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Chapter 1

INTRODUCTION



1.1 What is Fractional Calculus

Fractional calculus is the field of mathematical analysis which deals with the inves-
tigation and applications of integrals and derivatives of arbitrary order, unlike the
classical calculus, the order of the integrals and derivatives are not necessarily of

integer order. It could be any real or complex number or even a variable order.

1.2 First contributions

The idea of fractional derivative goes back to more than three hundred years. In fact,
fractional calculus may be considered an old and yet novel topic. It is an old topic
since, starting from some speculations of G.W. Leibniz (1697) and L. Euler (1730),
it has been developed up to nowadays. A list of mathematicians, who have provided
important contributions up to the middle of the last century, includes P. S. Laplace
(1812), J. B. J. Fourier (1822), N. H. Abel (1823-1826), J. Liouville (1832-1873), H.
Laurent (1884), P. A. Nekrassov (1888), A. Krug (1890), J. Hadamard (1892) , O.
Heaviside (1892-1912), S. Pincherle (1902), G. H. Hardy and J.E. Littlewood (1917-
1928), H. Weyl (1917), P. Lévy (1923), A. Marchaud (1927), H. T. Davis (1924-1936),
A. Zygmund (1935-1945), E. R. Love (1938-1996), A. Erdélyi (1939-1965), H. Kober

(1940), D. V. Widder (1941), M. Riesz (1949),...



1.3 First books

The first book entirely devoted to the subject is the book by Oldham and Spanier
[79]. Other books are by: Samko, Kilbas and Marichev [89], Podlubny [83], Kilbas,
Strivastava and Trujillo [55], Mainardi [68]. For the first monograph the merit is
ascribed to K. B. Oldham and J. Spanier, see [79], who, after a joint collaboration
started in 1968, published a book devoted to fractional calculus in 1974. Nowadays,
the list of texts and proceedings devoted solely or partly to fractional calculus and its
applications includes about a dozen of titles [87, 88|, among which the encyclopedic
treatise by Samko, Kilbas & Marichev [89] is the most prominent.

Furthermore, we draw the attention of the reader to the treatises by Davis [17],
Erdélyi [36], Gelfand and Shilov [43], Dzherbashian [25, 26], Caputo [16], Babenko
[8], Gorenflo and Vessella [45], which contain a detailed analysis of some mathematical
aspects and/or physical applications of fractional calculus, although without explicit

mention in their titles.

1.4 Journals

There are three journals in the subject: ”Journal of Fractional Calculus”, ”Fractional
Calculus and Applied Analysis” and the recent one ”Fractional Dynamic Systems”.
These journals publish work exclusively on fractional calculus and analysis. Spe-
cial issues are also being published in other journals (like : Advances in Difference

equations) from time to time.



1.5 First conferenc

Fractional calculus may also be considered as a novel topic, since only from a little
more than twenty years it has been the subject of specialized conferences and treatises.
For the first conference the merit is ascribed to B. Ross who organized the First
Conference on Fractional Calculus and its Applications at the University of New

Haven in June 1974, and edited the proceedings, see [87].

1.6 Fractional Differential Equations

Fractional differential equations have been of great interest recently because of both
the intensive development of the theory of fractional calculus itself and the applica-
tions of such constructions in various sciences such as physics, mechanics, chemistry,
finance, engineering, possibly including fractal phenomena, etc. For details,the reader
is referred to the monographs of Lakshmikantham et al. [62], Miller and Ross [73]
and Samko et al. [89], Podlubny [83], Kilbas [55] and the papers of Diethelm et al.
[21, 22, 23], Gaul et al [42], Glockle and Nonnenmacher [44], Mainardi [67], Metzler
et al. [71], Momani and Hadid [75], Momani et al. [76], Podlubny et al. [84], Yu and

Gao [99] and the references therein.



1.7 Physical Systems

It should be noted that there are a growing number of physical systems whose behavior
can be compactly described using fractional-order system theory. Of specific interest
to engineers are viscoelastic materials [12, 57, 58, 92], electrochemical processes [50,
94], long lines [48], dielectric polarization [93], colored noise [69], and chaos [46]. With
the growing number of applications, it is important to establish a clear initialized
system theory for these fractional-order systems, so that it may be accessible to the

general engineering and scientific communities.

1.8 First experiments and interpretations

Four decades ago engineers were ignoring fractional derivatives and avoided dealing
with them directly because of their complexity and sometimes inconsistency. There
was no solid basis as their study is very different from the integer order case. The
interest to fractional calculus has been accelerated in the past three decades after the
publication of the three papers of Bagley and Torvik [9-11] and the paper by Podlubny
[83]. The authors proved by experiments that when using fractional derivatives for
viscoelastic materials leads to:

- experimental data (amplitude/frequency and dispersions) are in agreement within
a broad frequency range,

- time domain responses as stress relaxation and creep are well represented,

- the number of parameters is significantly reduced.



In addition to that, Podlubny established in [85] a geometric interpretation of the

fractional integral and a physical interpretation of the fractional derivative.

1.9 Different kinds of derivatives

Several kinds of fractional derivatives have been defined: The Riemann-Liouville,
Weyl, Weyl-Liouville, Chen, Bessel, Marchaud, Grunwald-Letnikov, Dzerbashyan,
Hadamard derivative, etc... The first two are the most used ones. The first one is
commonly used especially by mathematicians but it does not work with the usual
initial conditions as the physical meaning of initial fractional derivatives is not clear
and there are no ways how to measure them. Solutions must behave like the inverse of
a power type function nearly the initial point. Physicists and engineers preferred the
Caputo derivative which is compatible with the usual initial conditions although we

can find nowadays several tentative justifying the use of fractional initial conditions.

1.10 Usefulness of fractional calculus

Fractional calculus has attracted a large number of researchers and has become very
popular in numerous fields of sciences and engineering. It has been shown that frac-
tional derivatives and fractional integrals are very successful in describing for instance
anomalous kinetics and continuous time random walks. In general it has been con-
firmed that fractional derivatives are more suitable and adequate than derivatives of

integer orders for the description of properties of many materials (especially materi-



als with memory) and hereditary phenomena and processes. There are many other
complex systems in atmospheric diffusion of pollution, network traffic, anomalous dif-
fusion, chaotic processes, biology, medicine, modeling and identification, electronics
and wave propagation, mechanics, astrophysics, signal processing, chaotic dynamics,

optics and porous media where fractional calculus has applications.

1.11 History of the problem

For the Riemann-Liouville Fractional Differential Problem (R-L FDP)

(Dgﬂry) () = flz,y(@)], z2>a, 0<a<l

(1.1)
(De'y) (at) = ¢,
and the Caputo Fractional Differential Problem (C FDP)
(“Dgyy) (2) = fz,y(@)], >a, 0<a<l o)
1.2

y(at) =c,

we may quote almost all the papers in our references.

Most of these publications are concerned with the issue of existence and uniqueness.
We can cite the first work of Pitcher and W. Sewell [82] who in 1938 studied the
nonlinear fractional differential equation (1.1) when f is bounded and Lipschitz con-
tinuous with respect to y. But special cases of f have been treated before that by

some researches such as O’Shaughnessy [80] (1918), Post [86] (1919) and Mandelbrojt



[70] (1925).

The R-L FDP (1.1) was studied for the first time by Al-Bassam [6] (1965) in the
space of continuous functions when f is a real-valued continuous and Lipschitz in a
certain domain.

Then we can find the papers of Al-Abedeen [4] and Al-Abedeen and Arora [5], Arora
and Alshamani [7], Tazali [95], Tazali and Karim [96] when the nonlinearity satisfies
a generalized Lipschitz condition using different methods. We also quote the works of
Leskovskij [64], Semenchuk [90], Luszczki and Rzepecki [66], El-Sayed and El-Sayed
and collaborators [27-35]. In almost all these publications there was a serious prob-
lem regarding the equivalence between the Fractional Differential Problem and its
corresponding Integral Equation. These publications were followed by many others
written by Delbosco and Rodino [18], Hayek et al. [47], Podlubny [83], Kilbas et al.
[51,52], Diethelm and Ford [24], Kilbas and Marzan ([53] and [54] where the equiva-
lence was proved rigorously, using successive expansion and fixed point theorems. In
parallel we can find many works on special nonlinearities f, the linear case and also
on fractional differential problems involving other types of fractional derivatives than
the Riemann-Liouville fractional derivative.

More recently, in addition to the Picard-type iterative process and the approximate-
iterative method by Dzjadyk, several kinds of fixed point theorems have been used in
[2,14,3,53,98,65,99,97,54,59,61,13,24,78,91,100].

Some stability results have been established in [1], [34], [27-34], [56], [35], [37], [77].
Finally we mention that the quasilinearization method has been generalized to the

fractional order case in [19,20].



1.12 Our contribution

In [49], Hilfer introduced a new type of fractional derivative which we name after him

in this thesis

a —o) 4 1-p(1-a
(D2) (0 = (12272 1570 ) (o), (1.3

This fractional derivative may be viewed as interpolating the Riemann-Liouville deriv-
ative and the Caputo derivative in the sense that for 5 = 0 we recover the Riemann-
Liouville fractional derivative (1.1) and for § = 1 we find the Caputo fractional
derivative (1.2).

We intend to study the basic fractional differential problem with the fractional deriv-

ative of Hilfer type :

( 2‘fy)(a:):f[x,y(a:)],x>a, O<a<l, 0<B8<1

(170 ) (@) = e

(1.4)

In this thesis we are interested in problem (1.4). It had appeared for the first time in
[49] but we could not find any mathematical basic treatment (well-posedness, stability,
asymptotic behavior, ...) for this problem.
The topics to be covered in this thesis are the following

- Existence and uniqueness of solutions

- Some stability issues

- Non-existence and/or blow up of solutions.

As it is mentioned earlier, the equation with Riemann-Liouville derivative or Caputo



is supplemented by an initial value condition which depends on the considered type of
fractional derivative. These two problems are mathematically and physically differ-
ent. Nevertheless, we hope that our investigation will lead to some sort of unification
of both treatments.

For the existence and uniqueness we will first establish an equivalence between the
FDP (1.4) and an integral equation. This integral equation will determine the oper-
ator T' for which we apply later a suitable fixed point theorem. We will follow the
nice proof in the book of Kilbas et al. [55] where they first establish the equivalence
between the Fractional Differential Problem and its corresponding Nonlinear Volterra
Integral Equation, then using the contraction principal they establish the existence
and uniqueness of a solution.

This equivalence is crucial and more important is the space where it holds true. This
space is delicate and should be carefully selected as fractional derivatives (apart from
Caputo fractional derivative) cause some regularity problems as they (and the func-
tions) may be singular at the initial point.

For the stability we will exploit the “initial decay” of solutions, that is the behavior
of solutions nearby the initial point and determine sufficient conditions on the non-
linearity which allow us to push and keep this behavior for all time in case of global
existence. We apply some desingularization techniques to be able to use a singular
version of the Gronwall inequality.

There are several ways to investigate the non-existence and the blow up of solutions.
We use the test function method developed by Pohozaev and Mitidieri [74]. This
technique is very efficient and it has been used successfully for the case of Riemann-

10



Liouville fractional derivative. It works perfectly for a polynomial source. We will
follow in particular the paper by Laskri and Tatar [63].

This thesis is organized as follows:

In chapter two, we present the basic definitions, lemmas, properties and notation
needed later in this thesis. In chapter three, the existence and uniqueness of a solu-
tion, a stability result and a non-existence result are stated and proved. The same
kinds of questions are addressed for the corresponding Hilfer-Hadamard type problem

in chapter four. Some recommendations for future work are presented in chapter five.

11



Chapter 2

PRELIMINARIES
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In this chapter we present some definitions, lemmas, properties and notation which

will be used in our theorems later.

2.1 Spaces of Integrable Functions and Weighted

Continuous Functions

In this section we present the definition of p-integrable functions, weighted p-integrable
functions and some weighted spaces of continuous functions. We also give some char-
acterizations of these modified spaces which will be used later. Moreover, some im-
portant embeddings are stated.

Definition 2.1.1. [55, p. 1]: Let Q = (a,b) (—o0 < a < b < o0) be a finite or infi-
nite interval of the real axis R = (—o0, 00). We denote by L, (a,b) (1 <p < oo) the
set of those Lebesgue real-valued measurable functions f on [a,b] for which || f|, < oo,

where

b 1/p
||fup=(/ !f(t)!pdt> Cl<pes,

and

[fllo = ess sup |f ()]

a<z<b

Here ess sup | f (z)] is the essential supremum of the function |f (z)|.
Definition 2.1.2. [55, p. 1]: The space X?(a,b) (¢ € R, 1 < p < 00) consists

of those real-valued Lebesgue measurable functions g on (a,b) for which | g||x» < oo,

13



where

b dt 1/p
lolhe = ([ 1o ) L 1sp<o0 cer
a

and

19]l xoo = ess sup |2 (z)], c € R.
a<z<b

In particular, when ¢ =1/p we see that X7, (a,b) = L, (a,b).

