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1 Chapter 1

Introduction

It is well known that for finite-dimensional Noetherian or Priifer domains the
valuative dimension coincides with the Krull dimension (i.e., Jaffard domains).
However, it is still an open problem to compute the valuative dimension of an
arbitrary finite-dimensional Krull domain.

Bouvier’s conjecture [17] sustains that

“there is a Krull domain (or UFD) R with

1 +dim(R) S dim(R[X]) < 00.” In [11], a diagram puts this conjecture in
its spectral context and hence shows how it naturally arose. In particular, it
reveals how the classes of Noetherian domains, Priifer domains, UFDs, Krull
domains, and PVMDs interact with the notion of Jaffard domain as well as
with the spectrum-related S-domain properties of Kaplansky. See Figure 1.
For more details about the above concepts, we refer to [2, 9, 26, 27, 30]. Any
unreferenced material is standard, as in [18, 28, 31].

Since Seidenberg’s work on the dimension of polynomial rings, we know that
Noetherian domains are Jaffard (1952-54), so that one has to dig beyond the
classic context of Noetherianness. However, non-Noetherian finite-dimensional
Krull domains are rare in the literature [4, 10, 14, 19, 32, 38, 39], and all happen
to be (locally) Jaffard [11]. Some of them arise as symbolic blow-up algebras

and symbolic Rees algebras [14, 38, 39]. Our purpose in this MS thesis is to
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have a close look at various works on this subject, towards a better under-
standing of non-Noetherian finite-dimensional Krull structures; particularly,
those issued from blow-up and Rees algebras.
In 1958, Rees constructed in [37] a first counter-example to the Zariski-Hilbert
problem also called the generalized 14th problem of Hilbert (initially posed at
the Second International Congress of Mathematicians at Paris in 1900). His
construction gave rise to (what is now called) Rees algebras. Since then, these
special graded algebras has been capturing the interest of many mathemati-
cians, particularly commutative algebraists and geometers.

Let A be an integral domain, ¢ an indeterminate over A, and P € Spec(A).
For each n € Z, set P™ := P"Ap N A, the nth symbolic power of P, where

P" := A for each n < 0. We define the following graded algebras:
o P,y Pt" = A[Pt, ..., P"t",...] the blow-up algebra of P,
e @B, Pt = APWt, ..., PMin ] the symbolic blow-up algebra of P,
o P, , Prt" = Altt, Pt, ..., P"t", .. the Rees algebra of P,
e @D, , PWitr = A[t=', PWt, ..., PMtn ] the symbolic Rees algebra of P.

In 1970, based on Rees’ work, Eakin and Heinzer constructed in [14] a (first
example of a) 3-dimensional non-Noetherian Krull domain. It arose as a sym-
bolic Rees algebra. It is proved in [9] that this construction yields locally

Jaffard domains.



In 1973, Hochster studied in [22] criteria for P" to equal the symbolic power
P™ (i.e., P primary) for each positive integer n within Noetherian contexts.
One of his applications asserts that P = P"™ when P is a prime ideal of R
generated by an R-sequence. One has then to go beyond these contexts to
avoid a collapse between blow-up or Rees algebras and symbolic blow-up or
Rees algebras.

In 1985, Roberts constructed in [38] a second counter-example to the gener-
alized 14th problem of Hilbert which also answered an open question (due to
Cowsik) about the existence of regular local rings in which the symbolic blow-
up of a prime ideal is not finitely generated over the ground ring. In 1990,
Roberts in [39] provided a new counter-example to the generalized 14th prob-
lem of Hilbert with, in addition, a solution to Cowsik’s question in a complete
regular local ring. His example arose as a symbolic blow-up algebra that is a
3-dimensional non-Noetherian Krull domain. The problem of whether these
settings yield (locally) Jaffard domains is treated in details in [9].

An integral domain R satisfies PIT (resp., GPIT) if every minimal prime over
a principal (resp., n-generated) ideal has height < 1 (resp., < n). Here PIT
stands for “Principal Ideal Theorem” and GPIT for “ Generalized Principal
Ideal Theorem.” Both Noetherian and Krull domains satisfy PIT. Moreover,
while Noetherian rings satisfy GPIT (by Krull’s altitude theorem), Krull do-

mains don’t. Eakin-Heinzer’s symbolic Rees algebra (mentioned above) pro-



vided a first counter-example in this regard, which was later developed by
Anderson-Dobbs-Eakin-Heinzer in 1990 [3].

This MS thesis traverses five sections along with an introduction and a pre-
liminaries section. Each section is devoted to an original research paper. Sec-
tion 3 studies Jaffard domains (see definition above). First, we present transfer
results to ring extensions associated with the basic ring. Then we examine the
possible transfer of the Jaffard property to various pullback contexts. The
study is then backed with examples and counter-examples. Section 4 deals
with the GPIT property (see definition above). Three paragraphs subsequently
investigate this notion in the contexts of integral extensions, homomorphic im-
ages , and monoid domains. A fourth paragraph builds an example (mentioned
above) of a local three-dimensional Krull domain not satisfying GPIT, hence
not Noetherian. Section 5 studies the n-symbolic powers of prime ideals (see
definition above). It investigates criteria for symbolic powers of a prime ideal
to collapse to the ordinary powers. In this case, Symbolic Rees or blow-up alge-
bras merely reduce to Rees or blow-up algebras. Sections 6 and 7 examines in
details the Rees-Eakin-Heinzer’s construction and Roberts’ construction (men-
tioned above), respectively. We close the thesis with some open problems and

conjectures.



2 Chapter 2
Preliminaries

In this section, we treat different categories of rings, namely Krull rings,
graded rings, complete regular local rings, Rees algebras and blow-up algebras,
and application of (Krull) dimension theory to theses rings. Then we will
give formulas which relate the dimension of a Noetherian ring with any of
its extension, and finish up with formulas to compute the dimension of the

associated graded rings as well as Rees algebras and blow-up algebras.

2.1 Krull rings

Definition 2.1 ([31]) . Let A be an integral domain and K its field of frac-
tions. We write K* for the multiplicative group of K. We say that A is a Krull
ring if there is a family § = {Ra}rea of DVRs of K such that the following
two conditions hold, where we write vy for the normalized additive valuation
corresponding to Rjy:

(1) A= m)\ Ry,

(2) for every z € K*, there are at most a finite number of A € A such that

va(z) # 0.

Example 2.2 (1) Any UFD is a Krull ring.

(2) If R is a Krull ring, then R[X] and R[[X]] are Krull rings.



(3) If K is a field and {X;}$°, is a collection of indeterminates over K, then

K[{X;}$2,] is a Krull ring.

Proposition 2.3 . Let R be a Noetherian domain such that its localization at

any prime is integrally closed. Then R is a Krull ring.
Proof. See [31, Theorem 12.4]. O

Proposition 2.4 ([31, Theorem 12.4]) . Let A be an integral domain, K
its field of fractions and L an extension field of K. If {A;}icr is a family of
Krull rings contained in L and satisfying the two conditions:

(1) A=NA; and

(2) given any 0 # a € A, we have aA; = A; for all, but finitely many 1,

then A is a Krull ring.

Proof. For each i, A; N K is a Krull ring, so that A = ((4; N K) = [ 45,
where A;; are DVRs of K. Next, Condition (2) shows that any a € A is a
non-unit in a finite number of A;; therefore there exists a finite number of j
such that v;;(a) # 0. So, if b = Z—; € K*, then v;;(b) = v;;(b1) — v;5(bs) # 0 for

a finite number of ¢ and j. OJ

2.2 Graded ring, Hilbert function, and Samuel function

Definition 2.5 ([31]) Let G be an abelian semigroup with identity element

0. A graded (or G—graded) ring is a ring R together with a direct sum de-
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composition of R as an additive group R = @, R; satisfying R;R; C R;;.
Similarly, a graded R—module is an R—module M together with a direct sum
decomposition M = P, M; satisfying R;M; C M;;;. An element x € M is
homogeneous of degree 7 if it belongs to M;. A submodule of M is homogeneous

(or graded) if it can be generated by homogeneous elements.

Lemma 2.6 * Let R be a graded ring and M a Noetherian (resp., an Artinian)
graded R—module. Then M, is

a Noetherian (resp., an Artinian) Ry—module for all n.

Proof. We will give a proof only for the Noetherian case. But before, notice
that if R is a graded ring, M a graded R—module and N an Ry—submodule of
M, for some n, then RN N M,, = N. Indeed, N C RN since 1 € R; so that
N C M, N RN.

Let z € M, N RN and assume that z € M,, \ N. Then z € RN implies that
z =Y rn; r, € Rand n; € N. Since M, is homogeneous, each r;n; € M, so
that r;n; € M, N RN. Let r;jn; be the first term of 2z not in N. Then r; ¢ R,.
But n; € N C M, implies that r;n; ¢ M, which contradicts the assumption.
Now, let Ny C Ny C ... be an ascending chain of

Ro—submodules of M,,. Then RN; C RN, C ... is an ascending chain of
R—submodules of M and so must stabilize. Contracting back to M,, we

conclude that the chain Ny C Ny C ... stabilizes. O

Proposition 2.7 ([1, Proposition 10.7]) An

8



N—graded ring R = @ R,, is Noetherian if and only if Ry is Noetherian and

R is finitely generated as a ring over Ry.

Proof. If Rj is Noetherian and R is a f.g. Ry—algebra, then R is Noetherian
by Hilbert basis theorem. Conversely, R, = @, ., R, is an ideal of R; so
that it is f.g. by homogeneous elements y1,ys, ..., yx, with degy; = s;. Then

Ry = is Noetherian. Let

__ R
Do Bn
s = max{sy, S2,...,8;} and put N = Ry ® Ry ® ... P R,. By Lemma 2.6, each
R; is Noetherian Ryp—module and so N is finitely generated as Ry—module.
Since N is homogeneous, let x1, s, ..., 2; be the homogeneous generators of
N. Clearly,

(x1,29,...,2)R = (y1,y2,...,yx)R = R,. Next, we show that Ry[R,]| =
Rylxy, z9, ..., x]. Since both are homogeneous it will be sufficient to show that
they have the same component in each degree n. n = 0 is a trivial case. Assume
that the equality holds for all components of degree less than or equal to n—1.
Let 7 € (Ro[R4])n. If n < s, then r € Rozy + ... + Roxy C Rolxy, ...,z
If n > s, then since r € RyR = (x1,...,2;)R, there exists homogeneous
elements uq,...,u; € R such that r = > w;x;. Therefore, degu; + degz; = n
for all 7, i.e., degu; = n — degx; < n, and the inductive hypothesis implies
that u; € Ro[z,..., 2. Hence r € (Ry|xy,...,2]),. The reverse inclusion is

trivial and since R = Ry[R], we obtain our desired result. O

Lemma 2.8 * Let R be a graded ring and M a graded R—module. Then M



is simple as an R—module if and only if M is simple as an Ry—module.

Proof. Suppose that M is simple as an R—module. Since M is cyclic, we
have M = R/N as a graded R—module, for some homogeneous maximal ideal
N =Amn(M). But then N =... 8RR 1 EmP R, & Ry @ ... for some
maximal ideal m of Ry. Thus, M = R/N = Ry/m and so M is simple as

Ro—module. The converse is straightforward. 0

Lemma 2.9 * Let R be a graded ring and M a graded R—module such that
(M) =n. Then there exists a chain M = My D> M; D My D ... D M, = (0)

of submodules of M such that M;/M;, is simple and M; is graded for all i.

Proof. If n = 0,1 the result is trivial, so suppose n > 1. By induction, it
is enough to show that there exists a non-zero proper graded submodule of
M. Let x € M be a non-zero homogeneous element. If xR # M, we are
done, so suppose that Rx = M. Then M = R/I as graded R—module, where
I =(0:gx). Thus, {(R/I) =n and so R/I is Artinian. All the maximal ideals
of R/I are homogeneous (since they are minimal). If the only maximal ideal
of R/I is (0), then n = ¢(R/I) = 1, a contradiction. Therefore, there exists a
non-zero homogeneous element r € R\ I such that r + [ is not a unit in R/I.
Set y = rx and N = Ry. Then N is a non-zero proper graded submodule of

M. UJ

Lemma 2.10 * Let R be a graded ring and M a graded R—module. Then

10



Cr(M) = Lr,(M) =3, lr,(M,).

Proof. If {x(M) = oo, then lr (M) = oo since M is also an Ry—module.
Suppose that {r(M) = n < co. Then by Lemma 2.9, there exists a composition
series

M = My> M, DMy, D... > M, = (0), where M;/M;.; are graded simple
R—modules. By Lemma 2.8, these modules are simple Rp—modules. Hence
lry(M) = n. Now, let My = @, oM, and M_ = P, _, M,, then 0 —
M- — M — M, — 0 is an exact sequence and since the length is an
additive function, it follows that ¢(M) = ¢(M_) + ¢(M..). For each integer k,
Mic—p

— My<_, — M_; — 0 and M,y — M,>, — M, — 0 are exact
sequences, so that ((M,>r) = 0(My) + €(M,~;) and ((M,< ) = ((M_;) +

O(M, ). Letting k vary in N, we obtain the second equality. ([l

Lemma 2.11 * Let R be a Z— graded ring which is not a field and assume that
the only homogeneous ideals of R are (0) and R. Then R = K[t~ ], where
K = Ry is a field and t is a homogeneous element of R that is transcendental

over K.

Proof. If u is a non-zero homogeneous element of R, then (u) = R (i.e., there
exists v € R such that wv = 1). It follows that every non-zero homogeneous

element of R is a unit. So Ry is a field. As R is not a field, then R # Ry.

11



So there exists some 0 # ¢t € R, (n # 0). Since ¢ is a unit, t*' € R_,.
Assume that n is the smallest integer such that R, # 0. Notice that if R is
a reduced graded ring, where Ry is a field, and if v € R, \ {0} with n # 0,
then u is transcendental over Ry. Indeed, if > apu® = 0 for a; € Ry, then
apu® =0 V k ie., u¥ = 0 since a; is a unit. But this is not possible since
R has no nilpotent element. Thus ¢ is transcendental over Ry. Now, we show
that any homogeneous element of R,, has the form ct’ for some i and some
¢ € Ry. The case 0 < m < n is trivial (if m < n, then 0 = 0t*). If z € R,
then a2t~ € Ry i.e., at™! = 1y and o = rot. Assume inductively that the result
is true for all indices < m — 1 with m > n. Let u € R,,. Then t~'u € R,,_,,
and 0 < m —n < m. Thus, ut™! = ct’. Multiplying by ¢, we get the desired

result. We argue similarly for elements of negative degree. 0

Suppose that M is a graded R—module and N is an R—submodule of M.
We denote by N* the R—submodule of M generated by all the homogeneous

elements contained in N.

Lemma 2.12 ([44, Lemma 3]) . Let R be a Z—graded ring and P a non-
homogeneous prime ideal of R. Then P* is prime and there are no prime ideals

properly between P and P*.

Proof.* Let x,y be homogeneous elements in R such that zy € P* and x ¢ P*.

Since P* C P, then y € P and therefore y € P* because it is homogeneous.

12



Now, let z,y be non homogeneous such that xy € P* and x,y ¢ P*. Set
r=> x andy=> y. Letigand i; be respectively the first indices such
that z;, ¢ P* and y;, ¢ P*. Then xy € P* implies that z;,y;, € P*, so that
T, or y; must be in P*; which is absurd. Thus P* is prime. By passing
to R/P*, we may assume that R is a domain and P* = (0). Let S be the
set of all non-zero homogeneous elements of R. Since PN S = (), PRy is a
non-zero prime ideal of Rg. Thus, in the local graded ring Rs = @ (Rs)n,
where (Rg), = {£ € Rg | 7 and s are homogeneous and degr —deg s = n}, the
non-zero homogeneous elements are units. By Lemma 2.11, Rg = K[t ¢].
Since dim(K[t7!,¢]) = 1, there are no primes properly between (0) and PRg.

Contracting back to R, we get the desired result. ([l

Theorem 2.13 ((Matijevic-Roberts) [31, Exercise 13.6]) . Let R be a
graded ring and P a non-homogeneous prime ideal of R. then if ht(P) < oo,

ht(P) = ht(P*) + 1.

Proof. Assume that ht(P*) = n < oo and argue by induction on n. If n = 0,
then Lemma 2.12 gives the result. Suppose that n > 0 and let Q C P €
Spec(R). It suffices to prove that ht(Q) < n. We have @* C @ and P* C P.
If Q* = P*, then Q = P* by Lemma 2.12. Otherwise ht(Q*) < n — 1. By

induction hypothesis ht(Q) < n. O

Corollary 2.14 *: Let R be a graded ring and M a finitely generated graded

13



R—module. Let P be an element of the support of M, where P is not homoge-

neous. Then dim(Mp) = dim(Mp+) + 1.

Proof. As Mp is a finitely generated Rp—module,
dim(Mp) = dim(Rp/ Ann(Mp)) = dim(R/ Ann(M))p. By passing to
R/ Anng(M), we may assume that Ann(M) = 0. Thus, dim(Mp) = dim(Rp) =

ht(P) V P € Supp(M). O

Corollary 2.15 *: Let R be an N—graded ring. then if R is locally finite

dimensional, dim(R) = Max{ht(M) | M a homogeneous mazimal ideal}.

Proof. Let N be a non-homogeneous maximal ideal of R. Then ht(N*) =
ht(N) — 1, by Theorem 2.13. Since N* is homogeneous and R is N—graded,
N~ is contained in a homogeneous maximal ideal M (such maximal can be
obtained by considering any maximal of Ry which contains N* N Ry). But

M # N* implies that ht(M) > ht(N*) + 1 = ht(V). O

Definition 2.16 ([31]) . Let R be a Noetherian

N—graded ring and M a finitely generated

graded R—module. Suppose that Ry is Artinian. Then ¢g,(M,) < oo for
all n. We define the Hilbert function Hy : N — N of M by Hy(n) =

lry(M,,) for all n and the Poincaré series (or Hilbert series) of M by P(M,t) =
> Hym)t" € Z[[t]).

neN
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Proposition 2.17 *: Let R = K[X3,..., X4 be a polynomial ring over a field

K and degX; =1 for alli. Then Hgr(n) = Cg;}lfl for all m > 0.

