of f(u) in this case and are discussed in the following

Case 1(i) f(u) is quadratic

Let
fu) = a(u?® + bu+c)

with a # 0 . From Eq. (4.10), we have
2a¢p + 2aQu+b)é, =0

which implies

¢ =—Qu+b)é, (4.28)
Since &, = 0, differentiating Eq. (4.28) with respect to x, we get

bx = Pxx = 0. (4.29)
Also, differentiating twice Eq. (4.28) with respect to y, we get

¢yy = —(2u + b)éyyy. (4.30)

Using equations (4.8) and (4.27), we get
(csc?x)éyy — &x(cotx) + (csc?x)é =0
This implies
$yy = éx(cosxsinx) =& =0

Differentiating previous equation with respect to x , we get

Eyyx = &x(cos? x —sin®x) — &, = —2&, sin®x (4.31)
Substituting Eq. (4.31) in Eq. (4.30) gives
¢yy = 2sin® x 2u + b)&, (4.32)

Also, differentiating Eq. (4.28) with respect to u, we get
Py = =28, (4.33)
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Substituting all of these in equation SEg, we get

a(=2&, —28)W?+ bu+c)+au+b)?E,+0+0+2Qu+b), =0

Simplifying the previous equation gives
[a(b? — 4c¢) + 4u + 2b]¢, =0
which implies
& =0.

This leads us to the minimal symmetry algebra.

Case 1(ii) f(u) =a(u+b)"+c, witha+0, n #0,1,2

Substituting the function in Eqg. (4.10), we get

an(n — D)(u+ b)" 2¢ + 2an(u+ b)" &, =0
which implies

¢ = $x
Using equations (4 31) and (4.34), we get

2(u+b)

byy = 4 sin? x(qu’)Ex

Substituting equations (4.34) and (4.35) in equation SEg, we get
(—75% — 26) (e + b + o) +

Simplifying, we get
[ 2nc+4(u+b)]f

2(u+b)

an(u + b)" 1, +

=0
This implies

$x=0

which leads us again to the minimal algebra.

Case 1(iii) f(u) =aln(u+ b) + c with a #0
Substituting the function in Eq. (4.10), we get

9+ 2(555) 6 = 0

or

¢ = 2(u+b)sx

143

(4.34)

(4.35)

4(u+b)
n—-1

£, =0
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Using equations (4.31) and (4.36), we get
&yyx = &x(cos? x —sin® x) — &, = —2¢&, sin® x (4.31)
¢yy = —4sin®x (u + b)é, (4.37)

Now from equation SEg , one obtains

(26 — 28)f = 2(u + b)éy () + 0+ 0 — 4(u+ b)§, = 0
Simplifying, we have

[2+4(u+b)]é, =0.
This implies that

$x=10
which leads us to minimal symmetry algebra.

This means that for all the three types of functions presented in case 1, f (u) # ae® + c,

we have not found new symmetries rather than the minimal symmetry algebra.

Case 2: f(u) =ae®™ +c, a,b+0
Here &, is not necessarily 0.
Using f(w) in Eq. (4.10) gives
ab?eP¢p + 2abeP*¢, = 0.
Thus from Eq. (4.10) we have
¢ =& (4.38)

Substituting this in equation SEg, one gets

(0—2&)(ae’* +c¢) + %Ex(abebu) - %Exxx - %Exxcot X — %Exyycsczx =0.
Simplifying gives

bcéy 4 Exxx + Exxcot x + &yypcscix =0 (4.39)
From equations (4.8) and SE;, we get

&y = —(sin®x)&,, + (cosx sinx)é, — &
Differentiating the previous equation with respect to x, we get

Eyyx = —SINX COS X &yy — SIN® X &y — 25iN% X &, (4.40)

Substituting Eqg. (4.40) in Eq. (4.39), we get
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bcéy + Sxxx T $xCOt X — COtX &y — Sy — 28, =0
or

(bc —2)¢, =0 (4.42)
So, if bc # 2, then &, = 0 which leads to minimal algebra.

Thus, to obtain larger symmetry algebra, we should have bc = 2.

Next we consider the case bc = 2.
This means that f is of the form
f(u) = ae®™ + % (4.42)
for the equation to may have more than the minimal symmetry algebra.
Since
£ =0
gives minimal algebra, we assume
¢ # 0.
Then from equation SE;,
§=¢(xy)
which implies via Eq. (4.38) that
¢ = ¢p(x,y)
and hence equation SEj is satisfied and equation SE4 becomes
TyxSIN?X + Ty + T, SiN X COS X = 0 (4.9
with
T=1(x,y)
because of equation SE,. It follows that for every solution
T=1(x,y)
of Eq. (4.9), equations SE, and SEjg are satisfied, hence every solution
T=1(x,y)
of Eq. (4.9) generates a symmetry algebra with ¢ and ¢ determined from equations SE;,
SE, and (4.38).
So in order to determine the algebra for this case, we start by solving the PDE (4.9) to

find 7. Solving equations SE; and SE, using the solution 7(x, y) of Eq. (4.9), the function
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&(x,y) can be found. Then, the function ¢(x, y) is easily found using the obtained
£(x,y) inEq. (4.38).
The algebra generated will be an infinite dimensional algebra. Some elements
] f] ]
X = E(x,y,u)a+ T(x,y,u)a + qb(x,y,u)%

of this algebra are presented below.

(Dt(x,y) = constant = k;.
Let
t(x,y) = k4 (4.43)
Then, Eq. (4.9)
Ty Sin?x + Tyy + TxSinx cos x =0
is satisfied.

Substituting this value of T in equation SE;, we get

& =0.

This implies that
§ =<¢(x).

Using this in equation SE,, we obtain the ode given by
& —cotxé=0.

This ode implies that

F=Fun) (8.4

From equation (4.38), we conclude

¢ = %zkz cos x|. (4.45)

(IDt(x,y) = (x)

Let us solve Eg. (4.9) which can be written as follows
Ty SiN?x + T,sinx cos x = 0

The case
T, =0

implies

T(x) = constant
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which has been discussed in (i).

The case t,, # 0 implies

Txx
Tx

Then,

= —cotx.

T, = ky cscx.

This implies that

|T = —kq In(cscx + cotx) + k|

Substituting this in SE5, we get
csc®x &y +kycscx =0
This implies that
$y = —kysinx
Then,
& =—kyysinx + g(x)

Substituting in equation SE,, we get

kyy cosx — g'(x) + cotx (—k,ysinx + g(x)) =0

This implies

g'(x) —cotxg(x) =0.
Solving for g, we get

g(x) = ks sinx.
Thus,

|& = —kyysinx + ks sin x|

Substituting in (4.9), we get

¢ = %(—kly cos x + k3 cosx)

(1D =(x, y) = ©(y)

From Eqg. (4.9), we get the following ode
Tyy = 0.

This implies that
|T()’) =ky +k;
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Substituting this 7 in SE5, we get
csc’xé, +0=0

This implies that
& =0

or
§=¢(x)

Substituting this in SE,, we get
ki —& +cotxé=0

or
& —cotxé =k,

Integrating factor is csc x

cscx &, —cscxcotx & = kycscx

This implies

d(&cscx)
dx

Integrating, we get

=k, cscx

Ecscx = —kyIn(cscx + cotx) + kj

This implies that

|& = —k; sinxIn(cscx + cotx) + k3 sinx|

Substituting this in Eq. (4.9), we get

(4.50)

¢ = —?2(k1 +cotx§) = %Z(kl + cotx [—k; sinx In(cscx + cotx) + k5 sinx])

2
b

¢ = —[k; — ky cosxIn(cscx + cotx) + k3 cos x]

(1V) Separable solutions of (4.9):

Let

7(x,y) = P()Q(Y)
be a solution of (4.9).
Then,

(4.51)

) . _
Txx SIN° X + T, + T, SinxCOSX =0

P"(x)Q(y)sin?x + P(x)Q"'(y) + P'(x)Q(y) sinx cosx = 0

Dividing by P(x)Q(y), we get
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P""(x)sin?x+P'(x)sinxcosx Q" (y)

P(x) W)

= constant

There are three cases for solving the previous system (4.53).

(i) constant = 0.

In this case we conclude that
Q"(y)=0
which implies that

|Q()’) =0y + Cz|-

and
P"(x)sinx + P'(x)cosx =0
This implies

d[P'(x)sinx]
dx

Integrating Eq. (4.55), we get

=0

P'(x)sinx = c;
or
P'(x) = c5cscx

Integrating Eq. (4.56), we get

|P(x) = —czIn(cscx + cotx) + c4|

Thus,
(x,y) = (—czIn(cscx + cotx) + c,)(cry + ¢3)

The new kind, not discussed earlier, is given by

|T(x, y) = ylIn(cscx + cotx)|

Substituting t given in Eq. (4.58) in equation SE;, we get
csc?x &, —ycscx =0

which implies
$y = ysinx

Integrating Eq. (4.59) with respect to y, we get
¢ = %yz sinx + g(x)

Substituting in equation SE,, we get
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In(cscx + cotx) — %yz cosx — g'(x) + cotx Eyz sinx + g(x)] =0
which implies

g'(x) —cotx [g(x)] = In(cscx + cotx) (4.61)
Multiplying by the integrating factor csc x gives

cscx g'(x) —cscx cotx g(x) = cscxIn(cscx + cotx)
This implies

dlcscxg(x)]
dx

Integrating Eq. (4.62), we get

= cscx In(cscx + cotx) (4.62)

cscx g(x) = —%[ln(cscx + cotx)]®*+ ¢
or
glx) = —%sinx [In(cscx + cotx)]? + csinx (4.63)

Substituting Eq. (4.63) in Eq. (4.60) implies

&= %yz sinx — %sinx [In(cscx + cotx)]? + csinx (4.64)

