CHAPTER 1

HISTORICAL BACKGROUND

1.1 Introduction

During the 1960s, a method to solve an important class of non-linear partial
differential equation was introduced in the field of mathematical physics [1,2,5,6,7.34].
This method is now commonly known as the inverse scattering transform method. This
transformation is capable of producing an exact solution for non-linear differential
equations. One of the main successes of this transformation is the relationship found

between the Schrodinger equation:

—%wmwx 1) =AW (x,0), (11)
X

and the Korteweg-de Vries equation:

u,—6uu_ +u__=0
(1.2)
u(x,0)=u,(x).
In fact, the basic idea behind this transformation is to view the initial solution of
the non-linear partial differential equation as the potential u,(x ) of the Schrodinger

equation for a fixed time. Then, we study the scattering data (Reflection coefficient,

Transmission coefficient and the Bound States) and, as the time evolves, the potential



u(x,t) and the scattering data both evolve with time. These evolution equations are

independent of the potential, and as a result of that, we study the scattering data instead of
studying the potential itself. These evolution equations are given by separated linear
differential equations. However, by solving a linear integral equation which is known as

Gel’fand and Levitan equation, we can recover the potential u,(x ) from the scattering

data at a later time. This is exactly the inverse scattering problem. Moreover, for some
kinds of potentials, the inverse scattering problem reduces to solve separable integral

equations [5,6,32].

1.2 The Discovery of the Solitary Wave

The discovery of the solitary wave has passed through different stages and in
order to introduce some of these stages, we need the following technical definition about
the dispersive waves.

Definition 1.1
If waves of different wavelengths propagate at different speeds, then we say that

the waves are dispersive. Figure 1-1 below shows the propagation of dispersive waves.
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Figure 1-1 Propagation of Dispersive Waves.



Moreover, dispersive waves depend not only on the wave maker but also the media in
which they propagate. In fact, we can send dispersive waves through most materials in
nature. Water is an excellent example of a dispersive medium [2,5,32].

Example 1.1 Consider the Klein-Gorden equation

O (x,1) = Oy (x,1)+0(x 1) =0, (1.3)

and assume the above equation has the following wave solution

<9(x,t)=Acosk(x —%z], (1.4)

1
where w is called the frequency, k is called the wave number and A = ; is called the

wavelength. By substituting the above solution into the differential equation we obtain
—Aw’ cos(kx —wt)+Ak 2 cos(kx —wt)+A cos(kx —wt) =0
(-w?+k +1)cos (kx —wt ) =0. (1.5)
Hence, the differential equation has a nontrivial solution if and only if
w?+k?+1=0
—wi=k>+1. (1.6)

Equation (1.6) is called a dispersion relation and the phase shift (the observable velocity)

is % which is given by:
1
Lot fle— =114 22, (1.7)
k k
and from this relation (1.7), we can conclude the following points:

(1) Waves of different wavelengths propagate at different speeds.



(i)  Dispersive waves with a fixed wavelength propagate in two directions since
the phase shift has positive and negative signs.
(ii1))  The larger the wave length, the higher the propagation speed.

Example 1.2 Consider the linearized Korteweg-de Vries Equation
3 1
Ht(x,t)+56?x (xat)"‘gexxx (x,1)=0, (1.8)

with the following wave solution
O(x ,t) =4 cos(kx —wt). (1.9)

By direct substitution, we can easily obtain the following dispersive relation

1
w :ik ——k°, (1.10)
2 6
and the observable velocity is
w3 Ly (1.11)
k 2 6

By careful analysis for the above relation, we can conclude that the wave is dispersive
and the waves with a fixed wave lengths propagate only in one direction since there is

only one given sign for a given k.

John Scott Russell discovered the solitary wave during 1838 in front of a boat on
Edinburgh - Glasgow canal and he summarized his observations in the following
statement:

“A large solitary elevation, a rounded, smooth and well defined heap of water, which
continued its course along the channel apparently without change of form or diminution

of spead....



Its height gradually diminished, and after a chase of one or two miles I lost it in the
windings of the channel. Such, in the month of August 1834, was my first chance of
interview with that singular and beautiful phenomenon” [5,6].

Some time later, he conducted extensive experiments in the laboratory and as a result of

that he managed to find the relationship [5]:

c=\g(h+a), (1.12)

between the velocity “c”, amplitude “a”, depth of the canal “h” and the earth acceleration

due to the gravity “g”. Figure 1-2 is a simple sketch for a solitary wave.
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Figure 1-2 A Solitary Wave.

From those experiments, he made several observations

» Taller solitary wave travels faster than the smaller one (see figure 1-3a and figure

1-3b).
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Figure 1-3a Two Solitons Before the Collision.
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Figure 1-3b Two Solitons After Collision.



» Raising the weight from the bottom of the water, dispersive waves were generated

[5,6] (see figure 1-4).
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Figure 1-4 Dispersive Waves.

» Initial depression becomes a train of oscillatory waves whose length increases and

amplitude decreases with time (see figure 1-4 and figure 1-5).
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Figure 1-5 A Train of Oscillatory Waves.
Later, both Boussinssq and Lord Rayleigh made some other observations and one
of these observations is that a solitary wave has a length much greater than the depth of

the water [2]. They independently showed that the solitary wave can be described by the

sech? profile and the wave length above the mean level “h” is given by



u(x,t)=a sechz{x ;Ct}, (1.13)

where

, 4h*(h+a)
B 3a '

b (1.14)

This phenomenon took almost another 50 years before both Korteweg and de-

Veries developed the theory and derived a partial differential equation which governs the
two-dimensional motion of weakly nonlinear long waves:

u, —6buu +u__ =0, (1.15)

which has sech? shaped solitary wave. The equation (1.15) is known as the Korteweg-de

Vries or KdV equation [2,5,6].

1.3  Solitary Wave
For certain initial conditions (potentials), the KdV equation admits some solutions
that are termed as solitons [7,8,23,34,37]. In fact, a soliton solution is the simplest type of
solution for the KdV equation which can be obtained by looking for a solution of the
form u(x —vt) and this method is given in appendix (I). Moreover, both Kruskal and
Zabusky [36,37] found that the KdV equation has special permanent wave solution which
is the solitary wave
$(x,t)=2k*sech’k (x —4k’t —x,), (1.16)
where k£ and x, are two constants. Also, it is obvious, that the velocity is related to the

amplitude and proportional by a factor of 2. This solution is a disturbance ( see figure 1-

2) that moves with a constant speed in the direction of positive x-axis and exhibits some



features of nonlinear waves [5,14]. One of these features is that the velocity and the
amplitude for the disturbance are related. Later we will show that the disturbance for the

KdV equation is given by the relationship [1,2]
u(x,t)=2k’sech’k (x —4k’t —x,). (1.17)
Moreover, by looking closely at this solution, we notice that the larger amplitude pulse

moves faster and is narrower in width.

1.4 Some General Properties of Solitons

In this section, we present some features of the solitons. In order to do so, we start
by the following definition:
Definition 1.2

An evolution equation is a partial differential equation for an unknown function u(x,?)

Ou(x,t)

=/ @), (1.18)

of the form

where f (1) is an expression involving only u# and its derivatives with respect to x . If
the expression f (#) is nonlinear, equation (1.18) is called a nonlinear evolution

equation.

So far, there is no precise definition for solitons in the literature but they are
solutions that satisfy nonlinear equations and usually they have the following
characteristics:

1. Solitons are waves dying out at infinity and they have profiles, which

are unaltered after colliding with other solitons [1,2].



ii.

iil.

1v.

They evolve with time and therefore they satisfy certain evolution
equations [1].

They are stable solutions and they do not disperse apart when they
collide with other solitons [5].

In collision with other solitons, there is nonlinear interaction.
However, they retain their original shape shortly afterwards, only
slightly displaced [3, 32].

Soliton with larger amplitude pulse moves faster and is narrower in

width than the smaller soliton.

To demonstrate the interaction of these waves, Zabusky and Kruskal [36,37] suggested

the following: assume that two waves are given and well separated from each other at

time ¢ =0 and the smaller wave is to the right. After sometime, the two waves will

overlap and interact and sometime later they will retain there original shapes and

velocities with a phase shift (see figure 1-6a, Figurel-6b and Figure.1.7).

Figurel-6a Before Interaction.
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Figure 1-6b After Interaction.

Figurel-7 Interaction Between Two Solitons.
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CHAPTER 2

SCHRODINGER AND KDV EQUATIONS

2.1 Inverse Scattering Transform

A remarkable method, which was discovered by Gardner, Greene, Kruskal and
Miura [8,9] (abbr. GGKM) to solve nonlinear partial differential equations, has been
developed quite rapidly during the past thirty years or so. This method is known as the
inverse scattering transform method, which can be used to produce stable solutions that
are known as solitons [18,35].

The philosophy behind the inverse scattering transform comes from associating
the initial solution of the nonlinear partial differential equation to a linear eigenvalue
equation whose eigenvalues are constants. Moreover, the initial solution for the nonlinear
partial differential equation is known as the potential in the eigenvalue equation. The idea

simply, is to map the potential to the scattering data of the eigenvalue equation and the

12



evolution of these data can be easily computed by using certain evolution equations
[18,19,25]. Finally, the inverse scattering techniques are applied to get the solution for
the nonlinear differential equation at any time. Moreover, we will see that the nonlinear

differential equation has a unique solution [13,33] for potential that decays sufficiently
rapidly as |x | —> 00,
Definition 2.1

A C”function u(x,t) on R (where ¢ is regarded as a smoothly varying
parameter) is said to decay sufficiently rapidly if u(x,#) and all its x-derivatives go to

Z€10o as |x|—)OO

2.2 Sturm-Liouville Problem

The differential equation

dzy

2
X

+[/1—u(x)]y =0 a <x <b, (2.1)

with the boundary conditions imposed at x =aand x =5 ( either or both of which may
be at infinity ) appears quite often in applied mathematics [19]. Equation (2.1) has been
extensively studied during the last three decades and it is known as Schrédinger equation,

in the context of quantum theory. Moreover, the function u (x ) is known as the potential
for the Schrodinger equation. For a given potential u (x) the above equation (2.1) gives
specific solutions y(x) (eigenfunctions) depending onA. The dependence of the

solution upon the parameter A, and the dependence of the parameter upon the boundary

conditions, is known (SL) problem [1,19].
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Example 2.1
One of the simplest examples of (SL) problem is to set u(x )=0.

2

d’y
dx?

+4y =0,

with the following boundary conditions:
y(0) =y(®) = 0.
Solution:
It is clear that 4 <0 is not an eigenvalue. However, when A > 0, then the solution

of the (SL) problem is given by
v(x)=A4 cos(x/Z)x +B sin(ﬁ)x.
First applying the boundary condition y (0) = 0 weset 4 =0. Thus
y(x)=B sin(ﬁ)x.
Applying the second condition y (b) = 0 the above equation yields,
y(b)=B sin(\/z)b =0
Since B =0 gives a trivial solution, we set B # 0 and choose

2
(\/z)b =nwr = A :[nb—”} where n =1,2,3,...