Proof. We use induction on n+d. If n = 0 or d = 1, then the result is trivial
since in the first case dimg(K) = 1 and in the second one R, = K < X" >
and C° = 1. Suppose that n > 0 and d > 1. Let S = K[Xy,..., X4_1] and
consider the exact sequence

0 — R, e, R, — S, — 0, where X, is the multiplication by X,(a
group homomorphism). Then using [1, Proposition 6.10] and the fact that the

length is additive, we get:
Hgr(n) = dimg(R,) = dimg(R,_1) + dimg(S,)
= Cg;cll—2 + 0313—2
= Cg—;cll—l'
O

Theorem 2.18 . Let R = @nzo R, be a Noetherian graded ring and let M
be a finitely generated
graded R—module. Suppose that R = Rylxy,...,x,| with x; of degree d;,

and that Ry is Artinian and P(M,t) is the Hilbert series. Then P(M,t) =

#, where f(t) is a polynomial with coefficients in Z.

[Ja -

i=1

Proof. [1, Theorem 11.1]. O

15



Many information on the value of ¢(M,,) can be obtained from the above theo-
rem. A simple caseis whend; = ... = d, = 1, so that R is generated over Ry by
elements of degree 1. In this case, Theorem 2.18 gives P(M,t) = f(t)(1 —t)~¢
with d > 0 and f(1) # 0 if d > 0. We then write d = d(M).

Since (1 —t)"' =1+4t¢+t*+ ..., we can repeatedly differentiate both sides to
get

(L—t)= =300 CHL . If f(t) = ag+ art + ... + ast®, then the identifica-
tion after rewriting f(¢)(1 — ¢)=% gives ((M,) = agClyrr | + a1C L o+ ... +
aSC’g;llfol, where we set C’ff;l =0form<d-—1.

So ¢(M,,) can be arranged as a polynomial in n with rational coefficients, say

©(n). Then

o(X) = (gﬁll))!Xd*1+(terms of lower degree). As C4-! = m(m—tzl:(lv;x—d—?) for
m > 0, we get the following Corollary:

Corollary 2.19 ([31]) . Ifd; =...=d, =1 in Theorem 2.18 and d = d(M)

is defined as above, then there is a polynomial wp(X) of degree d — 1 with
rational coefficients such that for n > s + 1 — d, we have ¢(M,) = @p(n),

where s is the degree of the polynomial (1 —t)*P(M,1t).

Definition 2.20 ([31]) . The polynomial ¢, in Corollary 2.19 is called the

Hilbert polynomial of the graded module M.

Definition 2.21 ([1]) . A chain M =My 2 M; D ... 2 M, D ..., where the

16



M,, are R—submodules of M, is called a filtration of M and denoted by (M,,).
It is a g—filtration, where ¢ is an ideal of R, if ¢M,, C M, for all n, and a

stable g—filtration if ¢M,, = M, for all sufficiently large n.

Proposition 2.22 ([1, Proposition 11.4]) . Let (R, m) be a Noetherian lo-
cal ring and q an m—primary ideal. Suppose that M is a finitely generated
R—module with a stable q— filtration (M,). Then:

(1) M/M, has finite length for each n > 0.

(2) For all sufficiently large n this length is a polynomial g(n) of degree < s,
where s is the least number of generators of q.

(3) The degree and leading coefficient of g(n) depend only on M and q, but

not on the filtration.

Proof. (1) Let G(R) = @ ¢"/¢"™ and
G(M) =& M, /M, 1. Since m is the unique minimal prime of ¢, dim(R/q) =
0 and thus R/q is Artinian. By [1, Proposition 10.22], each G,,(M) = M,,/M,, 1
is a Noetherian R/q—module. Notice that a f.g. R—module E with annihi-
lator A satisfies a.c.c (resp., d.c.c) if and only if R/A satisfies the same con-
dition. Thus, by [1, Proposition 6.10], ¢(M,,/M,1) < oco. Hence ¢(M/M,) =
S M, /M) < 5o

(2) Let ¢ = (z1,...,25). Then G(R) = (R/q)[Z1,...,T,|, where T; € q/q?
; thus of degree 1. By Corollary 2.19, ¢(M,/M,+1) = p(n) for large n, with

degap S s — 1. But E(M/Mn—i—l) = g(M/MnO) + Z g(Mz/Mz—&-l) Each

i>ng

17



O(M;/M;y1), i > ng is a polynomial and by (1) ¢(M/M,,) is a constant.
(3) Let (M,) be another stable g—filtration of M and let §(n) = £(M/M,,) .

By [1, Lemma 10.6], 3 ng € N such that M, ,, C ]\7[n and Mn+n0 CM,Vn>

—

(ntno)
g(n)

Q

<

0. Thus, g(n) < g(n+ ny) and g(n) < g(n + ng). So g(g(n) < g(n

n+ng) — g(n

N

(n
n)

<
=

=1. O

and lim,,_ .

S=Yi
—~

More generally, let R be a Noetherian semilocal ring, and J the Jacobson
radical of R. Let I be an ideal of R such that J” C I C J for some v > 0. We
call I an ideal of definition. The [—adic and J—adic topologies then coincide.
If we set gri(M) = @, ["M/I"*' M, then gr;(M) is a graded module over
gri(R) = @,5, 1"/1"*". For brevity, write gr;(R) = R' and gr;(M) = M'.
Then the ring Ry = R/I is Artinian. If 7 = >, 2;R and §; is the image of
z; in I/I% then R = R}[&, ..., &) Indeed, if Q € Spec(R/I), then Q = P/I
for some P € Spec(R), with I C P. Then J” C P, which implies that P = m,
for some maximal m. Then R/I is Artinian since dim(R/I) = 0. If also
M =377 | Rw;, then M’ =" R'w; (where w; is the image of w; in M/IM).
Indeed, for any k,I € N, (I*/I**)(I'M/I"M) c I*'M/I*1M so that
ST R'w; € M'. Now, if z € M’, then z = >_%,, where z,, € ["M/I""1 M.
Let z, be a representative of Z,,, then z = Zr,j,k Bira,san ... aptwy, where
Bir € R,a,; € I and ) r; = n. The class of z will then be obtained by taking

the product of the classes of each a,; mod I* and wj, mod IM.

Set x4, (n) = &(M /1" M). Then x4 (n) = xa(n) is called the Samuel func-
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tion of the R—module M.

In what follows (R, m) is a Noetherian local ring. Let ¢ be an m—primary
ideal of R. Set §(R) = least number of generators of ¢ and d(R) =degree of
the polynomial g(n) in Proposition 2.22(2), for M = R. This degree does not

depend on the m— primary ideal q.
Proposition 2.23 ([1, Proposition 11.7]) . §(R) > d(R).
Proof. It follows from Proposition 2.22 (2) with R = M. O

Proposition 2.24 ([1, Proposition 11.8]) . Let M be a finitely generated
R—module and x € R a non-zero-divisor in M. Set M' = M/xM. Then

d(M') < d(M) — 1.

Proof. Set N = zM. Then N = M. By [1, Proposition 10.9], (N, =
N Ngq"M) is a g—filtration of N. Next, consider the induced exact sequence
0 — N/N, — M/¢"M — M'/¢"M' — 0. Since the length is additive,
((N/Ny) — x%;(n) + x3,,(n) = 0. By Proposition 2.22 (3),¢(N/N,,) and x%,(n)

have the same leading monomial. ([l

Corollary 2.25 ([1, Corollary 11.9]) . Let x be a non-zero divisor in R.
Then d(R/(z)) < d(R) — 1.

Proposition 2.26 ([1, Proposition 11.10]) . d(R) > dim(R).
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Proof. By induction on d(R) = degl(R/m"™). Assume that d(R) = 0.
Then ¢(R/m™) is constant for all large n. From ((R/m"*') = ¢(R/m™) +
{(m"/m" ), we get £(m™/m"™!) = 0. Then m™ = m™*! for large n, so that
by Nakayama’s Lemma, m”™ = 0 and R is an Artinian ring. Now, suppose
that d(R) > 0. Then let By C P, C ... C P, be any chain of prime ideals
in R. Choose z € P\ Py and let T # 0 € R/Py = R'. By Corollary 2.25,
d(R'/(Z)) < d(R')—1. Let m’ be the maximal ideal of the local ring R’ and con-
sider R % R’ and R/m" i R'/(m/)". From {(ker )+£(R'/(m/)") = ((R/m™),
we get L(R'/(m)") < ¢(R/m"), ie., d(R) < d(R). Thus, d(R/(T)) <
d(R') =1 < d(R) — 1. By induction hypothesis dim(R'/(T)) < d(R'/(T)).
Therefore dim(R'/(Z)) < d(R) — 1. Since there exists a one-to-one corre-
spondence between primes of R’ and those of R which contain x, we have
r—1 < d(R)— 1. Since r is arbitrarily chosen, it follows that dim(R) < d(R).

O

Proposition 2.27 ([1, Proposition 11.13]) . If dim(R) = d, then there
exists an

m—primary ideal in R generated by d elements x1, . .., x4 and therefore dim(R) >

5(R).

Proof. We are going to construct inductively the elements x; with the property
that every prime ideal which contains (xy, ..., x) has height > k. Let z; be an

element not contained in any minimal prime of R and suppose for k£ > 0 that
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T1,...,x,_1 are constructed. Let P; (1 < j < s) be the minimal prime ideals
(if any) of (xy,...,25—1) which have height exactly k — 1. Since R is local,
then m # P; (1 < j < s) so that m # (J;_, P;. But |J P; is an ideal so that we
can find z;, € m \ |J P;. Now, let () be a prime ideal containing (z1, ..., zy).
then () contains a minimal prime of (z1,...,25_1) say, ¢. If ¢ = P; for some
j < s then we are done. If ¢ # P; Vj < s, then by induction hypothesis
ht(q) > k — 1 and we are done. Now, if P is a minimal prime of (x1,...,z4),

then ht(P) > d. So P =m and P is m—primary since m is maximal. O

Theorem 2.28 . Let (R, m) be a Noetherien local ring. Then §(R) = dim(R) =

d(R).

Proof. Proposition 2.22, 2.23, 2.26 and 2.27. 0]

2.3 Inverse limit, completion, and regular local rings

A directed set is a partially ordered (say, by <) set {2 such that for any A\, u € €,
there exists v € Q2 with A < v and p < v. Let 2 be a directed set and assume
that for each element \ € (), we associate an R—module M,, and whenever
A < v, there is an R—linear map f,\ : M, — M, such that fy, = 1 and
Joaw o fuu = fr for p <v <A

If these conditions hold, we say that § = {M); f\,} is an inverse system. Next,
let ¢ be a map from a set M., to § i.e., a family of maps ¢, : M, — M)

satisfying fy, 00, = @) for v < A\. M, will be called inverse limit or projective
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limit of §, and we write

Moo = lim My,
if for any set X and any map ¢ = {¢,} : X — §, there exists a unique map
h: X — M such that ¥, = @) o h for all \.
Now, assume that § is an inverse system and each M), € § is a submodule
of M such that A < p implies that M, 2 M,. Then taking § as a system of
neighborhoods of 0 makes M into a topological group under addition. This
topology is separated if and only if (), M = 0 and M/, M, is called the sep-
arated module associated with M. If ¢y, : M/M, — M /M, is the canonical
map, then {M/My; ).} is an inverse system of R—modules. Its inverse limit
is called the completion of M and it is written M. If I is an ideal of R and
M, = I*M, X €N, then § is called the /—adic topology on M. If in addition,

we give R the [—adic topology, then R and M are the I—adic completions.

Theorem 2.29 . Let R be a Noetherian ring and let m = (aq,...,a,) be an
ideal of R. Let R = R,,be the completion of R with respect to m.

(1) If M is a finitely generated R—module, then the natural map

R®r M — lim M/m’M = M

is an isomorphism. In particular, if S is a ring that is finite as an R—module,
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then RQg S is the completion of S with respect to the powers of the ideal mS.
(2) R is flat as an R—module.

~

(3) RgR[[Xl,...,XnH/(Xl—al,...,Xn—(ln).

Proof. See [15, Theorem 7.2] and [31, Theorem 8.12]. O

Theorem 2.30 . Let R be a Noetherian local ring of dimension d, m its
mazimal ideal and K = R/m. Then the following statements are equivalent:
(1) grm(R) = Klt1,. .., t4], where the t; are independent indeterminates;

(i) dimg(m/m?) = d;

(iii) m can be generated by d elements.

Proof. See [1, Proposition 11.22]. O

A local ring satisfying the conditions of Theorem 2.30 is called a regular local

Ting.
2.4 Dimension of extension rings

Let ¢ : A — B be a homomorphism of rings. For P € Spec(A), write
K(P) = Ap/PAp = Ap ®4 A/P. Then the ring B ®4 K(P) will be called
the fibre ring over P and Spec(B ®4 K(P)) the fibre of ¢ over P. For more
details on the following propositions refer to [31, Section 15].

Proposition 2.31 Let p: A — B be a homomorphism of Noetherian rings.

Let P be a prime ideal of B and p = PN A. Then:
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(1) ht(P) < ht(p) + dim(Bp/pBp).
(2) If ¢ is flat, or more generally if the going-down theorem holds between A

and B, then equality holds in (1).

Proof. (1) From ht(p) = dim(A,), we can assume that (A, M) and (B, N) are
local with MB C N and have to show that dim(B) < dim(A)+dim(B/MB).
Let x1,...,x, be a system of parameters of A and yy,...,ys in B such that
their images in B/ M B form a system of parameters of B/MB. Then > z;A
and > y; B+ MB are respectively M —primary and N'/ M B—primary. By |1,
Proposition 7.14], there exist p and v such that M” C > x;A (MYB C > x;B)

and N* C > y;B+ MB. Thus, for suitable y and v, N** C Y ;B + > y;B;

which implies that N' C /> ;B + > y;B C N; so that > ;B + > y;B is

N —primary and dim(B) < r + s.

(2) if B is a flat A—algebra, then the going-down theorem holds between A
and B. Now, let dim(B/MB) =sand let N =py D p;... D p; D MB be a
chain of prime ideals. By [1, Theorem 1.17], M C M ie., M C (MB)¢; so
that p, N A = M for 0 < i < s (since M is maximal). Let dim(A) = s and
M =1py Dpi D ... D p, be a strictly decreasing chain of prime ideals of A.
By the going-down theorem, we can construct a strictly decreasing chain of
primes of B P; O ... D Py, such that P,;; N A = p;. Thus, dim(B) > r + s.
From (1) we get dim(B/MB) + dim(A) < dim(B) < dim(A) + dim(B/MB).

O
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Proposition 2.32 . Let o : A — B be a homomorphism of Noetherian
rings and suppose that the going-up theorem holds between A and B. If p and

q are prime ideals such that p D q, then dim(B ®4 K (p)) > dim(B ®4 K(q)).

Proof. Set r = dim(B ® K(gq)) and ht(p/q) = s. Next, let ¢ = py C p1 C
...ps = p be a strictly increasing chain of primes of A. From B ® K(q) =
B ® A,;/qA, = B/qB, we can find a chain ¢B C Qy C @1 C ... C @, of
primes in B. As B is considered as a A;,—module, ¢B N A, = ¢A,; so that
all the primes in the preceding chain lie over q. By GU, there exists a chain
Q, C Qry1 C ... C Qpys of prime ideals of B such that Q,,; N A = p;. Then
Qris VA = p, = pand ht(Q,,s/¢B) > r + s. Applying Theorem 2.31 to
¢”  AJqg — B/qB, we get v + s < ht(Q,15/qB) < s + dim(Bg,,,/pBq,..)-

Thus, r < dim(BQHS/pBQHS) < dim(B ® K(p)). O

Proposition 2.33 . Letp : A — B be a homomorphism of Noetherian rings
and suppose that the going-down theorem holds between A and B. If p and q

are prime ideals of A with p O q, then dim(B ®4 K(p)) < dim(B ®4 K(q)).

Proof. We may assume that ht(p/q) = 1. It is enough to prove that, given a
chain Py C P, C ... C P, of primes of B lying over p such that ht(P;/P,;1) = 1,
we can construct a chain of prime ideals Qg C Q1 C ... C Q, of B lying over
g such that Q; C P; (0 < ¢ < r) and ht(Q;/Q:+1) = 1. By GD, we can find
Qo since PN A =p. If r > 1, then take z € p\ ¢ and let T},...,Ts be the

minimal prime divisors of Qo+ xB. Since Qo € Spec(B), we get ht(7;/Qp) = 1
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and ht(P;/Qo) > 2. Hence we can choose y € P, \ (UT;). Let @)1 be a minimal
prime divisor of @)y + yB contained in P; (This is possible by [28, Theorem
10]). Then ht(Q:/Qo) = 1, Q1 # T; V i (since y ¢ T;) and p(z) ¢ Q1 .
Indeed, if p(z) € @ then Qo + xB C @4, ie., ¢ will be one of the T;.
Therefore @1 N A # p (since x € p and (x) ¢ @Q1). Since ht(p/q) = 1 and
g € Q1N A € Spec(A) we must have Q1 N A = ¢q. To construct @, let
Ti,...,T; be the minimal prime divisors of Q1 + xB. Then ht(7;/Q;) = 1 and
ht(Py/Q1) > 2. We choose z € Py \ (UT;). Then (2) + Q1 C P; so that P
contains a minimal prime Qs of @ + (z). Then ht Q2/Q1) = 1, Q2 # T; since
z¢ T, and p(z) ¢ Q3. But ¢ C Q1+ (2) NAC QNAC BNA=pand
ht(p/q) = 1 implies that Q2 N A = q.

Likewise, we construct the other @;. O

Proposition 2.34 . Let A be a Noetherian ring and Xi,..., X, indetermi-

nates over A. Then dim(A[X7, ..., X,]) = dim(A) + n.

Proof. Since A[X,Y] = A[X][Y] and using the Hilbert basis theorem, it is

enough to consider the case n = 1.

If B is an A—module and A[X] is the polynomial ring over A, then B® 4 A[X] &

B[X]. Indeed, the map A[X] x B — B[X], (aX*,b)— abX" is bilinear; so

that there exists a unique A—linear map A[X] ® B 2, B[X], aX*®b
®

abX*. Next, B[X] — A[X]® B, bX* +— X*¥ ®bis A—linear and we have,

QoW = Idyxjgp and ¥ o @ = Idpix). Thus, V P € Spec(A4), dim(A[X] ®4
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K(P)) = dim(K(P)[X]) = 1 if we set B = A[X] . For a maximal ideal m of
A, AIX]/mA[X] = (A/m)[X] = K(m)[X]. As A[X] is faithfully flat over A,
by Proposition 2.31 (2), dim(A[X])

= dim(A4) + 1. O

Proposition 2.35 . Let A be a Noetherian integral domain and B an exten-
sion ring of A which is an integral domain. Let P € Spec(B) and p = PN A.
Then:

ht(P) +t.d.g) K(P) < ht(p) +t.d.a B, where t.d.4 B is the transcendental

degree of the field of fractions of B over that of A.