Substituting this in (4.38), we get

¢ = _71 [v? cos x — cos x [In(cscx + cotx)]? + 2[In(cscx + cotx)] + 2¢ cos x]

or
—CoS X
¢ = b (y? — [In(cscx + cotx)]? + 2 secx [In(cscx + cotx)] + 2¢)
(4.65)
(ii) Constant is positive, say constant = k?
We are going to solve the system
P''(x)sin? x+P'(x)sinxcosx _ _ Q"Y) _ ;2
P(x) e (4.66)
Solving
_ Q") — 2
Q)
gives
|Q(y) =k, sinky + k, cos ky (4.67)
Solving
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P'"(x)sin? x+P'(x)sinxcosx _ K2
P(x) S

implies

P"(x)sinx + P'(x) cosx — k?P(x) cscx = 0
or

d[P'(x)sinx] = k?P(x) cscx dx
or

d[P'(x) sinx] = k?P(x) csch—;dP
which means that

[P'(x) sinx]d[P'(x) sinx] = k?PdP
Integrating Eq. (4.68), we get

[P'(x)sinx]? = k?P? + ¢
There are three cases in solving Eqg. (4.69).
For ¢ = 0, EQ. (4.69) becomes

P'(x)sinx = +kP(x)
or

% =tk cscx
Integrating Eq. (4.70), we get

InP(x) = +klIn(cscx + cotx) + c3
or

P(x) = c3(cscx + cot x)F¥

Substituting equations (4.71) and (4.67) in Eq. (4.52) gives

7(x,y) = c3(cscx + cotx) T (c; sinky + ¢, cos ky)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)

Every value of k generates a solution, which leads to infinitely many solutions.

Substituting T given by Eq. (4.72) in Eq. SE5, we get

csc?x &, F csk(cscx + cotx) TF(— cscx cotx — csc?x)(¢y sinky + ¢, cosky) =0

Simplifying, we get

¢y = tczk(cscx + cot x) ¥ sin x (¢, sinky + ¢, cos ky)

Integrating Eq. (4.73) with respect to y, we get

(4.73)

& = Fez(escx + cotx) ¥ sinx (—c; cosky + ¢, sinky) + g(x) (4.74)
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Differentiating Eq. (4.74) with respect to x, we get
&, = kcs(cscx 4 cotx)T¥~1 (= cscx cotx — csc?x) sinx (—c; cosky + ¢, sinky)
Fez(escx + cotx)¥¥ cosx (—c; cosky + ¢, sinky) + g’ (x)
Simplifying, we have
&, = kcs(cscx + cotx)¥*(c; cosky — ¢, sinky)
Fez(escx + cotx) ¥ cos x (—c; cos ky + ¢, sinky) + g’ (x) (4.75)
Differentiating T given by Eq. (4.72) with respect to y , we get
T, = kcsz(cscx + cot x) ¥ (c, cos ky — ¢, sin ky) (4.76)
Now substituting 7,, and &, given by equations (4.76) and (4.75) in equation SE,, we get
kcs(cscx + cotx)T*(cy cosky — ¢, sinky)
—kcs(cscx + cotx)F*(cy cos ky — ¢, sin ky)
+c3(cscx + cotx) ¥ cos x (—c; cos ky + ¢, sinky) — g’ (x)
Fez(escx + cotx) T cos x (—c; cos ky + ¢, sinky) + cotx g(x) = 0
Simplifying, we get

g'(x) —cotxg(x) =0 (4.77)
Solving Eq. (4.77), the previous ode, gives
g(x) =c,sinx (4.78)

Substituting the function g given by Eq. (4.78) in Eq. (4.74), we get

& = Fez(escx + cotx) ¥ sinx (—c; cos ky + ¢, sinky) + ¢, sinx

(4.79)
Substituting 7,, given by Eq. (4.76) in Eq. (4.38), we get
¢ = _72 [kcs(cscx + cot x) T (c, cos ky — ¢, sinky) (4.80)
Fez(escx + cotx)¥* cosx (—c; cos ky + ¢, sinky) + ¢, cos x] .

(iii) Constant is negative, say constant = —k?

In this case, we are going to solve the system

P"'(x)sin®x+P'(x)sinxcosx _  Q"(») _ ;>
P(x) QW)
Solving
I CON
Q)
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gives

Q) = k1eky + kze_ky

Solving

P'"(x)sin? x+P'(x)sinxcosx _ k2
P(x) B ’

implies
P"(x)sinx + P'(x) cosx = —k?P(x) cscx
or
d[P'(x) sinx] = —k?P(x) cscx dx
or
d[P'(x) sinx] = —k?P(x) csch—;dP
which means that
[P'(x) sinx]d[P'(x) sinx] = —k?PdP
Integrating Eq. (4.82), we get
[P'(x)sinx]? = —k?P? + ¢
For ¢ = 0, we have no real solution except the trivial solution
P(x)=0
Substituting in Eq. (4.52) gives
(x,y) =0

which was discussed in case (I) and we get the symmetry

X, = sinxi—zcosxi
2= 0x b ou

For ¢ < 0, we have no real solution for Eq. (4.83).

For ¢ > 0, integrating Eq. (4.83) gives
P'(x)sinx = +Vc¢ — k2P2

or
P'(x)
Vewzpr — T oscx
Integrating Eq. (4.86), we get
1 kP —
parctan ——— =+ In(cscx + cotx) + c3

or
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kP

Ve—k2p?
Squaring gives

= F tan[k In(cscx + cotx) + c3] (4.87)

k2P2
c—k?2p2

Solving for P, we get

= tan?[k In(csc x + cotx) + 5]

P(x) =+ %sin[k In(cscx + cotx) + cs] (4.88)

Substituting equations (4.88) and (4.81) in Eq. (4.52) gives

(x,y) = i%sin[k In(cscx + cotx) + c3] (ki e™ + k,e )|  (4.89)

Every value of k generates a solution, which leads to infinitely many solutions.
Substituting t given by Eq. (4.89) in SE;, we get

csc?x &, + P'(x) (k1€ + kpe™) =0
Simplifying, we get

& = —P'(x)sin? x (ke + kpe ) (4.90)
Integrating Eq. (4.90) with respect to y, we get
§ = — 2P (0 sin?x (ke — kpe™) + g(x) (4.91)
Differentiating Eq. (4.90) with respect to x, we get
& = —%P”(x) sin? x (ke — k,e™ )
—%P’(x) sinx cos x (k;e* — k,e ™) + g'(x) (4.92)

Differentiating 7, given by Eq. (4.89), with respect to y gives
T, = kP(x) (k" — k,e™) (4.93)
Now substituting &, 7,, and &, given by equations (4.91)-(4.93), in equation SE,, we get
kP (x) (ke — kye %) + %P”(x) sin? x (k e® — kye )
+%P'(x) sinx cos x (k,e* — k,e %) — g'(x)
—%P'(x) sinx cos x (kye® — k,e ™ ) + cotx g(x) = 0 (4.94)
Using the relation
P"(x)sinx + P'(x) cosx = —k?P(x) cscx

in Eq. (4.93) , we get
g'(x) —cotxg(x) =0 (4.95)
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Solving the previous ode (4.95) gives
g(x) = c,sinx

Using the function g(x) given in Eq. (4.96) in Eq. (4.91) gives

&= —%P’(x) sin? x (k e®’ — k,e ) + g(x) + ¢4 sinx

Substituting 7,, given by Eq. (4.93) in Eq. (4.38), we get

¢ = _72 [—%P”(x) sin? x (kye* — kye™*¥)

— %P'(x) sinx cos x (k,e* — k,e ™) + ¢, cos x]

This implies infinite dimensional symmetry algebra
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4.2. REDUCTIONS AND INVARIANT SOLUTIONS OF THE EQUATION ON SPHERE
4.2.1. Reduction of the general case u,, + (cotx)u, + (csc*x)u,, = f(u)

We are going to reduce the following equation

Uyy + (cotx)u, + (csc?x)uyy, = f(u) (4.99)

This equation admits three dimensional algebra generated by
S, = sin i+cotxcos 9
1= yax yay’
d : a
S, = cosy-—— cotx smya,

_ 2
3= 5y

with commutation relations

S, 0 S, | =S,
s, | —=s; 0 S,
S, S, | =S 0

4.2.1.1. Reduction Using S; = aa—y :

This symmetry can be written as

d 7] 3}

ou
From %x = dTy, we have

X=c (4.100)
and from dTy = %, we get

u==k (4.101)
So, we get two invariants of X (I) = 0 and are given by

§(ny) =x (4.102)

V(i) =u (4.103)

Differentiating equations (4.102) and (4.103) gives
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(4.104)
(4.105)

(4.106)

Substituting equations (4.104)-(4.106) in Eq. (4.99), we get the second order ODE

V" + (cotO)V' = f(V)|

4.2.1.2. Reduction using §; = siny% + cotx cosy%
Let
.9 d a
X=5= siny —— + cotx cosya+ Og.

The characteristic system of X(I) = 0 is given by

dx dy __du

siny - cotxcosy T o0
From system (4.108), we have
dx dy

siny ~ cotx cosy
which implies

cotxdx =tanydy
or

Insinx = —Incosy +c
or

sinxcosy =c

Also, system (4.108) implies

dy __du

cotxcosy 0
whose solution
u==k
From equations (4.109) and (4.110), two invariants of X are given by
&(x,y) =sinxcosy
Vi) =u
Then,

u, = V'cosxcosy
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Uy, = (V" cosx cosy)cosxcosy —V'sinxcosy
= V" cos?x cos?y —V'sinx cosy
u, = —V’'sinxsiny
Uy, = —(=V"sinxsiny)sinxsiny — V'sinx cosy
= V" sin?xsin?y — V'sinx cos y
Substituting equations (4.113)-(4.115) in Eq. (4.99) gives
V" cos?x cos?y —V'sinxcosy + (cotx)V'cos x cosy
+(csc?x) [V sin®?xsin?y —V'sinx cosy] = f(V)
or
V"' [cos? x cos? y + sin? y]

