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INTRODUCTION

The close of interconnection between the structure of a group G and the level
subgroups associated with any fuzzy subgroup p of G, prompted many researchers
in this area to characterize various types of fuzzy subgroups and/or to obtain many
of their useful properties by using level subgroups as the main tool, as can be seen

in (8], [10], [17]. and [22].

In this thesis. we study further the concepts of fuzzy normal subgroups, fuzzy
cosets, and fuzzy quotient. During our investigation, we have straightened out
some incorrect results about these concepts. These concepts are generalizations of
the important concepts of normal subgroups and quotient groups in the classical
group theory. and consequently group homomorphisms must be involved in one

way or another.

This thesis is composed mainly of five chapters. In chapter zero, we give a brief
account of the properties of fuzzy subsets needed throughout the thesis. In chapter
one, we introduce the notion of the annuli of a fuzzy subgroup which is derived
from the notion of level subgroups, then we use it to give alternate proofs of the
preliminary results on fuzzy subgroups needed for our work. It will be also used
as a tool throughout the thesis. Chapter two is divided into two parts. In the first
part, we study the various equivalent statements on the concept of fuzzy normal

subgroups using an annulus approach. Then we show, by means of a counter-
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example (Example 2.2.1), that one of these statements is incorrect. We then give
a correct version of it in Proposition 2.2.3. We also study the homomorphic image
and inverse image of a fuzzy normal subgroup. In the second part of chapter 2,
we use Lemma 2.3.1. Examples 2.3.1, 2.3.2 and Proposition 2.3.2 to straighten out
some wrong assertions on fuzzy abelian groups. Then, we introduce the notion of
the centralizer of a fuzzy subgroup and show that it is a normal subgroup. In the
first part of chapter 3. the annulus approach is used to study the various properties
of right and left cosets determined by a fuzzy subgroup and to obtain the structure
of an annulus of a left or right coset. In the second part of chapter 3, we obtain a
necessary and sufficient condition for an annulus of a fuzzy coset to be a subgroup.
In chapter 4. we study the notions of fuzzy quotient groups and the quotient of fuzzy
subgroups. We first follow the work of Mukherjee and Bhattacharya [7] to construct
the group G/u of fuzzy cosets determined by a given fuzzy normal subgroup g of
a group G and show that G/u is a homomorphic image of G. Then we construct
two commutative diagrams (Propositions 4.1.2 and Theorem 4.1.1) that describe
the structure of the fuzzy quotient group & determined by p by means of G, G/p,
and some isomorphism and canonical homomorphism. We conclude chapter 4 by
discussing the material on fuzzy solvable subgroups introduced by Bhattacharya
and Mukherjee [7] and straighten out the chain of fuzzy normal subgroups which

they introduced to define fuzzy solvable groups. Then we give a necessary and




sufficient condition for a fuzzy subgroup to be solvable.

It must be noted that we will deal mainly with finite groups and hence fuzzy
subgroups of finite images. Most of the result in this thesis can be extended to

fuzzy subgroups of finite images regardless the group is finite or infinite.



CHAPTER 0

Fuzzy Subsets

In this chapter. we give a brief account of the properties of fuzzy subsets which

are going to be used throughout the thesis.

0.1 Fuzzy Subsets

Fuzzy set theory. introduced by Zadeh [28], is a generalization of abstract set
theory. A subset A of a set X can be characterized by the characteristic function
x4 : X — {0.1}. while a fuzzy subset A of a set X is characterized by a mem-
bership function p 3 : X — [0.1]. Usually, a fuzzy subset A is identified with its
membership function g ; or simply . In this thesis, the unit interval [0,1] will
be denoted by /. Thus. Zadeh's definition of a fuzzy subset can be formulated as

follows:

Definition 0.1.1. Let X be a set. The map g : X — [ is called a fuzzy subset of
X. The set of all fuzzy subsets of X will be denoted by IX. Notice that if A is a

subset of A. then y,4 € IX.

Operations on fuzzy subsets of a set X are given in the following definition:

Definition 0.1.2. Let p and v be fuzzy subsets of a set X. Then for all z € X
4




we have
(i) Equality p=v & u(z) = v(z).
(i) Inclusion p C v & p(z) < v(z).
(i) Intersection (p N v)(z) = min{u(z), v(z)}.
(iv) Union (pUwv)(c) = max{u(z),v(z)}.
(iv) Complement v = g’ & v(z) = | — p(z).

More generally. for a family of fuzzy subsets {y;]i € J} of X, the union a = U i

ieJ
and the intersection 3 = ﬂ i, are defined by
t€J
a(r) = sup {p(z)}, zeX
€
and
3(z) = inf {p.(z)}, r€ X.

1€J
The symbol o will be also used to denote an empty fuzzy subset of X, lLe.,

o(r) =0 forall re X.

It is worth mentioning that not all properties of ordinary subsets are true, in

general, for fuzzy subsets: e.g.. one can easily check that
(A) pUp' # X, uny' #o.
(B) f unv =o0.then 4 C g'. but 2 C v’ does not imply that pNv = ¢.

References [16]. [30] may be consulted for more details on fuzzy subsets.




0.2 Fuzzy Subsets Induced by Functions

Consider the following diagram:

X -Y

J !