Proof. If t.d.4 B = oo, then there is nothing to prove.

If t.d.4 B + ht(p) < oo, then we may assume B finitely generated over A.
Indeed, let m and t be in N* such that m < ht(P) and ¢ < t.d.x () K(P).
Then there is a chain of prime ideals Pp = P D P, D ... D P, in B. For
each i < m, choose a; € P;\ Piy1 and let ¢y, ..., ¢ € B such that their images
modulo P are algebraically independent over (the field of fraction of ) A/p.
Set C' = A[{a;,¢;}]. Then C C B. If the theorem holds for C, then we have
m +t < ht(p) + t.d.4 C. Letting m and ¢ vary we obtain the desired result.
By induction, we may assume that B is generated over A by a single element.
Replacing A by A, and B by B, = Ay[z], we can assume that A is local
with maximal ideal p. Set k = A/p and B = A[X]/Q (since every finitely

generated algebra is isomorphic to a quotient of the polynomial ring). If @ =
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(0), then B = A[X]; which is faithfully flat over A, hence by Proposition 2.31,
ht(P) = ht(p) + ht(P/pB). B/pB = A/p[X]| = k[X]; thus one-dimensional
and therefore P = pB or ht(P/pB) = 1. If P = pB then ht(P/pB) = 0 and
af(B/P) = qf(B/pB) = of (K[X]) = K(X). Thus, t.d.xp) K(P)=1. If P #
pB, then ht(P/pB) = 1 and qf(B/P) = Bp/pBp. Thus t.d.xp) K(P) = 0.
In either cases ht(P/pB) = 1 — t.d.g(p) K(P); so that equality holds in the
theorem.

If @ # (0), then z is algebraic over A, i.e., B is an algebraic extension and
t.d.4 B = 0. Since A is a subring of B, then @ N A = (0). If K is the field of
fractions of A, then ht(Q)) = ht(QK[X]) = 1. Let P’ be the reciprocal image

of P in A[X]. Then P'/Q = P and K(P) = K(P')
ht(P) < ht(P') —ht(Q) = ht(P') — 1
= ht(p) +1— t.d.K(p) K(P) —1

= ht(p) —t. d.K(p) K(P)

2.5 The Rees algebra and the blow-up algebra

Let R be a ring, I an ideal of R and ¢ an indeterminate over R. We obtain
a graded ring R, C R[t] by setting Ry = Ry (R, I) ={ Y cyt" |c, € I"} =
@D, I"t" C R[t].

We notice first that if I = (aq, ..., a,), then R, can be written R, = R[aqt, ..., a,t];
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so that R, is Noetherian if R is Noetherian. Now, let u = ¢~ and consider
R[t,u] as a Z—graded ring in the natural way. The Rees algebra of R with

respect to I is the graded R—subalgebra of R[t, u]

n on €1"fore, >0
R:R(R,I)=R+[U]:{Ecnt | ¢, € Rforn<0 }

The blow-up algebra of I in R is the R—algebra
BiR=R&I®I*® ... ¥ R[t]] via the correspondence af —— aft* for all

7

a € I*and all k> 1.

Proposition 2.36 ([15, Exercise 13.8]) . Let R be a Noetherian ring, I a
proper ideal, R = R(A,I) and G = gr;(R). Then:

(1) dim(R) = 1 + dim(R).

(2) dim(B;(R)) = max{dim(R/P), dim(R/Q)+ 1, where P ranges over the
minimal primes containing I and @) over the minimal primes not containing
I}.

(3) dim(G) = max{dim(Rp) | P is a mazimal ideal of R containing I}.

Proof.* First notice that in a Z—graded ring R, if M is a homogeneous max-
imal ideal of R, then

M=..@R PR Pm@PR ..., where m is a maximal ideal of Rj.
In the case of N—graded the equivalence holds. Indeed, R/M is graded and
its component of degree n is (R/M), = (R, + M,)/M, = R,/R, "M =

0V n # 0 since in a field only the 0 degree component is # (. Thus,
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Ry,=R,NM Vn#0;sothat M = R,NM=73% R, DR NM.
Further, (R/M)y = R/M = (Ry+ My)/My = Ry/Ro N M; so that RyN M is a
maximal ideal. In the case of N—graded, M = m @), , R; is a homogeneous
ideal. If it is not maximal, then it is contain in some homogeneous maximal
M =m' P R;. Thus, m' D m, which is absurd.

(1) First, we show that the minimal primes of R are of the form PR[t,t"']NR,
where P is a minimal prime of R. Indeed, if we set S = {t* | k € N},
then S is a multiplicative subset of R[t] which does not meet P[t]; so that
P[t,t7'| MR is a prime of R. If it were not minimal, then it contains a prime
() whose contraction in R will be equal to P. Then extending back to R gives
a contradiction. Next, if I’ = IR[t,t"}] NR, then I’ N R = I. Therefore, if
I # J then I' # J'. Now, Suppose that P € Spec(R) with PN R = p. Let pj,
be a minimal prime of R contained in P such that ht(P/p(,) = ht(P). Then
R/py; O R/po; and we can apply Proposition 2.35 to get ht(P) = ht(P/pg;) <
ht(p/po;) +1—t.d.k ) K(P) < ht(p)+ 1. Hence, dim(R) < dim(R)+ 1. Since
Rs = R[t,t7'], we get dim(R) > dim(R[t,t]) = dim(R) + 1.

(2) The minimal primes of Br(R) are of the form PR[t] N B;(R), where
P is a minimal prime of R. Indeed, the extension of a prime in the poly-
nomial ring is prime and the contraction of any prime is also prime. If
PR[t] N Bi(R) 2 @, then Q° € Spec(R) and Q° € P; which is impossible.

Since R is Noetherian, if I = (aq, ..., a,), then B;(R) = Rlait, ..., a,t]; so that
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dim(B;(R)) = max{dim(R[ait, ..., a,t]/Q), where () ranges over the minimal
primes of Rlajt,...,a,t]}. Now, let ) be a minimal prime of R[ait,...,a,t].
If @ contains I, then @; = 0. Hence R[ajt,...,a,t]/Q = R/P, where Q N
R = P. Assume that @ does not contain I. We have Rlait, ..., a,t]/Q =
(R/P)[ait, ..., a1. But R/P

is Noetherian, then, by [18, Theorem 30.11],

dim(B;(R)/Q) < dim(R/P) + d, where d is the transcendence degree of
B1(R)/Q over the quotient field of R/P. Since d = 1 we get that dim(B;(R)) <
dim(R/P) + 1. Now, let P be a minimal prime ideal of R not containing I.
Then there exists an integer ¢ < r such that a;t # 0. Then 1 + dim(R/P) <
dim(R/Pla;t]) < dim(B;(R)).

(3) By Corollary 2.15, dim(G) = max{ht(M) | M is homogeneous maximal
ideal of G}. Then M =m @ Y I¥/I**! where m is a maximal ideal of R/I,
ie, m=M/I , M € Max(R). Now, let (O)C A C...CICP. C...CP,
be a saturated chain of prime ideals in R. Then (0) C P @D, ., I["/I"" C
. CP@, I/ C ... C P, /1" is saturated chain of prime
ideals in G. Therefore

htr(M) = dim(Ry;) < dim(G). The reverse inequality is trivial so that equal-

ity holds. 0

Corollary 2.37 ([31, Theorem 15.7]) . Let R be a Noetherian ring, I a

proper ideal and G = gr;(R). Then dim(G) < dim(R). If in addition R is
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local, then dim(G) = dim(R).

Proof. A consequence of Proposition 2.36(3).
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3 Chapter 3
Jaffard Domains

In general, if X7, X5, ..., X, are indeterminates over a ring R and if dim(R) <
oo, then
r+dim(R) < dim(R[Xy,...,X,]) < r+ (r+ 1)dim(R) (see [41] and [42])
for each positive integer r. In the case where R is a Noetherian domain or
a Priifer domain, Krull and Seidenberg proved respectively that the equality
dim(R[X1,...,X,]) = dim(R) + r holds. The aim of this section is to study
the class of rings, besides these two classes, for which this equality holds.
We define the valuative dimension of a ring and study its relation with the
Krull dimension. For the valuative dimension, it is known that the equality
dim, (R[X1,...,X,]) = dim,(R) + r holds for any ring R and any positive
integer r (see [26]). We will show that the class of rings satisfying the equality
dim(R[X1,...,X,]) = dim(R) + r, for any positive integer r, are those with
the property dim(R) = dim,(R). Examples will be given. Throughout this
section, the use of dimension without any specification should be taken for

Krull dimension and all rings are assumed to be integral domains.

Theorem 3.1 Let R be a domain which is not a field, K the quotient field of
R, L an algebraic extension field of K, and n a positive integer. The following

conditions are equivalent:
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(i) Each (L—)valuation overring of R has dimension at most n, and there
exists an (L—)

valuation overring of R having dimension n;

ii) Each (L—)overring of R has dimension at most n, and there exists an

(
(L—)overring of R having dimension n;
(iil) dim(R[Xq,. .., Xn]) = 2n;

(

iv) dim(R[Xy, ..., X,]) =r+n forallr >n—1.

Proof. See [18, Theorem 30.9]. O
If the above conditions hold, R is said to have valuative dimension n (in

short dim,(R) = n). If there exists no positive integer n satisfying (i) — (iv),

R is said to have infinite valuative dimension (in short dim,(R) = oo). For

the sake of completeness, each field is assigned valuative dimension 0.

For any ring R, dim(R) < dim,(R). If V is a valuation ring, then dim(V') =

dim, (V') (since any overring of V' is a localization of V). For any ring R, it is

known that dim,(R[Xq,...,X,]) = dim,(R) + r (see [26, Theorem 2]).

Definition 3.2 ([2, Definition 0.2]) . A domain R is said to be a Jaf-
fard domain if dim(R) = dim,(R) < oo; equivalently, if dim(R) < oo and

dim(R[Xy, ..., X,]) = dim(R) + r for all r > 1.

Example 3.3 .Finite-dimensional Noetherian domains and Priifer domains

are Jaffard.
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3.1 Transfer results

Proposition 3.4 ([2, Proposition 1.1]) . Let R C S be an integral exten-
sion of domains. Then S is a Jaffard domain if and only if R is a Jaffard

domain.

Proof. The integrality condition implies that dim(R) = dim(S) and dim,(R) =

dim,(5); so that the result follows. O

Proposition 3.5 ([2, Proposition 1.2]) . (1) If R is a Jaffard domain, then
R[X1,...,X,] is also a Jaffard domain for each positive integer r.
(2) Let R be a domain with dim,(R) = n < oco. Then R[X1,...,X,] is a Jaffard

domain for each positive integer r > n — 1.

Proof. (1) R is Jaffard implies that dim(R) < oo; so that a.c.c on prime ideals
holds in R. By [18, Corollary 30.3], a.c.c on prime ideals holds in R[X]. Let
dim(R) = n. We have n +r < dim(R[Xy,...,X,]) < dim,(R[X,...,X,]) =
r+dim,(R) = r+n. Thus, dim(R[Xq, ..., X,]) = dim,(R[X7, ..., X,]) = n+r.
(2) dim,(R[X1,...,X,]) =dim,(R) +r=7r+n

= dim(R[X}, ..., X,]), where the last equality is obtained by Theorem 3.1(iv).

O

The Jaffard property is not preserved under localization (see Example 3.33).
In order to study those rings for which the Jaffard property is locally preserved,

we introduce the following definition.
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Definition 3.6 ([2, Definition 1.4]) . A domain R is said to be locally Jaf-

fard if Rp is a Jaffard domain for each P € Spec(R).

Proposition 3.7 ([2, Proposition 1.5]) . Let R be a domain with dim,(R) <
0o. Then:

(1) R is locally Jaffard if and only if S™*R is a Jaffard domain for each mul-
tiplicative closed subset S of R.

(2) If R is locally Jaffard, then R is a Jaffard domain.

Proof.* (1) We only need to prove the "only if” assertion. Let S be a mul-
tiplicative closed subset of R. dim,(S™'R) = sup{dim,((S~'R)s-1p) | P €
Spec(R) and PN S = 0} = sup{dim,(Rp) | PN S =0} = sup{dim(Rp) | PN
S =0} =dim(S'R) < dim,(S7'R).
(2)
dim, (R) = sup{dim,(Rp)|P € Spec(R)}
= sup{dim(Rp) | P € Spec(R)}

= dim(R)

O

Definition 3.8 ([2]) . A domain R is said to be equicodimensional if all its

maximal ideals have the same height.
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Definition 3.9 ([31]) . A ring R is catenarian if for any prime ideals P C P’,

all saturated chains of prime ideals between P and P’ have the same length.

For valuative dimension, we always have dim,(Rp) + dim,(R/P) < dim,(R)

for any prime P (see [26, Proposition 2]).

Proposition 3.10 ([2, Proposition 1.8]) . Let R be a finite-dimensional

equicodimensional catenarian domain. Then R s locally Jaffard if and only if

R is a Jaffard domain.

Proof. Assume that R is Jaffard and let P € Spec(R). Since all chains
between any minimal prime ideal and any maximal ideal have the same length,
we have dim(R) = dim(Rp) + dim(R/P) < dim,(Rp) + dim,(R/P) <

dim,(R) = dim(R). Thus, dim(Rp) = dim,(Rp). The converse follows from

Proposition 3.7. O

In what follows the rings are not necessarily domains. Let T" be a cancellative
monoid and set G = T'xT/ ~, where (a,b) ~ (a/, V') if and only if a+b" = a’'+b.
Let [a,b] denote the class of (a,b). Then G is an abelian group with zero
element [s, s],s € T, under the operation [a,b] + [@/,0'] = [a+d,b+V]. G is
called the quotient group of T. If R is a ring, then R[T] is a monoid ring and
the group ring R|G] is its quotient. Thus, dim(R[G]) < dim(R[T]). Let S be
a submonoid of T'. An element t € T is said to integral over S if there exists

n € N such that nt € S. If f € R[S], then f = ) f;X* and we define the
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support of f to be the set Supp(f) = {s;}.

Proposition 3.11 ([20, Theorem 12.4]) . Let T be a cancellative monoid,
S a submonoid of T and R a ring. Then, T s integral over S if and only if

RI[T] is integral over R[S].

Proof. Let us assume that 7' is integral over S and suppose Y f; X" € R[T].
Then for each t; there exists n; € N such that n;t; € S. Therefore (f; X')" €
R[S] and f; X" is integral over R[S]. Since the set of integral elements is a
ring, it follows that Y f; X' is integral over R[S]. Conversely, let show that ¢ is
integral over S if X* is integral over R[S]. Let X™ +a, ;X" V4. +ay =0,
with ; € R[S]. Then not all the o; are zero and therefore, for some i < n, nt €
Supp(a; X*). Consequently, nt = s+ it for some s € S and by the cancellation

lowon T, (n—i)t=s€S. O

Proposition 3.12 ([19, Proposition 1]) . Let R be a commutative ring
with identity, {X,} be a set of indeterminates over R, and A = R[{ X, X, '}, €

A]. Then dim(A) = dim(R[{X,}]).

Proof. If R is infinite-dimensional, then it is clear that both A and R[{X}]
are infinite-dimensional. Indeed, V P € Spec(R), P[X] € Spec(R[X]) and
P[X]NS = 0, where S = {X* | k € N} C R[X]. Thus a chain of prime ideals in
R extends to a chain of prime ideals in A. Next, A is a localization of R[{X)}]

so that dim(A) < dim(R[{X,}]). Now, if R is finite-dimensional and A is
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infinite, then R[{X,}] and A are infinite-dimensional. For, if M is a maximal
ideal of R and {X),}$°, is an infinite subset of {X,}, then (M, X, — 1) C
(M, X, —1,X,, — 1) C ... is an infinite saturated chain of prime ideals in
R[{X,}] with respect to the multiplicative system generated by {X,}. If R is
finite-dimensional and A = {1, 2, ..., k} is finite, then dim(A) < dim(R[{ X, }])
(since A is a localization of R[{X,}]). On the other hand, it is shown in [5],
that dim(R[{X,}]) = ht(M[{X,}]) + k, for some maximal ideal M of R.
Hence, if Py C P, C ... C P, = M[{X,}] is a chain of prime ideals of R[{X}]
of length ¢ = ht(M[{X,}]), then P, C P, C ... C b, C P+ (X; —1) C
. C P+ (X1—1,..., X, —1) is a chain of primes in R[{X,}], and each of
these prime ideals extends to a proper ideal of A since none of them meets S.
Consequently, dim(A) > dim(R[{X,}]) and the equality holds. To show that
P+ (X, —1,...,X,, — 1) is a prime ideal, first we observe that none of the
variable X, belongs to P, and R[{X,}|/P; is an integral domain. The ring-

homomorphism R[{X,}|/P, == R/M; X, — 1 is surjective with ker(yp) =

(Xx, —1),..., (X, —1)). The result follows from (R[{X,}]/F;)/ker(p) =

RI{X,\}]/P; + ker(p) O

Corollary 3.13 ([19, Corollary 1]) . Let R be a commutative ring with
identity and G a torsion-free abelian group with rank «. Then dim(R[G]) =
dim(R[{Xa}ren]), where |[A] = a.

Proof. Let {Yi}icx be a minimal free subset of G and let H = ) ._, ZY;
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be the subgroup of G generated by {Y;}. Then G = H @ Gy, as Z—module
and G is integral over H. Thus by Proposition 3.11, R[G] is integral over
R[H] and dim(R[G]) = dim(R[H]) = dim(R[{ Xy, X; ' }rea]). Indeed, if H =
Z < Y; >icp, then R[H] = R[{X\, X, '}rea] since z € R[H] implies that
z = Y fHiXEAY = S (XYM Set then Xy, = X™. If @ = oo, then
dim(R[H]) = dim(R[X,]) = oo since (X;) C (X3, X2) C (X1, X9, X3) C ... is

an infinite chain of prime ideals in R[H]. O

Definition 3.14 ([36]) .Let I' be a grading monoid, i.e., a commutative and
associative monoid, with neutral element, which satisfies the cancellative low.
The law of composition is written as addition and the neutral element is de-
noted by 0. The grading monoid I' is said to be torsionless if from ny = nv/,

where n is an integer and -, belong to I, follows v = 7.