2

Cos” x

sinx

cosy —ﬁcosy] = f(V)
Using equations (4.111) and (4.112) in Eq. (4.116) gives
V'[1—-&2]+V'[-&+&Ecot?x —Ecsc?x] = f(V)

or simply

V'[1-§1+V'[-28] = f(V)

+V’ [— sinx cosy +

4.2.1.3. Reduction using S, = cosy% —cotx siny%
Let
] . D ]
X=5= cosy——— cotxsmy£+ OE

The characteristic system of X(I) = 0 is given by

dx dy _du

cosy - —cotxsiny )
From system (4.118), we have
dx ay

cosy  —cotxsiny
which implies

cotxdx = —cotydy
or

Insinx = —Insiny +c¢

or
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sinxsiny =c¢ (4.119)
Also, from the system (4.118), we have

dx __ du

cosy 0
which gives the solution

u==k (4.120)
So, equations (4.119) and (4.120) give two invariants of the symmetry X and they are

given by
&(x,y) =sinxsiny (4.121)
V() =u (4.122)
Then, from these invariants, we get
u, = V'cosxsiny (4.123)

Uy = (V" cosxsiny)cosxsiny — V'sinxsiny
=V" cos?xsin?y —V'sinxsiny (4.124)
u, =V'sinxcosy
Uy, = (V" sinx cosy)sinxcosy —V'sinxsiny
=V" sin?x cos?y — V'sinxsiny (4.125)
Substituting equations (4.123)-(4.125) in Eq. (4.99), we get
V" cos?xsin?y — V'sinxsiny + cotx (V' cos x siny) +

csc?x[V" sin? x cos?y — V'sinx siny] = f(V)

or
V' [cos? x sin?y + cos? y] + V' [— sinxsiny + C;flzxx siny — ﬁsin y] = f(V)
(4.126)
Using equations (4.121) and (4.122) in Eq. (4.126), we get
V'"[1—-&2]+V'[-&+ Ecot?x — Ecsc?x] = f(V)
or simply
V'[1-¢&2]+V'[-2&] = f(V) (4.127)

which is the same equation as the one obtained in the previous section.
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4.2.2. Reduction of the equation when f(u) = e* + 2

We are going to reduce the following equation

Uyy + (cOtX)u, + (csc?x)uy, = e + 2 (4.128)

This equation admits infinite dimensional algebra as discussed in section 4.1.

4.2.2.1. Reduction using S5 = — :

ay’
From Eq. (4.107) in the general case, Eq. (4.128) is reduced to the second order ODE
V" + (cotE)V' =e* + 2 (4.129)

where ¢ and V are defined by equations (4.102) and (4.103)

This ode admits the symmetry
. .0 ]
X = smfa—f—ZcosEE

whose first prolongation is given by

Xl —sinfi—2cosfi+(ZSinf—V’cosf) g
- 0¢ v v’

The characteristic system of X[11(1) = 0 is given by

dé& dav dav’

sinf  —2cosé  2siné—v'cosé (4.130)
From

a __av

sin§ -2cos&’
we get

eV sin? & = constant (4.131)
and from

a_ _ av’

siné  2siné-V'cos¢’
we get

%§+V%m€=2. (4.132)

Integrating factor of ODE (4.132) can be found as follows
efcotfdf — plnsiné — siné

Multiplying ODE (4.132) by the integrating factor, we get
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sinfi—? + V' cosé =2siné (4.133)

which implies that

C“Vd—fﬂ = 2siné (4.134)
Integrating Eq. (4.134) gives

V'siné +2cosé =c (4.135)
So, from equations (4.131) and (4.135), we have found two invariants of X%l and are
given by

r =e'sin?¢& (4.136)

w=V'siné +2cosé (4.137)
From Eq. (4.137), we have

V' =wcscé —2coté (4.138)
Differentiating Eq. (4.138) with respect to &, we get

V' = Z—?cscf —wcscé coté +2csc?é (4.139)

Substituting V', V"' defined by equations (4.138) and (4.139) in the ODE (4.128), we get

Z—‘;’cscf—wcscfcotf+2¢sczf+cotf(wcscf—2cot€) =eV +2

Simplifying gives

aw _ LV
T cscé+2=¢e" +2
or
dw Vo
Pk sin & (4.140)

Using Eq. (4.136), the preceding equation can be written in the form

aw
2 - rese & (4.141)

Also, let us find Z—; from differentiating Eq. (4.136).

Z—g =V'e"sin?& + 2e"sin€ cos & (4.142)
Using equations (4.136) and (4.137) in the previous equation, we get
z—g =eVsin?& (wescE —2coté) + 2e¥siné cos &

=rwcscé — 2rcoté + 2rcoté
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or

dr
= Twesc & (4.143)

Thus, dividing Eq. (4.141) over Eq. (4.143), we reduce the second order ODE (4.128) to
the simple first order ODE

dw 1

= (4.144)
Integrating this ODE gives

w?=2r+k (4.145)
Returning to the variables &, V using equations (4.136) and (4.137)

V'sin€ + 2cos& = +,/2eVsin2 & + k
Returning to the original variables using equations (4.102) and (4.103), we get

Z—:sinx + 2cosx = +V2etsin2x + k (4.146)
This ode admits the symmetry

X = sinx;—x— 2 cosx%
One invariant of this symmetry is given by

r =e%sin®x (4.147)
Differentiating with respect to x gives the following

% = Z—Ze” sin? x + 2e% sin x cos x (4.148)
Using equations (4.146) and (4.147) in Eq. (4.148), we get

% = (—2 cotx *+ cscx\/m)r + 2r cotx
or

% =+rcescxV2r + k (4.149)
Which is first order separable ODE and can be written in the form

ﬁ/;i—:w = tcscxdx (4.150)

The ODE (4.150) consists of three cases depending on the sign of the constant k.

For k = 0, integration of Eq.(4.150) gives
V2 _
—F= +In(cscx + cotx) + ¢

Solving for r, we get
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r= z (4.151)

[In(cscx+cotx)+c]?

Returning to the original variables, we get
2

[In(cscx+cotx)+c]?

Solving the previous equation for u give the exact solution of Eq. (4.128)

e¥sin? x =

— 2csc?x
u=1mn [In(cscx+cotx)+c]?
or
|u =1In2 — 2In|sinx| — 2In|In(cscx + cotx) + c|| (4.152)

For positive value of k, we get

arctanh ——

\/E \/E —+ln(cscx+cotx)+c

or
N vE
2r + k = +Vk tanh [7 In(cscx + cotx) + c]
Squaring, we get
= S(tanh2 [\/gln(cscx + cotx) + c] - 1)
Returning to the original variables and simplifying, we get
etsin?x = Ssech2 [\/gln(cscx + cotx) + c]

This implies that

u=1In

@sech2 [\/gln(cscx + cotx) + c]l (4.153)

is an exact solution of Eq. (4.128).

For negative value of k, we get

—arctanh 2rtk

= = = t+In(cscx + cotx) + ¢

or
V=k
V2r + k = +V—ktan [Tln(cscx + cotx) + c]
Squaring, we get
r= %k (tan2 [?ln(cscx + cotx) + c] + 1)
Returning to the original variables, we get
i

et sin? x = L sec In(cscx + cotx) + C]
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which implies that

—kcsc?x

u=1In sec? [g In(cscx + cotx) + c”

IS an exact solution of Eq. (4.128).

4.2.2.2. Reduction using §1 = sinyaa—x + cotxcosyaiy

From the general case, section 4.2.1.2, the ODE (4.128) is reduced to

V'[1— &)+ V'[-2¢]=¢€e"+2
Where
&(x,y) =sinxcosy
V() =u
The ode (4.155) admits the symmetry
X=@-Dg-2

The first prolongation of this symmetry is given by
=212 _2:2 _ N9
XM= (@2 - 1) - 285 - 200+ 8V 5

Characteristic system of X!1(I) = 0 is given by

g _ av _ av’
§2-1° -2 —2(1+&V")
From
a _ av
§2-1 -28’
we get

In(2-1)=-V+c
which implies

eV(é?—-1)=c¢
From

a¢ _ av’
§2-1 20148V’

we get

LA S VA
@ teal T TEa

Multiplying ode (4.158) by its integrating factor £2 — 1 gives
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2 _ ' '
(& - )G+ 26V = =2

or
av'(§?-1)] _
s - 2 (4.159)
Integrating gives
V'(§2 = 1) + 2& = constant (4.160)
So, we have found two invariants and are given by
r=e(2—-1) (4.161)
w=V"(—-1)+2¢ (4.162)
From Eq. (4.162), we have
, 1 28
Differentiating Eq. (4.163) with respect to & gives
po_aw 1 28 28242
Tagg1 Vg @y (4.164)
Using equations (4.163) and (4.164) in the ode (4.155), we get
dw 2& 28242 2& 482 r
Tt VWen ey eaVtTea Tt
Simplifying, we get
dw _ -r
Praiml (4.165)
Also, differentiating Eq. (4.161) with respect to ¢ gives
GV - 2
Using equations (4.162) in the previous equation gives
aun _ v
T e’w
or
dr _ rw
i (4.166)
Dividing Eq. (4.165) over Eq. (4.166) implies
aw —_1
el (4.167)
Integrating ode (4.167) gives
w?=-2r+k (4.168)
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Returning to variables &, V using equations (4.161) and (4.162), we get

[V/(£2 — 1)+ 2812 = =2V (62— 1) + k (4.169)
The ODE (4.169) admits the symmetry

X=@-Dg -2
One invariant variable of this symmetry is given by

r=e’(é?2-1) (4.170)
Using this variable reduces the ode (4.169) to the following

(-’ (ﬂ)z =-2r+k

r2 dé
or
dr _ dé
rN—2r+k + £2-1 (4.171)

There are three cases for the value of the constant k in the ode (4.171).