In the light of above, the corresponding eigenfunctions are
y,x)=B sin(nb—ﬁjx n=123,..

In fact, there are relatively few functions u(x) for which the (SL) problem may be

solved in terms of standard transcendental functions [5,6,19, 35].
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Example 2.2
Another example is to set the potential u (x ) = —2sech’(x ).

Solution:

The corresponding (SL) problem is

dy

} —0 <X <+00.

Let s = tanh(x ). This transformation map (—o,) for x to [-1,1] for s

y, =y, (1-s%),
y.,=y,0-s)-2s(1-5)y,.

In the transformed variables, the (SL) problem takes the form

d dy A
1- 2+ =0, —-1<s <1.
a’s{( - )a’s} { 1-s’ }y

Comparing the above equation with the generalized Legender equation

d dy m’ ~
e (=

It is easy to find that

((+)=2; A=-m’; (20, 0<|m|<L
l=1 = Ai,=-1.

It is clear that this is the only eigenvalue and the corresponding eigenfunction can be

found from the Legender polynomials as follows:
) o d L d
y(x)=(s"=1)° d—P (s) =(s? 1)2 (S) s —1)2 =sech(x).
s

“A,=-1  y(x)=sech(x).
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Example 2.3
If we chose our initial distribution u (x ) =—6sech’(x ), we get two eigenvalues for the

(SL) problem
Solution:

In this case, the corresponding (SL) problem is

2

d
dx); +[/1+6sech2(x) }y =0; —00 <X <400,

Using the transformation, s = tanh(x ) we map (—o0,) for x to [-1,1] for s

v, =y, (1-s5%),
v, =y,(1-s*)Y-2s(1-s%)y,.

In the light of above, (SL) problem takes the form

d N A _
g[(l—s )d_}{6+1 ; }yzO, ~1<s <1,

A) i)

Comparing the above equation with the generalized Legender equation

A | (_2\d¥ _m _
dg{(l g)dé}{z(ul) 1—§2 }/x 0,

we get:
(+1)=6; A=-m*; (20, 0<|m|<l
(=2 = A=-1 & A,=-2=1,=-4
In order to find the corresponding eigenfunctions, we use the associated Legender

polynomials
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y,(x)=Py(s) y,(x)=P2(s)
y1<x>=<s2—1>ij—spl(s> y2<x>:<sz_1>i_zp2<s)
=<s2—1>;j—s(§(3s3—1)> ~(57 D4 G5)
L 3s(s7 1) =3 (1-52)2(s) =3(s"-1)
— 3isech(x)tanh(x). =—3sech’ (x).

" A,=-1, y,(x)=3isech(x)tanh(x) & A,=-4, y,(x)=3sech’(x).
Remark: As a result of these examples, we can conclude that the (SL) problem will
generally has N-eigenvalues and N-eigenfunctions if the initial potential would be of this

form u(x)=-n(n+1)sech’(x).

2.3  Analysis for the Scattering Data

In this section, we discuss the scattering data in some details. We start with
eigenvalues and we will show that the eigenvalues are constants. Then, we talk about the

normalizing constants, reflection coefficient and transmission coefficient.

2.3.1 The Eigenvalues
We now turn attention to developing our working definitions and analysis by
introducing the following theorem. This theorem will give us a remarkable result.

Theorem 2.1

If u(x,t) is a solution of u, —6uu_+u =0, —co<x <00 ¢t >0; u(x,t =0)=u,(x)

ow (x 1)

and if A 1is an eigenvalue of — PN +u,(xw (x,t)=At W (x,t), w,(+0)=0,

w _(£0) =0, then A is a constant independent of time.
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Proof:

Definey=w +u w —2(u +2A)w _, then

wy,—w oy = w2 Y
ox w

2
w

— W Z(W W Fuwruw =2uw_ =2Ww+2Aw _)-w W, +uw —2u +22)Wx))
=ww AU wiruw’=2uw w =2 +2Aw w—-w W, +uw —2u+2Aw )
=ww AU wiruw=2uw w =2 +2Aw w-w w —uww +2u+2w’
=ww AU wiruw’=2uw w-ww +uww =2u+2)w w-wl).

LWy WY

— 2 2 2
—ww tx +uxxw +MXW - 2uxw xw -w xwt +uxw xw - 2(” + 22)(W XXW _Wx )

%(wwx -w.y )

- 2 2 2
= g(wwlx fu w i ruw =2uww-ww +uw w =2u+21)w w —wx))

_ 2 2
= WW  tWW W W —ww_ +u W +2ww u_ —2uw.=2uww

+2u_ ww_ —2u (w w —Wf) 2 +2A)w w  +ww 2w w )

=w Zi(ﬁj +w zum —du ww =2 +20)ww _ -w w )
ol S X S

=w 22(u —A)+wlu, —duw u—2)=2u +2Aw 2£[W¢J
ot ox \w

=w’(u, -4 +u,, —6uu).
Since
u

,tu  —6uu =0,
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then
w’A +i(ww —w,y )=0
3 ax X X
Integrating both sides over the real line we get
A, jw dx ==[wy, -w y] =0.
Since the eigenfunctions are square integrable, then
A [wide =0= 4, =0,

Ay,

= 2.2)

Therefore, the eigenvalues A are independent of time and this completes the proof.

2.3.2 Normalization Constant

Second, we study the evolution of the normalization constant ¢, (¢) for the

eigenfunction ¢, (x ). By definition; the normalizing constant is defined as:

¢, ={T¢j<x,t>dx} |

In order to study the evolution of the normalizing constant, we differentiate both sides

with respect to the time
de”'(t) d(F . T AT
=L _Euqﬁ (x) dx |= [ 24p,dx —Z_J;(/ﬁqﬁtdx.

By substituting the evolution equation into the integrand, we get
de™'(t) T
- 2.[0 ¢, dx
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zzf Bu, p—2(u+22)¢, +4k’4) dx
=2T(2(u +20)$, p—u ¢ —4k’§ )dx

=2 (4(¢M —14) ¢, +420p,—(-us’), )a’x —8k° T & dx

=2[2¢7 +24¢° + 244" —ug’ | —8k’c(¢)

=-8k’c'(t).
The solution for the above equation gives us the equation of evolution for the normalizing
constant.

¢ (t)=Ae™ = ¢ (0)=4,

¢ (t)=c,(0)e*". (2.3)

2.3.3 Transmission and Reflection Coefficients

Since A >0 gives rise to unbound state [5,6,35,37], then we have

v _ Function of time only

w

B {wt +uw =2(u+20)w }
w

—jk: ik.
w e ™ +be’™

X —0

- lim (g)_[b,ef’“ +0-2(0+24)ik(~le™™ +bejk")}

Whence, in order that these exponential functions to vanish, we must equate the

ikx

coefficients of e™ and e ™ . For the seck of simplicity, we may first rewrite the above
plicity Yy

expression as

20



—k ]
e ™ +he™

~ [(bt ~42ikb )e™ +(42ik )e ™) }

_|:A ikx +Be—zkx

Ce™ + De™ :|:a:>(A—aC)eikx (B O(D) -k _ (.

—ikx

Since e and e™ are linearly independent then

(B-—aD)=0=4ikA-a=0=>a=4ikA.
In order that the second term to vanish, the coefficient must equal to zero
(A —aC)=0= (b, —4Aikb)—[4ik 2](b)=0=b, =8ik’b.
~b(k,t)=b(k,0)e™  forall >0, (2.4)

Similarly

= Function of time only

SHAS

w

B [W, +uw =2(u+20)w }

—lkx

_{ B L0— 4/1( —ikae ™ )}
=Lt 4k = 4ik >,
~a, =0.
sa(k,t)=a(k,0), forallz>0. (2.5)

and the relationship between the reflection coefficient and the transmission coefficient is

given by the relation

T +|R[" =1. (2.6)
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Finally, from the above theorem, we can state the following theorem which summarizes
our analysis for the scattering data.
Theorem 2.2
If C,(0), R(k,0), T(k,0) are given as above then
C,(1)=C,(0)exp(4k,t)
R(k,t)=R(k,0)exp(8ik’t)
T(k,t)=T(k,0)

where C, (0) =lim ¢, (x,0)exp(4k, x), R(k,0)and T (k,0) are obtained from the

initial data for the KdV equation u(x,t =0) =u(x ).
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CHAPTER 3

INVERSE SCATTERING TRANSFORM

3.1 Inverse Scattering Transform for KdV Equation

The scattering data w (x ,¢) can be found by solving the scattering problem [19].
However, the inverse scattering transform is used to find the potential u (x,z) from the

scattering data [5]. In fact, during 1955 a certain procedure was established by both

Gel’fand and Levitan to recover the potential u (x ,#) by solving a linear integral equation

[12,28,34]:
0
ux,t)=—2—~K(x,x,t), 3.1)
ox
where K (x,x,t) 1is the solution for the Gel’fand and Levitan equation
K(x,y,t)+B(x+y,t)+[B(x+y,t)K(x,z,t)dz =0, (3.2)

where B(x +y,t) is called the integral kernel defined by
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B(&,t)= Zci (t)exp(—k, &) +i I R (k ,t)exp(ik &)Yk . (3.3)

m=1

Using the theorem (2.2) from the previous chapter, we can rewrite B (&,t) as:
< 2 2 1 i . 3
B(&0)=3 ) (0)exp(8k 1 —k, &)+ [ R(k.0)expli (8Kt +k Mk . (34)
m=l T —0

where the terms inside the kernel are defined as [35] :

> k?=-2, where m=1,2,3,..N.

> C(t)=limy,(x.t)exp(k,x).

> T[] +|R[ =1.

The beauty of the inverse scattering transform is to solve a nonlinear partial
differential equation by solving two linear equations. In fact, this mentioned point is a
remarkable discovery in the field of mathematics and the nonlinear wave research. To be
more precise, with the above equations, the KdV equation can be easily solved by solving
two linear equations. One of these equations is the eigenvalue problem for a time
independent Schrédinger equation (1.1) while the second is the above Gel’fand and
Levitan equation (3.2). To end this section, we will summarize what we are trying to do
in the coming three sections. In section 3.2, we will give a simple sketch for the method
of inverse scattering transform. In section 3.3, we will derive the kernel for the n-
bounded states with vanishing reflection coefficient. Finally, some examples will be

provided to show how this method is used to solve the KdV equation.
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3.2  Sketch for the Inverse Scattering Transform

a Sketch for the Inverse Scattering Transform (IST)

Gel’fand and Levitan equation

K(x,y,t)+B(x +y,t)+J‘B(x +y,t)K(x,z,t)dz =0.