I I
where f is a function from a set X to a set Y while p and v are fuzzy subsets
of X and Y. respectively. Then we have the following definitions of fuzzy subsets

induced by the function f:

Definition 0.2.1. The image f(g) of x under f is the fuzzy subset f(u):Y — I

defined by

sup p(z) if f~'(y) # o
fu)(y) = § =<7'0)

0 if f~'(y) = 9.
Definition 0.2.2. The inverse image f~!(v) of v under f is the fuzzy subset

fYv): X — I defined by f~'(v)(z) = v(f(z)).

Definition 4 gives immediately that f~'(v) = v o f and the following diagram

commutes: f

=Y




The important properties of fuzzy subsets induced by functions are summarized in

the following theorem. (see [18], [30]):

Theorem 0.2.1. Consider the following diagram:

f g
G -~ H

K1 H2 91 i ln
I

{
=

Then
(A) i S w2 = [~ 1) C [ (1).
(B) 11 © 12 = f(p) C f(ua)-
(C) f(f~H ) S u.
(D) If f is onto. then f(f~' (1)) = 1.
(E) pr © f7H(f (1))
(F) If f is one-to-one. then f~'(f (1)) = p1.
(G) [T Nwa) = [~ ()N [ (n).
(H) 71 Uwe) = f7H () U [ (1),
(D) fpr D p2) © () N f(pa).

(J) If | is one-to-one, then f(p M) = f(p1) N f(p2).

|




(K) f(pUpz) = flpa) U fpa).
(L) (go f)(p) =g (f(p1))-

(M) (go f)~'(n) = f~' (g™ n)).

0.3 Level Subsets

The notion of level subsets introduced by Zadeh [28] is as follows:

Definition 0.3.1. Let p be a fuzzy subset of a set X and let ¢t € I. The subset
pe of X given by u, = {r € Xu(z) > t} is called a level subset of X. (It is also

called a t-level subset of y or a t-cut of p.)

The notion of level subsets plays an important role in the application of the

theory of fuzzy subsets in group theory as we will see in this thesis.

0.4 Applications of Fuzzy Subsets

Researchers have found many applications of fuzzy subsets in engineering, com-
puter science. medical diagnosis. social behavioral science, etc. [L1], [21], [26] and

[29].

In the domain of mathematics. researchers in various disciplines have been
trying to extend their ideas to the broader framework of fuzzy setting. As a

result, a number of important mathematical structures have been fuzzified such



as topological spaces. linear spaces, algebra, categories, groups, automata, graphs,

probability. etc.. [1]. [2]. [3], [4], [5], [6], [8], [9], [12] and [19]. In this thesis, our

interest is focused on fuzzy subgroups.




Chapter One

The Annuli of a Fuzzy Subgroup

In this chapter we introduce the notion of the annuli of a fuzzy subgroup and
use it as a tool to prove some of the basic results which will be used in the rest of

the thesis.
1.1 Fuzzy Subgroups: Definition and Examples.

In 1971. Rosenfeld [23] used the concept of fuzzy subsets to develop the theory

of fuzzy subgroups. The definition of a fuzzy subgroup is as follows (see also [19]):

Definition 1.1.1. A fuzzy subset p of a group G is a fuzzy subgroup of G if
(i) u(zy) 2 min(p(z), pu(y)) forall z.y € G.
(if) p(z) = p(z~') forall re@.

Thus. in a sense. the value of the fuzzy subgroup at a particular z € G represents

the possibility that = will be found in a randomly selected subgroup.

Let e be the identity element of G, then the following proposition is an imme-

diate consequence of Definition 1.1.1.

Proposition 1.1.1. Let u be a fuzzy subgroup of a group G. Then

10




(i) u(z) < ple) forall z€G.
(ii) The subset G, = {z € G|u(z) = u(e)} is a subgroup of G.

Proof. Let r be any element of G. then

uz) = min(p(z). p(z)) = min (u(z), u(z7"))

< u(zz™') = ple)

and (i) is proved. To prove (ii). we have e € G,, then G, # ¢. Now let z,y € G,,

then

u(zy™) > min (p(2), u(y™")) = min(p(z), u(y))

= min(u(e), pe)) = p(e).

But from (i) p(zy™') < u(e) for all z,y € G. Therefore u(zy™"') = u(e), which

means ry~' € G, and hence G, is a subgroup of G. This completes the proof of
(ii).
The subgroup (7, will be used throughout this thesis.

Now, we give two examples: one of a fuzzy subgroup of a finite image and the

other of a fuzzy subgroup with infinite image.

Example 1.1.1. Let G be the Klein four-group, i.e., G = (a, bla? = b = (ab)? = ¢).
One can easily check that the fuzzy subset p of G defined by

1
ua) =5 and p(b) = p(ab) = %

3
#(e) - Z?
is a fuzzy subgroup of G as illustrated below.

11
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Example 1.1.2 [3]. Let Z be the additive group of integers and let (2*) denote,
as usual, the set of multiples of 2", where n is a fixed positive integer. It is easy
to check that the fuzzy subset u of Z which is defined as follows

0 for z€Z-(2)

u(z) =
-(1——) for z€(2%)—(2#1), n=1,2.3,. ...

is a fuzzy subgroup of Z.

Proposition 1.1.2 [23]. Let p and v be two fuzzy subgroups of a group G, then
pNv is a fuzzy subgroup of G.