If kK = 0, integrating Eq. (4.171) gives

== +arctanh & + ¢
Squaring, we get

_72 = (arctanh ¢ + ¢)?
Solving for r, we get

2 (4.172)

r= (arctanh é+¢)?
Returning to the variables &, V gives the following
e’(§2 - 1) =

Returningto u, x, y

-2
(arctanh §+¢)2

-2
[arctanh(sin x cos y)+c]?

et(sin?xcos?y—1) =

This implies that

u =1n2 —In(1 — sin? x cos? y) — 2 In[arctanh(sin x cos y) + c]

which is an exact solution of the PDE (4.128).
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For positive value of k, integrating Eq. (4.171) gives

-2 V=2rtk _
W arctanh — = +arctanh & + ¢

or
Vi
V=2r + k = Vk tanh [7 arctanh ¢ + c]
Squaring, we get
k vk
r=—- (tanh2 [7 arctanh & + c] — 1)

Returning to the original variables, we get
vk

e“(sin?xcos?y — 1) = — % (tanh2 [7 arctanh(sinx cosy) + c] — 1)

or

u=1In . sech? [g arctanh(sinx cosy) + c]l (4.174)

2(1-sin? x cos? y)

For negative value of k, integrating Eq. (4.171) gives

2 V=2r+k
ﬁarctan N tarctanh¢ + ¢

or
V=k
V=2r+ k =+—ktan [Tarctanhf + c]
Squaring, we get
r= %(tan2 [g arctanh & + c] + 1)

Returning to the original variables, we get

et(sin?xcos?y —1) = S(tan2 [? arctanh(sinx cosy) + c] + 1)

This implies the exact solution

u =In . sec? [g arctanh(sinx cosy) + c” (4.175)

2(1-sin? x cos? y)

4.2.2.3. Reduction using S, = cosy% —cotx siny%

From the general case, section 4.2.1.3, the ODE (4.128) is reduced to

V'[1—- &4V [-28]=e"+2 (4.176)
where

&(x,y) =sinxsiny (4.121)

V(i) =u (4.122)
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which is the same equation as the one obtained in the previous section.

This leads to the three exact solutions

u =In2 —In(1 — sin? x sin? y) — 2 In[arctanh(sin x siny) + ]

u=1In |—
2(1-sin? x sin2 y)

sech? [g arctanh(sin x siny) + c] |

k 2 [V-k
sec T

u=1In |—
2(1-sin? x sin2 y)

arctanh(sinx siny) + c] |

4.2.2.4. Reduction Using X = sinx:—x —2cosx>:

ou
Let

d F] d
X=s xax+06y cosx—-

The characteristic system of X(I) = 0 is given by

dx d_y _ du

sinx 0  -2cosx
The equation

dx d_y

sinx 0

gives the invariant of the symmetry X

§uy) =y
And the equation
dx du

sinx —2CosXx

gives the invariant of X
V(&) = e¥sin?x

Differentiating Eq. (4.178) with respect to x, we get
V'E, = u,e¥sin® x + 2e%sinx cos x

or
0 = u,e¥sin?x + 2e* sin x cos x

which implies
u, = —2cotx

Differentiating Eq. (4.179) with respect to x, we get
Uy = 2CsC%x

Differentiating Eq. (4.178) with respect to y, we get

168

, k>0

, k<0

(4.177)
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V'E, = u,e*sin®x
Using Eq. (4.177), the previous equation implies
v
Uy =
Differentiating with respect to y, we get

_v''v-(')?

Uyy = 2 (4.181)

Substituting equations (4.179)-(4.181) in Eq. (4.128), we get the second order ODE

2 csc? x + (cotx)(—2 cotx) + (csc? x) V”VV# = (csc?x)V +2
which implies the following second order ode
—V”V;Z(V') —y (4.182)
ODE (4.182) implies
VI
d(%) =vdg
Dividing by dV, we get
v’ _ 4 _ Vv
d(?)/dv - VE v
or
v !
Zd (7) = dv (4.183)
Integrating Eq. (4.183) gives
i 2
(%) =2v+k
14
which implies
(V)2 =2V3 + kV? (4.184)
Taking the square root of Eq. (4.184), we get
av
Tz +dé (4.185)
The sign of the constant k divides the ODE (4.185) into three cases
For positive value of k, by integrating Eq. (4.185), we get
—\/%arctanh ng =4+ (4.186)
or
vk
V2V + k = +Vk tanh [75 + c] (4.187)
Squaring, we get the solution of ode (4.182).
k vk
v="= (tanh2 [75 + c] - 1) (4.188)
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Returning to the original variables and simplifying, we get
N
[y +¢]

which implies the exact solution of Eq. (4.128) given by
2 [VE
ech [731 + c”

For negative value of k, integrating Eq. (4.185) gives
ﬁarct nh% =+l+c

Simplifying Eq. (4.191), we get
V2V + k = +V/—ktan [\/?E + c]

Squaring, we get a solution of the ode (4.182)

. k
e¥sin? x = Esech2

kcsc? x

u=In

-k V=k
V= T(tanz [Tf + C] + 1)
Returning to the original variables, we get
[Fy+d]
which implies the exact solution of the PDE (4.128) given by

u=1In |_kczc2x sec? [gy + c”

etsin? x = —sec

For k = 0, the ode (4.185) becomes

dv
V2V = +d¢

Integrating Eq. (4.195) gives

V2 _
—\/—V—if+c

Solving for V gives

2
V= [E+c]?

Returning to the original variables, we get

U <in2
etsin“x =
[y+c]?

which implies the exact solution of the PDE (4.128) and is given by
2csc?x
[y+c]?
Simplifying, we obtain

u =In

|u =In2 — 2In|sinx| — 2In|y + c||
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4.2.2.5. Reduction Using A; = —ysinx % — In(cscx + cotx) Biy + 2%cos x% :
Let
X =A, =-ysinx aa_x —In(cscx + cotx)% + 2y cosxaa—u
The characteristic system of X(I) = 0 is given by
dx__ _ dy __du
—ysinx  —In(cscx+cotx)  2ycosx
Solving
dx  _ dy
—ysinx —In(cscx+cotx)
leads to
—In(cscx + cotx) cscx dx = —ydy
Integrating, we get the solution
[In(cscx + cotx)]* +y2 =c¢ (4.198)
Solving
dx — du
—ysinx  2ycosx
implies
u=—2In(sinx) + k
or
elsin?x =k (4.199)
We have found two invariant variables in equations (4.198)-(4.199) given by
&(x,v) = [In(cscx + cotx)]? + y? (4.200)
V(&) = eYsin?x (4.201)
From Eq. (4.200), we have
&, = —2cscxlIn(cscx + cotx) (4.202)
$y =2y (4.203)

Differentiating Eq. (4.201) with respect to x, we get
V'E, = u,e¥sin® x + 2e¥ sinx cos x
or
V'[—2cscxIn(cscx + cotx)] = u,e¥sin? x + 2e% sin x cos x
Using Eq. (4.201) in the previous equation, we get
V'[—2cscxIn(cscx + cotx)] = u, V + 2V cotx
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This implies that

!

U, = VV [-2cscxIn(cscx + cotx)] — 2 cotx

Differentiating Eq. (4.204) with respect to x gives

1y, (112
Uy = VVV# [—2 cscx In(csc x + cotx)]?

+ V7, [2 cscx cot x In(cscx + cot x) + 2 csc? x] + 2 csc? x
Differentiating Eq. (4.201) with respect to y, we get
V'E, = uye¥sin®x
Using equations (4.200) and (4.201) in the previous equation, we get
V'[2y] = u,V
This implies that
w, =% (2]
Differentiating with respect to y gives

_ VIIV_(VI)Z

2 v’
Uyy = [2y]“ + 2 m

Substituting equations (4.204)-(4.206) into the PDE (4.128), we get

VIIV_(VI)Z

———[—2cscxIn(escx + cot x)]?

+ V; [2 cscx cotxIn(cscx + cotx) + 2 csc? x] + 2 esc? x
V’
+(cotx) (7 [—2cscxIn(cscx + cotx)] — 2 cot x)

" n2
2. (V'V-(V')
+csce x (—2

[2y]? + ZVV) =Vesc?x + 2
Simplifying, we get
1y, (112
4 csc? xvvv# ([In(cscx + cotx)]? + [y]?)
+V7(4csc2x) +2=Vecsc?x + 2

which implies

V”V—(V’)2 v’
4ET + 4-7 =V

This ODE admits the symmetry
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d a
X=§{5-Vy
The first prolongation of this symmetry is given by
Mgl _y2 _y o
X § ¢ Vav =2V 5

This gives the similarity variables

r=2¢&v (4.208)
w = &2V’ (4.209)
From Eq. (4.209), we have
' w
V - ?
Differentiating with respect to &, we get
§255-28w
"o_ £ 1 dw
Vs —a TRl

Substituting this in the ODE (4.207), we get

%(gi_g_m)g_w_j w/Et _r
§ ¢ +4_ .

r2/&? r/é &

or

dw 2
(Ed—f—ZW)T—W

w T
e tAE =1 (4.210)
Multiplying Eq. (4.210) by &, we get
G- 2wyr-w?
S T 4=y (4.211)
T T
Multiplying Eq. (4.211) by 2, we get
4({%—2W)r—wz =7r3—4rw
or
dw _ w24rd-drw
EE = T + 2w
or
aw _ w2+r3+arw 4912
as ar (4. )
Also, differentiating Eq. (4.208) with respect to &, we get
Ty tev (4.213)

ag
Multiplying Eq. (4.213) by ¢ gives
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SE=VHEV =rtw (4.214)

Dividing Eq. (4.212) over Eq. (4.214), we get

dw _ w2+r3+4rw
ar 4r(r+w)

(4.215)

which is an Abel equation of second kind!
This result is deduced using the method of differential invariance. Next, we try the
method of canonical coordinates.