B(g.t)
Solve +(—u,(x)+A)y=0
, Vi ( of .) )'W Solve the Gel'fand-Lavitan
using special functions. Find . .
', REO equation by seperation of
kow==A ¥ (x ), R(k,0), variblesto get K (x,y,t)
C,(0),C (t)R(k,t)
u x) > > u(x,t)
Standard KdV equation
u,—6uu +u =0
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3.3 The Kernel for N-bound States with Vanishing Reflection
Coefficient

When the initial solution is reflectionless, then the integral part inside the
Gel’fand-Levitan equation will disappear from the equation. As a result of that, we try to

look for a solution which is separable
N
K(x:y,t)= k,(x.,0)g,(). 3.5)
n=1
By substituting the above assumption into Gel’fand-Levitan equation, we get

Kx:y,t)+B(x +y;t)+IwK(x :s,t)B(s+y;t)ds =0,

an<x,r>g,,<y)+2fn(x,t)gn(y)+f{zkﬂ(x,r>g,,<s>2fn(s,z)gn<y) -0.  (36)

x n=l

By comparing the coefficients of g, (» ), we obtain the following system

k(x,t)+f, (x,t)+Tikn(x,t)gn () ,(s,t)ds =0

x n=l

R N
kG +f, G0+ [ 0k, (e ds =0
X n=1

N o0
k(L0 +f, (o) +e (O K, (x,0)[e M ds =0
n=l1 x

kl(x,t)+fn(x,t)+cl2(t)ikn(x,t)[e_(kﬁkn)s} =0

k +k,
N e—(k1+k,,)x

k(o) +f, (et +el (@)D, (xot) =0. (3.7)
o k +k,

whence, we can in general write the general formula

=k +hy )x

N
km(x,t)+fn(x,t)+ci(t)2kn(x,t)ek—kzo where 1<m<N. (3.8)
n=1 m +

n

The above equation can be written in matrix notation as
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Mk +f =0

where k and f are column vectors with entries given by

k, /i

ky /s
k= |5 =

k, S

where M is an N x N matrix with entries given by

e—(k, +h)x

M. =6, +c(t )
y y cz()ki+kj

where , is the Kronecker delta which is given by

1 P
5, = ifi=j
70 if i#]j
Now solving the matrix equation (3.9), we obtain

k=-M7f,

whence, the kernel can be written as
N
K(x:x,t)=Yk,(x,))g,(x)=-M fg =—g"M"f"
n=l1

Since

~(k; +k ;)x

0

G_x k.+kj

1

ai(Mg):—f[ (x.0)g, (x).
X

then equation (3.12) and equation (3.11) give us the final form of the kernel

K i, =k, (6,08, 00 = =M fig =M (M),

n=l

27
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3.11)
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3.4  Applications with Vanishing Reflection Coefficient
In this section, we are going to apply the inverse scattering transformation which
was described in section 3.2 to show how it works.
3.4.1 One Soliton Solution.
Consider the initial value problem
u, —6uu +u_. =0,
with the initial solution
u(x,0) =u,(x )=—2sech’(x).
Solution:

Step 1 Finding the eigenvalues and eigenfunctions

2

d W+[/1+2sech2(x)](//=0 w(£0)=0.

2
X

Let s =tan(x) this transformation map (—o0,0) for x to [-1,1] for s .
v, =y, (1-s?),

V. =W, (l—sz)2 —2s(1—s2)1//s .

Therefore, the (SL) problem becomes

d dy 2
—|(1=s?)==|+| 2+ =0 —1<s <.
ds {( : )ds} { 1-s° }// *

Comparing this equation with the generalized Legender equation

d {(1_§Z)d_¥/}+{é(€+l)— T;Z :|l//=0,

dé dé 1
we get

((+1)=2; A=-m’; (20, 0<|m|<L.
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=1 = A,=-1 (1)
It is clear that this is the only eigenvalue and the corresponding eigenfunction can be

found from the Legender polynomials as follow:

w(x>=(s2—1>25—spl(s>

= (s’ —1)%i(s) =(s’ —1)%sech(x ).
ds

A ==1 w(x)=sech(x). (2)

Step 2 Normalization of the eigenfunction

T |l//1 (x )|2 dx =T |sech (x )|2 dx :T sech”(x )dx =tanh(x )|io =2.

—00

Therefore, the normalized eigenfunction is

v71<x>=%sech(x). 3)

Step 3 Determination of ¢(0) and c(t)

By using the definition

¢,(0) = lim (w,(x ) exp(k )
= li_r)rol0 (%sech (x)exp(x )J

2. “4)

Therefore, the evolution equation for the normalization constant is given by

¢, (t) =c,(0)exp(4k 2t ) =~/2 exp(4t). (5)

29



Step 4 Determination of integration kernel

B(&,t)= ici (0)exp(8k t —k, &) +2L T R (k,0)exp(i (8k°t +k &))dk
m=1 7 —o0

B(&1) =Y ¢ (0)exp(8k 1 —k &)

m=l

=2exp(8 — &)
= 2exp(8t) exp(=&). (6)

Step 5 Writing Gel’fand and Levitan equation

K(x,y,t)+B(x +y,t)+J.B(y +z,0)K (x,z,t)dz =0

K (x,y;t)+2exp(8t)exp(—x —y)+T[Zexp(8t)exp(—z ~y)|K (x,z,t)dz =0

K(x,y;t)+2exp(8)exp(—x)exp(—y )+

y: 7
“2exp(8t)exp(—z)exp(—y )]K(x,z,t)dz =0. ™
We solve the above equation by separation of variables by assuming
K(x,yst)=f (x,1)exp(=y). (8)
Putting (8) into equation (7), we get
J (x,t)exp(=y ) +2exp(8r) exp(—x ) exp(-y )
9)

+'[ [2exp(8t ) exp(—z )exp(—y )|/ (x ,t)exp(—z )]dz = 0.

Comparing coefficients of exp(—y ) in equation (9) gives

£ (x,t)+2exp(8t)exp(—x )+ T[Z exp(8f ) exp(—z )[f (x,¢)exp(—z )]dz =0

=1 (x,t)+2exp(8 —x ) +2f (x ,t)exp(St)T[exp(—Zz )dz =0

=71 (x,t)+2exp(8 —x)+f (x,t)exp(8 —2x)=0
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_ —2exp(8 —x)

= ) = s —2n)

=f(x,1)=

—2exp(4t —x )exp(4t)( exp(x —4¢t)
1+exp(8 —2x) exp(x —4t)

2
exp(x —4t)+exp(4t —x)

=1 (x,t)=—exp(4t)

2 "
f(x,t)y=—e"——"——=—e"sech(x —4t).
ol 40 | o (x—40)

f(x,t)=—e"sech(x —4t). (10)
By substituting equation (10) into equation (8) we obtain the kernel
K(x,y;t)=f (x,t)exp(—y)=—e"" sech(x —4t).
Therefore
K (x,x;t)=—e""" sech(x —4t). (11)

Step 6 Solution

u(x,t)=—2iK(x,x,t)
ox

u(x,t)= —2%(—64” sech(x —4t))

o 2% 0 -2
ux,t)=2—| —— |=2—| —
(1) Ox (e"_‘"Jre‘"_)c j ox (ezx"S’Jrlj

2x =8¢ 2
w(x t)=—2| 2 =—2(;j .

(ezx o +1)2 o4 | o= (—40)

We get the exact solution

u(x,t)=-2sech’(x —4t).
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3.4.2 Two Soliton Solution
Consider the initial value problem
u, —6uu +u__ =0,
with the following initial solution
u(x,0)=u,(x)=—6sech’(x).
Solution:

Step 1 Finding the eigenvalues and eigenfunctions

2

d ‘/’+[/1+6sech2(x)]y/=0; (o) =0.

2
X

Using the transformation s = tan(x ), this transformation map (—oo,oo) for x to [—l,l]
for s .

v, =y, (1-57),

v =y, (=5 =25(1=s")y,.

Therefore, the (SL) problem becomes

d Ay A _
g[(l—s )d—}[ml . }Wzo, ~l1<s<1.

S )

Comparing this equation with the generalized Legender equation

d ndy m? ~
E{(l—g )E}[z(fﬂ)—l_fz }//_0.

We get

((U+1)=6; A=-m’; (20, 0<|m|<r.

=2 = A=-1&4=-2"=1=-4
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These are the only two eigenvalues for the (SL) problem and in order to find the

corresponding eigenfunctions, we use the associated Legender polynomials:

W, (x) =P ,(s) w,(x)=P2(s)
s s d ) :
Vi) = (57 =17 2op (5) W;ﬂ:@_nggm@)
2 %il 3_ _ 2_ i
=@ -1 s (2(3S 1)) =(s l)ds (3s)
=3S(S2—1)%=3i(1—sz)5(s) =3 —13
— 3isech(x ) tanh(x ). = —3sech™(x).

A =-1, w,(x)=3isech(x)tanh(x) & A, =-4, w,(x)=23sech’(x).

Step 2 Normalization of the eigenfunctions

T Iy, ()| dx =T [Bisech (x ) tanh(x )| dx =9 T sech®(x )tanh®(x )dx =6.

J |l//2(x )|2 dx :I ‘—3sech2(x )‘2 dx =9 I sech®(x)dx =12.
Therefore, the normalized eigenfunctions are

v, (x)= %sech (x ) tanh(x ).

;2 (x)= gsech ().

Step 3 Determination of ¢(0) and c(t)

By using the definition ¢,(0) = lim (Jl (x )exp(k x ))

X —®0

= lim (\/gsech (x ) tanh(x ) exp(x )J = /6.

¢,(0) = lim (y, (x ) exp(k ¥ )
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X —00

= lim (?sech 2(x )exp(2x )] =2.3.
Whence, the evolution equation is given by
¢,(t) =¢,(0)exp(4k 1)
=6 exp(4t).
¢, (t) =c,(0)exp(4k,t)

=23 exp(321).

Step 4 Determination of integration

B(&,t)= ici (0)exp(8k 2t —km§)+2i T R (k,0)exp(i (8k°t +k &)Yk
72.—00

m=1

B(&1) =3 c2 (0)exp(8k 2t —k &)

m=l

=6exp(8f —&)+12exp(64t —2&)
=6exp(8t)exp(—<&) +12exp(64t ) exp(—2E).