Proof. Let r and y be any two elements of G, then

(£Nv)(zy) = min(u(zy),v(zy))

v

rnin(rnin(,U(l'), /-‘(y))v II]in(V(.‘L‘), U(y)))

v

min(min(u(z), v(z)), min(u(y), v(y)))

= min((g Nr)(z), (£ Nv)y)).

12



Also

(kNv)e™") = min(u("), v(z™))
= min(u(z), (z))

= (pNv)(z)
and the result follows.

On the other hand. the union of two fuzzy subgroups need not be a fuzzy

subgroup as shown in the following example.

Example 1.1.3. Let G be the Klein four-group G = (a, bja? = 6 = (ab)? = ¢).

Consider the fuzzy subgroups g an v of G defined as follows:

3 3 3
pe) =7 pa)=2  and u(b)=p(ab) = <
vie) = ;; via) = :ll— and v(b) = g and v(ab) = i
Then
3 . 5
(kU v)(ab) = 5 < min((zUv)(a), (uUp)(b) = 3.

This means that v N v is not a fuzzy subgroup of G.

1.2 Fuzzy Subgroups Induced by Group Homomorphisms

In Section 0.5. some important properties of fuzzy subsets which are induced

by functions were stated. In this section, we study the case when the functions are

group homomorphisms.

13



Proposition 1.2.1 [18], [23]. Let f : G — H be a group homomorphism and let u

be a fuzzy subgroup of H. Then f~'(u) is a fuzzy subgroup of G.
Proof. Let g,.¢, € G, then

fHu)g1g2) = (ro F)(g192) = 1 (f(g192))

= 1 (f(91)f(g2)) 2 min (1 (f(g1)), 1 (f(g2)))

il

min (£~ (1)(91), f~}(1)(92)) -

Also,

™) = (o g™ =u (flg™)
= w((F@)7") = u(fg)) = F(u)(g)

and the result follows.

The following definition is needed:

Definition 1.2.1 [23]. A fuzzy subset p of a set X is said to have the sup property

if for any subset A of X. there is ag € A such that u(ap) = sup{u(a)la € A}.

Proposition 1.2.2 [18]. [23]. Let f : G — H be a group homomorphism and let

p be a fuzzy subgroup which has the sup property. Then the homomorphic image

f(r) is a fuzzy subgroup of H.
Proof. Given f(r). f(y) in f(G), let zo € f~'(f(2)), yo € f~Y(f(y)) be such that

p(zo) = sup  pu(k)
kef~1(f(z))

14



p(yo) = sup  u(k).
k€ F-1(f(3))

Then
fW(f(e)fly)) = sup p(z)
z€f~1f(z)f(y))
2 min (p(zo), #(yo)) = min(f(p)(f(x)), fF(1)(f(y)))-
Also,

p(UFENT) = sup p(y) 2 m(zet) = ulze) = u(f(z))
yerH((f(z))

and the result follows.

1.3 Level Subgroups

The notion of level subgroups of a fuzzy subgroup was first introduced by Das

[9]. The following result is needed:

Proposition 1.3.1 [9]. Ift € I. e is the identity element of a group G, p is a
fuzzy subgroup of G, and pu(e) > ¢, then the level subset p, = {z € G|u(z) > t} is

a subgroup of G.

Proof. Since e € p,. therefore y, # 0. Now, let z,y € p, = p(z) > t,uly) > ¢,
and g (zy~') 2 min {p(z).u(y™")} = min{u(z), x(y)} > t = zy~' € p, and the

result follows.

Definition 1.3.1 [9]. The subgroup p. in Proposition 1.3.1 is called a level

subgroup of p.
15



Proposition 1.3.2 [9]. Let p be a fuzzy subgroup of a group G of finite image,
Im(p) = {ti.ts,....t,} where t; > t,--- > t,. Then the family of subgroups

pe,. 1 <t < n. constitutes all the level subgroups of p.

Proof. From the fact that p(e) > p(z) for all £ € G, we have pu(e) = t;. Now, let

s€ [ and s ¢ Im(u). We consider three cases:

(i) s > ti = u, = o: otherwise, there is £ € G such that u(z) > s which

contradicts the fact that u(z) < p(e) = ¢,.
(i) s<ta=>ps D, =G = p;, =G =y,
(iii) t; < s < t, where t,;,¢, € Im(u).
Thus by Proposition 1.3.1. either g, = u, or u, = #:, and the result follows.

The following is an immediate corollary of Proposition 1.3.2.

Corollary 1.3.1. Tuwo finite fuzzy subgroups of a group G with the same family

of level subgroups are equal if and only if they have the same image.

The following proposition of Das [9] describes an important feature of the family

of level subgroups of a given fuzzy subgroup.

Proposition 1.3.3. The family {ne}ier of level subgroups of a fuzzy subgroup u of

a group G forms a chain.

Proof. Let p, and p,, be two level subgroups of x with t; > t;. Now, z € He, =

16



p(z) 2 t; = p(r) > t; = p,, C p,. and the result follows.

The intersection and union of two level subgroups are given in the following

proposition:

Proposition 1.3.4. Let p and v be two fuzzy subgroup of a group G, then
(i) peNve=(pNv).

(1)) peUve = (pUv),.
Proof. (i) z € peNv: & p(z) > t and v(z) > t & min(u(z),v(z)) >tz €

(kN v), which completes the proof of (i).