Using canonical coordinate method

1"y, (12 '
45‘”"/#+ 4=y (4.207)

We are going to solve ODE (4.207) using its symmetry

X=E%—V%
Let R(&,V) and S(&,V) be canonical coordinates of X. Then,
X(R) =0, (4.216)
XS =1 (4.217)
Solving Eqg. (4.216) implies the characteristic equation
@ _ _av
¢ v
or
&V=c
Thus,
R, V) =¢&V (4.218)

is a solution of Eq. (4.216).
To find a particular solution of Eq. (4.217), let

S V) =56
Substituting this in Eq. (4.201) gives

=1
which gives a solution

S, V)=In¢ (4.219)
Suppose that S is the independent variable and R(S) is the dependent variable.
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Differentiating Eq. (4.219) with respect to & gives
as 1

a ¢

From Eq. (4.219), we have
§S)=e’

From Eq. (4.218), we have

R
V=%

Differentiating Eq. (4.221) with respect to & gives

dR dR dS
av _fae R _ tasag R

a2 g
Using Eq. (4.220) in the previous equation, we get

dR
av _ R _R'-R

ag g g
Differentiating Eq. (4.223) with respect to & gives

av _ fzd%(R’ -R)-2&(R" -R)

gz z

fzd(R R)dS_ZE(R, R)

54
gzd(R R)l —2¢(R' -R)

= f4-

Simplifying gives

v ZTIZ? 98 _2R'+2R

agz — &

%—3—+2R

£3
or

a*v _ R''-3R'+2R

ag? &3
Substituting equations (4.222)-(4.224) in ODE (4.207), we get

R''-3R'+2R 5_(}3’ —R)Z R' -R
gg—+ S8 4 b =2
) gt

Simplifying gives
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(4.223)

(4.224)



2
RR''-3RR’+2R? —(R' —R)
R2

4

+45 R _p
R
which is an autonomous equation. Simplifying gives

2
RR''-3RR'+2R? —(R'*~2RR' +R?) R —R

R2 R
or
RRII_RIZ
R? -

or
4RR" —4R"* —R3=0
The ODE (4.225) admits the symmetry

d
X ==
as

since it is autonomous.

The first prolongation is given by
M=24:02402
X as +0 OR +0 oR’

The characteristic system of X[YIF = 0 is given by

ds _dR _ dR'

1 0 0
which gives the invariants
P=R
Q=FR
From Eq. (4.227), we have

Substituting equations (4.226)-(4.228) in Eq. (4.225) gives

4PQZ—I€—4Q2 —P3=0
Dividing by 4PQ, we get

-to=ire
which is Bernoulli equation and can be solved easily.
Putting

U=Q?

we get
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av dQ
ar 2Q ap

Multiplying Eq. (4.229) by 2Q, we have

4Q _ 252 _1p2
szP PQ _ZP

Substituting (4.230) and (4.231) in (4.229), we get

au 2 1
E_Zy=1ip?
dapP P 2

which is linear first order ODE with integrating factor

2
[-3dP _ ,—2Inp _ 1

e =

e

Multiplying Eq. (4.216) by P—12, we get

Ltav_2,_1
p2dp  P3 =
or
a(up?) 1
P 2
or
-2 1
UpP =5P+c

Returning to variables P, Q gives
Q2P =-P+c

Returning to variables R, S gives

(3) =r(ree)

R _ 4R *R+c
das 2

dR
= +dS
R /%R+c

Integrating gives three cases

or

or

Casel (c=0)
In this case, Eq. (4.233) becomes

[“F==x[ds
RER
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or

22 _ 4tk

or

__8
T (S+k)2

Returning to variables &,V using equations (4.202) and (4.203) gives

8
V= (In &+k)2

which implies

8

- (4.234)

Returning to the original variables using equations (4.200) and (4.201) gives

8

2 2 U in2 —
([In(cscx + cotx)]* + y=)e¥sin“x = G (sc 1ot TE Ty )

which implies

n 8csc?x
([In(cscx+cot x)]2+y2) (k+In([In(csc x+cotx)]2+y2))>2

u=1

(4.235)

or

|u =1n8 — 2In(sinx) — In([In(cscx + cotx)]? + y?) — 2In(k + In([In(cscx + cotx)]? + yz))l

Case2 (¢ > 0)
In this case, integration of Eq. (4.233) gives

-2 V2R+4c _
ﬁarctanh i +S+k

or

R=2c [tanhz@ — 1] =2c sechz@
Returning to variables &,V using equations (4.218) and (4.219) gives
2 Ve(In E+k)

&V = 2csech

which implies

V = Zsech? Jedng+h)

: > (4.236)

Returning to the original variables using equations (4.200) and (4.201) gives

. 2c 2 Ve(k+In([In(csc x+cotx)]?+y?
e¥sinx = sech? Yetktin(linC W +y")
[In(cscx+cotx)]2+y2 2
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which implies the exact solution of Eq. (4.128) given by

. 2ccsc?x 2 Ve(k+In([In(cscx+cotx)]2+y?2))
u=lIn [[1n(cscx+cotx)]2+y2 sech 2 ] (4.237)
Case3(c<0)
In this case, integration of Eq. (4.233) gives
-2 V2R+4c _
ﬁarctan Nl +S+k
or
R=-2c [tanZ@ + 1] = —2c secz@
Returning to variables &,V using equations (4.218) and (4.219) gives
&V = —2csec? V=elngth)
2
which implies
v ==Esec? L ) (4.238)
Returning to the original variables using equations (4.200) and (4.201) gives
T —2c 2 V—c(k+In([In(cscx+cotx)]?+y?))
e smex = [In(cscx+cotx)]?2+y? sec 2
which gives an exact solution of the PDE (4.128) and is given by
_ —2ccsc?x 2 V=c(k+In([In(cscx+cotx)]2+y?))
u=In [[ln(cscx+cotx)]2+y2 ec 2 ] (4.239)
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CHAPTER 5

GROUP CLASSIFICATION AND SYMMETRY
REDUCTIONS FOR A CLASS OF NONLINEAR POISSON
EQUATIONS ON HELICOID

The aim of this chapter is to study the complete group classification problem
and some symmetry reductions of the nonlinear Poisson equation on the helicoid which is

given by

X 1
Uxx + x24+p2 Uy + x2+4+b2 uyy = f(u) (51)

where f(u) is an arbitrary nonlinear function.

The group classification of equation (5.1) is carried out in section 5.1. It is
based on necessary conditions on f(u) which are obtained through a triangulation of
determining equations of Lie symmetries of equation (5.1). An efficient method to obtain
such triangulation is the well-known method of Mansfield [29] of generating differential
Grobner bases of determining equations. A variant of Mansfield’s method will be used to
generate cases of f(u) and hence for carrying out the group classification. Precisely, the

following result will be proved.
Theorem 5.1

The minimal symmetry algebra of nonlinear Poisson equation (5.1) is one-dimensional

generated by
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and is obtained for all nonlinear arbitrary functions f (u). Three dimensional symmetry
algebra exists in the case
f(u) = aeB*, a,B # 0

which is generated by
a

H1=5,
— (+2 1 2 9 TR 9
H, = (x +b)cosyax+xsmyay 5 COSy
— (x2 + b?)sinvZ — S _Envd
H; = (x +b)smyax XCoSy - —psiny -

This theorem is summarized in the table below:

f(w) Generators of symmetry algebra
any non-linear 0
. Hy =—
function dy
Three dimensional algebra generated by
d
e Ijal K o 4 d
a,b#0 = (52 4+ b2 2 siny 2 X 2
H, = (x +b)cosyax+x51nyay Bcosyau
H; = (x? + b?) sin g cos g 4xsin g
3T W yax X yay B yau
Table (5-1)

For different cases obtained in section 5.1, some examples of reductions of Eq.

(5.1) to ordinary differential equations are presented in section 5.2.