Proposition 3.15 ([20, Theorem 8.1]) . Let R be a non-trivial ring and S
be a semigroup. Then, the semigroup ring R[S] is an integral domain if and

only if R is an integral domain and S is torsion-free and cancellative.

Proposition 3.16 ([20, Theorem 21.4]) . Let R be a unitary ring, S a
cancellative monoid, and G the quotient group of S. Then dim(R[G]) =
dim(R[5]).

Proposition 3.17 ([2, Proposition 1.14]) . Let R be a domain and let S

be a torsionless grading monoid with quotient group G. If rank(G) = r, then
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dim(R[S]) = dim(R|G]) = dim(R[X1,..., X,]) =

dim(R[X, X5, X X)),

Proposition 3.18 ([2, Lemma 1.15]) . If R is a domain, then

dim, (R[X1,...,X,]) = dim,(R[X1,...,X,, X', ..., X)) for each positive

integer 1.

Proof. R[X1,...,X,, X', ..., X is an overring of R[X,,...,X,], so

dim,(R[X1,..., X,, X7 1, ..., X71) < dim, (R[X4, ..., X,]). For the

r

reverse inequality, we have

dim, (R[Xy,..., X, X740 X7Y) > sup{dim(A[Xy, ..., X, X75, .., X)) |
Ais an overring of R}
= sup{dim(A[Xy,..., X,]) |
Ais an overring of R}
> sup{dim(A) +r | A overring of R}
= sup{dim(A) | A overring of R} +r
= dim,(R) +r

= dim,(R[X, ..., X,]),
as desired. 0

Proposition 3.19 ([2, Proposition 1.17]) .

Let R be a domain with dim,(R) < oo and S a torsionless grading monoid

41



with quotient group G such that rank(G) = r < oo. Then dim,(R[S]) =

dim,(R[G]) = dim,(R[X1, ..., X,]) = dim,(R) + r.

Proof. Let F' be a finitely generated free abelian subgroup of G with rank
r. Then G = F + Gy, and G/F is a torsion group. Vg € G, 3 n € N,
ng € F;i.e., GG is integral over F' as monoid and therefore by Proposition 3.11,
R[G] is integral over R[F]. R[F| = R[Y1,Y;',...,Y,, Y] for some family
of indeterminates {Y7,Ys,...,Y,.}. Indeed, if F = Z < aq,...,a, >, then
Vy € R[F], y =Y XXhu = S (X)) (X)) Set V; = X% Let
D = R[Y1,Ys, ..., Y,]. Then dim(R[S]) = dim(R[G]) = dim(R[F]) = dim(D).
Moreover, by integrality

dim,(R[G]) = dim,(R[F]). By Proposition 3.18,

dim, (R[F]) = dim,(D) = r + dim,(R). Now, R[G] is an overring of R[S], so
dim, (R[G]) < dim,(R[S]). Let V' be a valuation overring of R[S]. Then for
each i <r, Y, eV or Yi_1 € V; hence, by replacing Y; by Y;_l if necessary,
we may assume that D C V and then V is a valuation overring of D so that
dim(V) < dim, (D). Hence dim,(R[S]) < dim,(D) = dim,(R[G]), concluding

the proof. [l

Theorem 3.20 ([2, Corollary 1.18]) . Let R be a domain and let S be a
torsionless grading monoid with quotient group G such that rank(G) = r < co.
Then the following statements are equivalent:

(i) R[S] is a Jaffard domain;
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(ii) R[G] is a Jaffard domain;
(iii) R[Xy,...,X,] is a Jaffard domain;

(iv) R[X1, X;%, ..., X0, XY s a Jaffard domain.
Proof. It is a consequence of Propositions 3.17 and 3.19. U

Proposition 3.21 ([2, Corollary 1.19]) . Let R be a domain and let S be
a torsionless grading monoid with quotient group G.

(1) If R is a Jaffard domain, then R[S| is a Jaffard domain if and only if
rank(G) < oo.

(2) If dim,(R) < oo, then R[S] is a Jaffard domain if dim,(R) —1 <rank(G) <

.

Proof. (1) Let rank(G) < oo. By Proposition 3.5, R[Xj, ..., X,] is a Jaffard
domain for any positive integer r and by Theorem 3.20, R[S] is a Jaffard do-
main. Conversely, if R[S] is a Jaffard domain, then by Theorem 3.20, R[G] is
a Jaffard domain, i.e., dim,(R[G]) < oo and so rank(G) < oc.

(2) If rank(G) is finite and dim,(R) — 1 <rank(G) < oo, then by Proposi-
tion 3.5(2), R[X1,...,X,] is a Jaffard domain and R[S] is therefore a Jaffard

domain by Theorem 3.20. U

3.2 Pullbacks

In this paragraph, we determine necessary and sufficient conditions for certain

”pullback-type” constructions to Jaffard domains.
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Lemma 3.22 ([2, Lemma 2.1]) . Let consider the pullback determined by

the following diagram of commutative rings:

R— D

Lol

TS5 K

where T is a domain, ¢ is a homomorphism from T onto a field K with
ker(p) = M, D is a proper subring of K, and R = ¢~ (D). Then:
(HYM=(R:T) and R/IM = D.

(2) If T is local, then M is a divided prime ideal of R (i.e., MRy = M) and
so each prime ideal of R is comparable to M. If, in addition, K s the quotient
field of D, then Ry ="T.

(3) If T is local, then dim(R) = dim(7T") + dim(D).

(4) For each P € Spec(R) with M ¢ P, there is a unique Q € Spec(T) such
that QN R = P and @ satisfies Ty = Rp.

(5) If P € Spec(R) and P D M, then there is a unique Q) € Spec(D) such

that P = ¢~ 4(Q). Moreover, the diagram

RP—>DQ
! !
TMH’ K

15 a pullback diagram.
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(6) T is integral over R if and only if D is a field and K is algebraic over D.

Lemma 3.23 ([2, Lemma 2.2]) . If R is a domain and M a divided prime
ideal of R, then
ht(Q[X1,..., X,]) = t(Q[Xq, ..., X;|/M[Xq,..., X;]) + t(M[Xq, ..., X;]),

for each positive integer r and each prime ideal (Q of R such that Q) D M.

Proposition 3.24 ([2, Proposition 2.3]) . Let (T, M, K) be a local domain
and o : T — K the canonical surjection. Let R = p~Y(D), where D is a proper
subring of K with quotient field K. Then:

(1) dim(R[X4,. .., X,]) = dim(D[Xy, ..., X,]) +

dim(T[X1, ..., X,]) — dim(K[X,,..., X,]), Vr € N.

(2) dim,(R) = dim, (D) + dim, (7).

(3) R is a Jaffard domain if and only if D and T are Jaffard domains.

Proof. (1) Set X = {Xy,...,X,}. Since dim(R) = dim(D) + dim(7’); then
dim(R) < oo if and only if dim(D) < oo and dim(7) < oo. Assume that
each domain is finite-dimensional. By [5, Corollary 2.9], there exists a max-
imal ideal @ of R[X] such that dim(R[X]) = ht(Q) = ht(¢[X]) + r, where
g=QNR e Max(R). By Lemma 3.22, M is comparable to every ideal of R.
If ¢ € M then ¢[X] & M[X] and ht(q[X]) +r < ht(M[X]) +r < dim(R[X]);
which is impossible. Thus, M C q. Since ¢ and @) are maximal, then § = ¢/ M
and (Q/M[X]) are maximal in D and D[X], respectively. Since M is a di-

vided prime ideal of R, by Lemma 3.23 ht(¢[X]) = ht(¢[X]/ M[X])+ht(M[X]).
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Hence,

dim(R[X]) = ht(Q) = ht(¢[X]/M[X]) + ht(M[X]) + r. Since K = gf(D), we
get from Lemma 3.22 that T'= Rp. Thus, htpx(M[X]) =
htg,,x](MRMm[X]) = bty (MT[X]). By [5, Corollary 2.10], ht(M[X]) +
r = dim(7T[X]). dim(D[X]) = t(Q/M[X]) = ht(¢[X]/M[X]) + r. Since
K is Noetherian, dim(K[X,...,X,]) = dim(K) + r = r. Consequently
dim(R[X]) = dim(D[X]) 4+ dim(T'[X]) — r.

(2) Assume that dim,(R) < oco. Then dim(7) + dim(D) = dim(R) < oo.
Since R C T with qf(R) = f(7), dim,(7) < dim,(R) < oco. If B is an
overring of D, then ¢~!(B) = A is an overring of R and Lemma 3.22 yields
dim(A) = dim(B)+dim(T") since B C K and 7 is local. So dim(B) < dim(A),
hence dim,(D) < dim,(R) < oco. Thus, dim,(D) and dim,(7) are both fi-
nite. Let r € N such that » +1 > max{dim,(R),dim,(D),dim,(7")}. By
Theorem 3.1(iv), dim(R[X]) = dim,(R) + r, dim(D[X]) = dim,(D) + r
and dim(7[X]) = dim,(7) + r. Substituting in (1) we get dim,(R) +r =
dim, (D) + r + dim,(T) + r — r = dim, (D) + dim,(T) 4+ r. Now, assume that
both dim, (D) and dim,(7") are finite and let r +1 > max{dim, (D), dim,(T)}.
By (1) and Theorem 3.1(iv), dim(R[X]) = dim(D[X]) + dim(T[X]) —r =
dim, (D) + 7 + dim,(T) + r — r = dim,(D) + dim,(T) + r. Identifying with
Theorem 3.1(iv) , we get that dim,(R) = dim,(D) + dim,(7") is finite, com-

pleting the proof.
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(3) If D and T are Jaffard, then dim,(R) = dim, (D) + dim,(T) = dim(D) +
dim(7") < dim(R). Conversely, assume that R is Jaffard. We have dim(R) =
dim,(R) = dim, (D) + dim,(7") = dim(T") + dim(D). So (dim(7T") — dim, (7)) +
(dim(D) — dim, (D)) = 0 and each parentheses must be equal to zero, as

desired. O

Proposition 3.25 ([2, Proposition 2.5]) .

Let (T, M, K) be a local domain which is not a field and let ¢ : T — K be the
canonical surjection. Let R = o~ Y(F), where F is a subfield of K. Then:

(1) dim,(R) = dim,(T) + t.d.(K/F).

(2) R is a Jaffard domain if and only if T is a Jaffard domain and K is

algebraic over F.

Proof. If t.d.(K/F) = oo, the induction below proves that dim,(R) = oo. If
dim,(7") = oo and t.d.(K/F) < oo, then dim,(R) = co. Indeed, if dim,(R) <
00, then each K —overring of R has dimension at most dim,(R), i.e, dim,(7") <
o0; which is absurd. Thus, we may assume that dim,(7") and t.d.(K/F) are
both finite. We may also assume that K is a purely transcendental extension
of F. Indeed, let {Y7,...,Y;} be a transcendental basis of K over F' and put
L=F(Yi,...,Yy). Since K is algebraic over L. By Lemma 3.22, T is integral
over A = o }(L), by dim,(A) = dim,(T). Also t.d.(K/F) = t.d.(L/F).

Therefore, we can replace T' by A and K by L.
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(1) Let argue by induction on d = t.d.(K/F). If d = 0, then because of our
assumption of purely transcendence, we have K = F and R = o Y(F)=T. If
d =1, then write K = F(Y') for some Y = ¢(y), y € T\ M (y ¢ M since Y is
invertible). We claim that R[y] = ¢ '(F[Y]). Indeed, since p(y) =Y € F[Y]
and p(R) = F we get that Rly] C ¢ '(F[Y]). Let z € ¢ '(F[Y]), then
olz) € FIY], i, olz) = YV = Dangp(y)t = X neplyh) = o(2), where
2= Bw* € Rly] and p(B) = ax. So z — 2 € ker(p) = M C R. Thus, x €
z+4 R C Rly] and hence ¢ *(F[Y]) C R[y]. Similarly, o *(F[Y ') = R[y!].
By Proposition 3.24(2), these equalities lead to dim,(R[y]) = dim,(F[Y]) +
dim,(T) and dim,(R[y™']) = dim,(F[Y!]) + dim,(T). Since F is a field,
i, (FIY]) = dim, (F[Y-1]) = 1, dim, (Rly]) = dim, (Rly~']) = 1 + dim, (7).
Let B be any valuation overring of R. Since y € T' C qf(R), this implies that
y € Bory™ € B,ie., Rly]| C Bor Rly™'| C B. Thus B is an overring of R[y]
or of Rly~'| and dim,(R) = max{dim,(R[y]), dim,(R[y™'])} = dim,(T) + 1.
Now, suppose that the equality asserted in (1) holds whenever the transcen-
dental degree is less than d. Let K = F(Y;,...,Y); K= F(Y},...,Y; 1) and
B = ¢7'(K). By induction hypothesis dim,(R) = dim,(B) + t.d.(K/F) =
dim,(B) + (d — 1). Since K = K(Yg), applying the case d = 1 we get
dim,(B) = dim,(7T") + 1 and the equality in (1) follows.

(2) By Lemma 3.22, we have dim(R) = dim(F') 4+ dim(7") = dim(7"). From

(1) dim,(R) = dim,(T) + t.d.(K/F) = dim(R) = dim(7") if and only if
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t.d.(K/F) =0 and dim,(7") = dim(7). O

Theorem 3.26 ([2, Theorem 2.6]) . Let (T, M, k) be a local domain which
1s not a field and T % k the canonical surjection. Let R = ¢~ 1(D), where D
1s any subring of k. Let F' be the quotient field of D. Then:

(1) dim,(R) = dim, (D) + dim,(T") + t.d.(k/F).

(2) R is a Jaffard domain if and only if D and T are each Jaffard domains

and k is algebraic over F.

Theorem 3.27 ([2, Theorem 2.11]) . Let T be a domain with mazimal
ideal M, K = T/M and ¢ : T — K the canonical surjection. Let D
be a proper subring of K with quotient field F. Put R = ¢~ (D) and d =
t.d.(K/F). Then:

(1) dim(R) = max{dim(7"), dim(D) + dim(Tn)}.

(2) dim,(R) = max{dim,(T), dim, (D) + dim,(Tr) + d}.

Proof. (1) dim(R) = max{sup{dim(Rp) | M

¢ P}, sup{dim(Rp) | M C P}}. If M C P, then by Lemma 3.22(5), there
exists Q@ € Spec(D) with P = ¢ Q) and since T is local dim(Rp) =
dim(Th) + dim(Dg). As P varies, ) also varies in the same order and
taking the sup yields dim(R) = dim(D) + dim(T). If M ¢ P, then by
Lemma 3.22(4), there exists Q € Spec(T') with Rp = Ty and therefore
dim(R) = dim(7"). Finally the equality in (1) follows.

(2) dim,(R) = max{sup{dim,(Rp)
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| M & P}, sup{dim,(Rp) | M C P}}. If M € P, then dim,(Rp) = dim,(Tg)
and taking the sup gives dim,(R) = dim,(7). If M C P, then apply-
ing Theorem 3.26(1) to the diagram in Lemma 3.22(5) yields dim,(Rp) =
dim, (T ) +dim,(Dg)+t.d.(k/F). Making P vary give dim,(R) = dim, (D) +

dim, (Tx) + d, completing the proof.

Corollary 3.28 ([2, Corollary 2.12]) . With the same hypothesis as in The-
orem 3.27:

(1) R is a locally Jaffard domain if and only if D and T are locally Jaffard
domains and K is algebraic over F.

(2) If T is a locally Jaffard domain with dim,(T") < oo, D is a Jaffard domain,

and K 1is algebraic over F', then R is a Jaffard domain.

Proof. (1) Let assume that R is locally Jaffard and consider P € Spec(T).

Then
Rpnr — Dg
! !
TP - K

, where S = (K \ ¢(P)) N D is a pullback diagram, so by Lemma 3.22(3),
dim(Rpng) = dim(Tp) + dim(Dg). Since R is locally Jaffard, this is equal
to dim,(Rpnr) and then by Theorem 3.26(1), dim,(Rpng) = dim,(Ds) +

dim,(Tp) + t.d.(K/F). Therefore, we must have
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t.d.(K/F) =0, dim,(Tp) = dim(Tp) and dim,(Dg) = dim(Dg). Now, if Q €
Spec(D), then o~ 1(Q) € Spec(T) and the above argument applies. Conversely,
let P € Spec(R). If P D M, then applying Theorem 3.26(1) to the pull-
back diagram in Lemma 3.22(5), we get dim,(Rp) = dim,(Dg) + dim, (Trp) +
t.d.(K/F). Since T, D are locally Jaffard and t.d.(K/F) = 0, Lemma 3.22(3)
implies that R is locally Jaffard. If P 2 M, then by Lemma 3.22(4), there
exists @) € Spec(T) such that Ty = Rp and since T is locally Jaffard it follows
that R is locally Jaffard.
(2) By Proposition 3.7(2) and Theorem 3.27(2),

dim,(R) = max{dim(7T), dim(D) + dim(T)} = dim(R). 0

Proposition 3.29 ([2, Proposition 2.14]) . Let V be a non trivial valua-
tion domain of the form'V = K+ M, where K is a field and M is the mazimal
ideal of V.. Let R = D + M, where D is a proper subring of K. Let F' be the
quotient field of D and let d = t.d.(K/F). Then:

(1) dim,(R) = dim,(D) + dim(V') + d.

(2) R is a Jaffard domain if and only if D is a Jaffard domain, V is finite-

dimensional and K is algebraic over F.
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Proof.* (1) Let consider the diagram of pullbacks

R— D

V — K

By Proposition 3.24, dim, (R) = dim, (D) + dim,(A) and by Proposition 3.25,
dim,(A) = dim, (V) + t.d.(K/F) = dim(V') + dim(K/F'), proving (i) .

(2) Follows from (1) and Lemma 3.22(3). O

Proposition 3.30 ([2, Proposition 2.15]) . Let K be a field, D a subring
of K with quotient field F, R = D + XK[X], and d =t.d.(K/F). Then:

(1) dim(R) = dim(D) + 1.

(2) dim,(R) = dim,(D) +d + 1.

(3) R is a Jaffard domain if and only if D is a Jaffard domain and K is

algebraic over F.