Definition 2.1.3. [55, p. 3|: Let Q = [a,b] (w00 < a < b < ©0) and m €
No = {0,1,...}. We denote by C™ (Q2) the space of functions f which are m times

continuously differentiable on 0 with the norm

[ fllem = Z::o Hf(k)”C = Zm max | f* (a:)! ., m € Np.

k=0 z€Q

In particular, for m =0, C°(Q) = C () is the space of continuous function f on €
with the norm

Il = max|f (x)].

Definition 2.1.4. [55, p. 4]: Let Q = [a,b] be a finite interval and 0 < v < 1, we

introduce the weighted space C. [a,b] of continuous functions f on (a, ]
C,la, b ={f:(a,b] = R: (x —a)" f(z) € Cla,b]}.
In the space C. [a,b], we define the norm

IFlle, = @ =a)" f(@)lc, Cola,b] = Cla,b].

14



Definition 2.1.5. [55, p. 4]: For n € N we denote by C7 [a,b] (0 < v < 1) the
Banach space of functions f which are continuously differentiable on |a,b] up to order

n — 1 and have the derivative f™ of order n on (a,b] such that f™ € C, [a,b]
Crla,b] = {f € C" ' [a,b] : ™ € C,[a,b]},
with the norm

1£ley = D17l + e, > CF lasbl = Cyfa,b].
k=0

From this definition we have the following characterization of the space C7 [a, b].
Lemma 2.1.1. [55, p. 4]: Let n €EN={1,2,...} and 0 <~y < 1. The space C7 |a,b]

consists of those and only those functions f which can be represented in the form

1

f) = oy [ = e Y o=t

where ¢ € C [a,b] and ¢ (k=0,1,...,n — 1) are arbitrary constants.

Moreover,

Definition 2.1.6. [55, p. 4]: Let Q = [a,b] (0 < a < b < o0) be a finite interval

and 0 <~ < 1, we introduce the weighted space C, o4 [a,b] of continuous functions g

15



on (a, b

Criog 0,8 = {9+ (a,6] = R: (log 2)79 (x) € Cla,b]}.

In the space C. 104 [a,b], we define the norm

Il

,log

- H (10g 2)79@)“07 Coog [a,b] = C'la, b].

Definition 2.1.7. [55, p. 5]: Let § = x% be the §-derivative, for n € N we denote
by C§. la,b] (0 <~ < 1) the Banach space of functions g which have continuous

d-derivatives on [a,b] up to order n — 1 and have the derivative §"g of order n on

(a,b] such that §"g € C, 10 [a, b]
Cs., la,b] = {5kg €Cla,b], k=0,..,n—1, 0"g€ C,log [a,b]}

with the norm

n—1

lgllcy. =D l18°glle + 16"gllc. ,, -
k=0

When n =0 we set

(Jg7 [a,b] = C., 10g [a, D] .

From this definition we have the following characterization of the space Cy [a, b].
Lemma 2.1.2. [55, p. 5]: Let 0 < a < b < oo, n €Ny = {0,1,...} and 0 <

v < 1. The space C§, [a, b] consists of those and only those functions g which can be

16



represented in the form

o) = Gy (o) w0 G+ 3 (e )

where ¢ € C.y10g [a,b] and d (k=0,1,....,n — 1) are arbitrary constants.

Moreover,

_ (0°9) (a)

X (k=0,1,....,n—1).

From the Definitions 2.1.3 to 2.1.7 we have the following embeddings.
Property 2.1.1. [55, p. 5]: Let n € Ny = {0,1,...} and let pu, and p, be real
numbers such that

0<py <pp <l

The following embedding hold:
C" [a,b] — C, [a,b] — C}, [a,b],

with
e, < K g, K =min 1,06 - =™
C§ [a,b] — CF, [a,0] — CF, [a, 0],
with

) b Ho—Hq
Fles,, < Kl ey, #s=win |1, (102) .

17



In particular,

Cla,b) — C,, [a,b] — Cy, [a,b],

with

1Fllo,, < (6= al* ™ Il
Cla,b] — pi1,log [a, b] — fia,log [a, 0],

with

b Ho—H1
“”%MSQ%J £l .

Definition 2.1.8. [55, p. 24|: The Euler gamma function T'(z) is defined by the

so—called Euler integral of the second kind:
I'(2) :/ t=te7tdt, z >0,
0

where t7~1 = elz—1)logt,

2.2 Riemann-Liouville Fractional Integrals and Frac-

tional Derivatives

In this section we introduce the definitions of the Riemann-Liouville fractional inte-
grals and fractional derivatives on a finite interval of the real line and present some
of their properties in the space of continuous functions.

Definition 2.2.1. [55, p. 69]: Let Q = [a,b] (—o00 < a < b < o0) be a finite

18



interval on the real axis R. The Riemann-Liouville left-sided fractional integral 1, f

of order a > 0 s defined by

(Lo f) () = F(la) /: @ f%)l_adt, (a<x<b, a>0)

provided that the integral exists. Here I'(a) is the Gamma function. When a = 0, we

set

I f =

Definition 2.2.2. [55, p. 69]: Let Q = [a,b] (—00 < a < b < o) be a finite
interval on the real axis R. The Riemann-Liouville right-sided fractional integral

I f of order a > 0 1is defined by

1 t
(L= f) (x) == )/(t ) ~dt, (a<x<b, a>0)
provided that the integral exists. When o = 0, we define
Bi=7

Definition 2.2.3. [55, p. 70]: Let Q = [a,b] (—00 < a < b < o0) be a finite
interval on the real axis R. The Riemann-Liouville left-sided fractional derivative

D¢ f of order a (0 < o < 1) is defined by

d

(D2.f) (@) = (155°1) (@)
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that is

(Dg f) = ﬁ%/j (xf_(ti)adt (x>a, 0<a<l),

when a = 1 we have Dy, f = Df. In particular, when o = 0, then
D2+f - f

Definition 2.2.4. [55, p. T0]: Let Q = [a,b] (—o00 < a < b < o) be a finite
interval on the real axis R. The Riemann-Liouville right-sided fractional derivative

Dy f of order a (0 < a < 1) is defined by

(0% d —Q
(D5-1) (@) = === (17°F) (@)
that is
1 d [ f®)
DYfy=————— dt (a < b, 0 1).
(Di-f) F(l—oz)dac/x Goap @sz<bl<a<l)
In particular, when o =0, then
[

It can be directly verified that the Riemann-Liouville fractional integral and fractional
derivative of the power function (z —a)’~' (8 > 0) yield the same power function
with o added or subtracted from the power § > 0 with a certain coefficient in front

of this power function.
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Property 2.2.1. [55, p. 71]: If a >0 and 8 > 0, then

(D2t =) ™) (@) = R

In particular, if 6 =1 and a > 0, then the Riemann-Liouville fractional derivative

of a constant is not equal to zero:
<D3+1) () =
Property 2.2.2. [55, p. 72]: If 0 < o < 1, then
(Dg, (t— a)a_l) (x) = 0.

Lemma 2.2.1. [60, p. 6]: If 0 < v < 1, then the fractional integration operator

I¢, of order a (v > 0) is bounded in C, [a,b] :

el F(l _’Y) o\«
||[a—|—ch,Y S F(l + o _7) (b Cl) ”gHC,Ya

here I, is the Riemann-Liowville fractional integral operator and g € C. [a,b].

Furthermore, we have the following important lemmas.
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Lemma 2.2.2. [60, p. 6]: The fractional integration operator I$, of order o

(a > 0) is a mapping from C[a,b] to C[a,b], and

(b—a)”
ol < S ol

where g € C'|a, b].
Lemma 2.2.3. [60, p. 5]: Let 0 <y <1l,a<c<b, geC,la,c| and g € Clc,b].

Then g € C, [a,b] and

9]¢, 0y < m2x [lgllo g » 0 = 0 Il -

Now we consider some other properties of the Riemann-Liouville fractional integral
(Definition 2.2.1) and the Riemann-Liouville fractional derivative (Definition 2.2.3)
in the space C, [a,b] and C7 [a,b] defined in Definition 2.1.4 and Definition 2.1.5,
respectively. The existence of the fractional integral I, f in the space C, [a,b] and
the fractional derivative D, f in the space C7 [a, b] are given by the following lemmas.
Lemma 2.2.4. [55, p. 76]: The following hold

(a) Let o« >0 and 0 <~y < 1.

If v > «, then the fractional integration operator I, is bounded from C, [a,b]
into Cy_q [a,b] :

18 M, <k llfle, -

I'(1—-7)

e
P T(+a—7)
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In particular I$, is bounded in C., [a,b].
(b) If v < a, then the fractional integration operator IS, is bounded from C. [a, b]
into C'[a,b] :

HI(?Jerc < ks ||f||o7 )

[(1-9)

kQ = (b — GJ)OL_’y m

In particular I$, is bounded in C. [a,b].
Lemma 2.2.5. [55, p. 77]: Let 0 < a <1and 0 <y < 1. If f € CJ, then the
fractional derivatives D%, and Dy exist on (a,b] and [a,b) respectively, and can be

represented in the forms

uﬁwazruiw{@T%a+lxi@$}

and

a _ 1 f () " t)dt
(Db*f)(x)_l—x(l_oé) [(b_x)a_/m (t_:c)a:|7

Lemma 2.2.6. [55, p. 77|: (The Semigroup Property of the fractional integration

operator I$,) Let o« >0, >0 and 0 <y < 1. If f € C,a,b] then the equation
LIl f =100 f

holds at any point x € (a,b]. When f € C'la,b] this relation is valid at any point
x € [a,b].

The following assertion shows that the fractional differentiation is an inverse operation
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to the fractional integration from the left.
Lemma 2.2.7. [55, p. 77]: Let « >0 and 0 <~y < 1. If f € C,la,b], then the

relation

Dg+]3+f =f

holds at any point x € (a,b]. When f € C'la,b] this relation is valid at any point
x € [a,b].

Another composition property between the fractional differentiation operator (Defi-
nition 2.2.3) and the fractional integration (Definition 2.2.1) is given next.
Property 2.2.3. [55, p. 77]: Let a> >0 and 0 <y < 1. If f € C,la,b], then

the relation

DL IS f=10F

holds at any point x € (a,b]. When f € C'la,b] this relation is valid at any point
z € [a,b]. In particular, when B =k €N and o > k, then DF I f=1I27"f.

The following result provides another composition of the fractional integration oper-
ator I, with the fractional differentiation operator Dy, .

Lemma 2.2.8. [55, p. 77]: Let 0 < a < 1,0 < v < 1. Also let I,;°f be the
fractional integral of the function f of order 1 — a.

If feCyla,b] and I,7°f € Cl [a,b], then the equality

(L= f) (a)

([51+D(Cl¥+ )(.%'):f(l'>— F(a)

holds at any point x € (a,b].
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Lemma 2.2.9. [55, p. 76]: (Fractional Integration by Parts) : Let o > 0, p > 1,
qg>1 and i%—% <1l+4+a(p#1andq+#1 in the case when i—l—% =1+4+a) If

v € L,(a,b) and ¢ € L, (a,b), then

[ @) @r= [ 0@ (1) @ar

2.3 Hadamard Type Fractional Integrals and Frac-

tional Derivatives

In this section we present the definitions and some properties of the Hadamard type
fractional integrals and fractional derivatives which will be involved in the problems
investigated later.

Definition 2.3.1. [55, p. 110]: Let (a,b) (0 < a < b < o00) be a finite or infinite
interval of the half-axis R and let o« > 0. The Hadamard left-sided fractional

integral J2 f of order o > 0 1s defined by

(T4 1) (2) :zﬁ/j <log%>a1f(?dt (a <x <b)

provided that the integral exists. When a = 0, we set

jao+f:f-
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Definition 2.3.2. [55, p. 110]: Let (a,b) (0 <a < b < 00) be a finite or infinite
interval of the half-axis R™ and let o« > 0. The Hadamard right-sided fractional

integral JX f of order o > 0 is defined by

(T f) (x) = ﬁ/: (10g£)a1 f(? at (a <z <b)

provided that the integral exists. When a = 0, we set
Jf=f

Definition 2.3.3. [55, p. 111]: The left-sided Hadamard fractional derivative of

order 0 < a <1 on (a,b) is defined by
(D21) (@) = 6 (T27°F) (@),

that is

(Dgr f) (x) = (x%)ﬁ/j <log%)_af<?dt (a<x<b).