Step 5 Writing Gel’fand and Levitan equation

K(x,y,t)+B(x +y,t)+]EB(y +z,0)K(x,z,t)dz =0
K(x,y;t)+6exp(8)exp(—x —y)+12exp(64t)exp(—2x —2y )+
+ T[6exp(8t)exp(—z —y)+12exp(64t)exp(—2z -2y )]K(x ,Z2,t)z =0
K (x,y;t)+6exp(8)exp(—x )exp(—y )+ 12exp(64t ) exp(—2x )exp(—2y )

['e]

+ J- [6 exp(8t)exp(—z )exp(—y ) +12exp(64¢) exp(—2z )exp(—2y )] K(x,z,t)Yz =0.

pY

We solve the above equation by separation of variables by assuming
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K(x,y;t)=f(x,t)exp(=y ) +f,(x,t)exp(=2y ). (16)
Putting the assumption into Gel’fand and Levitan equation, we get
S t)exp(=y ) +/,(x 1) exp(=2y )+ 6exp(8t) exp(—x ) exp(-y )
+12exp(64t ) exp(—2x ) exp(-2y ) + T[6 exp(8t ) exp(—z ) exp(—y )+ (17)
12exp(64¢ ) exp(—2z ) exp(-2y)][/, zx 1) exp(=z )+, (x 1 )exp(~2z ) |dz =0.

Comparing coefficients of exp(—y ) and exp(—2y ) in equation (17) gives

=f,(x,t)+6exp(8)exp(—x )+]O' [6 exp(8t)exp(—z )] [f1 (x,t)exp(—z)+f,(x,t)exp(—2z )]dz =0

= f,(x,t)+exp(8 )exp(—x )+ 6exp(8 )f (x ,¢ )T exp(—2z )dz +6exp(8)f, (x ,I)T exp(-3z )z =0
=1 (x,t)+exp(8 —x)+3exp(8 +2x )f |, (x,t)+2exp(8 +3x )f,(x,t)=0
[1 +3exp(8f —2x )]f1 (x,1) +[2 exp(8 —3x )]f2 (x,t)=—6exp(8 —x). (a)

The second equation is

fo(x,t)+12exp(64t )exp(—2x ) + T[12 exp(64t ) exp(—2z )]
| [fl(x,t)exp(—z)+f2(x,t)exp(—Zz )]dz =0
fo(x,t)+12exp(64t —2x ) +12f (x ,¢ ) exp(64¢ )T exp(—3z Yz
+12f,(x ,¢) exp(64¢ )T exp(—4z Yz =0
fo(x,t)+12exp(64t —2x )+ 4f (x ¢t )exp(64t —3x ) +3f,(x ¢ )exp(64t —4x ) =0
[4exp(64t —3x)]f, (x 1) +[1+3exp(64r —4x)]f, (x 1) = —12exp(64t —2x). (b)

from (a) and (b) , we have following the system:

(143" ]f (r.) +[ 267 1, (r,t) = =66
[4e 7 Jf,Ge.t)+[ 143 [f, (x 1) = =127
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The above system of algebraic equations can be solved by using Cramer’s rule

Si(x,0) i So(x.t) i’
X, = X, =
! D ? D
where
143%™ 27 8r-2x 641—4x 641 -3x 8(-3x
=[ gostsr 130008 =(1+3e¥7 ) (1434 ) - (47 ) (26" ™)
3ty el g oTu-6r _g o726y
D =143 el y T
—6e" ™ 2" 8f—x 641 —4x 641 —2x 8¢—3x
Dy = 122 |3t 2(_66 )(1+3e )—(—126 )(26 )
_6 eStfx _186721‘75)" + 24 e72175x
oD, =—6e"" +6e" .
1+3e"™ —6e" 8r-2x 641—2x 641-3x 8 —x
sz = 4664t—3x _126641—2.\” =(1+3e )(_126 )_(46 )(_66 )

— _12664t72x _36672t74x +24 e72t74x

sz — _12664t72x _12672f74x .

Substituting the above results into equation (16) we obtain
K (x,y;t)=f(x,0)exp(=y)+/,(x,1)exp(=2y)

B [—6 M 4 g ]e—y +|:_12664t—2x _1p e :Ie—Zy

K(x,y5t)=
14+ 3084 4% | 3ol 2x 4 o726x
Therefore
[—6 eS8 x 4 g5 :|efx +|:_12664t—2x —p e :Iefzx
K(x,x;t)= 64 —ax 8—2x | _721—6x
1+3e +3e +e

B I:—6 I N }_l_ [_12664t—4x _1pT6x }

1+ 3e64t—4x + 368t—2x + e72t—6x

8t —2x 72t —6x

e +e +2eM 4 )

K m
X, xt)=
( ) 1+3e

64t —4x 8t—2x 72t -6x

+3e +e
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Step 6 Solution

u(x,t)=—2iK(x,x,t)
ox

P _6(68t—2x 4 eT26x 4 0 64 —4x )
u(x,t)=-2—
4 ax 1+ 3e64t—4x +3e8t—2x + e72t—6x

N

2
(1 +3e64t—4x +3eSt—2x + e72t—6x )

ulx,t)y=-12

N — (_2 eSt—Zx _ 6e72t—6x _8664t—4x )(1 +3e64t—4x + 368t—2x + e72t—6x )

_ (68172x NN R I P )(_12664:74); P B N )

The above expression can be simplified and written as[ 35]

3+4cosh(2x —8t)+cosh(4x —64t)
(3cosh(x —28¢)+cosh(3x — 36t))2 '

u(x,t)=-12

Figure 3-1 below shows the movement of the two soliton solution through different

values of time.

(a) t=—04 (b) t =—0.2 (c)t=0

(d) t=0.2 (e) t=0.4 (f) t=10.6

Figure 3-1 Two Soliton Solution for the KdV Equation at Different Values of Time.
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3.4.3 Three Soliton Solution
Consider the initial value problem
u, —6uu +u_. =0,
with the following initial solution
u(x,0)=u,(x)=—12sech’(x).
Solution:

Step 1 Finding eigenvalues and eigenfunctions.

2

d
dx‘/z’+[/1+12sech2(x)]y/=0 w(+o0)=0

Using the transformation, s =tan(x ), the transformation map (—oo,oo) for x to [—l,l]

fOl‘S > l//x =Ws(1_sz)7

Ve =¥, (1=5)" =25 (1-s")y,.

Thus, the (SL) problem becomes

d dy A
— | (1-5)—|+]| 12+ =0; —1<s <1.
ds {( Va } [ -5 }"”

S )

Comparing this equation with the generalized Legender equation

A | (_2\d¥ _m _
dg{(l g)dé}{e(ul) e }// 0.

We get
((+)=12;  A=-m* (20, 0<|m/<C
=3 = A=-1,&A4L="2=24=-4 & L,=-3=1,=-9.

These are the only three eigenvalues for the (SL) problem and in order to find the

corresponding eigenfunctions, we use the associated Legender polynomials:
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vi(x)=PLs)
m@ﬁ%ﬁAﬁ%mxw=@ DZ S5 -32)
_ %(s 1) (557 1) = Esech (x )(4—5sech?(x ).
Vo) =P(s)
%@)@—Dzm@>@—ri@
—3(s2 =1)(55) = 15sech > (x Yranh (x ).

)

wy(x)=P3(s)

> d
py(x)=(s 1)2 31!73(S) (s —1)—(5S)
=15(s2—1)5=15sech3(x).
Thus, the three eigenfunctions:

v, (x)= %Sech (x )(4—"5sech’(x)).

w,(x)=15sech’ (x Ytanh(x).
w,(x)=15sech®(x).

Step 2 Normalization of eigenfunctions

2

dx =12.

o0

IMan—j

—00

%Sech (x )(4—5sech®(x))

T|l//2(x)|2 dx =T [15sec h*(x ) tanh(o )" dx = 60.

—0 —o0

T |l//2 (x )|2 dx =_T ‘15sech3(x )‘2 dx = 240.
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Therefore, the normalized eigenfunctions are

v, (x)= gsech (x )(4—=5sech?(x)).
Jz (x)= gsech 2 (x tanh(x).

JS (x)= gsec}f(x ).

Step 3 Determination of ¢(0) and c(t)

¢,(0) = lim (v, (x ) exp(k ¥ ))

=lim (?sech (x )(4—5sech®(x ) exp(x )] =2./3.
¢3(0) = lim (7 (v ) exp(ie,x )

= lim (gsechz(x Ytanh (x ) exp(2x )J =2.15.

¢3(0) = lim (5 (x ) exp(k,x )

= hE}o (@Sec}f(x )exp(3x )J =4\/E.

Using the definition, the evolution equations for the normalization constants are
¢,(t) =c,(0)exp(4k 1) = 2+/3 exp(4t).
¢, () =c,(0)exp(4k ) = 24/15 exp(32t).

¢4(t) =c;(0)exp(4k 1) = 415 exp(108¢).
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Step 4 Determination of integration kernel

B(&t)= ici (0) exp(8k *t —km§)+2i T R (k ,0)exp(i (8%t +k £))k
m=1 7[—00

B(c.t)= iCi (0)exp(8k ¢ —k &)

=12exp(8 — &)+ 60exp(64t —2&)+240exp(216t —3¢&)

=12e%e ™ +60ee ™ +240e* e ",

Step 5 Finding Gel’fand and Levitan equation

K(x,y,0)+B(x +y,t)+[B(y +2,0K (x,2,t )}z =0

K(x,y;t)+12e¥e e +60e*e e +240e°'"e e +

+I[12€8’e"ze_y +60e™e e +240e* e e }K(x,z,t)dz =0

X

We solve the above equation by separation of variables by assuming
KQ@,y;t)=f,(x,t)e” +f,(x,t)e™ +f5(x,t)e™. (18)

Using the above assumption into Gel’fand and Levitan equation, we get

fiex,)e™ +f,(x,0)e ™ +f(x,t)e™ +12e¥e e +60e* e e

+240e* e eV +J.[12e8te’ze’y +60ee e ++240e21°’e’3ze’3y]
[f1Ge e ™ +f,(x.t)e ™ +f(x,t)e ™ |dz =0.
First comparing coefficients of e, e and e, and then integrating by part we

obtain the following system

exp[—(k, +k,)x |
(k, +k,)

3
[ G )+ er@)f, (x 1) =exp(—k,x) where m=1,2,3.
n=1

Using Cramer’s rule the solution for the above system becomes,
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f.(x,t)=% (19)
filxn)=2 20)

fieny=2 21)
A
where

A, =exp(5x ) —5exp(216t —x ) +exp(280¢ —5x ) —5exp(64f +x ).

A, =exp(4x)—2exp(216¢ —2x )+ 2exp(8t +2x ) —exp(224¢ —4x).

A, =exp(3x ) +3exp(64t —x ) +3exp(8 +x)—5exp(72t +3x ).

A =exp(6x)+10exp(216¢) +15exp(64t +2x )+ 6exp(280t —4x)

+6exp(8 +4x )+15exp(224¢ —2x ) +10exp(72t +2x ) +exp(288t — 6x ).