Proof.* Consider the diagram

R — D
! !
KX]| — K
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(1) and (2) are consequences of Theorem 3.27 and Proposition 3.10, if we set
M = XK[X], T = K[X] and observe that dim(K[X]) = dim(K[X]x)) = 1.

(3) dim(R) = dim,(R) if and only if dim(D) + 1 = dim,(D) +d + 1, i.e,
dim(D) = dim,(D) + d. Since dim(D) < dim,(D), the equality dim(D) =

dim, (D) + d will hold if and only if d = 0 and dim(D) = dim, (D). O

3.3 Applications and Examples

Example 3.31 ([2, Example 3.1 (a)]) . For each positive integer n, there
exists a finite-dimensional non-Jaffard domain R such that dim,(R)— dimR =

n.

Proof. Let X, Xs,..., X411 be n + 1 indeterminates over a field K. Let

L=K(Xy,...,X), V=LXnlx,or) = L+ Xp1V. Put M = X,,,1V and

X1
R = K + M. We claim that R is the required ring. Indeed, V is a discrete
valuation domain. Spec(V) = Spec(R). Indeed, R is a subring of V' so that
every prime ideal of V' contract to a prime ideal in R. On the other hand, let
P € Spec(R). Let show that P is an ideal of V. Let xp € M\ P, z € V and
y € P. zxg € M C R implies that (zx¢)y = xo(2y) € P. But 29 ¢ P and P is
prime. Therefore zy € P, as desired. Now, let x,y € V such that xy € P. If

Lory™isin V. So a7 Hzy) =y or y !(ay) = x

x or y is not in M, then x~
isin P. If x € M and y € M, then z,y € R and since P is a prime ideal
in R we have x € P or y € P, as desired. Thus dim(V') = dim(R) = 1. By

Proposition 3.25, dim,(R) = dim,(V) +t.d.(L/K) = dim(V) +n = 1 + n.
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Thus, dim,(R) — dim(R) = n, as desired. O

Example 3.32 ([2, Example 3.1 (b)]) . There exists a domain R such that

dim(R) = 1 and dim,(R) = oc.

Proof. Let Y, X7, Xs, ... be indeterminates over a field K. Put
L = K(Xy,X,,...);sothat t.d.(L/K) =o00. Set V = L[Y]y)y =L+ YV and
R = K + YV. By Proposition 3.25, dim,(R) = dim,(V) + t.d.(L/K) = oc.

But dim(R) = dim(V') + dim(K) = 1. O

Example 3.33 ([2, Example 3.2]) . There exists a two-dimensional Jaffard

domain R such that R is not locally Jaffard.

Proof. Let k be a field and X, X5,Y indeterminates over k. Set V; :=
E(X1, Xo)[Y]v) = (X1, X2) + My and A := k(Xy) + M;, where M; = Y'V;.
Let (V, M) be a one-dimensional valuation domain of the form V = k(Y) + M
such that k(Y[X, X)) C V C k(Xy, X, Y). Consider the two-dimensional
valuation ring Vs := k[Y|yy+M = k+M, with maximal ideal My = YE[Y]y)+
M (M is a prime ideal of V4 which is strictly contained in M,). Vi and V5
are incomparable. First, notice that V; is local and Bezout and therefore is a
valuation with dim(V;) = 1. If V; and V, were comparable, then we must have
Vi=Va)u. Y ¢ M and Y € Vs implies that + € (Va)u, but 5+ ¢ V4. By
[34, Theorem 11.11] and [28, Theorem 64], B := V; N V; is a two-dimensional

Priifer domain domain with two maximal ideals, say Ny and Ny, By, = V)
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and By, = V5. Finally, put R := AN V,. R C B is an integral ring extension.
Indeed, if z € B, then ), _, Me2® = 0, where \;, € B. If \;, is a unit in V5,
then Ay € k C k(X;) C A. If A is not a unit in V5, then Ay € M; N M, C A.
Thus R has exactly two maximal ideals M; = Ny N R and My = Ny N R
with Ry, = Apmy N By, = AN By, = A and Ry, = Vo. By Lemma 3.22,
dim(A) = 1 and therefore dim(R) = max{dim(Rx, ), dim(Rr,)} = 2 and
dim,(R) = max{dim,(Ruz,),dim,(Rrm,)} = 2. Thus R is Jaffard but not
locally Jaffard, since dim(Rpy,) = dim(A) = 1 # dim, (R, ) = dim,(A) = 2.

U

Proposition 3.34 ([2, Proposition 3.3]) . Let Xi,
..., X, be finitely many indeterminates over a domain R which is not a field.

Assume that dim,(R) =n < co. Then:

(1) If R[X4,...,X,] is a Jaffard domain, then r > ";;i‘g}g?).
(2) Assume that dim(R) = 1. Then R[Xq,...,X,] is a Jaffard domain if and

only if r >n — 1.

Proof. (1) For every r > 0 we have dim(R[X1,...,X,]) <7+ (r+1)dim(R).
Since dim,(R[X1,...,X,]) =

dim(R[Xq, ..., X,]) = dim,(R) +r < r+ (r+1)dim(R), then %Iag”) <r,as
desired.

(2) If dim(R) = 1, then r > n—1 by (1). Conversely if r > n—1, R[X1,..., X,]

is a Jaffard domain by Proposition 3.5(2). O
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Example 3.35 ([2, Example 3.4 |) . For each positive integer r, there ex-
ists a finite-dimensional non-Jaffard domain R such that r is the least positive

integer m for which the polynomial ring R[X7, ..., X,,] is a Jaffard domain.

Proof. We consider the ring R in Example 3.31 with dim(R) = 1. Thus,
dim,(R) = r + 1. R[Xy,...,X,] is a Jaffard domain if and only if m >

dim,(R) — 1 = r by Proposition 3.34. O

Example 3.36 ([2, Example 3.5 ]) . There exists a non-Jaffard domain 7'
with n = dim,(7) < oo and a positive integer » < n — 1 such that the

polynomial ring T[X7, ..., X,] is a Jaffard domain.

Proof. Consider the ring R of Example 3.31 with

dim(R) = 1 and dim,(R) = 3. Consider indeterminates Y,Yy,...,Y, over
R and put T' = R[Y]. By [2, Theorem 1.10], R is not a strong S—domain.
In this case, dim(7") = dim(R[Y]) = 3 since 2 < dim(R[Y]) < 3 (see [28,
Theorem 38]). By Theorem 3.1, V r > dim,(R) — 1 = 2, dim(R[Y3,...,Y;]) =
r+dim,(R) = r+ 3. For r > 1, dim(T[Y3,...,Y,]) = dim(R[Y,Y3,...,Y,]) =
(r+1) 43 =r+4. Further, dim,(7") = dim,(R[Y]) = 1 +dim,(R) =4 > 3 =
dim(T"). Thus, T is not Jaffard. Since dim(7'[Y;]) = dim(R[Y,Y1]) = 5, and

dim, (T'[Y;]) = dim, (R[Y, Y1]) = 2 + dim,(R) = 5; then T[Y;] is Jaffard. [
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4 Chapter 4

On the Generalized Principal Ideal Theorem and Krull

Domains

An integral domain R satisfies PIT (resp., GPIT) if every minimal prime over
a principal (resp., n-generated) ideal has height < 1 (resp., < n). Here PIT
stands for “Principal Ideal Theorem” and GPIT for “ Generalized Principal
Ideal Theorem.” Both Noetherian and Krull domains satisfy PIT. Moreover,
while Noetherian rings satisfy GPIT (by Krull’s altitude theorem), Krull do-
mains don’t. Eakin-Heinzer’s symbolic Rees algebra (mentioned above) pro-
vided a first counter-example in this regard, which was later developed by
Anderson-Dobbs-Eakin-Heinzer in 1990 [3]. A ring R of dimension 2 satisfies
GPIT if and only if it satisfies PIT. Indeed, it is obvious that GPIT implies
PIT. Conversely, if P is minimal over (a4, ..., a,), then two cases are possible:
(1) If n > 2, then ht(P) < dim(R) =2 < n.

(2) If n =1, then we are done by PIT.

4.1 GPIT and integrality
In this paragraph, we study the stability of GPIT under integral extension.

Proposition 4.1 ([3, Proposition 2.1]) . Let R C T be an extension of
domains. Then:

(1) Suppose R C T satisfies LO, INC and GD. If T satisfies GPIT, then R
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satisfies GPIT.
(2) Suppose R C T satisfies GU and INC. If T satisfies GPIT, then R satisfies
GPIT.

(3) If T is integral over R and T satisfies GPIT, then R satisfies GPIT.

Proof.* (1) Let I = (ay,...,a,)R be an n—generated ideal of R and P a
minimal prime ideal of I. By LO, there exists @) € Spec(7T') such that QNR = P
and () is minimal over the n—generated ideal I'T. Since T satisfies GPIT,
ht(Q) =m < n. Let Q@ D Q-1 D ... D Qo = (0) be a saturated chain of
prime ideals in 7". By GD, there exists a chain P D P,,_; D ... D> Fy=(0) in
R such that P; = Q; N R. Moreover, this chain is saturated since the extension
R C T satisfies INC. Thus ht(P) < n, as desired.

(2) It follows from (1) since GU implies LO.

(3) It is a consequence of (2) since an integral extension satisfies INC and GU.

O

Proposition 4.2 ([3, Theorem 2.2]) . For a domain R, the following con-
ditions are equivalent:

(i) If uy, ..., u, are finitely many elements of a domain which contains R and
is integral over R, then Rlui, ..., u,] satisfies GPIT.

(i) If R is a subring of a domain T which is integral over R, then T satisfies

GPIT.
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Proof. (ii) =(i) by setting " = R|uy,...,u,)’. Suppose that the con-
verse fails. Then there exists P € Spec(T’) such that P is minimal over some
n—generated ideal J of T" and ht(P) > n. Let J = (uy,...,u,)T. We replace
R with Ruy,...,u,) and set I = >" | Ru;. Then J = IT and T is integral
over R. In order to reach a contradiction, we have to show that R’ does not
satisfy GPIT. Let P = Fy D P, D ... D P, be a saturated chain of prime
ideals in T'. Since R C T is an integral extension, if ¢ denotes the projection
qf(R) — T, then the extension ring, S = R'T = p(R'), inside qf(7") is inte-
gral over ¢(R) C T (see [34, Theorem 10.13]). Thus 7" C S verifies LO, GU
and INC and so there exists a chain N = Ny D ... D N,,4 of prime ideals in
S lying over the given chain {FP;} with N minimal over ) Su; = IS = JS.
Put Q; = N; N R € Spec(R'). Since S is integral over R, it follows via INC
that {Q;} consists of n + 2 distinct primes of R’, whence ht(Qy) > n. By [34,
Theorem 10.13], R’ C S satisfies GD. As N is minimal over ) Su;, it now
follows via GD that Qo is minimal over > R'u;. In particular, R’ does not

satisfy GPIT, as desired. O

Lemma 4.3 Let R be a domain. Then R satisfies GPIT if and only if Ry,

satisfies GPIT for each maximal ideal M of R.

Proof.* Let M be a maximal ideal of R and
J = (&,..., )Ry an n—generated ideal of Ry;. Consider the ideal I =

S1 ? sn

(ay,...,an)R, then IRy = J and by assumption, ht(/) < n. Next, none of the
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a; is inside R\ M, so that if P is a minimal prime of I, then PR, is a minimal
prime of J and therefore htg,,(J) = htg,,(PRy) = htg(P) < n. Conversely,

let @ be a minimal prime ideal over (by,...,b,)R. Then @) C M for some

maximal ideal M of R and QRy; € Spec(Ry) is minimal over (%,..., %) Ry;.
Therefore
htR(Q) = htRM (QRM) S . [

Proposition 4.4 ([3, Corollary 2.3]) . If R C T is an integral extension of

domains and R is Noetherian, then T satisfies GPIT.

Proof. By Proposition 4.2, it suffices to show that Ruy,...,u,]" satisfies
GPIT if wq,...,u, are integral elements of a domain containing R.
As Rluy,...,u,] is Noetherian, we may replace R by Rlus,...,u,|, and then

only show that the integral closure R’ = Tof R satisfies GPIT. Without loss of
generality, we may assume that R is local. Hence, by [21, Chapter 0, Corollary
23.2.5], R has a finitely generated (integral) overring S such that the canonical
map Spec(T") — Spec(S) is injective. Since S is Noetherian and 7" = 5’, we
may replace R with S. Consider a prime ideal P of T such that P is minimal
over a finitely generated ideal (vy, vo, ..., v;) of T and put A = Rvy, v, ..., Ugl.
Since R C A C T and Spec(T') — Spec(R) is injective, then Spec(T) —
Spec(A) is injective. For, if two different primes of T' contract to the same
prime in A, they must contract to the same prime in R, which is impossible.

Since T is integral over A, the extension A C T satisfies LO and GU. The GD
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holds between A and T Indeed, let p C ¢ in Spec(A) and @ € Spec(T) such
that @ N A = ¢. Then by LO, there exists P € Spec(T") with PN A = p and by
GU, there exists )’ € Spec(T') such that P C " and Q' N A = q. Now, since
Spec(T") — Spec(A) is injective, @' N A = Q@ N A = ¢ implies that Q = Q'.
Hence @ = P N A is minimal over » Av;. As A is Noetherian, it satisfies
GPIT, so that ht(Q) < k. By [28, Theorem 45], ht(P) < k. Hence T satisfies

GPIT. U

Thus, the integral closure of a Noetherian domain satisfies GPIT. The fol-

lowing example points out the importance of the Noetherian hypothesis.

Example 4.5 ([3, Example 2.4]) . There exists a local two-dimensional do-
main R satisfying GPIT and an element u such that R = R[u] and R’ does

not satisfy (G)PIT.

Proof. Let z and y be algebraically independent indeterminates over a field
K. Put D = K[z,y](g-1y-1) and M; = (x—1,y—1)D. Then D/M; = K and
clearly D = K + M. Next, consider the rank 2 valuation v of K(x,y) over
K, with value group Z @ Z lexicographically ordered, defined by v(x) = (1,0)
, v(y) = (0,1). The corresponding valuation ring is V' = K[y, + K[z, y](2),
which can be written as V = K + M, where My = yV is the maximal ideal of
V. Indeed, Ky, is a valuation ring since it is local and Bezout. Therefore V'
is also a valuation since V' C K(y) + 2 K[z, y|) and qf (K[y]q)) = K(y). Let

W be the valuation ring associated to v. Then V' C W, ie., W = Vj, where
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Q) € Spec(V). Note that dim(V') = 2. Let (0) C P C m be a saturated chain
of prime ideals in V. Then @ # (0) since W is not a field. If ) = P, then
dim(W) =1 and in that case rank(W) = 1; which is not the case. So Q@ =m
and it follows that W =V, as desired. Put J = M N My and R =K + J.

R is the required ring. First, note that R = D NV. Indeed, since D and V
are integrally closed and contain R, R* C D NV. For the reverse inclusion, it
suffices to show that each t € DNV is integral over R. We observe that J is a
common ideal for DNV and R, so that DNV is an overring of R. This assure
us that DNV C qf(R). Let t = a1 +my = ag+my, with a; € K and m; € M,,
i=1,2. Then (t —ay)(t —az) =mmg € MiNMy=J C R, andsotis a
root of the monic polynomial Z2? — (ay + a2)Z + ajas — mimy € R[Z]. Hence
DNV C R'. Next, we show that R is local with maximal ideal J. Let r € J.
Then since D and V are local rings, (1+47) is invertible in each of them; so that
we can write (1+7)"' = 1—7r(147r)"' € 1+.J so that (1+7) is a unit of R, and
r € J(R), the Jacobson radical of R. Since J is maximal in R, then J = J(R),
as desired. Consider the primes P, = M; N R and P, = My N R'. We have
PINR = MiNDNVNR = MiN(K+M;)N(K+M2)NR = J since M;NK = .
Similarly, PN R = J. As each of these meets R in J, it follows via integrality
that P, and P, are maximal in R’ since they contract to the maximal ideal J
of R. Moreover, P, # P, since x € P, \ P;. Next, we prove that R = D and

p, = V. For any multiplicatively closed subset S of R', we have Rg = DsNVs.
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Let S; denote R'\ P;, then Dg, = (K[z,y](z-14-1))s, = D and Vg, = V and
the result will follow if we show that Vs, = Dg, = K(x,y). Consider any
7) = v(g) —iw(z) — joly) = 0;
is a unit and gV = 2%/V. Further, V|[(zy)™'| = K(z,y); for, if

nonzero g € K|x,y]. If v(g) = (4,7), then v(x;"

so that

iyl

% € K(z,y), then g = ax'y’, where  is a unit in V. So % — o h e V](xy) .

:ﬂyi
As xy € R'\ P, = 51, we have Vg, = K(z,y) as desired (because if we set
S = {(xy)",n € N}, then S C Sy and K(z,y) = Vs C Vg, C K(z,9)).

Moreover, for g as above, h = g(z'y?)™t € (V\ Mz) N D = S5, since —Z

iyl

is a unit in V and z'y/ ¢ (v — 1,y — 1). Therefore h is invertible in Dy,
and g7! = (2%9/)"'h™! € Dg,. Thus, Ds, = K(x,y), as desired. Since V
is a two-dimensional valuation domain, V' does not satisfy PIT (indeed, let
(0) € @ C My be the Spectrum of V' and choose an element a € My \ Q
such that M, is minimal over the ideal (a)). As Rp, = V, it follows from
[7, Proposition 3.1(a)] that R’ does not satisfy PIT. Since x € R\ R we
have R # R'. Moreover, z(z — 1) = m € My N My = J C R so that
z is a solution of Z? — Z +m = 0. We claim that R[z] = R’ (in other
words, u = x satisfies the assertion): From the equality Ry = D, we get
K = D/My, = Ry /PRy = R'/Py (since Pi is maximal in R’). Whence
R' = K + P,. Similarly, R’P2 =V leads to K 2 V/My = R'/P; and R’ =
K + P,. Since xP, C tM; C My and 2P, C MoV = My (x € My and

P, C R CV), we have xP, C J, so that 2R’ = K +xP, C xR+ J C R[z].
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As(z—1)e RNM; =P and PP, C PLNP, = MiNMsNR =JNR = J,
we also have (x — 1)R' = (x — 1)K + (x — 1) P, C R[x] + P, P, = R[z]. Hence,
R C 2R + (x — 1)R’ C R[z]. So R[z] = R’ as claimed. Since R’ is integral
over R, any maximal ideal M of R’ meets Rin J = MiNMy =P NPk
(See [31, Lemma 2]). It follows that M contains (and hence equals to) one
of the ideals P, or P,. Thus, P, and P, are the only maximal ideals of R,
and so dim(R’) = sup{dim(R}, ),dim(R},)} = sup{dim(D),dim(V)} = 2. By
integrality, dim(R) = dim(R’) = 2. Next, we show that R satisfies GPIT.
Since R is a two-dimensional, it is sufficient to show that R verifies PIT. This
amount to show that J is not minimal over any nonzero principal ideal Rs
with s € J\ {0}. In the Noetherian ring D, the prime ideal P, D = P R},
has height 2 and contains s, but cannot be minimal over Ds by PIT. Hence
Ds Cc QD ; Py D for some prime Q of R'. By INC, we have QNR ; PNR=J.