In particular, when o = 0 we have

RS f.
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Definition 2.3.4. [55, p. 111]: The right-sided Hadamard fractional derivative of

order o (0 << 1) on (a,b) is defined by

(Dy-£) () := =6 (T, *f) (),

that is

(D2 f) (z) = — (:%) ﬁ/b <log é)ﬂ f(? @t a<z<b)

In particular, when o =0 we have

DYt

It can be directly verified that the Hadamard fractional integral and fractional deriv-
ative of the logarithmic function (log f)ﬁfl yield the same logarithmic function with
« added or subtracted from the power with a certain coefficient in front of the loga-
rithmic function.

Property 2.3.1. [55, p. 112]: If a >0, >0 and 0 <a < b < oo, then

(90 (o) ) 1= P e

and

( ar (10g 2 )6—1> (z) = % (10g g) ot
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In particular, if f = 1 and o > 0, then the Hadamard fractional derivative of a

constant is not equal to zero:

when 0 < a < 1.
Lemma 2.3.1. [55, p. 113]: If 0 < a <1 and 0 < a < b < oo. The equality
(D2, y) (z) =0 is valid

y(z)=c (10g g)a_l

for any c € R.

The Hadamard fractional integra (Definition 2.3.1) satisfies the following semigroup
property.

Property 2.3.2. [565, p. 118]: Let « >0, 5>0and 0 < pu < 1. If 0 < a < b < oo,
then, for f € C,oq [a,b]

JET f =T f

holds at any point x € (a,b]. When f € C'la,b] this relation is valid at any point
x € [a,bl.

Compositions between the fractional differentiation and fractional integration opera-
tors are given in the following properties.

Property 2.3.3. [55, p. 118]: Let a« > § > 0. If f € C,iela,b] and
0<a<b<oo then

Dgef=0%"f
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holds at any point x € (a,b]. When f € Cla,b] this relation is valid at any point
x € [a,bl.

In particular, when 0 =k € N and o > k, then
Déﬁjaoifz jao_fk .

The Hadamard fractional derivative is the left inverse operator to the corresponding
fractional integral.
Property 2.3.4. [55, p. 116]: Let « > 0. If 0 <a <b < oo and f € Cp 104 [a, ]

then

DeJAf = we(ab]

The following result provides a formula for the composition of the fractional differ-
entiation operator D¢, with the fractional integration operator J . It shows that
fractional differentiation is not the right inverse operator of the fractional integral in
general.

Theorem 2.3.1. [55, p. 119]: Let 0 < a <1 and 0 <a <b < oco. Also let J'7*f
be the Hadamard fractional integral of the order 1 — « of the function f.

If feChiogla,b] and jalfo‘f € Cr%,u [a,b], then

(TaDe ) () = f (2) - % (105 2)""

holds at any point x € (a,b]. If f € Cla,b] and J5*f € C}la,b], then the relation

holds at any point x € |a, b].
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Now we consider the properties of the Hadamard fractional integral and the Hadamard
fractional derivative in the spaces C 105 [a,b] and Cj , [a, ] (see Definitions 2.1.6 and
2.1.7). The existence of the fractional integral J¢ f in the space C,, 10g [a, ] and of the
fractional derivative D{, y in the space Cg} .. [a, b] are given by the following assertions.
Lemma 2.3.2. [55, p. 118]: Let 0 <a<b<oo,a>0and 0 < p < 1.

(a) If > a > 0, then the fractional integration operator J<. is bounded from

Cliiog [a,b] into Cp_qog [a, b]:

1T+ Flle < k[l flle

p—olog w,log

where
b\ T(1—p)
kk=|log— | ————.
! (g> T +a—/]

In particular, J% is bounded in C)0q [a, b].
(b) If 11 < «, then the fractional integration operator J2. is bounded from C,,1o¢ [, U]
into C'[a,b]:

1Ta flle < k2 ([ flle

w,log

where

In particular, J?% is bounded in C)oq |a, b].

Lemma 2.3.3. [55, p. 118]: Let 0 <a<land 0 <y < 1. If f € C’i a,b|, then

Jlog [

the fractional derivatives D, and Dy exist on (a,b] and [a,b), respectively (a > 0)
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and can be represented in the forms

(D2 f) () = % (10g2) "+ ﬁ / " (1og I wa
and

(D5 0) = s o 9) ~rr= [ b (100 g) 7 ().
respectively

Lemma 2.3.4. [55, p. 118]: The Hadamard fractional integration operator J?% of

order o (v > 0) is a mapping from C [a,b] to C [a,b] and

(log 2)"

[Tl gy < ol (a) 191l ¢

where g € C'|a, b].
Lemma 2.3.5. [60, p. 7]: Let 0 <y <1,0<a<c<b< oo, g€ C,gla,c| and

g€ Cle,b]. Then g € C,0q [a,b] and

b Y
9ot < 5 { ol - (1087 Tl -

Lemma 2.3.6. [15, p. 13] (Fractional Integration by Parts): Let o > 0 and

1<p<oo. If p€ L,(R") and ¢ € X?, | then

1/p’

[ e @@= [Te@ @) @
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1,1
where 5—1-5—1.

2.4 Caputo Fractional Derivative

In this section we present the definitions of the Caputo fractional derivative “D¢, f and
Hadamard-Caputo fractional derivative “D<, f of order o (0 < v < 1), respectively.
Definition 2.4.1: Let [a,b] be a finite interval of the real line R. The fractional

derivative DS, f of order o (0 < v < 1) on [a,b] defined by

"Dy, f = IL.°Df

where D = %, is called the Caputo fractional derivative of f of order a (0 < a < 1).
Definition 2.4.2: Let (a,b) be a finite interval of the half-axis R*. The fractional

derivative D, f of order o (0 < a < 1) on (a,b) defined by

Dif = T}

where § = x%, is called the Hadamard—Caputo fractional derivative of order o.

2.5 Some Important Results

In this section we present some other important definitions, lemmas, theorems and
properties. These will determine the assumption, tools and the methods utilized in

our results later.
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Definition 2.5.1. [60, p. 3]: (Lipschitz condition) Assume that f[.,y(.)] is
defined on the set (a,b]x G (G CR). f[.,y(.)] is said to satisfy the Lipschitz condition
with respect to the second variable, if for all x € (a,b] and for any y1,y2 € G CR one

has

|f [2,on] — [l ge]l < Alyr — val

where A > 0 does not depend on x € (a,b]. In this case we say that the function is
Lipschitz continuous with respect to y with Lipschitz constant A.

Lemma 2.5.1. [72, p. 23]: If A\, v, w > 0, then for any t > 0, we have
t
/ (t—s)" "t M e ds < Ot

0

where C' is a positive constant independent of t. In fact,
C=max{1,2"""}T(A) 1+ A(A+1) /v)w .
Lemma 2.5.2. [41, p. 581]: We have, for positive a, b and v > 1, the inequality
(a+b) <2771 (a” 4+ b).

Lemma 2.5.3. [81, p. 126]: Let a, b be two continuous, positive functions defined
on [tg,0), tg > 0, and w : [0,00) — [0,00) be a continuous monotonic nondecreasing

function such that w (0) = 0 and w (x) > 0 for x > 0. If u is a positive differentiable
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function on [tg,00) that satisfies

u'(t) <a(t)w(u(t) +b(t), e lt,o0),

then we have

u(t) <G™! {G (u (to) + /t:b(s) ds) —|~/t:a(s) ds} :

for the values of t, for which the right-hand side is well-defined, where

G(r):/ %, r >rg>0.

Theorem 2.5.1. [55, p. 68]: (Banach Fized Point Theorem) Let (U,d) be a
nonempty complete metric space, let 0 < w < 1, and let T : U — U be a map such

that, for every w,v € U, the relation
d(Tu, Tv) <wd(u,v), 0 <w<1

holds. Then the operator T has a unique fixed point u* € U.

Furthermore, if TF (k € N) is the sequence of operators defined by

T' =T and T" = TT"* (k € N\ {1}),
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then, for any uy € U, the sequence {Tku()}lil converges to the above fized point u*.
Theorem 2.5.2. [63, p. 1268] : (Young’s inequality) If a and b are nonnegative
real numbers and p and q are positive real numbers such that 1/p+1/q =1 then we
have

a? bl

ab < — + —.
b q

Equality holds if and only if aP = b1.
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Chapter 3

Fractional Differential Problems
with Hilfer-Riemann Fractional

Derivative
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This chapter is devoted to proving the existence and uniqueness of solutions to a
Cauchy type problem of fractional order on a finite interval of the real axis in a
weighted space of continuous functions.

Also a stability result and a non-existence result are stated and proved with Hilfer
type fractional derivative.

We consider the Cauchy type problem

(Dg‘fy>(x):f[x,y(a:)],x>a, 0<a<l 0<p<1

(3.1)
(]élfﬁ)(l_a)y> (a) = c.
in the space Cfﬁ [a,b] defined for y =a+ —af (0<a,8 < 1) by
CP Ja,b) = {y € O [a,b], D’y € O [, b]} , (3.2)
and
Ciy—'y [CL, b] = {y € Cl—W [CL, b} aDZ+Z/ € 01—7 [CL, b]}
We recall that C;_, [a,b] is the weighted space of continuous functions on (a, 0]
Ci_yla,b] = {g: (a,b] = R: (z — a) g (x) € Cla, b}, (3.3)

and

a o d 1o
(D2) () = (1207 L1870 ) 0
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is the Hilfer fractional derivative of order 0 < o < 1 and type 0 < 3 < 1.
Our investigations are based on reducing the considered problem to a Volterra integral
equation of the second kind

c(z— a)(afl)(lfﬁ) 1
I'(a+ B —ap) * I'(«

y(z) = ) / 0 fly @) 2> a0, (3.4)

and on using the Banach fixed point theorem.

3.1 Equivalence of the Cauchy Type Problem and

the Volterra Integral Equation

In this section we prove the equivalence between the Cauchy type problem (3.1) and
the nonlinear Volterra integral equation (3.4) in the sense that, if y € C]_ [a, ]
satisfies one of these relations, then it also satisfies the other one. To establish such a
result, we assume that a function f [, y (.)] belongs to Ci_, [a, b] for any y € C_, [a, b].
For this we need the auxiliary assertion.
Lemma 3.1.1: Let a > 0,0 <~y <1 and f € C,[a,b

If v < « then

(I8 f) (@) = lim (12, f) () =0, 0<~y<a.

r—a

Proof : Since f € C, [a,b] then (z — a)” f (x) is continuous on [a,b] and on [a, b] we
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have

(& —a)” f(z)] < M,

for some positive constant M.

Therefore

M (12, (t—a) ) (@) < (I8 f) (&) < M (12, (¢ — a) ) (a)

and by using Property 2.2.1 (with § =1 — v > 0) we have

MO (- a)* T < (10 f) (2) < Ma 2o (z—a)* 7

I(o+1—7) T(a+1—7)

As a0 > v we see that

(12, f) (@) =lim (I2 f) (z) =0, 0<y<a

r—a

which completes the proof of Lemma 3.1.1.

Theorem 3.1.1: Let v = a+ f —af where 0 < a < 1 and 0 < g < 1. Let

f: (a,b] xR—R be a function such that f|.,y(.)] € Ci_,[a,b] for any y € C1_, [a,b].
If y € C]_ [a,b], then y satisfies the (CFDP) (3.1) if and only if y satisfies the

(IE) (3.4).

Proof : First we prove the necessity. Let y € C]__ [a,b] be a solution of problem

(3.1). We want to prove that y is also a solution of the integral equation (3.4). It is
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clear, by the definition C7__ [a,b] above and Definition 2.2.3, that

D) y=D(I,;y) € Ci_,[a,b], Ily=y,

and by Lemma 2.2.4(b) we have I.."y € C[a,b] since y € C,_,[a,b. Then by
Definition 2.1.5 we have

Ly el [a,b].