5.1. GROUP CLASSIFICATION OF POISSON EQUATION ON HELICOID

In order to obtain the Lie symmetries of equation (5.1), let us consider the one

parameter group of infinitesimal transformations

x*=x+€e&(x,y,u) +0(e?) (5.2)
y*=y+et(x,y,u) + 0(€?) (5.3)
u*=u+edp(xyu)+ 0(e?) (5.4)

where € is the group parameter. The generator corresponding to the given Lie algebra is

of the form
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a a a
X= f(x,y,u)a+r(x,y,u)£+ qb(x,y,u)ﬁ (5.5)
If X[2! denotes the second prolongation of X then the invariance condition

x 1
X[Z] (uxx + mux + muw - f(u))|u . =0 (5.6)

1
+5——Uy Uy =f (U
x> x2+b2 * 9(2+b2 vy f( )

is used to find the symmetries of Eq. (5.1). Here

bl 24 plyy] 9

OUyy Ouyy

a
ouy

xl = x + U[x]
whose coefficients in terms of &, T and ¢ are given by

N = ¢y + (P — Edue — Euuif — Touy — Ty, (5.7)
N = ¢y + ooy — Exx )ty + (Puu = 28 UF — Euully — Tox Uy

— 2T Uyl — Ty Uty + (P — 285) Uy — 380 UnxUy

—2TyUyy — 2Ty Uy Uyy (5.8)
N = gy + (205 — 7y )ty + (Pun — 205)05 — T3

~Eyythy = 280Uty — &y + (dy — 21, Juy,

—3TyuUyy Uy — Sy Uy — 28Uy — 28Uy Uy, (5.9)

Using equations (5.7)-(5.9), we have

x 1
x[2] (uxx t ety — f(u))|(5'1)

d x 1 x 1
=65 (mmt mt) ~ St 1+ 4 b

O - S _ ex] o % x] L [yy]
B f <(x2+b2)2 U (x2+b2)2 uyy> ¢fu N + x2+b? et x2+b? n

_e( =, )
- E <(x2+b2)2 Uy (x2+b2)2 uyy) ¢fu
+[¢xx + (2¢xu - S;xx)ux + (d’uu - fou)uazc - ‘fuuu;

2
“TxxUy — 2Txuuxuy — TuuUxUy + (d)u - Z‘Ex)uxx

—38uUx Uy — TylyxUy = 2TxUyy — 2Ty Uy lyy ]

b+ B — By — £ — Tyt — Tty

+ ﬁ [Byy + (2¢yu — Tyy )ity + (un — 2Ty ) — T U5 — Syt
=28 uxtty — & uduy + (¢ — 27 Juyy — 3T,y Uy,

—&uUyy Uy — 28Uy — 283Uy Uy ] (5.10)
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Putting the condition
= ((x2 + bz)f(u) - (xz + bz)uxx - xux)
in the previous expression (5.10), we get

x 1
xl2] (uxx F U Uy - f(u))|(5.1)

2x
= f( x2+b2)2 m((xz +b2)f (W) — (x + b uye — xux)) — ¢fu
+[¢xx + (Zd)xu - Exx)ux + (d)uu - fou)uazc - fuuu;é; — TxxUy
_ZTxuuxuy - Tuuuazcuy + ((»bu - fo)uxx - 3Euuxxux - Tuuxxuy
_ZTxuxy - zruuxuxy] + xzxj{d)x + (d)u - Ex)ux - Euuazc — TylUy — Tuuxuy}
+x2+b2 [Dyy + (2yu — Tyy )ty + (Puu — 2Ty )uf — Tty — EyyUs

_nyuuxuy - fuuugzlux + (¢u - ZTy)((xz + bz)f(u) - (xz + bz)uxx - xux)

=37, ((x? + b f (W) — (% + bHuyy — xuy )uy,
_fu((xz +bA)f (W) — ( + bty — xux)ux — 28yUyy — 28Uy llyy]
= fﬁux - Exzszz f+ ‘fxzz_sz Uy = Pfu + [Pax + Cru — S )y

2 3 2
+(¢uu - fou)ux - Euuux — TxxUy — 2Txuuxuy — Ty UxUy

+(¢u - fo)uxx - 3fuuxxux — TyUyxxUy — 2Txuxy - 2":uuxuxy]

x x x x
+ {x2+b2 bx + x2+b2 (bu = Sxdux — x2+b? fuu’zc T xzip2 Uy T 2+b2 Tuuxu)’}
1
t oz [Py (2¢yu — Tyy Juy + (Bun = 2Tyu) U — Tunlly, — SyyUs
_nyuuxuy - Euuujzzux + (¢u - ZTy)(xz + bz)f(u) - (¢u - ZTy)(xz + bz)uxx
—(¢u — 27, )xu, — 37y, (xz + bz)f(u)uy + 31, (xz + bz) Uylyy + 3XT U Uy,
_(xz + bz)f(u)fuux + (xz + bz)‘fuuxuxx + x'fuuazc - Z‘Eyuxy - quuyuxy]

2x 2x
= f 2+b2 Uy + (2¢xu Exx)ux x2+b2 fyyux Eufux - E (x2+b2)f + f (x2+b2) Uxx

_¢fu + [¢xx + (¢uu - fou)ux - Euuu; - Txxuy - 2‘L-xuu;\fuy - Tuuuazcuy
+(¢u - fo)uxx - 3€uuxxux — TylUxxUy — ZTxuxy - quuxuxy]

x x 2 x x 1
+{x2+b2 bx = x2+b2 Sutkx — x2+p? My T iz Tulxtly} + [x2+b2 Pyy

2 1 3 2
+ o 20y = Ty )y + s (B — 2000 — 2 Tt — o Eyuttatly

—mfuuuf,ux + (¢ — 2‘L'y)f —(¢u — ZTy)uxx — 37, fuy + 3Ty Uy Uy,

3 1 2 2 2
t—50 ¥2+b2 XTyUxUy + fuuxuxx + X2+b2 xfuux - X2+b2 fyuxy - X2+b2 Euuyuxy]

or
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(2] ad = -
X (uxx + x%+b? Ux + x?%+b? Uyy f(u))|(5_1)

— 3 2 2
- _fuuux ~ Ty U Uy + (d)uu - fou)ux

+ux (Eﬁ + (Z(Nbxu - Exx) x2+b2 fyy - ff )

2
2Ty UyUy — 55 Ty Uy Uy, + - - mfyuuxuy

2+b2

1
mfuuufzux - 2’Suuxxux + 3Tuuyuxx — TuUxxUy
2x
_(¢u - ZTy)uxx + (('bu - fo)uxx + f(x2+b2) Uax

1 1
—ZTuuxuxy -2 mfyuxy - ZTx‘Ll.xy -2 mfuuyuxy

1 2 3
+x2+b2 ((,buu ZTyu)uy T““xzibzuy

X 1
“TxxUy — m‘[xuy + Y (2¢yu - Tyy)uy - 3Tufuy

2x 1 X
+ (¢u =21, — Em)f —of bt om0, t 720, =0 (5.11)

From Eqg. (5.11), we get the following determining equations:

HE, : §,=0
HEZ : Tu=0
1
HE3 : mfy+‘l'x=0

x
HE4,: Ty—fx+xz+—bzf: 0

HEs5 : ¢y =0

HEg : 2¢py, — (X2 + b*)T — X7, — T}, = 0

b2
Zb)

1
HEg : ¢xx+m¢yy+#¢x+f¢u_2ffx_¢fu=0

HE7 : 2(l’xu - fxx + xz—T—bZ fx zf x2+b2 Eyy 0

The system of determining equations will be solved utilizing a triangulation
procedure based on techniques for obtaining differential Groebner basis developed by
Mansfield in [29].

The operation (HE3), — (HE,), gives

1 x
$xx t mfyy Y fx 2 1b? )zf = (5.12)
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This reduces HE, to
$xu =0
Also, the operation (HE3), + (HE,), implies
(X% + b)) Ty + Ty + X7, =0
This simplifies Eq. HE, to
$yu =0
Differentiating Eq. HEg with respect to u, we get
fubu = 2fu, — bufu — Gfun =0
which is simplified to
fuu® +2fu8, =0
Differentiating Eq. (5.16) with respect to u, we get
fuuu® + fundu + 2fun, =0
Differentiating Eq. (5.17) with respect to u, we get
fuun® + 2 fuuubu + 2fruuns, = 0
Simplifying Eq. (5.18) with respect to Eq. (5.17) via
fuu(5:18) = 2100, (5.17)
implies
¢ fuufouns — 2filn) = 2frufrund, = O
Equations (5.18) and (5.19) can be used to eliminate ¢, giving the equation

(fuufuuu - quzuu)(5-18) - fuu(5-19)

The previous operation implies

[fu(fuufuuu - quzuu) + fuzufuuu]fx =0
Simplifying, we get

[fufuufuuuu - qufuzuu + fuzufuuu]fx =0

Differentiating Eq. (5.16) with respect to x, we get

fuu®Px + zfufxx =0
Differentiating Eq. (5.21) with respect to u, we get

fuuu®x + quufxx =0
Eliminating ¢, using equations (5.21) and (5.22), leads to
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fuu(5.22) - fuuu(5-21)
which implies

(fuzu - fufuuu)fxx =0 (5.23)

Next, we look at possibilities of f(u)

If ¢ = 0, then equations (5.20) and (5.23) are satisfied for any type of functions f (u).

Equation (5.16) and the assumption

$x=0 (5.24)
implies

fuu® =0 (5.25)
Nonlinearity of f in Eq. (5.25) implies

[¢=0] (5.26)

From Eq. (5.12) and the assumption ¢ = 0, one can conclude

(@2 +DDE, + (2 —bH)E=0 (5.27)
In this case,

$x =% =0
which implies that ¢ is a function of y only. Using this in Eq. (5.27) gives

§=0 (5.28)

Substituting the zero value of ¢ in the determining equations HE5; and HE, gives
T, =7, =0 (5.29)
From system (5.29) and equation HE,, we conclude

(5.30)

Equations (5.26), (5.28) and (5.30) define a one dimensional algebra generated by

0

Hl:@

which is the minimal symmetry algebra for the PDE (5.1).