(i) z€ p Vv o p(z) 2 torv(r) >t & max(u(z),v(z)) >te € (pUv),

which completes the proof of (ii).

Proposition 1.3.5. Let p be a fuzzy subgroup of a group G, with Im(p) =

{to,tl.tg ..... In} where f0>tl >t'z>"'>tn, then
(1) Ifti<t,. then p,, Ny = p, and p,, U He, = ft,-
(1) pe, = e, if and only if i =j.

J 71
(iii) | e, = pre, and () e, = pio = G

1=0 =0

Proof. Straightforward.

Proposition 1.3.6 [18]. Let f: G — H be a group homomorphism and let p be a

fuzzy subgroup of G. Then
17



() fpe) © (f())e-
(i) f7H(f(1))e) S (F7HS (),
(117) If p has the sup property, then (f(p)): C f(ue).

Proof. (i) Let a € f(p:) = 3 z € p, with @ = f(z) such that p(z) > t.
Now f(p)(a) = sup{u(y)|f(y) = a} 2 p(z) > t. Therefore a € (f(y)),. Hence

flpe) € (f())e-

(i) Let y € f='((f()).)- Then f(y) € (f(n)): where f(u)(f(y)) > t. But

STHAy) = F(w) fy) 2 t. Hence f~' ((f()e) € (f~1(f(n)),-

(iii) Let & € (f(p)):. ie.. f(u)(k) > t. Since p has the sup property, there-
fore, there exists o € G such that sup {u(zo)|f(z) = k} = p(zo) and f(zo) = k.
Therefore p(.zo) > t and f(zo) € f(p.). Hence (f(x)): € f(u:). This completes

the proof of the theorem.

1.4 The Annuli of a Fuzzy Subgroup

In this section. we introduce the notion of the annuli of a fuzzy subgroup in order

to give alternate proofs of some known important properties of fuzzy subgroups.

Henceforward. our interest will be focused on finite groups and hence fuzzy
subgroups of finite images and consequently a finite number of level subgroups. So,

as an abbreviation, we are going to use the following level-subgroup representation

piGu=peg Spe, Cp C--Cpp, =G
18



to mean that p is a fuzzy subgroup of G with finite image Im(p) = {to,t1,...,t,}

where each t; € [ and t, > ¢, > ---t, and whose level subgroups are G, = p,,,

Btosbey - e, =G

Definition 1.4.1. Consider the fuzzy subgroup
peGy=p Spy - Cpy, =G,

Then the set

. Hee — Bty if 1 S 1 S n
Ay =

Gu = Hto: lf l = 0,

is called the t;-annulus of u.
From Definition 1.4.1. we get immediately

(i) re A, 0<i<né&pulz)=t.
k

(ii)UAf;:#k-, 0<k<n.and
=0

(11) the set {4;} of all annuli of x4 partition G into a family of mutually disjoint
nonempty subsets. 1.e.
(1) A4NAl =0 for i#].

n

(2) U AL =c.

1=0
Example 1.4.1. For the fuzzy subgroup u of D, given in Example 1.1.1, we have

p:Gy=p3sa Cpyz Cpys=G = Dy
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where
H3fea = {C.g}, Hi/2 = {evgv fzvag}
and

mps =Dy ={e.f. f2 f.g. fg. f3g. fg} -

The annuli of g are
A = {e.gh. AP = {12} and A= {f.£ fg.f%}.

The annuli of a fuzzy subgroup can be used to justify the definition of a fuzzy

subgroup as follows:

Letrzye G=>reAdandye A} for some i and J- Thus pu(z) = ¢; and

#(y) =t,. Suppose that i < j = ¢t; >t; = p, C #¢, and hence

LY € e, = pl(ry) 2 ¢ = p(zy) > min(u(z), x(y)).

Now, z € A:‘- =rle Ht,- Suppose p(z~!') > ¢;. This means that z=! € ALJ
forj<i=>zte #t, = & € p,, and hence u(z) # t;. This contradiction gives

#(z™') = t, and the clarification is completed.

The basic properties of fuzzy subgroups can now be proved using an annulus

approach as follows:

Proposition 1.4.1. Let y : G, = B © pey © pe, © - C py, = G, then

p(z¥) > () for dlz € G.

Proof. Let r € G.thenr € A u(z) =t; forsome i, 0 < i< n and hence z € g,

Thus £ € p,, which means u(z") > ¢,, i.e., p1(z™) 2 p(z) and the result follows.
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Proposition 1.4.2. [fr € Ay and y € A7 withi < j, then zy and yz € AZ. In

other words. p(z) > p(y) = p(zy) = p(yz) = u(y).

j-1 i-1
Proof. i< j=t, >t = u, C Kt, = T € UAL". Suppose that zy € UA“"‘ =
k=0 k=0

-1
7 (zy) = y € (J A% which contradicts the assumption that y € A;. Thus
k=0

ry € A7, Similarly. we prove that yz € A7, and the result follows.

The converse of Proposition 2.2.1 is true after adding one more condition as

shown in the following proposition.

Proposition 1.4.3. [f y.zy and yz € A}, then z € Al where t; > t;. In other

words, if p(zy) = p(yz) = uly), then p(z) > u(y).

Proof. zy and y € 4 = (zy)y™' e p, => 1 € g, = = € Al; where t; > t; and

the result follows.