Thus we can apply Lemma 2.2.8 to get

(D) () = y (@) = S 5 =) (3.5)
(I D3) (2) =y () = s o = o)™ (3.6)

where ¢ comes from the initial condition in (3.1). By our hypothesis f[.,y(.)] €
Ci—4 |a,b], and Lemma 2.2.1, we see that I¢, f € Ci_, [a,b]. Applying the operator

I, to both sides of (3.1) we get

18 120N (DY ) = 12, f [,y ()]

As we can apply lemma 2.2.6 to get

(17D y) (@) = 12 f [, y(@)
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or

(134 Dayy) () = (I3 f [ty (D)) (2), @ € (a,b]. (3.7)

From (3.6) and (3.7) we obtain

y(r) = (& —a)" + (Ig f [ty (D)) ()

which is the equation (3.4), where v = a+ 3 — a3, and hence the necessity is proved.
Now we prove the sufficiency. Let y € C)__ [a,b] satisfy the equation (3.4), then
D],y exists and D) y € C_, [a,b]. Applying the operator D, to both sides of (3.4)

we find

(Dary) (2) = & ") (Day (¢ —a)™) (2) + (DA Lg [ty () (2) -

By using Property 2.2.2 and Definition 2.2.3 when 0 < v < 1, we have

(DLy) (0) = & (BT S by () @
L (1570 f ity )]) (@) (3:8)
= (DX by (1)) (@),

From (3.8) and D) y € Ci_, [a, b], we obtain that

(DA F Ity ]) € Cry o]
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Applying the operator [ 5}370‘) to both sides of (3.8) we get

(10 7D2,) () = (EE DX [ty (1) (2)
That is
L (150y) () = (1D 1y (]) (o).

By virtue of - (Iijg(l*a)f [ty (t)]) = <Df§r17a)f [ty (t)]) € Ci_ [a,b] and Lemma
2.2.4(b) we have (1;;50—0‘) f[t,y(t)]) € Cla,b] since fl,y()] € Ci_,[a,b] with

1—7<1-p3(1—-a). Hence by Definition 2.1.5 we have

(L7 F y (9)) € CL fa.b].

Then Lemma 2.2.8 allows us to write

(0" Ly 0)]) ()
EICE)

(D) (@) = £l ()] - (e —a)(39)

Lemma 3.1.1 (with v replaced by 1=y, aby 1 -5 (1 —a)and (1 —v) < 1-5(1 — a))
implies that

(R 1y (0)]) (@) =0

Hence the relation (3.9) reduces to

(D2y) = f e y(@)].
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Now we show that the initial condition in (3.1) also holds. To this end we apply the

operator 1.7 to both sides of (3.4)

(L) (@) = ﬁ(ﬁm—wﬂu (5T F Ty (D)) (2)

and use the Property 2.2.1 (with « replaced by 1 — v and by 7) and Lemma 2.2.6

to obtain

(1:7) (@) = e+ (L7 f by (1) (@) (3.10)

In (3.10), taking the limit as  — a, we obtain

(1) (@) = e+ (L7 Ly 0)) (@)

But (11 BO=) £y (t)]> (a) = 0 since f [,y (.)] € C1_, [a,b] (See Lemma 3.1.1) with

v replaced by 1 —~y and a by 1 — §(1 — «) where 1 —y <1 — (1 — «)). Therefore

(L") (a) = ¢

and sufficiency is proved.
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3.2 Existence and Uniqueness of the Global Solu-

tion to the Cauchy Type Problem

In this section we establish the existence of a unique solution to the Cauchy type
problem (3.1) in the space Cf‘;’i la, b] defined in (3.2) under the conditions of Theorem
3.1.1 and an additional Lipschitz condition on f[.,y (.)] with respect to the second

variable: for all x € (a,b] and for all y;, y» € G CR,

\fle, ] — floy)| <Ay —w|  (A>0), (3.11)

where A > 0 does not depend on = € (a, b|.
We use the Banach fixed point theorem (see Theotem 2.5.1) to prove the existence
and uniqueness in the appropriate space C’f‘ﬁ [a,b] where v = a + 5 — af.
Theorem 3.2.1: Let v = a+ 3 — af where (0 < a < 1, 0 < 5 < 1). Let
f: (a,b] x R—=R be a function such that f|.,y(.)] € Ci_,[a,b] for any y € C1_, [a, ]
and the Lipschitzian condition (3.11) holds with respect to the second variable.

Then there exists a unique solution y for the Cauchy type problem (3.1) in the
space C’f;ﬁv a, b].
Proof : First we prove the existence of a unique solution y in the space C;_, [a, b].
According to Theorem 3.1.1, it suffices to prove the existence of a unique solution

y € C1_, [a,b] to the nonlinear Volterra integral equation (3.4). Let us select x; such
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that the inequality

AT (v)

e - <, (312

1:

where A > 0 is the Lipschitz constant in (3.11), is satisfied. We start by proving
that a unique solution y € C;_, [a, z1] to equation (3.4) exists on the interval (a, z].
For this, we use the Banach fixed point theorem for the spaceC;_, [a, z;1], which is a

complete metric space with the distance given by

d(y1,92) = lly1 = alley jwy) = max [(@—a) 7 [yi(2) = yo ()]

z€la,r1]

The integral equation (3.4) takes the form

y(z) = (Ty) (z) (3.13)
where
(Ty) (x) = yo (x) + (I, fIt, y(t)]) (x) (3.14)
with
o () = (CV) (z—a)". (3.15)

Notice that 7" maps C)_, [a,z1] to itself. Since y, is clearly in Ci_, [a, 1] and
(12, ft,y(?)]) also is in Cy_ [a, 1] by Lemma 2.2.1 when y € Ci_, [a, z;]. Therefore

Ty e Ci_, a, z1].
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Moreover T is a contraction, that is

1Ty1 = Ty2lle, ey < wrllyr —v2llo, jam, 0 <wi <1 (3.16)

This follows from (3.14), (3.11) and Lemma 2.2.1 as follows

HTy1 —TyzHCH[a,m = H +f t 3/1 Ig+f[t7y2 (t)]HC&,V[a,xl]
< |22y 1Tt (8)] — f[t,y2(t)chlﬂ[am]
S (33'1 - a)a OH—’Y) ||f[t yl( )] - f[t? y2(t)]||01_,y[a,x1]

< Aln—a)* 2 0 (0) ~ 1e(0)ll6, g

< wy|jy(t) - ?/2(75)”01_4@@1] :

Our assumption (3.12) allows us to apply the Banach fixed point Theorem (Theorem
2.5.1) to obtain a unique solution y* € C}_,[a, x1] to the equation (3.4) on the interval
[a7 xl] .

Theorem 2.5.1 tells us that this solution y* is a limit of a convergent sequence 7™ yg

mhgéo HTmyS - y*HCl—v[avxl] =0

where y; is any function in C4_,[a, z1] and

(T™8) (&) = (TT"'y5) (&) = yo (&) + (I8, [t (T"'53) ()] (&), m € N
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It is convenient to take yj () = yo (x) with yo (x) defined by (3.15). If we denote by

Ym (7)== (T™"y5) (x), meN

then clearly

Tim iy = 4"ll6, a2 = 0-

Next, we consider the interval [z1 b]. From the equation (3.4) we have

y(@) = &5 @—a) "+ (18 f Ly 1) (2)
= iy @—a) + g L @ =07 [ty
= iy @-a F g L @0 [yt

o S = 0% flt, (o).

—

Since the function y (¢) is uniquely defined on the interval (@ z], the last integral can

be considered as the unknown function, and we rewrite the last equation as

1 z a—1
v = () + s / (z— 1) flty(0)]dt, (3.17)

1

where yo; () is defined by

and is a known function. We note that yo, () € C'[x1, b].

Next we prove the existence of a unique solution y € C'[z1,b] to equation (3.4) on
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the interval [xy1,b]. For this, we also use Banach fixed point theorem for the space

C' [z, x3], where x5 € (21, D] satisfies

C'[z1, 25 is a complete metric space with the distance given by

d(y1,92) = 191 = Wellog, vy = max fon(z) =2 ()]

z€[r1,22]

The integral equation (3.17) may be written shortly as

y(z) = (Ty) (z),

where the operator (again denoted by T') is given by

1 r o1
(Ty) (z) = yor (z) + ) / 1 (z —t)* f[t, y(t)]dt.

(3.19)

(3.20)

(3.21)

As in the first part of this proof, since yo; (z) € C [z1,22] and f [z, y ()] € C [x1, 23]

for any y € C'[z1,xs], then, by Lemma 2.2.2, We deduce that the integral in the

right-hand side of (3.21) also belongs to C' [z, x5], and hence Ty € C [z, x2).
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Moreover, using the Lipschitz condition (3.11) and applying Lemma 2.2.2, we find

1T = Tl ey = | E2 S lon (0] = 12 1 W“”qu )

< || 051t w00 = it w1

Clz1,z2]

< ot (@2 = 20 I O] = £t 52 (8] oy
< s (@ = 20)" 910 = 12Dl
S Wo Hyl(t> - y2(t>HC[a:1,CEQ] :

This, together with our assumption 0 < wy < 1, shows that T is a contraction and
therefore from Theorem 2.5.1, there exists a unique solution yj (z) € Clxy,z2] to
equation (3.20) and hence to (3.4) on the interval [z1,xs]. Notice that yj (1) =
y* (1) = yo1 (v1). Furthermore Theorem 2.5.1, guarantees that this solution is the

. . m,* .
limit of a convergent sequence Ty, :

nl:rréo 1T yg — yIHC[m,xz] =0

where g, is any function in C[z1,z5], which we can pick y3; () = yo1 (z) defined
by (3.18), if yo () # 0 on [z1, 23] we can take yj, (z) = yo (z) defined by (3.15).

Therefore

Tim |y, = Y1l oge, a0 = 0,

where
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If x5 # b, we consider the interval [zo, 23], such that z3 < b and

Using the same arguments as above, we derive that there exists a unique solution
ya (x) € C[x9, 23] to equation (3.4) on the interval [zq, 3] . If 23 # b, then we continue
the process until we reach a solution y(z) to equation(3.4), y(z) = v (x), and
yr (z) € Clzg, xp41] (k=1,...,L), where a = 2y < x1 < ... < 14 and

A
wk+1 - ar (a>

(Tpy1 — xp)" < 1,

and we take yo (x) = yor (x), and y§ () = y3, (z) (k = 1,...,L) on each interval

[k, Tk11] . Assume that b —a > Ff(ﬁi—a’;) (for otherwise take x1 = b). Then, divide

: I(a+9) al(a) | /® ~
the length of the interval [a+ AT ,b} by ( ) ) . Let M be that quotient. It
is clear that L = [M] + 1 and b is reached after a finite number of steps, ., = b.
Then, there exists a unique solution y (z) € C'[x1, b] to equation (3.4) on the interval
[x1,b].

Considering both parts of the solution in [a, 1] and [z1, b] as one single part on [a, b]
and taking into account Lemma 2.2.3, we obtain that there exists a unique solution
y (z) € C1_4 [a, b] to the Volterra integral equation (3.4) on the whole interval [a, b],

and hence y € C_, [a, b] is the unique solution to the Cauchy-type problem (3.1).

It remains to show that such a unique solution y € C;_, [a b] is actually in C’fﬁﬁw a, b].

To this end we need to prove that Df;fy € Ci_[ab]. Let us recall that our y is a
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limit of the sequence y,, (x), where y,, (z) = (T"yg) € Ci—, [ab] (where T is defined

by (3.14) for [a, x|, by (3.21) for [z, x5], etc...), that is

Tim g = ylle, g =0,

with the choice of certain y§ on each [a,z1],...,[z1,b]. If yo # 0, then we can take

Yo = Yo-

The equation in (3.1) and the Lipschitz condition (3.11), imply that

[y

= T, Ym| — J T,
e = Il = el

IN

A ||ym - yHCl,,Y[a,b]

and therefore

=0.

Jim || Dy, — Dy .
—~la,

We entail from this relation that D3y € Cy_,[a, b] if D&y € C1_[a, 0], m = 1,2, ...

This latter property holds from the relation

(T™yg) () = o () + (I, f [t (T y5) (1)]) (2), m e N

and the fact that flz,y(x)] € Ci_,[a,b] for any y € Ci_,[a,b]. This completes the

proof of Theorem 3.2.1.
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3.3 Stability of Hilfer Fractional Derivative

In this section we are consider with the following fractional differential problem with
weighted initial data

(O):—/Bu (t) =/ [tvu (t)] , t>0,
(3.22)

$0-BY1=0)y, () |, = b,

where Dgf is the Hilfer fractional derivative (HFD) of order 0 < o < 1 and type
0 < B <1,b e R*(the set of all real numbers except 0) and f is a continuous nonlinear
function with respect to both of its arguments. We exploit the “initial decay” that is
the behavior of solutions nearby the initial point and determine sufficient conditions
on the nonlinearity which allow us to push and keep this behavior for all time in case
of global existence.