To look for functions f (u) that may give larger symmetry algebra we assume

& #0
and solve the differential equations
fuzu = fufuuu =0 (5.31)
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fufuufuuuu - qufuzuu + fuzufuuu = O (532)
These two equations are exactly the same as equations (3.34) and (3.35) that were solved

and discussed in detail in chapter 3.
As solved before in chapter 3, only one nonlinear function solves Eq. (5.31) which is
e f(u)=ae’™+c, witha #0, b =0
Also, there are four types of nonlinear functions that solve Eq. (5.32) as discussed in
chapter I11. These solutions are the following functions
e f(u) =au?®+bu+c, witha # 0
e f(u)=ae’™+c, witha #0, b # 0
e f(w=alu+b)X+d, witha#0, c#0,1,2
e f(uw)=aln(u+b)+c, witha # 0
Hence from the solution of Eg. (5.31), we see that
f(u) # aeP* + ¢ (5.33)

is equivalent to

fuzu - fufuuu 0
Using this equivalence in Eq. (5.23), the relation (5.33) implies

&x = 0. (5.34)
Different possibilities for f(u) are analyzed below to obtain corresponding symmetry
algebras. The Symmetry algebras for different forms of f(u) are summarized in the

following cases:

Case 5.1.1: f(u) # ae®™ + ¢
In this case we have
$xx = 0. (5.35)

There are three possibilities of f(u) in this case and are discussed in the following

Case 5.1.1(i) f(uw) is quadratic
Let

f(u) =a(u?®+Bu+c) (5.36)
with a # 0 . From Eq. (5.16), we have
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2a¢ +2a(2u+ B)é, =0

which implies

¢ = —Qu + B)&, | (5.37)
Since &, = 0, differentiating Eq. (5.37) with respect to x gives

bx = Pxx = 0. (5.38)
Also, differentiating twice Eq. (5.37) with respect to y, we get

¢yy =—-(Qu+ B)S;xyy- (5.39)
Using equations (5.12) and (5.35), we get

2 Xz
gyy = xfx + fc2+b2 4 (5.40)

Differentiating previous equation with respect to x , with Eq. (5.35) in front, we get

4xb? 2b2 4xb?
fyyx $x + 2+b2 Ex x 2+b2)2 §= 2102 $x — 2+b2)2 ¢ (5.41)
Substituting Eq. (5.41) in Eq. (5.39) gives
by = ~Qu+B) |3~ (542
Also, differentiating Eq. (5.37) with respect to u, we get
by = —2&, (5.43)

Substituting all of these in equation HEg, we get

{T _ 4xb?
2+p? (x2 +b2)2

Qu+B)[ 22 ¢| - 4¢,a(u? + Bu+c) + aQu+B)%, =0

2+b2
which |mpI|es

4Xb2 2
S (Qu+t B)[ o bzf ~ 5T 5] 4¢.a(c) +a(B*)g, =0

Comparing coefficients of powers of (2u + B), and simplifying gives

B*—4c =0 (5.44)
2b 4xb? _
x +b2€ - (X +b2)2€ - O (545)
Equation (5.45) implies
2
&~ 5= 0 (5.46)

Multiplying by the integrating factor of Eq. (5.46) we get

l 2 bzl

2x
rpxr T Garpnzd = 0
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or

——=E=K(®)

or

§=(2+bp)K©)

Differentiating Eq. (5.47) twice with respect to x gives

$xx = 2K()

Using Eq. (5.35) in Eq. (5.48), we get

Substituting Eq. (5.49) in Eq. (5.47), we get

£=0

which leads to minimal symmetry algebra.

Case 5.1.1(i1) f(w) =a(u+B)"*"+c¢, witha+0, n #0,1,2

Substituting the function in Eq. (5.16), we get
an(n— 1) (u+B)"2¢ + 2an(u+ B)" &, =0

which implies

¢=_

2(u+B)

$x

Using equations (5.41) and (5.51), we get

byy = —

x2+b? fx

2(u+B) | 2p?
n—1

zf

)

Differentiating Eq. (5.51) with respect to x gives

bx = Py =0

Differentiating Eq. (5.51) with respect to u gives

by = _ﬁfx

Substituting equations (5.51) - (5.54) in equation HEg, we get

2(u+B) 1 2b? £, —
n—1 x2+b% |x24+p% %

(2 b%zg] n-1

— S =26, +——

2(u+B)

fxfu -

Substituting the function f and its derivative in the previous relation gives
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2(u+B) 1 [ 2b? 4xb? ] 2n

— ~n n
n—-1 x2+4b? |x2+b2 $x (x2+b2)2 ¢ n-1 $x laCu + B)" + ]

n,_ %2 r _
+n(u + B) a—¢ =0

Simplifying gives

- Z(r:lle) xzibz [xff-; $x— %5] - %fx =0 (5.55)
which implies

c=0 (5.56)
and

&~ gt =0 (5.57)
Solving Eq. (5.57) gives

§=K)(x* +b?) (5.58)

Differentiating twice with respect to x and comparing with Eq. (5.34), we get
$xx = 2K(y) =0
which implies
K(y)=0
and substituting this in Eg. (5.58), we get
&=0 (5.59)
which leads to minimal algebra.

Case 5.1.1(iii) f(w) =aln(u+ B) +c with a+ 0
Substituting the function in Eq. (5.16), we get

1

(u;B)Z ¢ +2 (ﬁ) x=0

or
¢ =2(u+ B)&, (5.60)
Using equations (5.41) and (5.60), we get
2b* 4xb?
¢yy =2(u+B) [x2+b2 $x — (x2+b2)2€ (5.61)
Differentiating Eq. (5.60) with respect to u, x gives
by = 2, (5.62)
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Gx =Pxx =0 (5.63)
Now substituting equations (5.60)-(5.63) in equation HEg , one obtains
2 B)[25n8, — g | + 26, f — 2f& — 2(u+ B)E,f, = 0

Substltutlng the function £ given in this case gives

4xb

22+ B) [ 2+b2§ - (x2+b2)25] —2af_ =0
This implies that
$ =0

which leads us to minimal symmetry algebra.

2+b2

This means that for all the three types of functions presented in case 5.1.1,
fu) # aeB* +c,

we have not found new symmetries rather than the minimal symmetry algebra.

Case5.1.2 f(u) = ae®* +¢, a,B+0
Here &, is not necessarily 0.
Using f () in Eq. (5. 41) gives
aB?eB%¢ + 2aBeB¥¢, = 0.
Thus from Eq. (5.41) we have

¢ =5 & (5.64)

Substituting this in equation HEg, one gets

1

T+ T Sy F g b — 2(a€™ 4 OF, — T EaBe = 0
Simplifying gives
X 1
BeS, + S + i S + 2z S0y = 0 (5.65)

From equations (5.12) and HE, we get

Epy = —(6* + b*)Exp + x¢_+ 2+b2§ 0

Differentiating the previous equation with respect to x, we get

— 2 2
gyyx__(x +b )Exxx foxx_i'x’f +€ + 2+b2€ x +b22€

Simplifying gives
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2b? 4b%x

— 2
fyyx = _(xz +b )Exxx — x$xx + 21b? $— R $ (5.66)

Substituting Eqg. (5.66) in Eq. (5.65), we get

_x X 4bh°x
BCfx + $xxx T 2152 $xx T [_Exxx - mfxx (2 b2)2€ - PN 35] =0
or
2b* 4%
Bcé + [ — ] =0
Cfx (x2+b2)2 fx (x2+b2)3f
or
2 —
BC(X +b )E + [( 2+b2)€ « +b2 2€:| 0 (567)
Consider that
0 2b? _ 2b2 _ 4b2x
a [(X2+b2) E:I - (x%2+b2) gx (x2+b2)2 f (568)

Using this in Eq. (5.67), we get

2b?

Be(x? +b)¢, +— (x2+b2)§] =0

(5.69)

Multiplying Eq. (5.69) by ﬁf, we get

2b*Begs, + [(x2+b2) E] ox [(xf-ll)-;)f] =0 (5.70)

Now, integrating Eq. (5.70) with respect to x, we get

pBegt +2[ 2] = k@) (5.71)

which implies

Bcé* + zf =K®)

( )

or

_ K(x%+b?)
§ = T oy van (5.72)

Differentiating Eq. (5.72) with respect to x gives

$x =

4b%K(y)x

(5.73)

[Bc(x2+b2)2+2b2]%
Differentiating Eq. (5.72) with respect to y gives

K'()(x?+b?)

Y = Trcarooian
Then, from Eq. (5.64) we have

(5.74)
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_ —8b2K(y)x
¢ = B[Bc(x2+b2)2+2b2]3/2 (5'75)
and from this information, equation HEg will be satisfied.
Using Eq. (5.74) in equation HE; gives
K'() _
JBc(x2+b2%)2+2p2 T = 0
or
_ K'(y)
T = T JreGrrnriezs (5.76)
which implies
_ K" ()
Ty = T Jheribniran (5.77)

Also, using equation (5.72) and (5.73) in equationHE, gives

- 4b%K (y)x K(y)x _
_ - —
[Bc(x2+b2)2+2b2]Z VBc(x2+b?%)?+2b2
or
4b2K(y)x—K(y)x[Bc(x2+b2)2+2b2]
T =
y 3
[Bc(x2+b2)2+2b2]2
or
2b2—Bc(x2+b2)2
Ty = K()x 3
[Bc(x2+b2%)2+2b2]2
Then,
Tyx =
K@) 2b2—Bc(x?+b?)? +x—4ch(x2+b2)[Bc(x2+b2)2+2b2]%—[2b2—Bc(x2+b2)z]%[Bc(xz+b2)2+2b2]%4-x8c(x2+b2)
Y [Bc(x2+b2)2+2b2]% [Bc(x2+b2)2+2b2]3
or
Tyx =
-1 2
2b%—Bc(x2+b2)* Zpc(x2+b?)* +5b2
K(y) ( ) 5 — 4x%Bc(x? + b?)\/Bc(x2 + b2)? + 2b? E ]
24p2)242p2]2 [Be(x2+b2)2+2b2]3
[Bc(x2+b?)?+2b?]2
2 -1 2,22 2
_ K(») 2b2-Bc(x?+b?) 4xBe(x? + b?) |5Be(x?+b2) +5b?]
~ /Bc(xZ+b2)2+2b2 | [Bc(x2+b2)2+2b2] [Bc(x2+b2)2+2b2]2
or
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. K() 4b*—B2c2(x2+b?)" +2x2B2c2(x2+b2)° —20b?Bc(x2 +b?) 578
Tyx = JBc(x2+b2)2+2h2 [Bc(x2+b2)24+2b2]2 (5.78)
From equations (5.77) and (5.78), we get

K" () _
JBc(x2+b2)2+2p2
K@) 4b4—Bzcz(x2+b2)4+2x28202(x2+b2)3—ZObZBc(x2+b2)
VBc(x2+b?%)24+2b2 [Bc(x2+b2)2+2b2]?

or

K" _ 4b*—B2c?(x2+b2) " +2x2B2c?(x2+b?)° 2062 Bc(x? +b?)
Ky) [Bc(x2+b2)242b2]?