Proposition 1.4.4. y and ry lie in the same annulus for all y € G if and only if

r € G,. In other words. pu(zy) = u(y) for everyy € G if and only if u(z) = u(e).

Proof (=) Let y and zy lie in the same annulus for all y € G. Thus e and ze lie

in the same annulus which means z € G,,.

(<)Let € Guandlet ye Gify € G, = zy € G, whileif y € Al with
t>0and z € A®. then y,zv € Al by Proposition 1.4.2. Thus, in any case, y, Ty

lie on the same annulus. and the result follows.
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Proposition 1.4.5. Consider the fuzzy subgroup
p:Gy=p Cpy C---Cp, =0G.

If for some z.y € G we have zy € G, = p,,, then = and y lie in the same annulus.

In other words, u(ry) = p(e) = p(z) = u(y).

Proof. Let r € —lf‘ and y € Af} with ¢; > t,. Suppose t; > t;, then zy € Af}
by Proposition 1.4.2) which contradicts the assumption zy € A%. Hence b=t
y p 73 J

which completes the proof.

The converse of the above proposition is not true in general. Consider the
following example.
Example 1.4.2. Consider the fuzzy subgroup
Bty Sy Spey, =G =2 (to>t > ty)

where

A? = {0.4}. Al = {2.6}, A2 =1{1,3,5,7}.

Now L € A? and 5 € A2 but 1 +5 =6 ¢ Ab.
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Chapter Two

An Annulus Approach to Fuzzy
Normal Subgroups

In this chapter. we study the various equivalent statements on fuzzy normal
subgroups and straighten out some results on fuzzy normal and fuzzy abelian

groups. We also introduce the notion of the centralizer of a fuzzy subgroup.

2.1 Fuzzy Normal Subgroups: Definition and
Examples

The concept of fuzzy normal subgroups was introduced by Lieu [17] and Mukher-

Jee and Bhattacharya [19] as a generalization of the concept of normal subgroups.

Definition 2.1.1 [17]. [19]. A fuzzy subgroup g of a group G is said to be fuzzy

normal if u(ry) = p(yr) forall z.y € G.

Proposition 2.1.1. [f y is a fuzzy normal subgroup of a group G, then the

subgroup G, = {z € G| p(z) = u(e)} is normal in G.

Proof. Forany g € G, and r € G, we have py (z~'gz) = p ((gz)z~!) = u(g) = u(e).

Thus z7'gz € G, and the result follows.
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Proposition 2.1.2. Let p and v be the fuzzy normal subgroups of a group G, then

p N v is also a fuzzy normal subgroup of G.

Proof. Let z and y be any two elements of G, then we have

(#Nv)(zy) = min(p(zy),v(zy))
= min(p(yz), v(yz))

(kN v)(yz),

and the result follows.

Corollary 2.1.1. The intersection of any number of fuzzy normal subgroups of a

group G is a fuzzy normal subgroup.

Proposition 2.1.3. Let f: G — H be a group homomorphism and let i and v be
two fuzzy normal subgroups of G and H respectively. Then

(i) f~Y(v) is a fuzzy normal subgroup of G.

(1) If [ is onto. then f(p) is a fuzzy normal subgroup of H.

Proof. (i) Let .y € G. then

[TH)(zy) = v(f(zy)) = v(f(2)f(3))
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Thus f~!(v) is a fuzzy normal subgroup of H.

(i1) Since f is onto, therefore f(u) is a fuzzy subgroup of G. Now let z,y € H,

then

f(p)(zy) = sup{p(g)lge G and f(g) = zy}
= sup {u(g192)lg1.92 € G with f(gy) = =z, f(g2) =y}
= sup {u(9291)l91.9: € G with f(g1) =z, f(g2) = y}

= flu)yz).

Hence f(u) is a fuzzy normal subgroup of H. This completes the proof of the

theorem.

Proposition 2.1.4 [19]. 4ny level subgroup p, of a fuzzy normal subgroup p of a

group G is normal in G.

Proof. We have y, = {r € Glu(z) >t where pu(e) >t}. Thus for any g € p,
and for any » € G. we get p(r7'gz) = p((gz)z™") = u(g) > ¢, and the result

follows.

Now we give an alternate proof of the following known proposition [19] using

the annulus approach.

Proposition 2.1.5. Consider the following fuzzy subgroup

#:Guzﬂto g/‘tlgﬂtzg"'gut,‘:G-
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If e, is normal in G for all0 < i < n—1, then ¢ is a fuzzy normal subgroup of G.

Proof. Let r and y be any two elements of G, then Ty € A} forsome 0 <i < n,
which means zy € p,, and since p,, is normal in G, therefore Y zy)z = yzr € p,,.
Now, suppose that yr € A% for some ¢, > t;. Thus, yz € K, S pq,. Since
My, 1s normal in G. therefore r(yz)z~! = zy € tt.- Thus zy ¢ A% which is a
contradiction to the assumption. Hence yz € A%, and consequently u(zy) = pu(yz),

l.e.. p is a fuzzy normal subgroup of G. This completes the proof.

The above results can now be summarized in the following theorem:

Theorem 2.1.1. For the fuzzy subgroup
BiGu =ty C i C - C oy, = G,

the following statements are equivalent:

~

. it s a fuzzy normal subgroup of G.
2. py, ts normal inG forall0<:<n-—1.