We will assume the following hypotheses on the function f (¢, u):

(F) f(t,u) is a continuous nonlinear function on R™ x R and is such that

Fla@®)l <P o @ ™, p=0, m>1, o>0,

where ¢ is a continuous function on R™. As f [.,y(.)] is continuous, under the as-
sumption of Theorem 3.2.1 we have existence and uniqueness in the space C’f‘;ﬁ,y [0, 7]

for any T' > 0.

Let p and ¢ be conjugate exponents, i.e. pg =p+qgand \; :=1+p[p— (1 —~)m],
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A:=1+p(a—1)wherey:=a+pf—-af. Iffpu—(m—-1)(1—-7v)>0and ¢ > 1/a,

then A\; > 0 and Ay > 0. We denote by L the positive real number

mq/p

1 I? (o) (o)™

L:=
(m — 1) 2m(ma=1) |b|mq(mfl) 20— (A1) (1 + A1/ A2)

Theorem 3.3.1: Suppose that the hypotheses of Theorem 3.2.1 holds, f[t,u(t)]
satisfies (F) and pu— (m—1)(1—7) > 0. If ¢(t), ¢ (t)t™™P1=%) ¢ [9(0,00) for
some q > 1/, then there exists a positive constant C' such that the solution of (3.22)

satisfies |u (t)] < Ct'71 t > 0 where v = a + 8 — af3, provided that

ol ([ s sy as) <.
0

Proof : Let us consider the Volterra integral equation

v—1 1 ! a—1
u(t) = bt +m/0 (t— )" fls,uls)ds, >0, (3.23)

associated to problem (3.22). Multiplying both sides of (3.23) by ¢!~7 and using the

assumption (F) on f ([¢t,u (t)]), we get

7 Ju ()] < |b] + It‘(—_oj)/o (t —5)* " she™%p (s) |u (s)|™ ds, t>0. (3.24)

Let v denote the left-hand side of (3.24). Inserting the term s=7ms=(1=)™ ingide
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the integral gives

1—y t
v(t) < [b] + ! / (t — 5)* st mMmemT50 () 4™ (s) ds, t>0. (3.25)
I'(@) Jo

Now the Holder inequality with exponents p and ¢ yields

¢
/ (t — )" 1 gt A=Ime=o5 5 (5) ™ () ds
0

t 1/p t 1/q
< (/ (t — syl sp[“(lw)m]ep‘”ds) (/ o (s)v?™ (s) ds> , t>0.
0 0

The last term in the previous relation is finite for each ¢ fixed. This follows from the
fact ¢ is continuous and w is in Cy_, [0, 7.
Since \j —1=plp— (1 —7v)m], Aa—1=p(a—1) and A\, A2, po > 0, we may apply

Lemma 2.5.1 (with v replaced by Ay, A replaced by A\; and w replaced by po) to get

1/q

t t
/ (t _ S)0471 Su—(l—v)me—asw (S) o™ (S) ds S Clta—l (/ SOq (S) pd™m (S) dS) ,
0 0
(3.26)
where ('} is the constant appearing in Lemma 2.5.1 corresponding to the present

exponents. That is

(1-) “x] P
Cy = [20790 () (1L M (1) /9) (o) |7
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Combining (3.25) and (3.26) we entail that

t 1/q
v (t) < |b| + 7Py (/ o (s)vI™ (s) ds) : t>0, (3.27)
0

where Cy = Cy /T (). Multiplying both sides of (3.27) by t?(1~®) we obtain

1/q

t
0=y (1) < B[ £°0) + & ( / W(s)vqm(s)ds) o t>00 0 (328)
0

Let z () denote the left-hand side of (3.28). Inserting the term s~ #m/(1=a)gamB(1-a)

inside the integral gives

1/q

t
2 (t) < |b[tP079) 4 Oy (/ @7 (5) s~amB=a) am () ds) , t>0, (3.29)
0
and raising both sides of (3.29) to the power ¢, we get (using Lemma 2.5.2)
. t
29 (t) <2971 (\b]qtqﬁ(la) + Clq/ p? (5) s7amBl=) yam (g) ds) , t>0. (3.30)
0

Let us set

t
w(t) = (1 / o (s) 5~ B0 am () ds ¢ 0. (3.31)
0

Then, by the continuity of z and the assumption ¢ (t)¢~™%0-%) ¢ L7(0,00) the

integrand is summable and w (0) = 0, and by differentiation

w' (t) = Clpf (1) ¢~ amB=e) zam (1) | (3.32)
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Moreover, it is clear that ¢ and v are nonnegative continuous functions in R*, and

thus w is a continuous, nonnegative and nondecreasing function in R*.

Now, we would like to estimate the right hand side of (3.32) in terms of w.

From (3.30) and (3.31) we entail that

29(t) <207 (]p] P07 (1)), t>0.

Raising both sides to the power m and using Lemma 2.5.2, we get

20 () < 2t ([P0 ™ (1)

Next, a substitution of (3.33) into (3.32) yields

W (t) < 2mq—1é«1190q (t) t—qm,B(l—oc) (|b|mq tmqﬁ(l—a) 4™ (t))

< 2 B[ gt () 4+ 270 G ()™ (1)t > 0.

Applying Lemma 2.5.3 (with w (u) = u™) we infer that
w(t) <G HG(w(0)+ (1) + k (1)),

where

(3.33)

(3.34)

() = 2ma1 |p|™ Y fot ¢ (s)ds and k(t) = 2m-1CY fot s~amB(1=2) 1 (5) ds. Since
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G(r)= [ % r>0,ry >0, then

ro 8™ Y

and

G () = [rh ™ = (m—1)y]
That is

w(t) < G : 1(’21: - ”fo_);m +k(t)
< i)~ ) (lft_;: - i) +k<t>)] -
< (1™ = (m— Dk B)] ™
as long as
m—1 1
O™ k() < ——

m—1
In particular, if (fg 01 (s) ds) (f(f smamB=a)pa (g) ds) < L then w(t) < K; for

some positive constant K7, and thus from (3.29) we find that
2 (t) < [b P07 4

or

tP=a),, (t) < |b] p—a) | Kll/q,
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then

v(t) < b+ K0 <00 >t >0

for some positive constant C'. This yields that |u (t)] < Ct7! for t >ty > 0 and the

proof is complete.

3.4 Non-existence of Solutions

In this section we consider the Cauchy problem of fractional order with a polynomial
nonlinearity with variable coefficient

(Dgfu) > u@®)|™, t>0,m>1 JeR
(3.35)

(DOJr u) (0) =b >0,
where Dg‘f is the Hilfer Fractional Derivative (HFD) of order 0 < o < 1 and type
0<f<landy=a+p—af.
There are several ways to investigate the non-existence and the blow up of solutions.
We will follow the paper by Laskri and Tatar [63], the proof is based on the test
function method and the integration by parts formula.

For this we need the following lemma.

Lemma 3.4.1: If o >0 and f € C'[a,b], then

(Ef;f)( )—hm(]+f)()
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and

(T £) (b) =i (752 f) (£) = 0.

Proof : Since f € C[a,b], then on [a,b], we have

|f (B < M,

for some positive constant M.
Therefore

020 O] < 75 [ =l

M ! a—1
< [
M ot M .
Sar<a)[_(t_5> ]s:a @F(a)(t_a)

As a > 0 we see that

([g+f)( )_llm(I+f)()

Similarity
b
00 0] < gy [ =0 )]s
M ’ a—1
<t /o0
M oa1b M o\«
SO[F(O&) [(S_t) ]s:t_al—w(a) (b t) :

As a > 0 we see that
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Theorem (3.4.1): Assume that § > —a and 1 < m < 2L Then, Problem (3.35)
does not admit global nontrivial solutions in CY__, [0,T], when b > 0.

Proof : Assume, on the contrary, that a nontrivial solution u exists for all time ¢ > 0.
Let ¢ € C'([0,00)) be a test function satisfying : ¢ (t) > 0, ¢ is non-increasing such

that

1, tel0,7/2]

0, tell, 00)

for some T > 0. Multiplying the inequality in (3.35) by ¢ (¢) and integrating we get
T T
[ () tre@ar= [ e uor e
0 0
and from the definition of (Dgf u) (t) we can write
U pea d e g
/0 I} y (157 7u) () ¢ (t) dt > /0 0 Ju ()™ o (t) dt. (3.36)

By virtue of Lemma 2.2.9, we may deduce from (3.36) that

/0 %(ISIW) ) (5% () at > /0 £ |u (8)]™ o (2) dt. (3.37)

An integration by parts in (3.37) yields

() () (5) 0] - / () ) = (B000) (1)t
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> / £ Ju (O™ (1) dt.

Note that the derivative inside the second term in the right hand side is meaningful
because ¢ € [0,00) and ¢ (T') = 0 so the Riemann-Liouville and Caputo exist and

are equal.

(1-a)

By using Lemma 3.4.1 we see that (Ig gp) (T') = 0 and also from initial condition

(Iéjvu) (0) = (Dg;lu) (0) = b, so

b (1700) 0 - | ) 0% (1070) (> / A" (1) b,
(3.38)

It appears from Definition 2.2.4 that

b (18%) (0)+ / () 0 (Di ) @y dt > / B o (1) de
(3.39)

and from Lemma 2.2.5 we see that

1-a R 1 (T)
—b (Iqﬁw(_ )§0> (0) +/O (Io+ U) (t) [F [B(1— o) <(T _i)l—ﬁ(l—a)

_/t (Sftgfzzjﬁ—a))] = /O £ Ju ()| @ (1) dt. (3.40)

Since ¢ (T') = 0 the relation (3.40) becomes

b (%) (0) - / () (1597 ) () at > / R o (0.
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Lemma 2.2.9 again allows us to write

() 0 [ (B oz [ oo oa

and by Lemma 2.2.6

o (1700) 0 - | ") (1) () de / B " o 1) dr

Notice that

/O o (1) (Iu) (t)dt:ﬁ /O 20, /O (t“_(?)adsdt

t
<1 / ‘/ ) gear
'il-aw t—s

Since ¢ (t) is nonincreasing, ¢ (s) > ¢ (t) for all t > s, and thus

1
< ;
P () T )Y

0<s<t<T,m>1.

Also we have

!

o (t)=0,te[0,7/2].
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Therefore

(o4 u s s 1/m
fo ¢ (1) (Ii7") () dt < _F(ll—a) f0T| ol [ | 0 Sil/mdsdt
® (t) tluls m
S 1 —a) fO 90 1/m (‘t (S;LSO (3)1/ det
¢ (1) u(s) m
S 1 ) fT/Z ’ 1/1L ft (|t R4 1/ dsdt.

From Definition 2.2.1 we have

and by Lemma 2.2.9, we find

LA<#@H%Iu)Odv</ (@:ﬂﬁi)@ﬂﬂ@”mW@nw.

T/2

(Note that we may assume that ‘gpl (t)| @ ()™ is summable even though ¢ (£) — 0
as t — T, for otherwise we consider ¢* (t) with sufficiently large exponent \).

Next, we multiply by t%/™.t=%/™ inside the integral in the right hand side

T/ T ! 1mé/m
| ey was | <:¢m>@¢@/%mwwﬁ-

T/2

For —a < § < 0 we have t7%/™ < T=%/™ (because t < T) and for § > 0 we get

t=9/m < 20/mT=d/m (hecause T/2 < t), that is

7™ < max {1,2%m} 70/,
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Therefore

/0 ¢ (1) (I7u) () dt

T /
m —o/m —Q SO m m
<max {12y [ (f; @—/L> O ]t (342

A simple application of the Young inequality (Theorem 2.5.2) with m and m’ such
that + + -1 =1 gives
m m
T /
/ o () (Ih7) (¢) dt
0

T 5/m1\™ ) T
i t6g0 (t) |U,(t)|mdt—|— (maX{lli;j }) T_ém,/ <]%:a

m Jr/2

IN

1 (7 (max {1,2/m})™ 0 [T "
< — [ Po(t)|ut)™dt ’ T m 3 t) dt.
<o [ Pe@mor e+ L) @

Clearly from (3.41) and (3.43) we see that

a max {1, 20/™ m w1 B "
b (1719) 0+ X{m, D T/ (I%“—(;f/m> () dt

or since b >0
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Therefore, by Definition 2.2.2 we have

| e

< (max {1,27/m1)" 7% /T ) (ﬁ /t (s— ) @isgf/)id% dt. (3.45)

The change of variable 01" =t yields

| e ema

/2

m/ m/ 1 1 T 90/ (S) } m
< (max {1,2%/™ T / —/ s—oT) “ ds Tdo.
Another change of variable s = T gives

/0  Ju (8)]"™ o () dt

< (max{1,25/m})m T /1/2 <ﬁ/a (rT —oT)™ cpirgj/)lldr) Tdo,

/0 £ Ju (O™  (¢) dt

§/m m’ , , 1 1
< (maX {17 2 }) Tl-am —om /m/ </ (7" . 0_)704
1 o

I (1-a) /2
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At this point it is clear that we may assume that the integral term in the right hand

side of (3.47) is bounded, that is

!