From Eq. (5.79), we have

} = constant (5.79)

4b*—B2c2(x2+b2)" +2x2B2c?(x2+b2)° ~20b2Bc(x2 +b?)

= constant
[Bc(x2+b2)2+2b2]2

Simplifying gives

2
8b*—[Bc(x?+b2)* +2b%| +2x?B%c?(x?+b?)° +4Bcb? (x?+b?)° ~20b? Be(x2+b?)
[Bc(x?+b?)2+2b?]?

= constant

This expression cannot be equal to constant unless
c=0j]
In this case, this expression =1. Thus, Eg. (5.79) becomes

K" (y)
1
K@)

or

K'(y)+K(y)=0
which implies

|K(y) =k, siny + k, cosy| = ﬁ (¢, siny + ¢, cos y) (5.80)
Substituting Eqg. (5.80) in Eq. (5.72) gives

_ (x2+b2)(k1 sin y+ky cosy)

§= NoT = (x% + b?)(c, siny + ¢, cos y) (5.81)

Substituting in Eq. (5.76) gives

_ (k1 cos y—kj sin y) _

Ty = NoTE = —(c;cosy — ¢, siny) (5.82)
Integrating Eq. (5.82) gives
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(kq cos y—ky siny)x

7= - OB (y) = —x(ey cosy — ¢y siny) + g (¥)
Differentiating Eq. (5.83) with respect to y, we get

kq siny+ky cosy)x
_ 2

Ty = R 4 g () = KX =+ g’ ()
But from equation HE,, we have got

1
3 = K(Y)XW

[Bc(x2+b2)2+2b2]2

2b2-Bc(x?+b?)*

Ty = K(y)x

Comparing equations (5.84) and (5.85), we get
9 =0

or
9(y) = ks

Substituting this in Eq. (5.83), we get

(kl cos y—ky sin y)x .
T= _T-I_ ks|= —x(c; cosy — c,siny) + c3

From equations (5.80) and (5.75), we get

_ —-8b%K(y)x| _ —4x ) —4x )
¢ = Bo2pz |~ 5VapE (k1 siny + k, cos y) = 'y (c1 siny + ¢, cos y)

Thus for the case where
f(u) =aed*, a,B+#0
Eqg. (5.1) admits three dimensional algebra generated by

A
1 — ay7
— (2 2Y cin v 2 _ o 4x .0
H,=(x*+b )Slnyax xcosy 7o = psiny o
(2 2 9 L0 4x 9
H; = (x +b)Cosyax+xsmyay S cosy -
with commutation relations
Hy H, Hj
H, 0 H, | —H,
H, | H, |—-b?H,| O
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5.2. REDUCTION OF THE EQUATION ON HELICOID

5.2.1. Reduction of the general case

We are going to reduce the following equation

X 1
Ux + x24p2 Ux + x21p2 Yy T f@w

This equation admits one dimensional algebra generated by

_ 0

This symmetry can be written as
a , @ ]
X=H =0 +-+0

The characteristic system of X(I) = 0 is given by
x _dy _du

o 1 0
From
ax _ay
0 1’
we have
X =cC
and from
v _ du
1 0’
we get
u==k
So, we get two invariants of X(I) = 0 and are given by
§Ce,y) =x
Vi) =u
Differentiating equations (5.91) and (5.92) gives
u, =V’
Uy = V"
u, =0
Uyy =0

Substituting equations (5.91)-(5.95) in Eq. (5.1), we get the second order ODE
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3

V't

V' =f(V) (5.96)

5.2.2. Reduction of the equation when f(u) = e*

We are going to reduce the following equation

X 1 _u
Uoex + x%+b? U + x?%+b? Uyy = € (5.97)

This equation admits 3- dimensional algebra as discussed in section 5.1 and is generated

by

Hl___ay’

a a 4x a
H, = (x?2 siny — — — — iy —
,=((x“+b?%)s Y5z T xcosyz o~ psiny o,

0 0 4x 0
— (2 2 0 A 2
H; = (x +b)cosyax+xsmyay - cosy——.

with commutator table given by

H, H, Hs
H, 0 Hs —H,
H, | —H; 0 b2H,
Hy | H, |-b2H,| O

5.2.2.1. Reduction using H; = ai :

y
From Eq. (5.96) in the general case, Eq. (5.97) is reduced to the second order ODE
n f 4
V" + (52+b2)v = eV (5.98)

where & and V are defined by equations (5.91) and (5.92).

5.2.2.2. Reduction using H, = (x% + 1) sinyaa—x — X €OS y% —4x siny%

The characteristic system of X(I) = 0 is given by

dx _ dy _ du
(x2+1) siny " —xcos y - —4xsiny
From &~ % \vehave
(x2+1)siny  -xcosy’
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2xdx __ , —sinydy

(x2+1) cosy
or
(x®+1)sec’y=c
d du
and from —>— = ——
—XCOSYy —4xsiny
sinydy _.EE
cosy 4
or

u+4In(cosy) =c¢

we get

So, we get two invariants of X (I) = 0 and are given by
§(x,y) = (x® + 1) sec’y
V(&) =u+4In(cosy)

Differentiating equations (5.101) and (5.102) gives

u, = V'(2xsec?y)

Uy = V"' (2xsec? y)? + V' (2sec? y)

u, =V'[2(x* + 1)sec’ytany] + 4tany

Uy, = V" [2(x? + 1) sec? y tan y]?

+V'[4(x* + 1) sec®? ytan? y + 2(x? + 1) sec* y] + 4sec? y
Substituting equations (5.101)-(5.105) in Eq. (5.97), we get the second order ODE

V" (2xsec?y)? +V'(2sec?y)

x
x2+1

+

V'(2xsec?y)

1 " 2 2 2
+—7 [V'[2(x% + 1) sec® y tan y]°]

1
x2+1

+

+

x2+1

Simplifying gives

V'[4(x* + 1) sec? ytan? y + 2(x? + 1) sec* y]

sec?y = eVsecty

V" [4x?sec* y + 4(x? + 1) sec* y tan? y]

+V’ [2 sec?y +

+

x2+1

2x2

x2+1

sec2y = eVsecty

Dividing Eq. (5.106) by (sec* y) gives
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V' [4x* + 4(x* + 1) sec? y — 4(x* + 1)]

x2

2
x2+1

Simplifying using trigonometry identities and Eq. (5.101) gives

+V’ [2 cos?y + cos?y + 4sin?y + 2] +§ =ev (5.107)

" _ 1 E _ x%+1 f: 1%
V' [4& 4]+V[E+6 25]+f e
or
V'[4E — 4] + V' [6 - §] + § = eV (5.108)

The last equation is nonlinear second order ODE with no symmetry, and thus cannot be

reduced using symmetry method.

ion Using Ha = (x2 2 4 vsiny— @
5.2.2.2. Reduction using Hz = (x* + 1) cosy_+ xsiny o 4x cosy—

The characteristic system of X(I) = 0 is given by

dx _ay du

(x2+1)cosy _-xshly._ —4xcosy

From
dx _ay

(x2+1)cosy  xsiny’
we have

2xdx __ , cosydy

(x241) ~ “ siny
or

(x?+1)csc’y=c (5.109)
and from

dy du

xsiny  —4xcosy’
we get

cosydy _ d_u

siny 4’
or

u+4In(siny) =c¢ (5.110)
So, we get two invariants of X(I) = 0 and are given by

E(x,y) = (x* + 1) csc?y (5.111)

V(&) =u+ 4In(siny) (5.112)

Differentiating equations (5.111) and (5.112) gives
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u, = V'(2x csc?y) (5.113)
Uy = V" (2xcsc? y)?2 + V' (2 csc? y) (5.114)
u, = V'[-2(x* + 1) csc? y coty] — 4 coty
Uyy = V" [2(x* + 1) csc? y cot y]?
+V'[4(x* + 1) csc? y cot? y + 2(x? + 1) csc* y] + 4 csc? y (5.115)
Substituting equations (5.111)-(5.115) in Eq. (5.97), we get

V"(2xcsc? y)2 + V' (2csc? y)

x

x2+1

L 124 2 2 2
+ 57 [V'[2(x* + 1) esc?® y cot y]?]
1

x2+1

+ V'(2x csc?y)

+

V'[4(x? + 1) csc®? y cot? y + 2(x% + 1) csc* y]

+ csc?y =e' cscty

x2+1
Simplifying gives
V' [4x% csc* y + 4(x% + 1) csc* y cot? y]

x2

2
x2+1

+V’ [2 csc?y + csc?y + 4scsc? ycot? y + 2 csc* y]

+

csc?y = eV cscty (5.116)

x2+1
Dividing Eq. (5.116) by (csc* y) gives
V'[4x* + 4(x* + 1) csc? y — 4(x? + 1)]

x2

+V’ [2 sin?y + x22+1

sin?y + 4 cos? y + 2| + t=e (5.117)

Simplifying using trigonometry identities and Eq. (5.111) gives

" _ r [2x2 x4 4_ v
V' [4& 4]+V[$+6 25]+§— e
or
V'[4E — 4] + V' [6 - ?] + § = eV (5.118)

which is nonlinear second order ODE with no symmetry, and thus cannot be reduced

using symmetry method.
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