Substituting equations (19), (20) and (21) into equation (18) and then using equation

(3.1), we obtain the following solution

where U, (x,t) and U,(x,t) are given by,
U,(x ,t)=3024+24cosh(10x —280¢)+240cosh(8x —224¢)+360cosh(6x —72¢)

+720cosh(6x —216¢)+960cosh(4x —208¢)+600cosh(x —152¢)
+1200cosh(2x —8¢)+3240cosh(2x —56¢).

U,(x,t)=cosh(6x —144t)+ 6cosh(4x —136¢)+15cosh(2x —80¢)+10cosh(72¢) .
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CHAPTER 4

VARIABLE COEFFICIENT KDV EQUATION

4.1 Introduction

As we know from the last three chapters, the KdV equation is used to study the
propagation of non-linear disperse waves in homogenous media. However, the variable-
coefficient KAV equation may arise to describe the disperse waves if the boundaries are
non-uniform or the medium are inhomogeneous [4,10,15,16,17]. In this chapter, we will
study the shallow water nonlinear waves moving over an uneven bottom. In fact, this
physical problem can be modeled by variable- coefficient KdV equation [16,17]. In fact,
a study was conducted by Johnson [17] to study some numerical solutions for variable-
coefficient KdV equation. However, the inverse scattering transform can be constructed
only for certain types of variable coefficient KdV equations [16,17]. We find that if the

following compatibility condition

/ Y . a;(t) _
a(t) (211 (1) =1(1) J=a(t) oA (1) ~Fo(1)] @)

—[211(0) ~f(Ofi(1) =21 5(1)]=0

is satisfied. Then, the variable coefficient KdV equation
3 1
a(t)u, —Eag(t)uu . +Za3(t)u o () xu Af5(1)u =0 (4.2)

is integrable by the method of inverse scattering transform [4].
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4.2 Inverse Scattering Transform for Variable-Coefficient KdV
Equation

In order to study and construct the inverse scattering transform for the variable
coefficient KAV equation in shallow water waves, we first need to find the equation that
describes the shallow water waves and then the compatibility condition which is given by
equation (4.1). In fact, there is more than one form that describes the shallow water
waves. However, the variable —coefficient KdV equation for the shallow water disperse

waves over an uneven bottom has been derived by Johnson [16,17] in the form

ux+%d %(O'X)uu§+éd P oX Ju =0, 4.3)
where
X is the far field horizontal space variable with X =¢x,
X is a dimensionless horizontal space variable,

d(cX) is the local depth with d(0) =1. Also, whereas

& is a variable related to X and time through the equation

£=[d”dx ~1, then
0

d*u :is the free surface displacement.
In order to find the compatibility condition, we have to first transform the variable
coefficient KdV equation into the standard form. For this purpose, we introduce the

transformation

1

U=-uandy :(gjzd;(o-)( )é.
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to obtain

2 2

1 1
> 9 5 9
uy =-U dl:(EJng(o_X)’ u__ oY —a—Ual=—(3j d*(cX)U,,

tdg 0F 8¢ dy o

First, rewriting equation (4.2) in the form
1
U, +2d /(O'X)( ] d S(oX JUU -

9, (cX)

o o (3% i
o (O'X)(zjd (X U, o

and then simplifying terms we obtain

UX—E( jd ex )uu 4(2j d Hox U, -2 (XD ;g

202 8d(cX )

At this stage we compare equations (4.4) and (4.2) to easily identify that

B __9dX(GX)
a(X ) =1, fi(X )= —gd( o
f2(1) =0, ay(t) = ” d oX).

(4.4)

Now substituting the above functions into equation (4.1), the compatibility condition

takes the form

H(X) — 2 +4H*(X ) =0,
where H(X):%.
o

Thus the solution of equation (4.5) becomes

1

H(X)= .
(X) 4X +c,

In the light of above, we first write equation (4.5) as,
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1
4X +c,

H(X)=

dy(oX) _1 4
d(ocX ) 44X +c,

and then integrate to get

1

d(oX ) =c,(4X +c,)*. 4.7)
to get the local depth, since d (o X ) >0, therefore it gives
c,>0

Further, since ¢, and ¢, are two integration constants, we can choose
1
oc |4
C2 = T
Thus, the equation for the local depth becomes

1 1
1

: 1 .
d(oX ) =c,(4X +c,)s :(%]4 (4% +e,) :(ac)( +Gf161j4'

with equation (4.7 ) taking the form

d(oX) =(0'cX +1)i.

Moreover, the inverse scattering transform can be applied to equation (4.2) if the water

bottom takes the following form
1
d(oX ) =(ocX +1)+. (4.8)

Substituting the above equation into equation (4.4) gives,

1 1
3(3) =3 1(3Y = 9oc
U, -2 2 (eex +1)20U, +~[ 2 (oex +1)2 U, ——2%C U 0. (4.9
x 2(2) ( )= uu, 4(2} ( )2 U, 32(ocx +1)° (49
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The inverse scattering transform for the above equation (4.9) has been provided by Dai

[4] and these equations take the following forms:

1

9 ko 3)2 3
X _EM(K +yKy +ZKZ)+(E) (1+kUX) AZ (Kyyy +KZZZ)
1 (4.10)
3 23
_E(ijz (oeX +1) va—K+—a(Kv) =0,
4\2 oy oy
1 .
K, -K,_ =v +3kTO-(%j 2(1+kJX )2 (y—-z)|K, (4.11)
1
9 ko 3)2 23
Y —ﬁm(F'FyF; +ZF'Z>+(EJ (1+kUX) AZX(F;}W +F;ZZ):0, (412)
and
1 0
3k 3)2 -
F, -F, :TG(EJ (I+koX )2 (y —z)K, (4.13)

where K(y,z,X ) and F(y,z,X ) arerelated through the Gel’fand Levitan equation

F(y,z,X)+K(y,x,X)+ jK(y,s,X)F(s,z,X)ds =0, (4.14)
y

After solving the Gel’fand Levitan equation and finding the kernel, the solution for the

variable KdV equation becomes
d
v(y,X):—25K(y,y,X). (4.15)

In the coming two sections, we will illustrate how to apply the inverse scattering
transform for the variable-coefficient KdV equation (4.9) we obtained in this chapter. In

fact, we will consider two cases. The first case of these deals with the solution for an
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increasing local depth, while the second will be the solution for the decreasing local

depth.

4.3 Solution for the Increasing Local Depth

At this stage, we solve the initial value problem by solving a series of linear

equations. This series can be illustrated through the following diagram:

Equaion i 0] ~[Ky..0] - 720

|Equation(4.14)| < K(y,z,X)| < F(y,z,X)

To find the solution for equation (4.11), we assume

G =h(X)y-h(X),

&=h(X)z—hy(X),
and

F(y,z,X)=h(X)G(5.5), (4.16)
where h (X ), h,(X )and h,(X )are arbitrary functions to be determined. By

substituting the above equations into equation (4.11), we obtain,

1

3ko*(2 -9
8

W(X)(Ges Gy ) =" 5]2 (1+koX )2 (&-&)G. (4.17)

The above equation can be compared to give,
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1

h(X) =|Z—|[%T @jé(nkax )5. (4.18)

Gétlfl _nggz =(é:] _§Z)G (419)
To solve equation (4.19), we use the method of separation of variables by substituting

G(&.8)=81(8)8:(8) (4.20)

With this substitution, equation (4.19) gives

g;(gl)_(gl_ﬂ)gl(é) =0, (4.21)

g;(fz)_(égz_ﬂ')gz(gz) =0, (4.22)

where A is a separation constant and can be chosen A =0. Solving above equations we

set the general solution [4]
gi(s) =aydi(g) +a,Bi(g) (4.23)
g,(&) =aydi(s,) +a,Bi(c,) (4.24)
where a,,, a,,, a,, and a,, are arbitrary constants. Also, the 4i(*) and Bi(*) are the

Airy functions of the first and second kinds respectively. In order to find the solution for
equation (4.16), we will consider two cases.

Case (i) If we let a,, =a,, =0 and a,, =a,, =1 then, the solution takes the following form

F(y.2.X)=h(X )G(&.&) =hy(X )Ai(E)Ai(&). (4.25)
By substituting this solution into equation (8) we get

R(X)Ai(E)Ai(E)+Ry(X )AL (&) Ai(&) +R (X )Ai(&)Ai (&)

, , (4.26)
+R3(X)Ai (fl)Ai(fz) +R3(X)Ai(§1)Ai (52) =0,
where
A _i ko E% 2 3
R(X ) =h(X )= (1+kGX)h3(X)+2(2] (1+koX ) 2 h(X )R} (X ), (427)
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1

Ry(X)=—h(X)|hy(X) +2Gj2 (1+koX )’2%2 h(X)h (X)), (4.28)

and

1

Ry(X)=hy(X) {h{(X) _312(1:;%)}“()” +(%J2 (1+kox ) 72 h (X ) | (4.29)

In driving the above equation, use has been made of
Ai" (&) =Ai (&) +A4i( &), 9=1,2.

In fact, it can be shown that [4]
R(X)=0,R,(X)=0and R,(X ) =0

h(X)=a,(1+koX ) * =ah,(X ), hy(X)=a,(1+koX ) 72 =ah(X)

F(y,z,X)=ah(X )Ai(h(X)y —ah,(X )Ai(h(X )z —ah,(X )). (4.30)
To obtain the kernel for the variable KdV equation we substitute equation (4.30) into the
Gel’fand Levitan equation (4.14)

—ahy (X )Ai(h(X )y —a,h (X)) Ai(h(X )z —a,h, (X))

K(y,z,X)= . (431)

l+ahs(X ) [Ai*(h(X )s —ah,(X ))ds
y
In this situation, we have to examine the convergence of the above integral. In fact, the
Airy function has the following asymptotic properties [4]

3
2

Ai(&) :%7[5_46352 [1+0(§_2)} (|arg§|<7z) as £ > .

-1 1

Ai(-¢) =-n2¢& 4[sin(§§2+%) +O(§_2)} (|arg§|<§7r) as & > oo,
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With these asymptotic properties, it can be shown [4] that the above integral is zero at

—oo . Therefore, the solution becomes,

d’ hs(X) . 2
vy X ) =2 {l+ahl(—X)[(Az (h(X )y —ah(X )

~(M(X )y =ahy(X ))AP* (I (X )y —ah (X)) ]}.

(4.32)

Also, the bounded solution for the free surface displacement is given by [4]

3

d_%(O'X)u =—§d2(JX) dd; In {1+cld_2(aX) [(Ai’(n(g,)()) )2

(4.33)
(& X )Ai’(n(£.X)) ]}

where

1
3

9""}301_;(0)()5—%012(0)(),

n(&.xX) =(?

-1 -1
3ko\3(2)e
c, =q T E .