([ oo 200s) <,

for some positive constant K7, for otherwise we consider ¢* (r) with some sufficiently

large A. Therefore

T ! /
/ 2 u ()™ @ (t) dt < KyTt=om —om/m (3.48)
0
with
1,20/m1)™
. (maX{l ,20/m 1) X,
rm (1—a)

Ifm < % we see that 1 —am’' — dm'/m < 0 and consequently T~ ~0m /m _, ()

as T'— oo. Then from (3.48) we obtain

T

lim 0 lu ()™ @ (t) dt = 0.
T—oo Jq

We reach a contradiction since the solution is supposed to be nontrivial.

In the case m = f_ii we have 1 — am’ — dm’/m = 0 and the relation (3.48) ensures
that
T
Jim 2w ()™ @ (t) dt < K. (3.49)
— 00 0
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Moreover, it is clear that

!’

/T =21 gyt 1y m 1)
T/2 @l/m

, 1

I A N o1
< Ip" 7. | ()dt 2o () [u @)™ dt| .
T/2 ¥ T/2

This relation, together with (3.41) and (3.42), implies that

1

m

/OTt&p(t) lu ()™ dt < K3 [/T 5 (1) |U(t)|mdt}

T/2
for some positive constant K3, with

T

lim 2 (t) |u ()™ dt = 0

due to the convergence of the integral in (3.49). This leads again to a contradiction.

This completes the proof of Theorem 3.4.1.
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Chapter 4

Fractional Differential Problems

with Hilfer-Hadamard Fractional

Derivative
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In this chapter we discuss the existence, uniqueness and solution, the stability of so-
lutions of the Cauchy type problem (4.2).

Motivated by the definition of Hilfer fractional derivative which interpolates the
Riemann-Liouville fractional derivative and the Caputo fractional derivative, we in-
troduce next a similar one which interpolates the Hadamard fractional derivative
(Definition 2.3.3) and its corresponding Hadamard-Caputo fractional derivative (De-
finition 2.4.2).

Definition (4.1): (Hilfer—-Hadamard Fractional Derivative (HHFD)) The left sided
fractional derivative of order o (0 < a < 1) and type 0 < < 1 with respect to x is

defined by

(P27 () = (720-D2* 20 f) () (4.1)

where Dg‘f F=oB i the Hadamard fractional derivative, for functions for which the
expression on the right hand side exists.

Indeed for 5 = 0 this derivative (4.1) reduces to the Hadamard fractional derivative
(Definition 2.3.3) and when 5 = 1 we recover the Hadamard-Caputo fractional deriv-
ative Definition (2.4.2).

We will study the existence and uniqueness of a solution of the Cauchy type problem

(D) (@) = f @), 2>a>0 (4.2)
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where 0 < @ < 1,0 < 5 <1 and 'Dg"f is the HHFD (4.1) of order a and type § and

c is a real number. We consider the underlying spaces Cg’lﬁ_ _ la, b] defined by

i lab] = {5 € C1 g [0,8], Dy € Ciprog [0, 1] (4.3)
and
C?—'y,log [a7 b] = {y < Cl—'y,log [(l, b] 7D3+y S Cl—'y,log [CL7 b]} (44)

where y=a+f—afand 0 < pu< 1. Itisclearthat 0 <y <lforO0<a,f < 1.
Here C'_, 10g (@, b] and C), 104 [a, b] are weighted spaces of continuous functions on (a, b]

defined by

Clog [, b] = {g : (a,b] — R: (log g)yg (x) € Ca, b]} , (4.5)

Our investigations are based on reducing the fractional differential problem to a

Volterra integral equation of the second kind

y(x) = ) <log §>V1 + ﬁ /: (log %)al flt,y ()] %, x> a, (4.6)

and on using the Banach fixed point theorem.
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4.1 Equivalence of the Cauchy Type Problem and

the Volterra Integral Equation

In this section we prove the equivalence of the Cauchy type problem (4.2) and the

o

1 1og [, U] satisfies

nonlinear Volterra integral equation (4.6) in the sense that, if y € C
one of them, then it also satisfies the other one. To establish this result, we assume
that the function f [z, y (z)] belongs to C)10g [a,b] for any y € G CR. We will need
the following lemma.

Lemma 4.1.1: Let 0 <a<b<oo,a>0,0<p<1and g € C1og[a,b]. If a > p,

then J2. g is continuous on [a,b] and
Jarg (a) = lim J2 g () = 0.

Proof : Since g € C, 105 [a,b] then (log 2)" g (z) is continuous on [a,b] and on [a, b]
we have

)(log g)ug(x)‘ < M,

for some positive constant M. Therefore

(F20) @] < v (72 (102 2) ") 0

and by using Property 2.3.1 (with 8 =1 — p > 0) we have

(T2 9) (@) < M



As o > u, we obtain the result.

Theorem 4.1.1: Let v = a+ [ — af where 0 < o« < 1 and 0 < f < 1. Let
[ (a,b] x R=R (a > 0) be a function such that f(z,y) € Cpigla,b] for any
y € Cuiogla,b) withl—y<p<1l-p3(1-a).

If ye C] .. [a,b], then y satisfies the (CFDP) (4.2) if and only if y satisfies

7;log
the (IE) (4.6).

Proof : First we prove the necessity. Let y € C]_ a, b] be a solution of problem

v,log [
(4.2). We want to prove that y is also a solution of the integral equation (4.6). By

the definition of the space C7__ |, [a, ] relation (4.4) above, we have

5 (jalJr_Wy) = Dery € Cl—’y,log [CL, b] .

Moreover, by Lemma 2.3.2(b) we have J' 7y € C [a, b] since y € Cy_- 104 [a,D]. Then
a 7,108

by Definition 2.1.7 we have

(7:) (@) € Gy [, b

a

Thus we can apply Theorem 2.3.1 (with f replaced by y) to get

Y Yy _ (&7;:730 (a) AN
(73PLw) (@) =y () =255 (g l) ) we(wt] @)
(T Dly) (2) =y (z) - e (log 5) ., z€(ab] (4.8)
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where ¢ comes from the initial condition in (4.2). By our hypothesis f [z,y (z)] €
Cliiog [@,b], since y € Ci_q10g [@, 0] C C)0g [, b], and Lemma 2.3.2 (a) and 2.3.2 (b)
we see that the integral J% f [z,y (2)] € Cu—aog [a, ] for p > o and T4 f [z, y (z)] €

C'la,b] for ;1 < . Applying the operator J¢ to both sides of (4.2) we get

JaTi ™ (DLy) (@) =T fley (@), € (ab]
We can sum up the exponents by Property 2.3.2 to get

JEPUmIDY g () = J f v,y ()], x e (a,b]

a

or

(7:Dy) (2) = (T2 fly @) (@), @€ (ab]. (4.9)

From (4.8) and (4.9) we obtain

vw) = s (a D) (TS 1y O] (@),

which is the equation (4.6), and hence the necessity is proved.

Now we prove the sufficiency. Let y € C] [a, b] satisfy the equation (4.6), then

1—~,log
D).y exists and D).y € C1_, 0 [a,b]. Applying the operator D], to both sides of

(4.6) we find

(P10) (@) = P2 (low ) (0) 4 (DL Tl 0) ).
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By using Lemma 2.3.1, Definition 2.3.3, Property 2.3.2 and the hypothesis f (z,y) €

Cli10g @, b], we have

(DLy) (x) = 6(T,77T8f Ity ) (x)
=0 (‘7; T (t)]) () (4.10)
— (Dfil—a)f [ty (t)]> (x), z € (a,b)].

From (4.10) and the fact that D),y € C)_10g [a, b], we obtain that
DA f [o,y (@) € Crosiog la,B].
Next, applying the operator J f fl_a) to both sides of (4.10) we get
(72 Dy) @) = (72D [y () @),

That is

T8 (T () = (TN hy (0)]) ().
By virtue of
5 (T Ly 0]) (@) = (DX F [y (1)) () € Crmg 0,

and 7 > [ (1 — «) and Definition 2.1.7 we have jalj’g(l_a)f € Cjy_la,b] (see the

first part of the proof for the continuity of jljﬁ(l_a)f for y <1—p5(1—a)). Then

a
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Theorem 2.3.1 allows us to write

(j;;ﬁ(l—a)f> (a) (log E)5(1a)1

T'5(1—a) . z€(ab. (4.11)

(D) (@) = f (@) -

Lemma 4.1.1 implies that

(774 ) (@) =0

because 1 — (1 — a) > p. Hence the relation (4.11) reduces to

(P2y) @0) = f @), @>a

Now we show that the initial condition in (4.2) also holds. To this end we apply the

operator jalf 7 to both sides of (4.6)

0 @) = 5 (g h) @0+ (I ey () @

and use the Property 2.3.1 (with a replaced by 1 —« and 3 by 7) and the Property

2.3.2 to obtain

(T7) (@) = e+ (T F Ly (0)]) (). (4.12)

In (4.12), taking the limit as * — a, we obtain

(T57) (@) = e+ (570 Ly (1) (o).
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But as mentioned above <._7a1fﬁ(17a)f [ty (t)]) (a) = 0, therefore

(77) (a) =c

and the sufficiency is proved, which completes the proof of Theorem 4.1.1.

4.2 Existence and Uniqueness of a Solution

In this section we establish the existence of a unique solution to the Cauchy type
problem (4.2) in the space C’gy;’lﬁ ", la,b] defined in (4.3) above under the conditions
of Theorem 4.1.1 and an additional Lipschitz condition (Definition 2.5.1).
Theorem 4.2.1: Let v = a+ 3 — af where (0 < a <1, 0 < 5 < 1). Assume
that f : (a,b] x R=R (a > 0) is a function such that f|x,y] € Cyiog[a,b] for any
y € Chiog [a,b] with 1 —~ < pu < 1—p(1— ) and the Lipschitz condition (Definition
2.5.1) holds with respect to the second variable. Then there exists a unique solution
y for the Cauchy type problem (4.2) in the space Cgf_%u la, b].

Proof : First we prove the existence of a unique solution y in the space C}_. 1o¢ [a, b].
According to Theorem 4.1.1, it suffices to prove the existence of a unique solution

y € C1_410g [@, b] to the nonlinear Volterra integral equation (4.6).

Let us select 1 in (a, b) such that

_ Al'(y) 1\
wy 1= Tla+tq) <log ;) <1, (4.13)
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where A > 0 is the Lipschitz constant in Definition 2.5.1. We start by proving that
a unique solution y € C1_, 10g [a, 21] to equation (4.6) exists on the interval (a,zq]. It
is easy to see that the space C_,10q [a, 21] is & complete metric space when equipped

with the distance given by

A1) = I = 98l oy = mx (108 7) [ (@) = ge @) (410)
The integral equation (4.6) takes the form
y(z) = (Ty) (z) (4.15)
where
(Ty) (x) = o (x) + (T2 f1Ey(0)]) (2) (4.16)
with
Yo (z) = T (07) <10g g)vl : (4.17)

We claim that 7" maps C1_ 1og [@, 21] to itself. Indeed, yo (z) given by (4.17) is clearly
in Ch_y10g (@, 71]. Also since f [z, y(z)] € Cuiogla,b] for any y € C,10q [a,b] with
peR(0<p<1),then by Lemma 2.3.2 (a) and 2.3.2 (b) the integral in the right—
hand side of (4.16) belongs to C),_q10g [a, b] for i > e and to C'[a, b] for < av. Since
p—a<l—vy (p<l—-p(1—-a)),and 1 —v > 0. Then, by Property 2.1.1 the
right-hand side of (4.16) belongs to Cy_, g (@, b]. Therefore, the operator 7" defined

by (4.16) maps C1_ 10g [@, T1] onto Ci_ 10g [a, 1], that is Ty € C1_ 1og [, 21].
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Our second claim is that 7" is a contraction, that is

1Ty, — Ty2||01_%10g[a,,x1} < wp [y — yQHC‘l_%log[a,ml] , 0 <w < 1. (4.18)
This follows from (4.16), Definition 2.5.1, Lemma 2.3.2 (a) and the fact that

||Ty1 - Ty2HC17'y,log[a,xﬂ - ||‘7a0'["f [t’ hn <t)] o jaoif [t’ Y2 (t)] Hclfvvlog[a’xl]
< [T 11 ) = £y O,

< (log2)* w5 11691 ()] = It 92Dl e

< A5 2)" 2O 1y (1) = 12(Ole, e

< wily(@) = e @llle, e -

Our assumption (4.13) allows us to apply the Banach fixed point theorem (Theorem
2.5.1) to obtain a unique solution y* € Ci_,10g]a, z1] to the equation (4.6) on the
interval [a, x1].