Asse QDNR=QNR, Jis not minimal over Rs. O

4.2 GPIT and homomorphic images

Proposition 4.6 ([3, Proposition 3.1]) . If R is a ring such that R/ P sat-

isfies GPIT for each minimal prime P of R, then R satisfies GPIT.

Proof. Suppose the assertion fails. Then there exist @ € Spec(R) such that
() is minimal over some n—generated ideal I of R and ht(Q) = k > n. Pick
a chain Q = Fy D PL D P,... D P, = P of distinct primes in R. Then P is

a minimal prime. Since the ring R/P satisfies GPIT and its prime Q = Q/P
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is minimal over the n—generated ideal (I 4+ P)/P, it follows that ht(Q) <
n. However, the chain {P;/P} of distinct primes reveals that ht(Q) > n, a

contradiction. O

If R is a ring and n is a non-negative integer, we shall say that R satisfies
n—PIT in case ht(P) < n for each P € Spec(R) which is minimal over an
n—generated ideal of R. Evidently, R satisfies GPIT if and only if R satisfies

n—PIT for al n > 0.

Lemma 4.7 ([3, Lemma 3.4]) . Let R be a ring satisfying k—PIT for some
k > 0. Let I be an ideal of R generated by an R—sequence y1,Ya,...,Yn for

somen < k. Then R = R/I satisfies (k —n)—PIT.

Proof. We proceed by induction on n. If n = 1, then y; been a nonzerodivisor,
it lies in no minimal prime of R (cf. [28, Theorem 84]). Assume that R/(y;)R
does not satisfy (k— 1)—PIT, i.e., there exists a prime ideal P in R such that
ht(P/(y1)) > k—1 and P/(y1) is minimal over (771, ..., Tx_1), where T; denotes
the class of z; in R/(y;). Let P D P, D ... D Py D ... D P, be a chain of
distinct primes in R containing y; and P, be a minimal prime ideal. Then
htr(P) > k + 1, which is impossible since P is minimal over (z1,...,%x_1,Y1)
and R satisfies k—PIT. Now, assume the result is true for all integers r < n.
Let I = (y1,...,yn)R be an ideal of R generated by an R—sequence. Set

A=R/(y1,--,Yn-1). Since yy,...,y, is an R—sequence, 7, is a nonzerodivisor
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in A. Since for any ideal L and J of A, (A/L)/(J/L) = A/L + J, we obtain

from the case n =1 that R/I satisfies (k — n)- PIT. O

Proposition 4.8 ([3, Theorem 3.3]) . If a ring R satisfies GPIT and I is
an ideal of R generated by an

R—sequence, then R/I satisfies GPIT.

Proof. Let I = (yi,...,ynm) be an ideal of R generated by an R—sequence and
n € N. As R satisfies GPIT, it satisfies (m + n)—PIT and so by Lemma 4.7,
R/ 1 satisfies n—PIT. Since n was arbitrarily chosen, the desired result follows.

0

4.3 GPIT and monoid domains

Proposition 4.9 ([3, Theorem 4.2]) . Let G be a nonzero torsion-free abelian
group with finite rank n and let R be a domain. Then the following conditions
are equivalent:

(i) R[Xy,...,X,] satisfies GPIT;

(ii) R[X1, X7, ..., X, X 1] satisfies GPIT:;

(iii) R[G] satisfies GPIT.

Proof. Let S be a multiplicatively closed subset of R and J = (%, o Z_:>RS'
Consider the ideal I = (ai,...,a,) of R. Then htg,(IRs) = htr,(J) =
htp,(PRs) = htg(P), where P € Spec(R), PN S = () and P minimal over I.

Thus GPIT is preserved under localization and so (i) implies (ii) .
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(ii) ==(iii) Suppose that B = R[G] does not satisfy GPIT. Then there exist
fi-..., fr € B and a prime ideal P of B with ht(P) > r such that P is minimal
over (f1,..., fr)B. Let G = F + Gy, where F' is a free abelian subgroup of
G with rank(F) =n and fi,..., f, € A= R[F]. Set @ = PN A. Then since
B is integral over A, we have ht(Q)) > r. By (ii) , A satisfies GPIT and so
there exists a prime ideal Q)1 € Spec(A) with (f1,...,fr)AC Q1 C Q. Bisa
flat A—module so that the extension A C B satisfies GD. Thus there exists a
prime ideal Py of B with (f1,..., f;)B C P, € P, contradicting the minimality
of P.

(iii) ==(ii) Let G = F' 4 Gio, where F is a free abelian subgroup of G with
rank(F) = n. Then G/F is a torsion group, and A = R[X, X; ', ..., X, X[ 1] &
R[F] C R[G]. Moreover, the extension R[F] C R|G] is integral. By Proposi-
tion 4.1(3), A satisfies GPIT, as desired.

(ii) =(i) Set A = R[Xy,...,X,] and let I = (f1,..., f.)A be an ideal of A
with minimal prime ideal P. We may assume that X; ¢ P for 1 < i < r.
Otherwise, apply the translation X; — X; + a; for 0 # a; € R. Let B =
R[X1,X;', ..., X,, X 1]. Then since B is a localization of A, PB is minimal

over I B and therefore ht(P) = ht(PB) < r. O

Proposition 4.10 ([3, Corollary 4.3]) . Let R be a domain. Then R|G]
satisfies GPIT for each torsionfree abelian group G if and only if R[ X7, ..., X,,]

satisfies GPIT for each positive integer n.
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Proof. The "only if” part is a consequence of Proposition 4.9. Conversely,
suppose that R[G] does not satisfy GPIT, for some torsion free abelian group
G. Then there exist fi, fo,..., f; in R|G] and a prime ideal P of R|G] such that
P is minimal over (fi, fa, ..., f») with ht(P) > r. Let Q" Spec(R]|G]) such that
P C Q andlet g € Q'\P. Write f, = S_ \;, X>ilik%ii and g = S 3; X 22 hisbis,
Consider ' = Z < ajj;,,b;; >. Then F' is finitely generated subgroup of
G with finite rank, say rank(F) = n such that fi, fo,...,f, € A = R[F].
() = PN A is minimal prime over (fi,..., f.)A with ht(Q) > r since the
extension R[F| C R[] satisfies INC. By Proposition 4.9, R[Xq,..., X,] does

not satisfy GPIT, which contradicts our assumption. O

Proposition 4.10 may be used to construct examples of non-Noetherian do-
mains which satisfy GPIT. In particular, the group ring k[G] satisfies GPIT
for any field k& and torsionfree abelian group G. In [20, Section 14] and [19,
Theorem 2|, this result has been used to construct finite-dimensional non-
Noetherian UFD’s. Note that a consequence of [20, Theorems 16.2, 14.7,
14.10 and 14.15] is that, k[G] is a Krull domain <= k[G] is a UFD <= each
rank-one subgroup of G is cyclic. Thus, any non-Noetherian Krull domains

constructed as group ring over a field satisfy GPIT.
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4.4 A Krull domain not satisfying GPIT

By Proposition 4.4, any Krull ring obtained as the integral closure of a Noetherian
normal domain satisfies GPIT. In this paragraph we will give the construction
of a local three-dimensional Krull domain whose maximal ideal M is the rad-

ical of a 2-generated ideal. Thus, this domain does not satisfy GPIT.

Example 4.11 ([3, Example 5.1]) . We take (R, M) to be a two-dimensional
integrally closed Noetherian local domain having a height 1 prime ideal P
such that P is not the radical of a principal ideal. By [31, Theorem 11.2],
R/P is a DVR. Let P™ = P"Rp N R denote the nth symbolic power of P.
Set B = R[t™, Pt,..., P™t" .. ], the symbolic Rees ring with respect to P.
Then B is a three-dimensional non-Noetherian Krull ring. Let us show that
N = (M, t7, Pt,...,P™t" ) is a height 3 maximal ideal of B. Since B is a
Z—graded domain with the homogeneous terms of degree n consisting of P(¢"
if n > 0 and Rt" if n < 0, it follows that N is a maximal ideal of B. Consider
the multiplicatively closed subset S = R\ P. By [31, Theorem 11.2], Rp is a

DVR with maximal ideal PRp = (7), with 7 € P; so that P"Rp = (n") for
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all n > 1 and hence Bg = Rp[t™!, 7t]. Let

¢ :Rplu,v] — Rp[t™!, 7]
u— ¢t
U +— 7t

r——r, Vr € Rp.

Then ¢ is a surjective Rp—homomorphism . Indeed, for any > r;(t 1) (7t)?,
there exists Y ru®v% € Rplu,v] which is its preimage by ¢. Next, p(uv —
7) = 0, so that (uv—7) C ker(p). On the other hand, let >~ r;(¢~1)% (rt) = 0.
This can be rewritten as > r;(7)%t% = 0 (%), where ; € Z. Let v = sup{v;}.
Then by multiplying (x) by ™7 and setting g(uv) = f(u,v) = > ri(uwv)?, we
have g(7) = 0, i.e., f = g € (uv — 7). Now, observe that Y r;(t1)% (7t)% =
h(u,v), where h(u,v) = f(u,v)(u”). Thus ker(p) = (uv — ) and Bg =
Rplu,v]/(uv — ). Since Rp is a Noetherian ring, it satisfies GPIT and
therefore ht(uv — m) < 1. Moreover, this height is exactly one since Rp
ia a domain and uwv — 7 # 0. Now, Rp[u,v]/(uv — w) = Rp[t™!, 7t] im-
plies that dim(Rp[u,v]/(uv — 7)) = dim(Rp[t™!, 7t]) = 2 since Rp[t™!] C
Rp[t™,mt] C Rp[t,t™!] and Rp is a Jaffard domain with dim(Rp) = 1. Now,
since P C M, (t7},7t)B C N is a saturated chain of primes in B. Thus,
ht(N) > 3. Next, R[t™!] C B C R[t,t7!] so that dim(B) < dim,(B) <

dim,(R[t7']) = dim,(R[t,t7']) = 3 and therefore ht(N) = 3. By is the re-
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quired ring. In order to conclude the proof, we need to show that N is the
radical of a 2-generated ideal. Set I = (¢7!)B, a homogeneous ideal. We
have A = B/(t™Y)B = R/P & P/PP @ ... PW /P @ . is graded
(A, = B,/(I), = B,/B, N1 = P /Pr+) Tet K = Rp/PRp be the
quotient field of R/P. Then Ag = Bg/IBg = (Rp[u,v]/(uv — 7))/ ((u,uv —
M)/ (uw — 7)) 2 Rplu,ol/(uuv — 1) = Rplu,ol/(u,m) = Rpu]/(m)[t] =
Rplv]/PRp[v] = Klv] since (u,v) = (u,uv — 7). Thus, we have (R/P)[v] C
A C K[v]. But then 4, = K < v" > NA; so that A = @F,v", where
F,={z € K| zv" € A} = (A :v") is a fractional ideal of R/P. Let T = x+ P
generate the maximal ideal of R/P, for some z € M. aF, = (%) for some
integer s;. If @ is a unit in R/P, then F, = (z%); if not F, = (% %).
Let F, = (z%). Then the F, are all comparable (precisely they form an
increasing sequence with respect to inclusion) and the sequence {d,} is non-
decreasing. We will show that the maximal ideal of A, namely N'/(¢t7!) is the
radical of TA. It will therefore follow that N = radg(t™', z), as desired. It
suffices to show that F,v" C rad(Z) for each n > 1, for as A is an N—graded
ring, (7) ,,., Fnv™ C rad(7) is a maximal homogeneous ideal and therefore
rad(TA) = (T)R/P @ F,v". Let Fv™™ = (2~ o™ and F,o" = (T~ %)™,
then 771 (F,o™)™ = (z7™4~1)y"™. We claim that there exists m > 1 such that

T Y F,v™)™ C Fp,v™™. Notice that our claim is equivalent to 3 m > 1 such
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that —md,, — 1 > —d,,,,. Indeed, if this is not the case, then for each m > 1,

md, +1 > d,m <~ md,, > dum < I, C

(Fn)™ € (Fom)-

Thus (F,)" = Fun. Forn =1, F, = (F1)™, ¥ m > 1, so that A =
(R/P)[Fyv]. Forn =2, Fy,, = (F3)™, Ym > 1. Form < k < 2m, 2m—k > m
and we have Fy,,  C Fy,, C (F)™ and v?™~ % = (v™)%" with 0 < < m. For
2m < k < 2(m+1), we have k = (2m) +r with 7 < m so that Fj, C Fy(m41) =
(Fy)™ ! and v* = (v?)™v". In all cases, Fyo* € A = (R/P)[Fiv, Fyv?]. The
same calculation applies to any integer n to give A = (R/P)[{Fv': 1 < i <

n}]. But R/p is Noetherian so that A is Noetherian, a contradiction.
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5 Chapter 5
The nth Symbolic Power of a Prime Ideal

Throughout this paragraph, R is a Noetherian domain and P is a proper
prime ideal. We will give some conditions under which the equality P = P,
where P™ = P"Rp N R, holds for all integer n in R. As an application, we
will show that this is always the case if the prime ideal P is generated by an

R—sequence.

5.1 Criteria for equality of ordinary and symbolic power

If @ € Spec(R) such that P" C @, then P C @; so that P is the minimal
prime ideal of P™. This shows that the P—primary component of P" is the
same in all minimal primary decomposition of P*. If P" = g Ngx N ...q, is
a primary decomposition of P", where ¢; is p;,—primary, then since P is the
minimal prime ideal of P, localizing at S = R\ P and contracting back to R
implies that P is the P—primary component in the primary decomposition
of P". As a first criteria we get:

P™ = P if and only if P" is P- primary. The following example shows that

P™ is not always P—primary.

Example 5.1 ([35, Example 3]) . Let K be a field and let

¢: K[z,y, 2] — K|t] defined by f(x,y,2) = f(t3,t*,t*). Then K|z,y, 2]/ P =
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o(K[z,y,z]) C KJt] and P is prime (since K|[t] is an integral domain). Let
fi=y—az h=yz -2’ fy =2 — 2%

Claim P = (fi, f2, fs). ¥V f € K[z,y,2], f = g mod (fi, f2, f3), where g =
2?A(z) + 2yB(2) + zC(2) + yD(z) + E(2) € K|y, 2][z]. Indeed, consider f
as an element of T[z], T = Kly,z]. Then f, € T[z] and the Euclidean
division gives f = (2% — y2)g + r, with » = 0 or deg,r < 2. So if r # 0,
we can write r = As(y, 2)® + Ai(y, 2)x + Ao(y, z) with A;(y,2) € Kly, 2]
Similarly, f; € Bly|, B = K|z, z] and the Euclidean division gives A;(y, z) =
(y* — z2)g; + ri(z, 2) with deg,(r;) < 1 in K[z, 2][y] and deg,(r;) < 1. Thus
r = (2292 +xg91 + go) f1 + rox® + iz +10. We have r; = (a;(2)x +b;(2))y +ci(2)
and 7 = (a2(2)x +ba(2))ya® + ca(2)a® + (a1 (2)x + b1 (2))yx + 1 (2)x + (ag(z)x +
bo(2))y+co(z). Using either of 22ya;(2) = a;(2)2*— f3a,(2), 23a;(2) = yza;(z)—
faa;i(2), 5523/52'(3) = bi(z)zz — f3bi(2) or 33351'(3) = yzb;(2) — fobi(2), we get the
desired result. Now, if f € P then f(t3,t4,t°) = 0, i.e., t°A(t®) + t"B(1%) +
B30 (%) +t*D(t°) + E(t°) = 0 and this new polynomial in t is zero only if all its
coefficients are zero. Thus A = ... = F = 0. The reverse inclusion is trivial;
so that f € (f1, fa, f3). Now, f2 — fifo = (2 — 32%yz + 29 + 2°) € P2 But
a™ ¢ PV n. Thus, if P? is P—primary, then (2% — 3z%yz + xy® + 2*) would be

an element of P. But no element in P? has degree less than 4, i.e., P? # P2,

Let S = R[zy,...,x;], where z; are algebraically independents over R and

let P = (p1,...,px) be a prime ideal of R. Set J = | J,(v) where v denotes

74



the k—tuple py, ..., pr and J,(v) the increasing sequence of ideals of S defined
recursively as follows : Jy(v) = (0) and J,11(v) = (Xh, siv; € S/ S0, sipi €

In(v)).

Proposition 5.2 ([22, Theorem 1]) . The following conditions on a prime
ideal P = Zle p; R in a Noetherian domain R are equivalent:

(i) P = P™ ¥n € N and the associated graded ring of Rp is a domain;

(ii) PS+J is prime;

(iii) For some integer n > 0, PS + J, is a prime of height k. In this case
PS+J,=PS+J;

(iv) There is a rank k prime Q of S such that Q C PS + J. In this case,
Q=PS+J;

(V) z is a prime element in the subring R[z,p1/z,...,px/2] of R[z,1/z].