To generate another solution, we let

F(y,z,X) :iaihs(X)Ai(hl(X)y —a;hy (X )Ai(h(X )z —a,h, (X))

i=1

2

InA, (4.34)

2

d
X )==2
v(y,X) p
where

A =det |6, +alih5(X)TAi(hl(X)s —a, b (X )Ai(h(X )s —ay,h,( X ))ds|.
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4.4 Solution for the Decreasing Local Dept
Here, we will to find the solution for the variable KdV equation for decreasing
local depth. In fact, we will to move parallel to the case of increasing local depth.
Case (ii) By taking the following choice a,, =a,, =0 and a,, =a,, =1 we obtain the
following solution
F(y,z,X)=h(X)G(G.5,) =h(X)Ai(5)Bi(c,). (4.35)

Substituting the above solution into equation (4.9) we notice that 4,(X ) and h,(X ) are

given by,
h(X)=a(1+koX ) 72 =ah(X ). (4.36)
hy(X ) =a,(1+koX )% =aph,( X ). 4.37)

Using equations (4.36), (4.37) give the following solution,
F(y,z,X)=ahy(X )Ai(h(X )y —ah,(X))Bi(h(X )z —a,h,(X)),
Substituting into the Gel’fand Levitan equation (4.14) gives the kernel as,

K(y.z.X)= ~ahy(X )Ai(h(X )y —ah (X )Bi(h(X )z —a,h,(X))

— .(4.38)
l+alh5(X)IAi(hl(X)s —a,h, (X ))Bi(h(X )s—ah,(X ))ds
Yy
As before we examine the convergence of the above integral. In fact, the Airy function
has the asymptotic properties [4],

2

Bi(é’):zr%fje_géz {1+0(§2)} (|argr§|<%7r) as & o0,

Bi(-¢)=n2& {cos(%ﬁz +%) +O(§2)} (|arg§|<§7r) as & > .
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These asymptotic equations show that the above integral is divergent if A (X ) >0 and
convergent if 4,(X ) <0. Since, the Gel’fand Levitan equation (4.38) is valid only for a

decreasing local depth and one solution is given by,

v(y,X) :—2522 In {1+a1h5(X)TAi(hl(X)s—a2h4(X))Bi(h1(X)s—a2h4(X))dS]
Y y

PO T

—o0

2 h(X)y-—ahy(X)
1 {1—M Ai(a))Bi(a))dw}. (4.39)

In order to evaluate the integral inside the solution, we use integration by parts and the

following identities:
Ai' (w) =wAi(w) and Bi'(w)=wBi(w)
JAi(a))Bi(a))da):a)Ai(a))Bi(a)) ~Ai'(w)Bi (o).

Keeping in mind the asymptotic properties of Airy functions,
-1 1[

Ai' (&) =—m2 & cos(§§2+%)+0(§_2)} (|arg§|<§7r) as & > .

-1 1[

Bi'(—&) =—m2 &4 sin(§§2+%)+0(§2)} (|arg§|<§7z) as £ >0,

It can be shown [4] that the above integral is zero at —o and therefore, the solution takes

the following form

ahs(X)
h(X)

~(h(X )y —ahy(X ))Ai(h(X )y —ah(X )Bi(h(X )y -ah(X )]}

v(y.X) =2j—221n {1+ (40" (h(X )y ~ayh,(X )Bi' (h(X )y ~ash,(X )
Yy

By using the original variables, the bounded solution for the free surface displacement is
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d2
4

d’%(aX)u =—§d2(aX) In {1+czd;(aX) [4i'(n(&,X ))Bi' (n(£,X))

(4.40)
—m(EX)AI(m(EX )Bi(m($X )]}

where

1
3

n(&EX) =(—9k—“j3d‘2(oX)§—azd2(aX),

and

To generate another, solution, we let

F(y.,z,X) :iaihS(X)Ai(hl(X)y —a hy (X ))Bi(h(X )z —ayhy(X)).

i=l
where a;;, and a,, are arbitrary constants. In fact, it can be shown [4] that another

bounded solution for the variable coefficient KdV equation can obtained by substituting

the above equation into the Gel’fand Levitan equation

2

v(y,X):CZ}ZZnA, (4.41)

where
A =det |5, +alih5(X)IAi(hl(X)s—azl.h4(X))Bi(h1(X)s —a,h,(X ))ds|.

Finally, there is another choice for the constants a,, =a,, =0, to get a bounded solution

for the variable KdV equation. In fact, the above mentioned choice leads to the same
solution. However, other choices for the constants lead to a divergent integral and as a

result of that we do not get a bounded solution.
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4.5 Transforming Variable-Coefficient KdV into Standard KdV

Equation
We find that variable-coefficient KdV equation is directly intergable by the
method of inverse scattering transform if the compactable condition is satisfied. In fact,

we find that the local depth has the following function

d(oX ) =(ocX +1)5. (4.42)

According to Dai [4], we can transform the variable coefficient KdV equation into

standard KdV equation by introducing the following transformations:

U :id%(aX)—gd_%(aX Y0 =(1+koX ) (ikag—gej, (4.43)
2 3 8 3

l//=lj‘d‘2‘5(as)ds=i(l+k0')()zz (4.44)
6 27k o ' '

¢ = fd_?g(aX)z E+koX ) (4.45)

Substituting these equations (4.43) - (4.45) into the variable- coefficient KdV equation
(4.3), we obtain the standard KdV equation

0, 660, +0,,, =0, (4.46)

which has the solitary solution given by
1 1
9:—50 sech(E\/g(gb—cl//—%)j. (4.47)

Now using the original variables in equations (4.43) - (4.45), we can write the solution as:
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-9 -9

U:§(1+k0'X)‘6k0'§+§(l+kaX)‘6c
1 5o, 5 (4.48)
sech?| =+Je | EQ+koX )6 +———(1+koX ) —#) ||
2 27 ko

As a remark, it is important to indicate that whereas the solution does not represent one

soliton solution, it becomes unbounded as & — .
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CHAPTER §

INTERACTION OF TWO SOLITONS

5.1 Introduction

In this chapter, we will study and discuss the relation and interaction between
the solitons which are obtained as the solution for the KdV equation in the previous
chapters. In fact, the main idea is to decompose the N-solitons solution into a linear sum
even though the KdV equation is nonlinear and the superposition principle fails to hold.
In practice it can be done by looking through some decomposition from literature
[24,26,27]. Once the decomposition is introduced, we shall find out that the solitons
exchange identities [24] and emit dual ghost particles [27,29] during the interaction. We

shall conclude this chapter by an example in support of work.

5.2 Decay Eigenvalues

As we know from chapter two that for certain choice of the initial condition, the
KdV equation has a discrete energy spectrum. With the above mentioned statement,
consider the non-linear partial differential equation KdV

u, —6buu +u__ =0, —oo<x<ow t>0 (5.1)

subject to the initial condition

u(x,t =0)=u,(x) (5.2)
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and assume that the solution is reflection-less .Therefore, if the solution is reflection-less
then the initial data has only a discrete energy spectrum {/L <A <.<A4 < 0} which can
be obtained by solving the time-independent Schrodinger equation

d’y
dx’

+[A—u,(x)]w =0. (5.3)

As a result of that, we obtain the eigenfunctions {z//l,y/z,...,l//n} corresponding to the

discrete eigenvalues. The eigenfunctions can be normalized and the normalizing

constants can be calculated through the definition
j://n (e, t)dx =1, c. =lime" "y, (x,1). (5.4)

Thus, the initial data is used to produce N-soliton solution [7,12,31,34] for the KdV
equation through the determinant formula, which was obtained before by the inverse

scattering method

2

u(x,t):—28i

+(log(det (7 +4))), (5.5)

where, 4 is a square matrix of dimension N and with entries defined as:

c c (ko )x 74(1(”2, +k3)z

a, = e , (5.6)

and the parameter k, >0 is defined through the relation A, =—k,; . Since 4 =(a,, ) is

symmetric and positive definite, these properties allow us to diagonalize the matrix

4 =(a,, ) so that:

M (x,1) 0 .. 0
plap=p=| ° #E0D . (5.7)
0 4, (xot)
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where

1. {1, (x ,0), 41, (x ,1),..., 41, (x ¢ )} is the ordered set of real positive eigenvalues of A.
and
2. B is the orthogonal matrix which consists of the orthonormal basis of the

eigenvlues of 4.
By using the above representation, we can write the solution for the KdV equation in

term of the eigenvalues,

det(/ +4)=det(P (I +4)P")
N
=det(/ +PAP™") =det(I +D) =] [ (1+ , (x.1)). (5.8)
n=l

Since the above derivation allows us to decompose the solution into sum of separated

solitons, the solution for the KdV equation becomes,

2
u(x,t):—2ai

- (log(det (1+4 )))

( (1]

iz (Zlog[l+,un (x ,t)]j

= (x, t)] Zu (x,t),
therefor
u(x,t)ziun(x,t). (5.9)
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5.3 Decay of Two Solitons

The easiest way to see the interaction of N-solitons for KdV equation is to look for
the interaction of two solitons. In this section, we define and discuss the decay functions
for two solitons in terms of u#, and u, that can be then generalized for N solitons.

Definition 5.2.1

Let {(x,t), 1, (x ,t),.... 44, (x ,t)} be the set of real positive eigenvalues of A , then we

N
define u(x,t)=Y u,(x,t) asdecay decomposition, where
n=1
o .
u,(x,t)=-2 P log[1+ u, (x,t)] as decay function.
X

Definition 5.2.2

We define the n-th soliton particle of u(x,t) as
Sn(vn)z_zseChz(knvn) n=1,23,...N.
where v, =x —4k, is the nth moving frame.

Since we are going to talk about the decay function of two solitons, the matrix A

associated with two solitons becomes,

clz 2kpy CiCy kwy+kov,
—e€ — €
4= 2k kit ks , (5.10)
Cicy PUISEIEE 022 o2k
k,+k, 2k,
The two eigenvalues associated with 4 are
1 2
,ul(x,t)zg(Tr(A)Jr\/[Tr(A)] —4det(A)), (5.11)
1 2
yz(x,t)=5(Tr(A)—\/[Tr(A)] —4det(A)). (5.12)
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Definition 5.2.3

The ghost matrix of 4, is defined by

2
(o 2k, cc, e(k,+k2)vg
2k, k,+k,
g 2 ’
) e(kl+k2)vg ¢ eZkZVg
k,+k, 2k,
where
_ 2 _ 12 2
v, =X —4kgt andkg =Nk +kk,+k,.
Definition 5.2.4

Let 7, and y, to be the eigenvalues of 4, corresponding to u,and u, respectively. Then,

the ghost and anti-ghost particles are defined respectively as,

2

0
gb,)=-2-log[1(,)]

g

_ 52
g(vg)=—2av2

g

log[ 7,0,)]-

Remarks
» v, represents the moving frames for ghost particles g and g .
» The velocity 4kg2 for the ghost particles exceeds the velocity of the solitons

particles.