Theorem 2.5.1 tells us that this solution y* is a limit of a convergent sequence T"™y3:

,,711_1)120 HTmyg o y*l‘clfvylog[a,xﬂ = 07 (419)

where y; is any function in C1_ 1o¢[a, 21]. It is convenient to take y§ () = yo (z) with

Yo () defined by (4.17). If we denote by

Ym () = (T™y5) () = yo (@) + (T f [t (T yg) (B)]) (), me N (4.20)
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and y,,_1 (t) = (T™ 1y3) (t), then clearly lim,, .o ||Ym — y*”Cl—'y,log[a,xﬂ =0.

Next, we consider the interval [x1,b]. From the equation (4.6) we have

y(@) = 555 (logZ)"™ + (T2 f [ty (1)) (2)

Since the function y (¢) is uniquely defined on the interval (a, z1], the last integral can

be considered as the unknown function, and we rewrite the last equation as

y () = yor () + ﬁ /: (108 %)a_l Mdt, (4.21)

where yo; () is defined by

you (¢) = fv) (1og 97—1 + ﬁ / N (log %)a_l Mdt, (4.22)

and is a known function. We note that yo, () € C' [z, b].

Next, we consider the point xy € (21,5, x2 = 21 + hy, hy >0

A o
wsy = <log %) <1 (4.23)
1
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C'[x1, z5] is a complete metric space with the distance given by

d(y1 = v2) = lv1 — vl cpy g = max |y (z) —ya ()]

G[:B LBQ

The integral equation (4.21) may be written shortly as

y(x) = (Ty) (),

where the operator (again denoted by T') is given by

(1) (@) = () + g [ (e g) " L

(4.24)

(4.25)

(4.26)

As in the first part of this proof, since yo; (z) € C [z1,22] and f [z,y (x)] € C10g (@, b]

for any y () € Cp10g [a, ], then f [x,y (z)] € C |21, 25] for any y (z) € C [x1, 23], then

by Lemma 2.3.4, we deduce that the integral in the right-hand side of (4.26) also

belongs to C'[x1, x|, and hence (Ty) (z) € C [z1, x2).

Moreover, using the Lipschitz condition Definition 2.5.1 and applying the Lemma

2.3.4, we find
1T = Tl ey = [T n O] =T e )]
< [ 101 - el
< || 1t ) - 1t et |M
< oy (o8 2) I v (0] = ST (O]
< s (1082) I (8) = 128l egey
< w2 920 = 92Ol e -

80

(4.27)



This, together with our assumption 0 < ws < 1, shows that T is a contraction
and therefore from Theorem 2.5.1, there exists a unique solution yj (z) € Clxy, 4]
to equation (4.6) on the interval [z, z5]. Notice that yi (z1) = y* (1) = yo1 (z1).
Further, Theorem 2.5.1 guarantees that this solution is the limit of a convergent
sequence T™yg;:

where y§; is any function in C[zq,x2], which we can pick yg; () = yo1 () defined by

(4.22). Therefore

nllgéo ||?/m - yf||0[x17x2} =0, (4.29)

where

Ym (x) = (T"yg1) (x) = you () + ﬁ /x (log %)a_l 1t <Tm_t Yin) (t)]dt. (4.30)

If o # b, we consider the interval [xq, 3|, where x3 = x5 + ho, ho > 0 such that

r3 < b and
A T3 ¢
= — | log—= 1. 4.31
ws ol (o) (og xg) < ( )

Using the same arguments as above, we derive that there exists a unique solution
ys € C [xg, 3] to the equation (4.6) on the interval [z, z3]. If 23 # b, then we continue

the process until we reach a solution y to (4.6), y (z) = y; (), and y; € C [vg, Tp+1]

(k=1,...,L), where a = zy < x; < ... < 41 and

A (0%
Wiy = <log x’““) <1, (4.32)



Assume that b — a > (azﬂ) (for otherwise take x1 = b). Then, divide the length of

1/a
the interval [a + Ff(ﬁ'ﬁzﬁg),b} by (O‘nga)) . Let M be that quotient. It appears that
for L = [M]+1 and b is reached after a finite number of steps, z;1 = b. Then, there
exists a unique solution y () € C [x1,b] to equation (4.6) on the interval [z1, b].
Putting together the solutions in [a, z1] and [z1, b] and taking into account the Lemma
2.3.5, we obtain that there exists a unique solution y € Cy_, 0 [@, b] to the Volterra
integral equation (4.6) on the whole interval [a,b]. Hence y € Ci_,10g [a,b] is the
unique solution to the Cauchy-type problem (4.2).

It remains to show that such a unique solution y € C)_, g [a,b] is actually in
C?{B . la,b]. To this end we need to prove that D:f y € Cuiogla,b]. Let us re-
call that our y is a limit of the sequence y,,,, where y,, () = (T™y5) € Ci—.10g [, ],

that is

im {lym =yl s = 05 (4.33)

with a certain choice of y§ () on each [a, 4], ..., [zL, b].
If yo (x) # 0, then we can take yj () = yo (x). Since u > 1 — =, then by (4.2), the

Lipschitz condition Definition 2.5.1 and Property 2.1.1, we have

HDQ+ Ym — Daf )

= |flz,yml = flz,9lllc, . 1a
Cpi10glasb] O togle (4.34)

1+
< Allym = ¥l 1 < Ao ) " Nym =yl s

In virtue of (4.33) and (4.34) it follows that

— 0. (4.35)

Cuylog[avb]

1 |22 - 8
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We entail from this relation that (Dj;’g y) (x) € Cpiogla, b] if (DZ‘;B ym> (z) € Cpiogla, ],
m = 1,2,.... This latter property holds in as much as Ds"fym () = flr, ym-1 (x)]
and flz,y(x)] € Chiogla,b] for any y(z) € Cpiogla,b]. Hence a unique solution
y(z) € Ci_yjogla,b] has the property (Djf y> (x) € Clogla,b]. Consequently,

y(z) € O?;’lﬂf%u [a,b]. This completes the proof of Theorem 4.2.1.

4.3 Stability of Hilfer-Hadamard Fractional Deriv-

ative

In this section we consider the weighted Cauchy-type problem

DY u(t) = f(tu), t>a>0,
(4.36)

(tog £)" 4w (t) |10 =,
where DS is the Hilfer-Hadamard fractional derivative (HHFD) of order 0 < o < 1
and type 0 < f < 1 and b € R* (the set of all real numbers except 0). We will assume
the following hypotheses on the function f (¢, u):

(F*) f (t,u) is a continuous nonlinear function on (a,c0) x R and is such that

t M
U@mnso%5)¢@WAMﬂ £>0, m>1, t>a

where ¢ is a continuous function on [a, c0).

For this we need the following inequality.
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Lemma 4.3.1 : If )\, v, w > 0, then for any t > a, a > 0 we have

(s) " [ (s t) " ()™ () < 0o

where C' s a positive constant independent of t.

Proof : Let us denote by I (t) the left-hand side of the inequality in the Lemma. We

consider the change of variable, £ = iogg?g then 2 (%)f andlog £ = (1—¢) (log ﬁ)

It follows that

or

I(t) = (1og§)A /0 1 <1—5>”‘1£“exp< wflog< ))df

Observe that, for £ > 1 and [A\]4+1 > A we have €N+ > €% Also since A+2 > [A]+2
and the Gamma function is increasing for [2,00), we have I' (A +2) > I" ([\| +2) or

F([,\IHQ) > F()\+2 Moreover ¢ > W (I'([A] +2) = ([\] +1)1), and hence

g+ 1% 2
S RS NV ey

or
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Therefore, for 0 < & < 1/2 we get
(1-¢"" <max (1,2'7).

For 1/2 < £ <1 we have

'(A+2 w™
exp <—w§log (2)) < (wfiog—z%)))/\ < ¢ F(A42) <20 T (A +2).

This means that

(i) -5 (o (1))

max (1,2'77) (log 2)/\@*1 exp (—wf log (é)) for 0<&<1/2,
<
20— ' TA+2)w? for 1/2<€<1.
Consequently
N\ 12 t
I (t) < max (1, 21_”) <log 5) & Lexp <—w§ log (a)) d&

0

1

+2w T (A 4 2) / (1—¢&)" " de.

1/2

Let u = wélog (L), we see that

I(t) < max (1,2 (log 2)A/OOO (ﬁ(%) Ale_uﬁu(z)

a
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+2w T (A + 2) {— (1- OV} 1

v €=1/2

Thus

21V AT (A + 2)
+ .

I(t) <max (1,27") w T () ”

As aresult, I (t) <max{1,2'""}T(A\) (1 +X(\+1) /v)w™.

For 0 < £ <1, ef > 1 it is clear that
T(A+2)ef >1>¢
holds and we proceed in the same manner to conclude that
) [ (s 20
a a s a a s

where C' = max {1,2""}T"(\) (1 + A (A + 1) /v). The proof is complete.

Let p and g be conjugate exponents, i.e. pg = p+q, and let Ay := 1+p[u— (1 — ) m)]
and Ay := 14+p (o — 1), where vy := a+f—af. If u—(m —1)(1 —v) > 0and ¢ > 1/a,

then A\; > 0 and Ay > 0. We denote by L* the positive real number

b (2m+(5_(1?|>b|m_l)m <7(ja—)ni)1/q [F (Al(f(zi):\ll/&)] m/p7 me b
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Theorem 4.3.1: Suppose that f (t,u) satisfies (F*) and pn> (m —1) (1 —~). If

t -mB(1-a)
@ (t) <log —) <L*
a

(le,)"

q

for some q > 1/a, then there exists a positive constant C such that |u(t)] <
C (log 5)7_1, t > ae (a > 0), where v =a+ [ — af.

Proof : Let us consider the Volterra integral equation

u(t):b(log2>7_l+ﬁ/at (1og§>a_lf[s,u(s)]@, F>a>0  (437)

S

associated to problem (4.36). Multiplying both sides of (4.37) by (log %) "7 and using

the assumption (F*) on f(t,u), we get

AN (log &) ft AN AN ds

log © < b+ %) [ (1pet log 2 m
(oga) u(®)] bl +F e /(g) (1og )" o (s) fu (s)]

Let v (t) denote the left-hand side of (4.38). The insertion of the term

s\ (I=7)m s\ —(1=7)m
<log —> (log —)
a a
inside the integral gives

(log 2)17’Y ! £\ s\ k—(1=7)m ds
< 08a) v s m(g) &8 ,
v (t) < |b] + T (a) /a (log s) <10g a> o (s)v™(s)—, t>a
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Now the Holder inequality with exponents p and ¢ yields

! ! §\ p—(1=7)m o ds
/G(log;> <loga> ps)v™ (s) —

a— 1/p 1/

¢ t pla—1) s\ Pe—(1=y)m) ds t I
< — — J— q q

= (/a (logs> <10g ) o </a p (s)v (s) ds) ,

or

t £\t $\ k—(1—7)m ds
log ~ (1 —> m(g) &2
/a (0g8> og @ (s)v (S)S
t p(a=1) (=(=r)m) /55 -1 ds ) '*
“ s a a s

« (/atgoq(s)vqm(s)ds)l/q, >

Since Ay — 1 =plp—(1—=v)m], o =1 =p(a—1) and A\;, Ay, p— 1 > 0, we may
apply Lemma 4.3.1 (with v replaced by Mg, A replaced by A; and w replaced by p — 1)

to get

t " a—1 —(1—y)m d " a—1
/ (log ;) (log f)“ ! @ (s)v™(s) “ < a"YiC, (log E) (4.40)

a S

x(/apwm(s)ds)?

where (] is the constant appearing in Lemma 4.3.1 corresponding to the present

exponents. That is

C) = (2p<a—l>r (M) (14 A (O 1) /) (p — 1)*1)””
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Combining (4.39) and (4.40) we entail that

R t 7/8(170‘) t l/q
v(t) < bl +Cy <log a) </ o1 (s) v (s) ds) , t>a (4.41)

where C; = a1/ 1“%)' Multiplying both sides of (4.41) by (log 5)5(1,(1)’ we obtain

£\ A0 Y /g
(log —> v (t) < |b| (log —) +C (/ ©? (s)v?™ () ds) , t>a.
a a .