3. For any elements r and y in G. zy and yz lie in the same annulus of u.

Now, we give an example of a fuzzy normal subgroup.

Example 2.1.1. Let G = D, be the dihedral group of order 8, i.e..
Dy=(a.bla* =b"=e€ and a'b=tba™", 1<i<3}.
Consider the fuzzy subgroup p of Dy:

#:Guzﬂtog/‘tl g#t'z:D‘i
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where

Heg = {e,az}, Pe, = {e,az,b, azb}, pe, = Dy,

then u is a fuzzy normal subgroup of D, and this can be easily checked from the

following table:

ik |elala*la’| b |ab|a®b|a®

€ to tz to tg tl tg tl t2

a tg to t2 to t2 tl t'z tl

a to tg to tg tl tg tl tg

a® [t ltofty | to|ta|tr]| &2 | &4

b tl tg tl tz to t2 to tg

ab tg tl tg tl t2 to t2 to

(l2b tl tg tl tg to tg to t2

alb by |ty ty [t [t |t | ta | o

It is clear that u,, and u,, are both normal in te, = Dy.

2.2 An Annulus Approach to More Equivalent Statements

In this section. we use the annuli of a fuzzy subgroup to prove the equivalent
statement of fuzzy normal subgroups known in the literature. Other proofs can
be found in [7]. [19]. [20]. Then we give an equivalent statement which straightens

out an incorrect statement given in [7].




Proposition 2.2.1. A fuzzy subgroup
#:Guzﬂto glut[ g#lz g'--§u¢n=G

is fuzzy normal if and only if for any z,y in G, z and y~'zy lie in the same

annulus.

Proof. (=) Let g be fuzzy normal, i.e.. 4, is normal in G for all 0 < i < n.
Let r and y be any two elements of G. then z € A% and y~'zy € Al* for some ¢
and k. But since y,, is normal in G, therefore ¢, > t;. Now suppose t; > t;, then
y~'zy € py, and since p,, is normal in G, therefore y (y~'zy)y~' =z € te.- This

means = € A}}. Thus tx = ¢; and hence z and y~'zy lie in the same annulus.

(<) Let z and y be any two elements of G and let = and y~'zy lie in the

same annulus Al* for some k. Therefore, for any z € UAL" = ¢, z and y~lzy lie
=1
in the same annulus A% for some 0 < k < i and for any y € G. Therefore, y;, is

normal in G for all 0 < ¢ < n and hence p is 2 fuzzy normal subgroup of G. This

completes the proof of the proposition.

The following corollary is an immediate consequence of Proposition 2.2.1

Corollary 2.2.1. A fuzzy subgroup

Gy =t Cpy, €S- Cpe, =G

is fuzzy normal if and only if p (y~'zy) > p(z).




Proposition 2.2.2. Consider the fuzzy subgroup
#:Guz.uto Cp, S Cp, =G

and let [r.y] = 7'y 'zy be the commutator of z and y in G. Then U ts fuzzy

normal if and only if whenever [z.y] € AL, € Al such that t; > t; Vz,yeqG.

Proof. (=) Let p be fuzzy normal, and suppose that z € A}, then z,z7!
and y~'zy lie in the same annulus A for all y € G (Proposition 2.2.1). Thus,
1

7y~ ley) = r7ly"'zy = [z.y] lie in A% where t; > t; according to the definition

of fuzzy subgroups.

(&) Let [r.yje A and r € A} such that ¢; > t;, thus the product z[z,y] €
Ay’ (Proposition 1.4.2). i.e.. r(z7ly lzy) = y'zy € A for all y € G. Thus p is
fuzzy normal which completes the proof.

Bhattacharya and Mukherjee (7, Proposition 4.1] give the following statement:

"A fuzzy subgroup p of a group G is fuzzy normal if and only if
p([z.y]) = ple).”
One direction of this statement appears to be incorrect as shown in the following

counter-example:

Example 2.2.1. Consider the fuzzy normal subgroup
#:Guzﬂ'to = Ui g#h g#tz =G=D4

where
Dy =(abla* ==, a’b= ba')
29



is the dihedral group of order 8 and
A:f = {e}, AL‘ = {az} . Aff = {b,azb} , Aff = {a,a3,ab, aBb} .

Now

[a.b] = a"'bab = (a®)(ab)(b) = a?

Le.,

[a.b] € AZ‘ ,

which means
#([a. b]) # p(e).

Now we give a correct version of the above statement.

Proposition 2.2.3. A fuzzy subgroup
piGu=py Cpey €S, =G

is fuzzy normal if and only if r and [z, y|z lie in the same annulus.

Proof. u is fuzzy normal & r and r~'(y~'zy)z lie in the same annulus Vz,y € G
& r and (z7'y~'zy) z lie in the same annulus Vz,y € G ¢ z and [z, y]z lie in the

same annulus. This completes the proof.

The results in Sections 2.1 and 2.2 can now be stated in one theorem:

Theorem 2.2.1. Given the fuzzy subgroup
#:Guzlutogiuh glutx g:utn=G7

the following statements are equivalent:
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(A) p is fuzzy normal.

(B) zy and yz lie in the same annulus for all z,y € G.

(C) pe, is normal in G for all0 < {<n— 1.