Proof. If > s;x; € Ji, then > s;p; = 0 € Jy; so that Y sz € Jo. If
Y sy € Jo, then > s;p; € J1 C Jy and Jo C J3. Recursively, we show
that J, C J,41. We notice that every element of R[z,1/z], is uniquely ex-
pressible as a polynomial including possibly both positive and negative powers
of z with coefficients in R. If f = r;z7, then f € R|z, P/z] if and only if for
each j < 0,r; € P™J;s0 f € zR[z, P/z] if and only if for j <0, r; € P77t

(i) =(v) Given = € Rp, we denote by v(z) the largest integer n such that
x € P"Rp and for x € (), P"Rp = {0},v(0) = 4+o00. If z is a unit in Rp, then

v(x) = 0. We define G(x) to be the residue class of z in P*@Rp/P*@+ Ry
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and G(0) = 0. zy € P*@+ W+ Ry implies that v(xy) > v(x) + v(y), which is
equivalent to G(x)G(y) = 0. Indeed,

(P*®) Rp /PP @R ) (PPW Rp / PPOTIR )

Pr@W Ry Pr@ W R, Now, let f,g ¢ zR[z, P/z], i.e., 3 m,n, with
m,n < 0 such that r; ¢ P~ = pm+D) ¢ P=+1 - for some coefficients
ry and ry of f and g. We may assume that we have subtract off the monomials
rzl of f,g which are in zR[z, P/z] and therefore assume that 72", r 2™ are
the lowest degree terms. Therefore, rr,z™*" will be the lowest degree term in
fg. To show that fg ¢ zR[z, P/z], we will show that ryr, ¢ P~ "' Rp.
But r; ¢ P ™' Rp implies that ry ¢ (), P"Rp = {0}, since Rp is lo-
cal. Then G(ry) # 0. Similarly, G(r,) # 0 and G(ry)G(ry) # 0; so that
rerg ¢ P~ Rp.

(v) =(i) Vn € N,P* C P™. Let ¢ € P™\P". Since ¢ ¢ P", then we can
find an integer ¢ < m and an appropriate a € R\P such that ¢ € P\ P!
and ag € P*. Then % € R[z,P/z]\zR[z, P/z] since ¢ € P"\P"'. Also
a ¢ zR[z, P/z]. But % € zR[z, P/z] and this is impossible by the assumption
that zR[z, P/z] is prime. So P" = PV n. If the associated graded ring of
Rp is not a domain, then Rp/ N P"Rp is not a domain by [44, Theorem 1].
Therefore there is a € P™"Rp \ P™"™' Rp and b € P"Rp \ P""'Rp, such that

ab € P™"™" 1 Rp. By suitable multiplication we can choose our elements in R.

Thus, ab € P™™*! Then %~ € zR[z, P/z], but % and ¢ zR[z, P/z]

Z’m+n
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which is assumed to be prime. Thus, a contradiction.

Let ® be the R[z]— homomorphism T' = R|[z|[z1, ..., T] 5 R[2)[E]; zi v pi/z
and denote by I = ker ®. Then ® induces a homomorphism

S = S[2)/2S[z] > Rlz L]/2R[z, L)% — o(z;). Then J* = ker(p) =
(I +2T)(S. Indeed, let y € S be an element of ker(). Then ¢(y) = 0,
ie, y € ker(p) =1 or p(y) € zR[z,£]. Then (y) = z¢(y1) = @(zy1) with
y1 €T. Soy— zy; € I. In both cases y € I + 2T'; and since y € S, we get the
desired equality.

(v) <= J* is prime. Indeed, S/J* = R[z, £]/2R[z, £].

Claim J* = PS+J. Vn € Nlet I, = (X5, (pi — 2:2)T: (2"T)) =
(55, (i — 2i) T (z1T)): 2T) =

(lh—1: 2T) and set I, = UnZO I,,, the stable value of I,,. Thus, Iy = (p; —
212, ..., pe—axz)T. Let ¢ be the R[z, ]— homomorphism T'[1] — R[z,1]; z; —
pi/z. Then ker(¢) = IpT[%] and I = I. Indeed, it is trivial that I C I. If
x € I, then 22T C I,_1, i.e., 22°> C I,,_o, x2"T C Iy or 2T C i—% VO£teT,
Y(xt) = (x)Y(t) = 0 and since R is a domain, we must have ¢(x) = 0. Now,
VneN I, =1ly+J,Tand (I,+2T) (S = PS+J,. It follows that I = I,+JT
and J* = PS + J. Notice that if this result is admitted, then (I, +2T) (S =
IS+ (LT)NS+2I'NS=PS+J,and [ =1 =1, =L+ U(J,)T =
Iy+ JT. Therefore J* = (I+2T)(\S = Lo+ JT+2T)(S = PS+J. Let us

prove the equality I,, = Iy + J,,T'V n € N. We proceed by induction on n. The
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case where n = 0 is an obvious. Assume that the result is true for n and let us
show that I,y = Iy + J,1T. Let y € Iy + Jo1 T, y = 19 + Jne1 with joiq =
Z§=1 Aj Zle SijTi, Zf sijpi € Jnand \j € T. Then 3. sij(pi—:2) € Iy im-
plies that z(3°, x;s:;) € Zizo siipi+1o C Io+ J, T = 1I,,. So Z(Zizo sij%i) € I,
implies that Zizo 2;8; € Iny1. Thus, y € I,4; since Iy C I,41. On the other
hand, suppose that f € 1,11, then zf € I, = Iy + J,T and we can write it as
zf =3 (giz+si)(pi —xiz)+j, where j = . j,2" € Ju|z]; each j; € J,, s; € S
and g; € S[z]. 2f = 23, gi(pi—wi2)+; sipitjo— . Siviz+ Y, Ji2'. The con-
stant term on the right must be therefore equal to 0, i.e., >, s;p; = —jo € Ju;
so that Y, siv; € Jogp1. Then f = 37 gi(pi — 232) — 32, 8iti + ) 5oy j.2t e
Iy + J,1T. This proves (ii) <= (v) .
Now, we show that any minimal prime of J* = PS + J has rank k. This
shows that ht(J*) = k since it is prime. (ii) implies (iii) since J§ C Jf C
.CJr=Jr = Jry = ... Necessary Ji = PS+ J, = J*. (iv) is ob-
tained by putting @ = J¥. (iv) implies (v) since @ = PS + J = J* and

S/J = E[ZZ”IZ/’ZJ]. Let P; be a minimal prime of J* and put ht(P;) = r.

Then ht(PyS[z] + 25[z]) > r + 1 because T/ P, S[z] + 25[z] = S/P;; so that
P,S[z] + 28[2] is prime. T/PyS[z] = ge = (S/Py)[z] which is integral .
Thus, P, S[z] is prime. By [28, Theorem 37], ht(P,S[z] + 2S[z]) = r+ 1. Tt
is minimal over J*S[z] + 2S[z] = (({ + 2T)(\S)T + 2S[2] = I + 2T. But,

ht() = k. Indeed, I((S = {1,271, 272,...}) = 0. Thus, hty(I) = htr, (I5) =
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ht(1S[z,1]) = ht(LyT[1/2]) = k. O

Example 5.3 ([22, Application and Example]) . If P = (aj,aq,...,ax)
such that ai,...,a; is an R—sequence and if P is prime, then P™ = P" for
all n. Indeed, in this case PS+J = PS is prime (since J,(v) = 0 for all n and
the extension of a prime in the polynomial ring is also prime) and the result

follows from (ii) =(i) .

Proposition 5.4 * Let R be an integral domain.

If P € Spec(R) is an invertible ideal, then P™ = P™ for all integer n.

Proof. First, notice that if M, N are R—module and M S Nisan R—
isomorphism, then S~'M S7{ 9-1N is also an isomorphism for any multi-
plicatively closed subset S of R. So it is sufficient to show the equality in
Ry, where M is a maximal ideal of R. But P invertible implies that PR, is
invertible. Moreover PR); is principal in Rj;. Therefore without loss of gen-
erality, we may assume that R is local and P is principal, say P = (z)R. In
this case z is a prime element in R. Now, let z € P™. z = \z™, with m > n
and A = ¢ € Rp, i.e., zs = ax™ and therefore z = 2,z (since x does not divide

s). This reduces to 215 = axz™ ! and inductively we see that z € (z") = P, as

desired. 0
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6 Chapter 6

Finite-Dimensional non-Noetherian Krull Domains I:

Rees-Eakin-Heinzer’s construction

If K is a field and {X;}2; a collection of indeterminates over K, then
K[{X;}2,] is a Krull ring. Thus, Krull rings need be neither finite-dimensional
nor
Noetherian. Our purpose in this section is to give a method to construct finite-
dimensional, non-Noetherian Krull rings. An analysis of such method reveals
conditions under which the rings may be Noetherian. We make use of these

conditions to give an example of a non-Noetherian, two-dimensional Krull ring.

6.1 A non-Noetherian three-dimensional symbolic Rees algebra

Let R be a Noetherian Krull domain, P a height 1 prime ideal of R and v the
valuation, with value group Z, associated with P. Let ¢ be an indeterminate

over R. Let B = {}.°_ cit' |e; € R and if i > 0, then v(c;) > i}. If
z=ct' € B, i >0, then v(¢;) =1 >4 > 0. Let PRp = (z) with v(z) = 1.
Then ¢; € (PRp)'!N R = PY, so that B is a graded ring with PO# as
the set of homogeneous elements of degree i for @ > 0 and Rt’ the set of
homogeneous elements of degi if i < 0. Then B = R[Pt, PPt2 ... t7'] is
a Krull ring. Consider the ring A’ = R[Pt,t"!], where Pt = {pt | p € P}.

By Hilbert basis theorem, A’ is Noetherian, so that its integral closure A is
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a Krull ring. Let pi,po,...,p, be the finite set of height one prime ideals in
A for which vp, (t™') > 0. Now, let v* be the valuation on the quotient field
of A defined by setting v*(>_ ¢;t") = inf{v(¢;) — i} for any element > ¢;t* of
B since A C B. Let R* denote the valuation ring of v*. Then R* is a Krull
ring. To show this, we will show that the maximal ideal of R* has height
one and thus R* will be a DVR. Let m* be the maximal ideal of R. Then
T = Rp[Pt,t7'] C A,». Set P' = m*A,,» NT. Then Tpr C A,,+. Since T is
a Noetherian ring, if we show that P’ is a minimal prime ideal, then it will
follow that A,,~ is an overring of a one-dimensional Noetherian ring; thus a
one-dimensional Noetherian ring itself. Since 7" is Noetherian, it verifies PIT;
so that it is sufficient to show that P’ is principal. v*(t7!) = 1 > 0 implies
that t7'T C P’. Next, if z = Y a;t* € P, then v*(a;t") > 0 for each i.
Hence a;t' € P'. But v*(a;t") = v(a;) — ¢ implies a;t' = af(ai)ti_”(“i) et 7.
Thus P’ = t7'T, as desired. R[t,t7!] = Rlt]s, where S = {t* k € N}, is
a Krull ring, since R is a Krull ring. By [40], B = R* N R[t,t'] is a Krull
ring. Let v/ denotes the canonical extension of the valuation v to R[t™!] (i.e.,
V(D0 cit’) = inf{v(¢;)}). Let @ denote the center of the essential valuation
v on B, ie., Q= BN, where () is the maximal ideal of the valuation ring

of v'.

Lemma 6.1 ([14, Lemma 2.3]) . Let m be a positive integer such that m! >

m3. If s is a positive integer such that s > 2(m!) and if s = s1+289+...+ms,,
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where each s; is a nonegative integer, then m! = t; + 2ty + ... + mt,,, where

each t; is an integer such that 0 < t; < s;.

Proposition 6.2 ([14, Theorem 2.2]) . The following statements are equiv-
alent:

(i) There exists a positive integer m such that for each integer s > m:

P& = 3" ppte . p)

ny+ng+...+ng=s
1<n;<m

(ii) There exists a positive integer k such that for n > 1

PO+ — (PENn=1y(PE+DY yith 0 < | < k.

(iii) B is a finite ring extension of R.

(iv) B is Noetherian.

(v) The minimal prime ideal Q) of B has a finitely generated primary ideal.

Proof. (i) = (ii) Note that s; +2so+ ...+ ms,, =1+1+...+1+
sitimes

2424 ... +2+...+m+m+...+m, sothat P =3 T, where each T,
—_— N ~~

satimes Smtimes
has the form

(PWYsy(p@)ysz - (PM)sm with s = 51 + 285 + ... + ms,. Let k = m!,
where m is an integer such that m! > m3. Then by Lemma 6.1, for any
s >2(ml), s=>" is; we have m! = Y"" it;, 1 <t; <s;. Thus, s; = t; +1;,
for some integer [;, and

T, = (P (p®)r  (Pm))im(pA))si=te  (pm))sm=im Since k = m! > m,

by (i), PW = > P") . P which
n1+---+nu:k

82



contains (PM)t .. (P™)t=  Similarly, since s — k > m, we have PC~F =

Z Pt P which contains (PM)s1—#  (P™)sm=tm  Thus,
ni+...4+ny,=s—k
T, C P® pts=k) and P = Pk ps—k) gince the reverse inclusion is trivial. If
(s — k) > 2k, we apply this conclusion to P®%) to get P=F) = pk) pls—2k)
and this procedure continues till we reach an exponent less than 2k, in which
case, we will have P = (P®)upt+v) where v = s — (u + 1)k, (ii) then
follows.
(ii) = (iii) For any m > k, m = nk + [ with 0 < [ < k, so that P™ =

(P®)n=1 pli+D)  Next, as R is Noetherian, each P% is finitely generated and
~——

cP)
therefore

B = R[Pt, P2 ... P2k =1 is a finite extension of R.

(iii) = (iv) Follows from Hilbert basis Theorem.

(iv) = (v) Trivial since any ideal of B is finitely generated.

(v) = (i) Let first show that in the Krull ring B, if ht(Q) = 1, then the set
{Q™}> | of symbolic powers of @ is precisely the set of @Q—primary ideals.
It is clear that for any integer n, Q™ is Q—primary. On the other hand,
let P' be a Q—primary ideal of B. Then P' C @Q, so that P'By C QBg.
Since By is a DVR, there exists an integer k such that P'Bg = (§)* = Q* By,
where QBg = (£). Contracting back to B, we get P’ C P'BoN B = Q.
Let z € PPBoNB, z= %, where x € P' and s ¢ (). Then zs € P' which

is Q—primary. Since P’ C @, then s™ ¢ P’ for all n, so that z € P'. Tt
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follows that P’ = P'Bg N B = Q™| as desired. Note that if A — B is a
surjective homomorphism of rings and I an ideal of A, then I has a primary
decomposition if and only if /¢ has a primary decomposition. Now, since
B — By is surjective and B is Noetherian it follows that @™ has a primary
decomposition. Next, since () is a minimal prime ideal it is homogeneous, so
that @™ is also homogeneous. Thus all the primary components of " can be
chosen to be homogeneous and therefore Q™ is homogeneous. Let z be an
element of degree m in Q™. Since z is an element of degree m in B, then z =
ct™, where ¢ € P, By (v) , if Q™ is finitely generated, then it has a finite
basis formed by homogeneous elements, say cit™, cot™, ... ¢ t". Let m =
max{ni, ny,...,n.,n}. For s > m, Pt is the set of homogeneous elements
of degree s in Q", so that P®ts ¢ QW = >, cit" B and thus POIts C
Sy et P ;€ PM). Hence, P®) C Y PYPY and 1 <i<m
for each i. If 7 > m, then we apply the same argzrlir:l:)nt to PY to get PU) C

Z PW PO with 1 < u < m. We continue to iterate this argument till we
utv=j
reach P®) C Z P Pr)  The reverse inclusion is trivial if we

nit+nz2+...+ng=s
observe that for any 4,5, P® P = [(PRp)|[(PRp)’]c C [(PRp)(PR})]® =

[(PRp)™]e. 0

84



6.2 A non-Noetherian two-dimensional Krull ring

Let k be a field of characteristic p. Let K be an extension of k, x1,xs,...,2, €
K and B a subset of K. We say that xq,xs,...,x, are p—independent over
kif [KP(k,z1,...,2,) : KP(k)] = p", and B is p—independent over k if any
finite subset of B is p—independent. If, in addition, K = K?(k, B), then B is

called a p—basis of the extension K/k.

Let K be field of characteristic 2 with a countably infinite two-basis {p;}32,
over its subfield k¥ where K? C k. Partition {p,} into two disjoint collections
{b;}520 and {c;}32,. Now, inductively define the fields K; by Ky = k and
Ky = Ki(bi,¢;). Then K; C K;1 and [K;1; : K;] = 4. Moreover, if x € K,

then x2 € k.

Example 6.3 ([14, Example 3.1]) .
Let x and y be transcendental over K and denote by R* the power series
ring K[[z,y]]. Denote the subring Ky[[x,y]] by R and the element b;z + ¢;y by

d;. Then T' = R[{d;}] is a non-Noetherian, local two-dimensional Krull ring.

First, we observe that R* is integral over T'. Indeed, if x € R* then the
coefficients of 2% are in K? C k; so that z is zero of F(Z) = Z? — 2* € T[Z].
Then dim(7T") = dim(R*) = 2. By integrality, T is local since any maximal

ideal of T" must the contraction of some maximal of R*. Next, R* is a UFD, so
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that it is Krull. Since qf(T") C qf(R*), if we show that T is integrally closed,

then we will have T'= R* N qf(T'), and therefore a Krull ring.
Lemma 6.4 ([14, Lemma 3.2]) . The ring K;[[x, y]][d;] is integrally closed.

Proof. Let A; = K;[[x,y]] and F; the quotient field of A;. Each A; is integrally
closed since it is a power series over a field. If z € A, then 2 = Y ;5,2 y"2,
where a4, € Kiv1. 1, b;, ¢; and b;c; form a free module basis for A; 1 over A;.
Suppose that a is an element of F;(d;) which is integral over A;[d;]. Since
A;ld;] € Aiyq and A;qq is integrally closed, it must be true that a € A 4.
Further, d; € A; C F;, so d; is algebraic over F;. Therefore F|d;] = F(d;) and
[F(d;) : F;] = 2 since A; C k[[z,y]] = R C R*. Thus 1,d; is a basis of F(d;)
over F; and a has two representations:

a = %ﬁ)(di)(a =M+ Xadi, A € Fiyde, Ay = 3 with w0, € K;[[z,y]]) ; and
a = g4 + bigs + c;b;gs + cigr, where each g; € A;. Since 1,0b;, ¢;b; and ¢; are
linearly independent over A;, we can equate coefficients and get:

91 = 939,292 = 9395 and yg> = gsg7. Thus, g1/gs € A; and g3g5g7 = 29297 =
Yg29s, i.e., gy = ygs in a UFD. This implies that g5 € (x); so that go/g3 =

gs/x € A;. Hence a € A;[d;]. ]

Let To = R and define inductively T;,; = T;[d;]. Then each T; is integrally
closed. Notice that 7" = U2, T;. Indeed, if i = 0, the result is trivial. As-

sume that T}, is integrally closed and let us show that 7},,; is integrally closed.
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For each i, T; C Ki[[z,y]] so that T,,;1 C K,[[z,y]][d,] which is integrally
closed by Lemma 6.4. Suppose that £ is an element of the quotient field of
T,+1 which is integral over T,41. & € qf(Th41) = qf(Th[dn]) = qf(T5)(d,)
so that & = A\ + X\od, with \; € of(7},). Thus \; = Z—, u;,v; € T, C
K, [[z,y]]. Therefore £ = %, where foi1, fiq1, g1 € Ky[z,y]] and
Jn+1/9n1 and fr 1 /gni are in qf(75,). & € K[|z, y]|[dy] since qf(T41) C
af (Ky[[z, y]][dn)), ie., g:—i,gi‘—ﬁ € K,l[x,y]] since 1,d, form a basis over
K, [[z,y]]. Also K,[[x,y]] is integral over T,,. But T, is integrally closed by
assumption so that fr11/Gn+1, fri1/9nt1 are in T, and £ is in T5,4;. Therefore

T = |JT; is integrally closed. To complete the proof we will prove that 7" is

not Noetherian.