(4.42)

Let z (t) denote the left-hand side of (4.42). The insertion of the term

s\ —gmB(l—a) s\ gmB(l—a)
(log —> (log —)
a a

inside the integral gives

B(l—a) t _ _ 1/q
t N mpB(1—a)
2 () < |b] (log 5) + O ( / o7 () (log 2) ! 20 () ds) . (4.43)

Raising both sides of (4.43) to the power ¢ and using Lemma 2.5.2, we get

t gB(1-a) . t —gmB(1—q)
20 (1) < 2071 <|b|q (log —) + (o / o7 (s) (log f) ! 20 (5)ds | .
a a a
(4.44)

Let us set

At —qmpB(1-a)
w (t) = C’f/ ©?(s) <log 2) ! 21 (s)ds, t> a. (4.45)
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Then, clearly w (a) = 0, and by differentiation

. —qmpB(l—a)
w' (t) = CTe? (t) (log a) 21 (t), t>a. (4.46)

Moreover, it is clear that as ¢ and v are nonnegative continuous functions in [a, 00).
Thus w is a continuous, nonnegative and nondecreasing function in [a, 00).
Now, we would like to estimate the right hand side of (4.46) in term of w (¢). From

(4.44) and (4.45) we entail that
t qﬁ(lfa)
21(t) <2971 |p|? <log —) +w(t)], t>a. (4.47)
a
Raising both sides of (4.47) to the power m and using Lemma 2.5.2 again, we get

t mqp(1—a)
20 (t) < 2ma=t [ |p|™e (log —> +wm ()|, t>a. (4.48)
a

The substitution of (4.48) in (4.46) yields
R + —gmpB(l—a) + mgB(l—a)
uf (1) < 271Gl (1) (1og5) ™ (1oga) 0

—gmB(l-a)
< M o™ O (t) + 2m 7 CY (log 5) P () w™ (t). (4.49)

Applying Lemma 2.5.3 (with w (u) = u™) we infer that
t A
w(t) <G {G (w (a) +/ 2ma=1 || Clpt () d) s

90



Let us set
t
[(t) = 2mat|p|™ Cf/ 7 (s)ds
and
.t —qmpB(1—a)
k(t)= qu_le/ <log f) ! o7 (s)ds,
then

w(t) <GHGU®) + k()]

where we have used the fact that w (a) = 0. Since G (r) = [* 2 7 >0, o > 0, then

70 sm )
1

G(r)="=,— TO:: and G~ (y) = [Téfm — (m — 1)y]_ﬁ. That is

1-m 1—

as long as

m—1
In particular, if (||g0 (t)||q> Hcp (t) (log ﬁ)_mﬁ(l_a) ) < L*/2, then w (t) < K for
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some positive constant K for all t > a, and thus from (4.43) we see that

t 5(1704) 1
z (t) < |b| (log —) —|—K1/q,
a

and then

1 t _B(l_a)
v(t)g\b]—l—Kl/q(loga) <O, t>ty>ae

for some positive constant C. This yields that |u (t)| < C (log %)7_1 for t >ty > ae.

The proof is complete.

4.4 Non-existence result

We consider the Cauchy-type problem

(Pefu) () = fltu®)], t>a

(Dfﬁ*l)(ka)@ (a)=0b

(4.50)

where

(Do) () = 720 (t%) (78200 (1

is the Hilfer-Hadamard Fractional Derivative (HHFD) of order 0 < o < 1 and type
0<pg<L

We investigate the case when f [t, u (t)] > (log ﬁ)“ lu ()| for some m > 1 and u €R.
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That is we consider the Cauchy problem

(ngfu) () > (log D) [u(@®)|™, t>a>0 m>1 peR
(4.51)

where Djf is the HHFD of order 0 < o < 1 and type 0 < g < land v = a+[—af.
For this we need the following lemma.

Lemma 4.4.1: If a >0 and f € C'a,b], then

(T2 f) (a) = lim (T3, f) (£) = 0

and

(T 1) () =l (T2 ) () = 0.

Proof : Since f € C[a,b], then on [a, b], we have
[f ()] < M,

for some positive constant M.

Therefore
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As a > 0 we see that

(72 f) (@) =lim (T2 f) () = 0.

a

Similarity

As a > 0 we see that

(T ) (6) = lim (T2 ) (1) = .

Theorem 4.4.1: Assume that p > 0. Then, Problem (4.51) does not admit global

nontrivial solution in C la,b] when b > 0.

1—7,log
Proof : Assume that a nontrivial solution exists for all time ¢t > a. Let p(t) €

C' (Ja,>)) be a test function satisfying : ¢ (t) > 0, ¢ (¢) is non-increasing and such

that

for some T > a and some 6 (0 < 1) such that a < T < T. Multiplying the inequality

in (4.51) by @ and integrating over [a,T| we get

/aw(t) (p22) (0% > /aT (log 2)# o

94



and from the definition of (Dgf u) (t) we can write
r o d dt r £\* . dt
[ew () ofz [ (eel) woreot ws)

By virtue of Lemma 2.3.6 (after extending by zero outside [a,T]), we may deduce

from (4.52) that

[ @@ ew) oz [ (osh) woren® @)

Notice that Lemma 2.3.6 is valid in our case since ((log ﬁ)(l_w (D)iu) € Cla,T]

implies that ’(log ﬁ)(lﬂ) (D), u) (t)‘ < M on [a,T] for some positive constant M)

v dt T AN
— < M/ 177 [ log - —
t a a t

00 —p' (1)
< M/ v (log f) dt.
a a t

Let s =(p' — 1) (log 5) , then by the definition of the Gamma function

[ | o

’ 1—p' [e'9)
P @ < Ma™™? / s P =7 e=54g
t — (p/ o 1)1*10'(1*7) 0

/a ' ‘t*% (D2, u) (t)

Ma*~* ,
< = 1)17p,(177)F (1-p'(1—7)) < oc.
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Hence t4 (7 7u) t = (D1, u) (t) € X?, ), (and ¢ € L) for some p > %

An integration by parts in (4.53) yields

()0 (70 o] - [ () 0 () (e

t=

or

Sl

(70 @) - [

> [ (1os) w0 %

because (jTBSI_a)SO> (T) = 0 (see Lemma 4.4.1) and
(757u) (a) = (D) 'u) (a) =b.
Multiplying by % inside the integral in the left hand side of (4.54) we see that
() @+ [ () (~t) (7) 0%

z/; (1062) w0

It appears from Definition 2.3.4 that
T
—b <Jﬁfl_a)g0> (a™) —l—/ (T57u) (1) (D;__’B(l_a)go) (t) "
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> [ (1osd) mrm e %

and from Lemma 2.3.3 we see that

A (Jfﬂl—a)SO) (a+) n /aT («7;:7“) t) I% (log %)B(la)l

e | oe) T 9= | ' (10s2) w0

Since ¢ (T') = 0 and

ey ), (ee3)" " @o= (a5 0

the last inequality becomes

b (jﬂfl—a)go) (a) - /aT (T57u) (#) (jﬁfl‘a)5so) (t)%

z/: (10s2) w0

Note that dp € L, and by the same argument as the one used at the beginning of
the proof we may show that jalf Tue XP, /p Since .7;: Tu € C1_q 10g |a, T] . Therefore,
Lemma 2.3.6 again allows us to write

b (F%) (a¥) - / o) (72079717) @) %

a

> [ (108 ) oo %,



and by the Semigroup Property 3.3.2

t dt

(7)) - [ e ) 0F 2 [ (est) woren -
(4.55)

On the other hand

/aT 0p (1) (T, u) (t)%: ﬁ/jw (t) /at <10g é)wuf)ds%

< ﬁ/jl@(?ﬁﬂ/j (logé)a @%%

As ¢ is nonincreasing, we have ¢ (s) > ¢ (t) for all ¢ > s and

m > 1.

1 1
ST S

Also it is clear that

Therefore

[ e @i

< v [ el [ (1ot AL

= P(ll_ ) /9: ﬁﬁ% /at (log 2) B |U(S)|i1/m (S>d5%‘

Definition 2.3.1 allows us to write

dt

[0 @nod < [ B @ uem o F
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By the same argument as the one used at the beginning of the proof we may show

that |u (t)] /™ (t) € Xfll/p (Ju (8)] @™ (t) < |u(t)]). Moreover, it is easy to see that

J‘f‘fg()l) € L, (for otherwise we consider ¢ (t) with some sufficiently large \). Thus,

we can apply Lemma 2.3.6 to get

[ o @gn < [ woermo (-5 )of asw

Next, we multiply by (log é)”/m . (10g é) MM inside the integral in the right hand side

of (4.56)

T T ogt ufm
[ e @no< | (%-“;f*fl)<t>\u<t>r¢/m<t>%%

b Jor (log

For ;1 > 0 we have (log g)_“/m < (log %T)_“/m (because —u/m < 0 and t > 07T'), that

t —p/m QT —p/m
(log —) < (log —> :
a a

is

It follows that

[ e @m0

< (100" [ (7o B i (10e ) om0 % s

By using the Young inequality (see Theorem 2.5.2), with m and m’ such that — —i—% =

1, in the right hand side of (4.57) we find

[ s @m0
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— m,/m m
I t\" mdt  (log )™ T o |50 dt
< L[ (o) comr & Reel [ (g D) g &

m Jer a T
fm//m m/

I t\" dt  (logZZ)™" T 6] dt
<= log ~ t) Ju(t)|™ — s v —
<o [ (ost) wmor G4 S [ (g5 0

(4.58)

Clearly from (4.55) and (4.58) we see that

fm//m T m
o (sea) (o, (g %) " / o 15¢] dt
(a0) o D (Y s

> (1= ) [ (osd) comer 5.

or, since b > 0 and ¢ () > 0 (b (jﬁfl_a)cp> (a™) >0)

- m,/m m
I t\" mdt  (log %)™ T 109l dt
— ° “ < a o £) =
m,/a (log a) @ (t) Ju(t)] ;S 7 /0 ( - g&l/m> (t) 7

m T

Therefore, by Definition 2.3.2 we have

[ (ost) vomor e

1 or —um//m T T o m
_ (logF) / (/ <logf) |6 (s)] d_) dt.
™ (1—a) Jor \J t oM (s) s t

The change of variable o7 =t yields

[ (o) o4 < %/@ (/T (10g =) %d)m do
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Another change of variable r = s/T gives

[ (ost) comr

OO—T_“m//m ! ! e ¢ (r " do
- (1Fi/a(1)_&) /9 ( /a <10g;> @Sirgl/)’}”dT) %. (4.59)

We may assume that the integral term in the right hand side of (4.59) is convergent,

that is

! ! e | (r "
e (11_&)/6 (/U (m2) liﬂ&)ﬂm) do < C

for some positive constant C, for otherwise we consider ¢* (r) with some sufficiently

large A. Therefore

/ ' (ls2) vmor§ <o () " (4.60)

If 4 > 0, we claim that —& ™ (), and consequently

o7 P
(log —) — 0
a
as T'— oo. Finally from (4.60) we obtain

’ t\" dt
lim (log a) @ (t) |u ()™ 5= 0.

—
Tooa
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We reach a contradiction since the solution is not supposed to be trivial.

In the case = 0 we have —um'/m = 0 and the relation (4.60) ensures that

lim (log 2) o (1) Ju (t)|m% <c (4.61)

T—o00 a
Moreover, it is clear that
s ) [ (2 Bl ) (o ) w1 ) 2
og — - og — u —
& a 6T ™ ptfm ga v t

< (10 T) " [ [ (o Jﬁﬂ)m/ 0 %] . [ (e) oo 4] g

This relation, together with (4.55) and (4.57), implies that

/aT (1og§)“go(t) \u(t)!m% <K U; (@;2)“ O o0 %r

for some positive constant K, with

r t\" dt
lim (log 5) lu ()™ p(t)— =0

due to the convergence of the integral in (4.61). This is again a contradiction. This

completes the proof of Theorem 3.4.1.
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Chapter 5

RECOMMENDATIONS
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In this thesis we have restricted ourselves to the case 0 < «, f < 1. It will be certainly
interesting to extend the Hilfer fractional derivative and Hilfer-Hadamard fractional
derivative to the cases where o and [ takes values above one.

It is also important to consider different types of nonlinearities in the stability and
non-existence issues other than the ones we have investigated in this document.

Due to the time constraint the Hilfer fractional derivative has been defined and stud-
ied only for the Hadamard fractional derivative. It is worth introducing a similar
Hilfer type fractional derivative which interpolates the Erdélyi-Kober fractional deriv-
ative and the corresponding Caputo type modification of the Erdélyi-Kober fractional

derivative.
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