(D) = and y~'zy lie in the same annulus for all z,y € G.

(E) If y~'zy € A%, then £ € A} for some t; > t;.

(F) r and [z.y|z lie in the same annulus for all z and y € G.

(G) Whenever [z.y] € .4f", L€ Af} such thatt; > t; VYz,yedG.

2.3 Fuzzy Abelian Groups

[t is clear that every fuzzy subgroup of an abelian group is a fuzzy normal
subgroup. The converse of this statement is not necessarily true as shown in

Example 2.1.1 in which x is fuzzy normal while G is a nonabelian group.
In group theory the following statements are equivalent for a group G:
(A) G is an abelian group.
(B) [z.y) =eforall z.y € G.
(C) G’ = (e). where G’ is the derived group of G.

This motivated Mukherjee and Bhattacharya [7] to define fuzzy abelian subgroups
as follows:
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Definition 2.3.1 [7] A fuzzy subgroup x of a group G is fuzzy abelian if

#([z.y]) = p(e) forevery z,y € G.

Lemma 2.3.1. If p is a fuzzy abelian group of a group G, then:
(i) G'CG,.

(it) G, is normal in G.

(iit) G/G, is abelian.

Proof. Straightforward.

The assertion given by Bhattacharya and Mukherjee [7. p. 831] that a “fuzzy
subgroup y of a finite group G is fuzzy abelian if and only if G, is abelian subgroup

in G” is false. The following is a counter-example:

Example 2.3.1. Let G be any finite group and let u be defined by u(z) = p(e)
for all z € G. Clearly, g is a fuzzy abelian group while G, = G is not necessarily

an abelian group.

A correct version of the assertion stated above is given in the following propo-

sition.

Proposition 2.3.2. A fuzzy normal subgroup u of a group G is fuzzy abelian if
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and only if G/G, is an abelian group.
Proof. (=) If u be fuzzy abelian. then G’ C G, and hence G/G, is abelian.

(<) If G/G, is abelian. then G, D G’ and hence p is fuzzy abelian. This

completes the proof.

Bhattacharya and Mukherjee’s wrong assertion leads to another false statement
[7. Proposition 4.5], viz.. “Let u and v be two fuzzy subgroups of a group G such
that v < p. v(e) = p(e), and g is fuzzy abelian. Then v is fuzzy abelian.” The

following is a counter-example:
Example 2.3.2. Let x and v be two fuzzy subgroups of D, defined as follows:
#:Gu=#t0 g:uh g#tz =G=D4

and
ViGu=Ut0§U13§l/z4§Ut4=D4
where to > 11 > ty > t3 >ty > t5, AL = {e,a®}, 4% = {a.d%), Al =

{b,ab.a’b.a’b}. Al = {e}. 42 = {b}. A% = {a® a%}, and A" = {a,a? ab, a®b}.

It is easy to check that p is fuzzy abelian, p(e) = v(e) and v < p even if v is

not fuzzy abelian.

2.4 The Normalizer and the Centralizer of a Fuzzy
Subgroup

The notion of the normalizer of a fuzzy subgroup u of a group G was intrcduced
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by Mukherjee and Bhattacharya in [20] as follows:

Definition 2.4.1. The normalizer of y is the set given by

Np)={9€CGlug z9) =p(z), VzeG}

Proposition 2.4.1 [20]. Let y be a fuzzy subgroup of G, then
(i) N(u) is a subgroup of G.
(11) p is fuzzy normal < N(u) = G.

Proof. (i) Let g;,g, be any two elements of N(u). Therefore for any z € G, we

have

4 (((glg;‘)“r(glg;‘)) = #(9291_113919;1)

7 (glxgl'l) , since g € N(p)
= p(z).
Thus g1g;' € NV(u). and hence N(u) is a subgroup of G.

(ii) (=) Let p be fuzzy normal. then p(g~'zg) = u(z) for any z,¢g € G and

hence V(i) =G.

(<) If V(i) =G. then for any z.y € G, we have

ulzy) = pu(zyzz™") = p((yz)z™")

= p(yz) (since z € N(p)).

Hence 4 is fuzzy normal.

Now we introduce the centralizer C(u) of a fuzzy subgroup u of G as follows:
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Definition 2.4.2. The centralizer of 4 is the set given by

C(u) = {g € Glp(lg.z]) = u(e), VzeG})

Proposition 2.4.2. Let p be a fuzzy subgroup of a group G and let C(G) denote

the center of G. Then
(i) C(G) is a subset of C(p).
(1) If pu is a fuzzy normal subgroup of G, then C(u) is a normal subgroup of G.

Proof (i) Let g€ C(G)=>[g.z]=¢ VzeG= u(g,z])=ple) YVzeEiG =

g € C(p) and hence C(G) is a subset of C(p).

(ii) Let u be a fuzzy normal subgroup of G and let ¢, ¢, € C(u). Thus for

every r € (. we have

w(lggs' zl) = u(g07's7 9195 2)
= #(gzgl g r7gr 20,07
= u(g2g1.2] [z.g2lg7")
= u({g1.z] [z,92]) since p is fuzzy normal
> min (u([g1. z]). u([z. g2]))
2> min(pu(e). p(e))  since gi,g: € C(p)

= p(e).

Thus

u(lor197'.2]) = ple) Vgi,9: € Cln),
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and hence C(pu) is a subgroup of G.