In fact, the relationship we presented above between the two matrices 4 and 4, and

their corresponding eigenvalues is well defined and the following lemma assure that

relationship.
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Lemma 6.2.1
2 2 2
Let £ =k k,+kk, then
. R
i) A=e"'A4,.

i) u, zegzz’yn for n=1,2.
Proof:

-2
To prove the first part, it suffices to show that every coefficient of the matrix 4 has e

as a common factor when rewritten in term of v <

kv, k, (x—4k2t)
e =e

g

_ek,, (v +4k 2t -4k 2t) _ek,,v e4K” (kg -kt
kv 4K, (k{thiky ks —k D kv, 4kt

=€ e =€ e

To prove the second part, we use the result we obtained in the first part.

i) u =e™'y for n=12.

5.4  Asymptotic Relations for the Decay of Two Solitons

In this section, we present the main theorem that describes the asymptotic
behaviors for two solitons. We try to support the theorem by presenting some graphs that
clarify the idea behind the theorem.

Theorem 6.3.1

The following asymptotic relations hold for «, and u,:

LU~ (v, +9) as t — —o
u~s,v,+0,)+g@,) as t — +oo

in the sense that
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limu, =s,(v, +9,), limu, =s5,(v,+5,), and lim u,
v fixed v,fixed Ve
t —>—0 t —o0 t >0

with the relative phase shifts 6, and &, defined as,

2 2
o2kl — ¢ ’ o220 ) .
2k, 2k,
uy~s,(v, +0, +A) as t — —oo.
1) —
u,~s, (v, +6,+A)+g(v,) as t — +oo.

in the sense that

=gW,),

limu,=s5,0v,+5,+A), limu,=s,+6+A), and lim u, :E(vg),

vofixed v fixed o

v fixed

t—>—© t—0 t—w

with A defined as,

ezsz _ (k1 _kz)2
(k, +k,)

Proof

In order to prove the theorem, we are going to look for the particles through three

different frames (i.e. v,,v, and v ).

The first frame V |-

Here we move with the velocity of v, to see what is going on with the particles. Since we

have

2 2
Tr(d) =Sl 4 C2 p2kes
2k, 2k,

2.2 2.2
det(4) = €€ 4% . o kw26
4k k, [k1+k2]
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202
=C6y

2
- 1 _ 1 o 22k _ 012022 (lﬁ_kzj 62(k1V1+k2"2)
4k k, [k1+k2]2 4k k,\ k, +k,

then
li T(A)—i 2 lim det(4)=0 (5.13)
v11ﬁrxr;Cl r —2k1e , vllfg;d e =0. .
lim (1+4)= lim 141 Tr(A)+\/[Tr(A)]2—4det(A) =1+ie2"'v' (5.14)
v, fixed VA fixed 2 2k, )

The decay function is

lim u,(x,t)= lim {—2
v, fixed v, fixed
t—>-0 t—-0

62
P log[1+ g (x ,t)]}

0 ¢l
=-2 log| 1+ —L¢%m
o g{ 2k }

1

_ 2 2ky,
8kcre

==+, (-15)
1451 g2km
2k,
where
2 2
ek -4 1.€. L e =G
2%, 2k,

The second frame V 5-

Here we move the velocity of v, instead of v, to see what is going on with the particles.

Since we have

2

lim Tr(d) = 222 lim det(4) =0,
vztgzed 2k2 v, fixed

t—ow

then
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2

. . 1 2 2 2k,
lim (1+y1)=vzhﬁrgd[1+§(Tr(A)+\/[Tr(A)] —4det(A))}=l+2cTe : (5.16)

v, fixed )

t—o0

t—o0

The decay function is

. . o’
=t |2 el el

t—0 t—wo

o’ 3
=-2 log| 1+ —2—¢*2>
x? F { 2k }

2

—8k 2™t
= 22 >=5,(v,+0,), (5.17)
2
(1+c2 ef2
2k,
where
2 2
o2kt _ P ie P e 2k _ p2ka(8rv)
2%k, 2k,

The third frame V g

Here we move with the velocity of v, to see what is going on with the particles.

2

. . 0? P -
vghgnxedul(x ,t)= lim {—2 3 log[1+ M (x ,t)]} =2 - log|:1+esk %J —0

v, fixed X 2

t>-0 t-0

. . 82 . 82 ggzt
Vghgnxedul(x ,t) —vghgnxed{—2 P log[1+ s (x ,t)]} —vghgnxed{—2 P log[1+e le

t—o0 t—o0

. 62 4K 4k
= Vghgled {—2 v [log (e )+ log (e +7, )}

t—0

. 0’
= lim {—Zax—zlog (7 )}
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(i1) To prove the second part, we are going to consider again the three different frames

(ie.v,,v,andv,).

The first frame v .

Here we to move with the velocity of the v, to see what is going on with the particles.

Since we have 2ky, =2ky,—8(k; -k,

then, we can rewrite 77(4) and det(4) as:

2 2
Tr(A):c_leZklv] +c_2e2k2v2
2k, 2k,

2 2
zeSkl(kzz—kf)z C o2k 4 c, eZkzvz—Sk,(kzz—klz)z '
2k, 2k,

2.2 2.2
det(4) = % 4% . o 22k
4k k, [k1+k2]

2
2 2
:eSI(l(/(Ez—klz)t c C, k1_k2 e2(k1+kz)Vz
4k k,\ k +k,

2
det(4) _ c; (kl—sz S g g ) o
v, fixed [TV(A )]2

im
v fixed Tr(4) 2k, \ k, +k,

-0

Whence, the second eigenvalue of 4 behaves as

. . 1
lim (1+.4) zvzhfglgd{lnta(Tr(A)—\/[Tr(A)]z —4det(A))}

4det(4)

= lim 1+% T F(Ad)
: fix 4 et(Az
[Tr(4)]
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4det(4)

2
~ lim | 14— L") =i(—k1_k2j e, (5.21)
v, fixed \/ 4det(4) 2k, \ k, +k,
I T
[Tr4)]

and the decay function is

. . o
e = i {2 ol

-0 t—>-0

2 2 2
=-2 azlog 1+-2 k ks e’
Ox 2k, \ k, +k,
=5,(v,+0,+A).
where
2 2
o2kt k,—k, & o 2ka0: :C_z.
k,+k, 2k,

The second frame v | .

Here we move with the velocity of the v, instead of v,to see what is going on with the

particles but this is exactly similar to the proof of the second part in the first frame which

is given by,
lifmdu2(x g4)=85,v,+0,+A),
2 2
where et = k =k and e = S
k,+k, 2k,

The third frame v g

Here we are going to move with the velocity of the v, to see what is going on the

particle.
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. . 0
Vghgnmul(x 1) =v31g1m{—2 Ve log[1+ 4, (x ,t)]}

t—>-0 t—>-0

2

=-2 aiz 10g[1+esz2’72J=0. (5.22)

In the other hand as t—

. . 0
Vghglmuz(x 1) =v31gged{—2 v log[1+ 4, (x ,t)]}

t—0 t—o0

. 82 8%
:V31}111md{—2 v log [1 +e ;/ZJ}
0’ s s
_1; _ t —4kt
= vghgnxed{ 2 v [log (e )+ log (e +7, )}}

. 0’
lim {—2 o log()/2 )}

v, fixed

This completes the proof of the above theorem.
Example 5.1 The interaction of two solitons

Let 4, =-1, 4,=-4 and ¢, = Je, c, = 24/3 be the scattering data for the two solitons

which we obtained in chapter three. Therefore, the soliton matrix 4 takes the following

form
ieZlel ) ek1V1+szz
A= 2k, k, +l§2

Leklvﬁkﬂz c_262k2v2

k,+k, 2k,
where

; c; _6_3 cc, _6\/5_2\/5 c_2:2:3
2k, 2 ’ k +k, 3 ’ 2k, 4
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. 2kpy,=2(x —4t)=2x -8.
iii. kv, +ky,=(x—4t)+2(x —16r)=3x —36r.
iv.  2ky,=4(x —16t)=4x—64t.

[ 32 2@3;:3&]
A=

2\/763):—361 3e4x—64t

TF(A) = 362)(—8[ +3e4X—64t.
Det (A):966X*72t _ QX _ p6x-T2

The eigenvalues for the above matrix are:

14(x 1) =%(Tr(A)+\/[Tr(A)]2 —4det(A))

:%(362):—81‘+3e4x—64t+\/|:362x—8t+3e4x—64t:|2_4e6x—72t)

1 - - - v — _
:_(3ezx 8 3p 64t+\/9e4x 160 4 14067 1 9p® 128t).

,uz(x,t)zé(Tr(A)—\/[Tr(A)]2—4det(A))
21(362):—8[ +3e4x—64t _\/|:3e2x—8t +3e4x—64t:|2 _4e6x—72t j
2

1 _ _ - . -
=§(3ezx 81y 3o o _\/9e4x 161 [ 400" T2 4 QpSr 128 )

Using the above eigenvalues, the decay eigenfunctions become,

2

un(x,t):—28a log[1+ 1, (x ,1)] where n =1,2.

2
X

To find the ghost matrix 4,

2
¢ o e ) e itk
2k, k,+k,
A =
g 2
Ci€y  ,titkay, €2 2k,
k,+k, 2k,
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Since k] =k} +kk,+k;=1+2+4=6

where v, =x—4k§t=x—144t.

then Ag 2[2\/563vg 3e4vg

362vg 2\/5@3‘)[’7}

6v

TV(A):3e2Vg +3e4vg and Det(A):9e6vg _8eévé’ =e %,

Whence, the eigenvalues are given by

y =%(TF(A)+\/[T1”(A)]2 —4det(A))

2
:l(3ezvg +3e¥e +\/|:3€2Vg +3e4Vg] —486ng
2

=%(3e2% +3e™ 149%™ —186”¢ +9¢™ )

and

v, :l(Tr(A)—\/[Tr(A )| —4det(A))

[ [3e f 3™ ]2—4e"’”gj

( v, +3 4, _\/9 4, 18e6vg +988vg )

Using the above eigenvalues, the ghost particle is given by

2

d
g, )= 2a ;

_ 82 2v 4y \/ 4y 6v 8v
= log 3¢7¢+3e ¢ +v9% ¢ —18e ¢ +9% ¢ |]|.
8v 2

g

log[7,(,) ]

and the anti-ghost particle is given by

[7/2(vg)]

gw,)=-2

62 1 v, 4, 4, v, 8,
-2 2log[5(3e 13" —\J9e™ —18¢™* + 9 )

6vg

and v =x —4k;t =x —144¢ is the ghost moving frame.
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Conclusions
1. Figure 5-1 shows the interaction of two solitons through a series of time and
match the results we get them in chapter two.
2. Figure 5-2 shows the movement of the bigger soliton through a series of time and
splitting occurs in the fourth frame.
3. Figure 5-3 shows the movement of the smaller soliton through a series of time and

splitting occurs in the fourth frame.
4. gw,)+gw,)=0.