Lemma 6.5 ([14, Lemma 3.3]) . Suppose that R and S are domains with
R integrally closed and S integral over R. Let L denote the quotient field of
R and suppose {y;}2, is a collection of elements of S such that [L({y;}) :
L({yi}iz;)] = [L(y;) : L] > 0. If D = R[{y;}] and B denotes the ideal of D

generated by the collection {y;}, then B has a finite basis if and only if B = D.

R is integrally closed and R* is integral over R. Since 1,d; is a basis of
K[z, y]][d,] over K[[x,y]], it follows that [Fy(d;) : Fy] = 2. Moreover since
{d;} is a sub-family of a two-basis, we have [Fo({d;}) : Fo({di}i;)] = 2'. Now,
if T"is Noetherian, by Lemma 6.5, it would be equal to the ideal generated by

the collection {d;}. But T is local with maximal ideal containing » d,;T" since
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each d; is a non-unit elements, so that the equality cannot hold.

88



7 Chapter 7

Finite-Dimensional non-Noetherian Krull Domains II:

Roberts’ construction

Hilbert’s fourteenth problem, in a modern terminology, can be stated as
follows: let F' be a field of characteristic zero, let R denote the polynomial
ring in n variables, and let K be a subfield of the field of fractions of R. Then
the question is whether or not the ring KN R is a finitely generated algebra over
F'. The problem was generalized by Zariski, who asked whether the conclusion
was true when the condition that R be a polynomial ring was weakened to the
assumption that R be an integrally closed domain which is finitely generated
over F'. The first counterexample on this question was given by Rees, who
solved the problem using a symbolic blow-up of a prime ideal. The aim of this
section is to build an example of a prime ideal in a complete local ring whose

symbolic blow-up is not finitely generated.

7.1 A non finitely generated blow-up algebra

Let F' be a field of characteristic zero, X,Y, Z,S,T,U,V indeterminates over
F. Let Ry = F[X,Y,Z] and my = (X,Y,Z) a maximal ideal of R,. Set
R = Ry[S,T,U,V]. Then R is a graded ring with R,, the set of homo-

geneous elements of degree n, formed by the monomials of degree n. Let

Ry = F[[X,Y, Z]] with maximal ideal my = (X,Y, Z) and I the ideal of R,
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generated by Xt Yitl 71 XY 7t where t is an integer greater than or
equal to 2. Let R = Ry[[S,T,U,V]]. If R; denote the part of degree i in
S, T,U,V of R, then we have R = [1is0 R; (since any power series is an infi-
nite sequence) and each }A%l is an Ro—module. Moreover lfil is free with basis
S, T,U, V. For each non-negative integer n, we let I™ denote the nth power of I ,
and let ]?(?) = [Liso I" denote the completed Rees ring of I. Then Ry /M = I
for some Ry—submodule M of R; and this extends to an algebra homomor-
phism 1 from R onto E(?) Let P = ker(;@). Since (/R?) is a domain and

R(I) = R/P, we get that P is prime. Let M be the kernel of the Ry—module

i ¥ . : .
homomorphism R; — I. We agree that, in the sequel all notations without the

" will refer to the non-complete case. Let S"(M) = {a € R,| mfa C S"(M)

for some integer k}.

Lemma 7.1 Let F be a field and X,Y,Z, S, T,U,V be indeterminates over F.
Let Ry = F[X,Y, 7],

I = (Xt Yyt 72800 XYt Z9 Ry and Ry = RyS + RyT + RoU + RoV. Con-
sider the homomorphism of free Ry-modules ¢ : Ry — I such that ¢(S) =
X o(T) =Y o(U) = Z and (V) = XY ZE Then M = ker(p) =
Ro(X'T —Y*S) + Ry (XU — Z1S) + Ry (YU — ZHT) + Ry (XV —

YtZLS) + Ro(YV — Xt Z'T) + Ro(ZV — XtYU).

Proof. It suffices to show that M C Ro(X'™'T — Y**1S) + Ry (XU —

ZH18) 4 Ry(YH U — ZHT) 4+ Ro(XV =Y Z4S) + Ro(YV — Xt Z'T) + R (ZV —
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XYU). Let H = fS+gT+hU+1V € M with f,g,h,l € Ry. Then fX'!+
gYHL 4 hZH 1 IXTYZ = 0 (%), Then f(X,Y,0) X" 1 g(X,Y,0)Y*+ = 0.
So f(X,Y,0) = Y f(XY) and ¢(X,Y,0) = — X" f(X,Y). We have
f=fX,Y,0)+ Zfi(X,Y,Z) and g = g(X,Y,0) + Z¢1(X,Y, Z), hence H =
F(X,Y,00S+ Zf1S+g(X,Y,0T+ ZuT+hU +1V = Y™ (X, Y)S + 25 —
XX, Y )T+ Zg T+hU+1V = f/(X, Y)Y = XY+ Z fuS+ Zg: T+
hU 41V . Applying again ¢ we get Z f1 X1+ Zg YT+ hZH 1 IXTY1 78 = 0.
Then fi X+, YT 4+ hZP 4 1XTYTZ = 0. Applying a similar method as to
(*), we obtain Z f1S+ZgT+hU+IV = Zf{(X, Y ) (YIS — X))+ Z2 f,5+
Z2gT+hU~+IV, and thus H = f"(X,Y, Z)(Y* S — X+ 722 £, S+ 72 g, T+
hU +1V. We can iterate this process until we obtain H = F}(X,Y, Z)(Y1 S —
XU + Z4f,S + Z'goT + hU + IV. Applying ¢ and canceling Z!, we get
Fo X 4 gV £ hZ 4 IXTY = 0. Then fo(X,0, 2) X + h(X,0,2)Z = 0.
Then fo(X,0,2) = Zf3(X,Z) and h(X,0,2) = —f3(X, Z)X**!. Hence H, =
ZMsS + 24T + hU +1V = ZH(fo(X,0, Z) + Y f5)S + Z'gsT + (h(X,0, Z) +
Yh))U + 1V = (X, Z)(ZS — XU + Y ZUf3S + ZtgeT + Yh U + V.
[terating this process as above, we obtain H; = Fy(X,Y, Z)(Z1S — XTHU) +
YIZUfS + ZtgyT + YihoU + IV. Applying ¢ to H; we get YIZ!Ufi X! +
ZlgY' 4 Yiho ZH 1 IXTYEZE = 0, and thus i X + ¢V + hoZ + 1X! =
0. Then g2(0,Y,2)Y + ho(0,Y,Z)Z = 0, so that ¢2(0,Y,2Z) = Zgy(Y,Z)

and hy(0,Y,72) = =Y g5(Y,Z). Hence Hy = Y'Z'f}S + Z'gyT + Y'hoU +
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WV = Y'ZUS + Z(gs(0,Y, Z) + Xg3)T + Yt(ha(0,Y, Z) + Xhg)U + IV =
YIZUf4S + gh(Y, Z)(Z'T — YU + X Z'gsT + XY hsU + 1V. We iterate
this process until we get Hy = Y'Z!f1S + Go(X,Y, Z)(ZT — Y'HU) +
X7t g T+ XY haU +1V. Now, let Hy = Y7 f1S+ X! ZtgaT+ XY hyU +1V..
Applying ¢ and canceling X'Y'Z" we get fuX + q4Y + hyZ + 1 = 0, so that
l=—fuX —qY — hyZ. Tt follows that Hy = f4(Y'Z!'S — XV) + g4( X' Z'T —
YV)+hy(X'Y'U—-ZV). Consequently, H € Ro(X™'T—Y18)+ Ry (XU —
ZH8) 4 Ro(YHU — ZT) 4 Roy(XV — Y Z1S) + Ro(YV — X' Z'T) + Ry (ZV —
X'Y1'U), as desired.
([l
Let S(M) denote the Ry—subalgebra generated by M. Then S(M) =
FIX,Y, Z|(M) = F[X,Y, Z, X'\ T—y'H1§, XU~ 2118, Y+ U — 20T, XV —
YIZIS)YV — X' Z'T, ZV — X'Y'U] and regarded as a graded ring we can

rewrite it as S(M) = @, 5'(M). Let K be the field of fraction of S(M).

Proposition 7.2 ([39, Theorem 1]) . With the notation above, the ring

K N R is not finitely generated as an algebra over F'.

Lemma 7.3 ([39, Lemma 1]) . With the notation

above, we have KNR=@,5,5"(M).

Proof. If « € S*(M), then , in particular, X"« € S™(M) for some m. Since

X € S(M) and X™ = X"X™ " this implies that « € K. S*(M) C R by

definition. On the other hand, suppose that some element o of R is in K. let
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S = {X* ke N} beamultiplicative closed subset of R. Note that M x = Mg
is a (free) direct summand of the free module R;, . In fact, localizing with X
the exact sequence 0 — M — R; — [ — 0, we get the exact sequence
0 — My — (R1)x — Ry — 0. Next, Ry is projective (since free) and
therefore we obtain (R1)x = Mx @ Ry. Likewise, we get a similar result when
localizing by inverting the elements Y and Z. Moreover, S(M)x = (Ro)x[M],
X YU — 20T = ZH (VLS — XHIT) LY (XU — Z418), X(YV —
XIZ'T) = Y(XV = Y!ZS) — ZH X — Y'LS) and X (ZV — X'Y'U) =
Z(XV=Y'Z'S)=Y!(X"U—Z"1S). We have ¢ € S(M)x, i.e., some power
of X times a belongs to S(M). Since the same applies when we localize by
inverting the element Y or Z, we conclude that for some k € N sufficiently

large mEa C S(M) and a € S(M), as desired. O

Thus, Proposition 7.2 will be obtained if we show that € S™(M) is not

finitely generated. This will be done if we show that for each n there is an ele-

ment of S™(M) which is not in the subalgebra generated by all the S?(M) for
1 < n. Consider the Ry—module homomorphism R, n, R, 1 defined by eval-
uating to reduce degree. For example for n = 1, ¢; is the map from R; to Ry
which maps the generators of R; onto the generators of I defined above. Then
for n > 1 we define ¢, by letting ¢, (m1...m,) = 327 mi...¢1(my)...m,.

This map is well-defined since R,, is the nth symmetric power of R;.

In terms of monomials, ¢, is defined by letting S*T°U°V? go to the element
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a(XHH Sl yeyd 4 p(y'ttl) ge

T7IUVE 4 (25N SeT UV 4 (XY ZY) ST UV AL, This new expres-
sion of ¢, defines a matrix which represents ¢,. To simplify this matrix, we
give a third representation of ¢,, in terms of divided powers. Since the ground
field has characteristic zero, an alternative basis for R,, is obtained by replacing
the monomial S*T°UV? by its multiple (W)S“TbU V4 which we denote
by S@TOUEV, Thus, ¢,(SWTOUV D) =

(XtHH SOy @ 4 (ytHh)g@pt=-1geyd) 4
(Zt+1)5(a)T(b)U(cfl)V(d) + (Xtytzt)g(a)T(b)U(C)V(dfl)_

The advantage is that all the integer coefficient in the matrix of ¢,, are replaced
by ones.

Let Ty := Y'1S — Xt T, = XU — 741G and Ty == XV — Y!Z!S.
Then Mx = (Ro)xTi + (Ro)xTs + (Ro)xT3. Further YU — ZHIT YV —
X Z'T, ZV—-X'Y'*'U € (Ry)x|[T1, Tz, T5]. Tt follows that S(M)x = (Ro)x[T1, Ts, T3]
(*). It is then easy to see that Ry = S(M)x[S]. Set Ty := 2~. Hence
Rx = (Ro)x[Th, T, T5, Ty) (**) with T3, T5, T3 form a basis of Mx. Conse-
quently, K N Ry = K N S(M)x[S] = S(M)x since S is transcendental over

K (easy to see by (*) and (**) and t.d.(R : Ry) = 4). Also, note that since

S(M)x = Rox[T1, To, T3], we have S™(M)x = Rox[T1,T», T3] N Rnx.

Lemma 7.4 ker(¢,) = S*(M).
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Proof. Let ¢,x : R,x — R—1)x be the module homomorphism obtained
after localization. From the above discussion, we have Rx = Rox [T, Tz, T3, T4]
with T, T3, T3 form a basis of Mx and ¢, x(Ty) = 1. Then ¢, x is simply par-
tial differentiation with respect to Ty (in fact, ¢,x (TPTYTSTY) = dTPTPTST
since Ty, Ty, T3 € ker(¢q)). It follows that ker(¢,x) = Rox|[T1,Ts, T3] N R, x.

On the other hand,

S M)y ={a € R,x : mha C S*(M)x for some k € N}
={a € R.x : mya C Rox[T1, T», T5]}
={a € R,x : o € Rox[T1,T5, T3]}
= Rox[1T1,T5,T5) N Ry x

= S"(M)x.

Hence ker(¢,, x) = S"(M) = S™(M)x. Similarly, we get ker(¢,y) = S*(M), =

S™"(M)y and ker(¢,z) = S*(M), = S*(M)z. Now, let a € S*(M). Then
a € (S(M))x = ker(é,x). Thus there exists an integer r such that X"a €
ker(¢,), so that X"¢,(a) = 0 since o € R,,. Hence ¢,,(a) = 0 and thus «a €
ker(¢,). Conversely, let « € ker(¢,,). Then v € ker(¢,x)Nker(¢ny ) Nker(¢yz).
Then o € S"(M)x NS (M)y N S"(M)z. It follows that there exists an in-

teger 7 such that X"a,Y" o, Z"a € S™(M). Thus mi"a C S"(M). Then

a € S"(M), as desired.
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O

Lemma 7.5 ([39, Lemma 2]) . For all n > 0, we have S*(M) C moR,,

where mq 1s the mazximal ideal of Ry.

Proof. By contraposition, let £ € R, \moR,, with ¢,,(§) = 0. We will show that
this is not possible. Let a € moR,,, %, N R,,. Then there exists f € Ry — my
such that fa € mgR,. Thus f(0,0,0)«(0,0,0,5,7,U,V) = 0. Since f & my,
we get f(0,0,0) # 0 and hence

a(0,0,0,S5,7,U,V) = 0. Then o € moR,,. It follows that moR,,, R, N R, =
moR,. Consequently, it suffices to show that Wmo Rong C myRy, Ry, in
other words we may suppose that (Rg, mg) is local. Then we may assume that
one of the monomials of ¢ has coefficient 1. Let S*T°U°V? be a monomial
of £ whose coefficient is 1. Suppose for example that a > 0, since a + b +
c+d > 1. In ¢,(€), the monomial S*!T°UV? will comme from different
monomials of degree n and so will have coefficient [laX'™+(something in
the ideal (Y'Y ZtH1 XYt Z4)], 1 € N. Since the variables S,T,U,V are
algebraically independent over Ry, ¢,(£) = 0 will imply that X! is in the

ideal (Y1 ZH1 X'yt Z") which is not true. Similarly, if we assume the other

exponents to be positive, then we reach a contradiction. 0

Lemma 7.6 ([39, Lemma 3]) . For all n there is an element of S™(M)

whose V™ coefficient is X.
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Proposition 7.7 ([39, Theorem 2]) The symbolic blow-up P, P® s not

finitely generated algebra over R.

Proof. Since P is homogeneous prime ideal, an element of R = 11 R, is in
P if and only if each R,,—component is in P. Next, we have P N Ry = 0 and
PN Ry = M. Indeed, since we have an Ro—homomorphism, only the element
zero in Ry is mapped to zero. The second equality is a consequence of the
algebra extension. Now, if @ € P", then o = Y ;... %, where ozé- c P
Thus, since PN Ry = (0), deg(er) > n and P™ has non-zero components only
in degree greater than or equal to n. Moreover, P" N R, = S”(M) Indeed,
a € P"N R, implies that o = >, al...al, o} € Ry and so a € S"(M). On
the other hand, if a € S”(M) which is the Ry—algebra generated by M, then
o= Ay ., g € M C Ry and A € Ry. Thus a € (}?1)” C R,. The
result then follows since M C P. After localizing at X, Y or Z, P is generated
by a regular sequence, so that its symbolic powers are equal to its ordinary

powers; hence an element « of R, is in P™ if and only if after localizing at

X,Y or Z the image of « in the localization is in P", i.e., some power of 1

times « is in P". Then P™ N R,, = S*(M). Now, if an element o of P™ N R,

were in the subalgebra of ®i20 P® generated by the P® for i < n, then

o= Z AT Ty, - .. 5x;,, where a € Ry and z;; € P(if), i.e., its belongs to a
1<ij<n

finitely generated R—algebra, which is a UFD (thus integrally closed and f.g.

R—module). If &« € R < A,...,\ >, with degree \; € P™) n; < n, then
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a € S M@ PD) =3 NP ). then we could write it as a sum of elements
in the ideals PO PG where 0 < i,j < n and i + j = n. Since PO N Ry = 0

for k < 4, and similarly for j, the only elements that could give a non-zero

contribution are those in (P N R;)(PY N R;) = S{(M) (S7(M)). taking the

~

contraposition of this implication, we see that an element of S*(M) which is

~

not in the subalgebra of @izo Si (M) generated by components of degree less
than n also gives an element of P which is not in the subalgebra of @izo P®
generated by components of lower degree, so @izo PY is not finitely generated

algebra over R. O
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