5. Both E(v ¢)» &(v,) =0 do not appear in solution due to their cancellation.
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Figure 5-1 The Interaction of Two Soliton Solution for the KdV Equation.

=10 10 o =10 10 20 =10 10 a0
2 =2 2}
(a) t=-04 (b) t =-0.2 (c)t=0
6 & &
2 2 2
W, —
=10 10 a0 =10 10 a0 =10 10 20
2 -2 2
(d) t=0.2 (e)t=04 (f)t=0.6

Figure 5-2 Two Soliton Solution Particle Collision for the KdV.
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(a) t=-04 (b) t =-0.2 (c)t=0
6; n;
c! c?
]
|
10 20 I V 20 -10 I 10 WED
(d) t =02 () t=0.4 (f)t=0.6
Figure 5-3 The Smaller Soliton for the KdV Equation.
& & &
2 -}
T T 10 20 -10 10 20 10 10 20
-2 -2 -2
(a) t=-04 (b) t =—0.2 (c)t=0
JAVAN JANAN A
-10 io 20 10 10 20 =10 16 a0
-2 =2 -2
(d) t=0.2 (e) t=04 (f)t=06

Figure 5-4 The Bigger Soliton for the KdV Equation.
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5.5 Decomposition of solution for two solitons

In this section, we try to decompose the decay function for two solitons into
soliton and ghost particles. Also, we will show that the sum of the ghost particles result in

their fissions. This can be done as follow:

5.5.1 Decomposing the solution into soliton particles and ghost particles

From the equation (5.9), we have

u(x,t) :iun(x,t) =u,(x,t)+u,(x,t)

0 0
:—26)62 {Ln(1+/¢1)}—2§{Ln(1+,u2)}
, N2 . N2
_ 5 (1+/J1)/J1 _(/‘1) _5 (1"’#2)#2_(#2)
(1+,Lll)2 (l+,u2)2
. . N2 ) . N2
I i _(/Ul) 75 1, _(ﬂz)
=-2 7t 772 7t 2
(I+a) () (I+) (14 w)
: (es"zt )2 [7 7 —(n )2} : (eg"z’ )2 [7 7, —(7 )2}
L 7 ¥4 | 5 b, 22 2
(1 + )2 8kt 2 (1 + )2 8kt 2
H (1+e 71) Hy (1+e 72)
, 2 . v\
_ 5 y7A 4 71712_(71) L 75 - 727/: (72)2 ‘ (5.23)
(1+:u1) (e_gktl—k}/l) (1+ﬂ2) (e_gkt+7/2)
Conclusion:

From (5.23), we notice that the decay function consists of two solitons particles and two

ghost particles which agree with graphs obtained in section 5.4.
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5.5.2  Asymptotic behavior with respect to ghost moving frame /',

Case (i) Assume that V', is fixed and # — —oo and using (5.23),

Vﬁ%aedu(x,t)
. N2 ) S
:Vli;gid 5 y7A _+ 71712_(71) L 78 - 727/: (72)2
t 5o (1+,ul) (e_Sk’1+7l) (1+,u2) (e_gk’+]/2)
=0. (5.24)

Case (ii) Assume that V', is fixed and ¢ — +o0. In the light of this (5.23) gives,

tus.0
. 2 . SN
= [l‘md -2 H —+ 7/1712_(7/1) - ) H, —+ 727/: (7/2)2
:ifze (1+,ul) (e—Skt1+7l) (1+,u2) (e—8kt+]/2)
; 2 . \2
_ 5 7171_(71) _9 7/272_(7/2)

(71)2 (72)2

_ ol 0 DY
= 2{8)621"(71)} 2{6x21n(72)}

=g(7)+8( 7). (5.25)

Conclusions:

1. (5.24) indicates that there is no generation of ghost particles before soliton
interaction.

2. (5.25) indicates that the creation of the ghost particles happen as time goes ¢ — +x.

3. The sum of the ghost particles results in their fissions.
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5.5.3 The sum of the ghost particles and their fissions

From (5.25), the sum of ghost particles is given by:

g(7)+8(7) =—2{%1n(71)}—2{%1n(72)}
X ox

Conclusion:

)
Ox

0
=-2 > ln(yly2)
ox

0
=2 "

In(det( 4, ))

() +in(y,)}

2 2
€ 6

2 2
C\Cy

0
> In(
ox HZI{1 2k, 2(k,+k,

eZ(lirkz)vg :|)
)

(5.26)

(5.26) indicates that the sum of the ghost particles results in their fissions and as a result

of that they disappear from the solution of the KdV equation (see figure 5-5).

(1]
f
= =]
\ al,\ I::b i X
A N 1
2y PRV a4 A
. ,t ;0
il 1 i
fi = i = I
1 [} I!
NS f\ f {2
A M FL, A
T Z W
L

Figure 5-5 Ghost Particles and their Fissions.
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APPENDIX (I)

A SOLUTION FOR THE KDV EQUATION OF THE FORM  z (x —cr)

Consider the KdV equation
u,(x,t)=6u(x,tyu, (x,t)+u_ (x,t)=0. (D)

In order to find a solitary wave solution for the KdV equation, we may try to look for a

solution of the form u(x,t)=z (x —ct)=2z(&). In the light of this, the standard KdV-

equation becomes,

dz dz d’z
- —+6z —+

- 0. (2)

From (2) we notice that it is in the form of total derivative. Therefore, we can integrate it

directly to obtain

2
—z +3z%+

-4 3)

where A 1is a constant of integration. In order to obtain a first order differential of z , we

multiply the above equation by j—} to make it in the form of a total derivative

2
oy B2 q0dz Nfdz \dz  dz )
dé& dé 2\d&) dé& dé&
Integrating (4) we get
1(dz Y
o 4z 4B (5)
2 2\d¢

where B 1is a constant of integration. Since, we require z and all its derivatives to vanish

as z — foo, therefore, we must have 4 =0& B =0.
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Thus the above equation becomes,

which can be written as

dz

dé=———.
d z2\Je =2z

Integrating using trigonometric substitution we get,
1 2
s =—c sech”(6).
2
In the light of above (7) becomes
< )
ds
for =
: 5 SNC—2s

N —c sinh(6)d 0
1 2 3
¢ sech (O)\e tanh(0) cosh®(0)

NA

:_—Zjla’H
b

-2
~5,=(0,-6)
E-6="26-0)

By substituting the original variables into equation (8), we obtain

1 ,[1
z(§)=c sech [5\/2(5—50)—90}.

(6)

(7)

(8)

)

Since the constants can be chosen in a variety of ways therefore, by requiring the solution

to attain its maximum at the origin, we obtain the simple firm

1 1
z(é)zac sech [Ex/g(f)}

By substituting the original variables equation (10) can be written as
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u(x,t) :%c sech’ [%x/g(x —ct )} (11)

which is given in Figure A.

u
02T\
4.4
0.3
/_ 0.2 |
\
/ 0.1
— // \\'k"k.i
~6 —3 2 2 R 6

Figure A. The Profile of the Above Solution.

Remarks
1. Since the quantity c appears in the argument of the solution as a square root,
therefore, this quantity must be chosen to be positive to meet the conditions (i.e.
the function and its first two derivatives vanishes as & — *oo i.e. the solitary
wave moves only in the direction of the positive x-axis)
2. The amplitude is proportional to the velocity of the solitary wave. In other words,

larger amplitude moves faster than the smaller amplitude solitary wave.
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APPENDIX (II)

NON-SOLITARY OSCILLATION IN KDV EQUATION

As we have seen in chapter three through some examples that if the initial

condition, u,(x), yields N discrete eigenvalues {4,4,,...4,} and the reflection

coefficient is R (k,t)=0 then, standard KdV equation has only N-soliton solution.

However, we will see in this appendix that the oscillatory part of the solution comes from

the condition R (k,t)# 0. In fact, the best example that illustrates this idea is the delta

function potential which leads to both discrete as well as continuous spectrum.
Example Delta Function Potential
Consider the following initial distribution for the potential
u(x,0)=-40(x),
where the J(x ) is the Dirac’s delta function.
Solution:
We solve the direct scattering problem by substituting the initial condition into the
equation

dw(x)
dx’

—AS(x W (x)=w (x), (1)

The above equation can be written as,
W ==(A+450x)w. 2)

By integrating both sides we obtain,
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waxdx = —j (A+AS5C )W dx
% b 3)
=[w,] . ~4w(0)as &> 0.

To find the bound states (4 <0) we let A =—k > where k is a positive real number

20)=~k"
i @)
“w_ —kw =0 forx -zt

The above equation can be easily seen to yield

e ™ as x > 0.
W)= et a x <0 ®)

Using jump condition for w _at x =0 we get,

. ], =(-k)—(k)=-Aw (0)=-A4 =2k =4 =k :%A

1
A=——A4° 6
1 (6)
To find the normalization constant, we use the definition in (chapter two),
c(0) = — - L 1,
2 2kx -2kx 2kx
J.w (x) J.e dx +J.e dx 2J.e dx
-0 -00 0 0
(7)

1
c(0)=—A4.
(0) 5
Note that the discrete spectrum will be empty if 4 <0 and to find the unbound states, we

put A(0) =k’ where k is a positive real number

e™ +b(k,0)e™ as X — 4o,
w (x ) - -ikx
a(k,0)e as X — —oo. @®
B e™ +b(k,0)e™ as X — 4o,
[1+b(k,0)™ as X — —oo.
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In order to find the reflection and transmission coefficients, we apply the continuity

condition at the origin
[wx ]?0 = (~ik +ikb)e’ — (=ik Y(1+b)e’ =-Aw (0)=-A(1+Db).
(—ik +ikb)e’ —(=ik )1+b) =-A(1+Db).

A. & a(k,0)=1- A. .
A +2ik A +2ik

b(k,0)=— (9)

Using the definition in chapter two, we obtain the evolution equation

8ik 3t
i) At) = —%Az. i) bk 1) = —2¢

A

i) alk ) =1— .
iii) atk.0)=1=-———

. A
w)c(t)= ——e" .
) c(?) 5
Now substituting these equation into the kernel , we obtain
N 1 ®
B(&:0)= Y j(t)exp(k, &) +—— [ R(k 1) explik §yik
m=1 T —o

AeSik3t+ik§

B(EN=C\0)exp(k )= [ 45— —dk. (an

Substituting the above kernel (11) into the Gel’fand and Levitan equation,

K(x,y,t)+B(x +y,t)+TB(y +z,0)K(x,z,t)Ydz =0 (12)

Unfortunately, we cannot solve the above integral equation in term of well-known

analytic function. However, we can approximate the solution numerically (see figure B).
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Figure B. The Profile for Scattering by Delta Function.
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