[t remains to show that C(y) is normal in G. Let g € C(g) and z,y € G, then

1 1

p(le7'gzyl) = w(z7'g ey z'gzy)

'z9)(97 v gy)y g e ) (gay))

= u((z7'g"
= u(lz-gllg.9]y (9. ly)

> min(gz.g]). # ([9. vy ~"lg, zly)

= w(lg.9lv7'lg.2ly)  since ulg,y] = p(e)
> min(ulg,yl,), 1 (y7'[g,zly)

= u(y7'9.2ly]) since ulg,y] = u(e)

= u(lg.z]) since u is fuzzy normal

u(e)  since g € C(u),

]

and hence p ([z7'gz. y]) = p(e). Therefore z='gz € C(u) for all z € G. Thus C(u)

is a normal subgroup of G. This completes the proof.
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Chapter Three

An Annulus Approach to Fuzzy Cosets

In this chapter. we study the properties of the left and right fuzzy cosets de-
termined by a fuzzy subgroup. describe the structure of each annulus of a fuzzy
coset. and give a necessary and sufficient condition for an annulus of a fuzzy coset

to be a subgroup.
3.1 Fuzzy Cosets: Definition and Examples

In {19]. Mukherjee and Bhattacharya introduced the notion of fuzzy cosets as

follows:

Definition 3.1.1. Let y be a fuzzy subgroup of a group G. The left fuzzy coset
«# and the right fuzzy cost p, of u determined by z € G are the fuzzy subsets of

G defined, for all g € G. as follows:

1(g) = p(z™'g)
and

pz(g) = p(gz™").

It is clear that the images of p. ;4 and g, are equal for every £ € G. Thus if

t € Im(p). then the ¢t-annuli A, and A} of ;p and p,, respectively, are given by

AL, ={g € Clu(g) = n(z7'g) = t}
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and

A, = {9 €Glp.lg) = ulgz™") = t}.

Example 3.1.1. Consider the fuzzy subgroup

where

piGy=pe C ey Cpy, =G =D,y

Dy = (a,bla* = b*, a'b = ba™")

is the dihedral group of order 8, and

AR = {e.b}. A} = {a®. a%b},

Then x and all of its left and right cosets can be presented by the following tables:

(i) The left fuzzy cosets

=
I

WY

ald = abl

K=

adbl ©

and Aff =

{a,d®, ab,d®b}.

to-annulus | ¢;-annulus | ¢;-annulus
e a? a ab
b a?b a® a3
to-annulus | ¢t;-annulus | t,-annulus
a a® € b
ab a3b a? a?
to-annulus | ¢;-annulus | ¢;,-annulus
a® a e b
a3b ab a? a%
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to-annulus | ¢;-annulus | t,-annulus

a2l = g2pfd ? a2 a ab

a?b ab a® a3

(i1) The right fuzzy cosets

to-annulus | ¢,-annulus | ¢;-annulus

H=He = Hp : e a2 ab

b a?b a3 a3b

to-annulus | ¢,-annulus | £;,-annulus

Ha = Ha3p : a a’ b

a3b ab a’® a?b

to-annulus | ty-annulus | t,-annulus

Ha? = fa2p : a? a b

a?b b a® a3b

to-annulus | ¢,-annulus | ¢,-annulus

Had = Hab a’ a b

ab a3b a? a®b

The following two remarks can be easily drawn from the above example:

Remark 1. The two sets of the left fuzzy cosets and the right fuzzy cosets are not

equal (e.g.. pa # .p).



Remark 2. Contrary to what is known in group theory, the intersection of two left

(right) fuzzy cosets of a fuzzy subgroup is not necessarily empty (g, N pu # o).

Proposition 3.1.1. If 4 is a fuzzy normal subgroup of a group G, then pu, = .p

for everyz € G.

Proof. p.(9) = p(gz™')=p(z7'g) (u is fuzzy normal)

= r/l(g)’

and the result follows.

3.2 Properties of Fuzzy Cosets

In what follows u is a fuzzy subgroup of a group G.

Proposition 3.2.1. y, = p if and only if z € G,,.

Proof (=) Let u,; = u. then p.(y) = u(y) for every y € G. Thus, in particular,

pz(z) = p(r) le. plzz™") = p(z) = ple) = u(z) = z € G,.
(<=) Let r € G,, then for every g € G, we have

rz(g) = p(gz™") = p(g) (Proposition 1.4.4).

Hence p. = p which completes the proof.
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Proposition 3.2.2. u, = p; if and only if gh~' € G,.
Proof. (=) Let By = pin = 1g(g) = pa(g) = ple) = u(gh=') = gh~! € G..
(<) Let gh~' € G,,. then

po(z) = pu(zg™') = pu ((J:g"‘)(gh'l)) (Proposition 1.4.4.)

= u(zh™) = pa().

This completes the proof.

Proposition 3.2.3. p,(z) = p.(g).

Proof. p,(z) = p(zg™') = pu((zg™")™)

This completes the proof.

The following proposition gives the structure of the ¢-annulus of the right fuzzy

coset u, in terms of the t-annuius of u.

Proposition 3.2.4. A, = Alr.

Proof. g A, & u.(g9)=te u(gz ) =t
Sgrle Al & ge Al
This completes the proof.
The above results remain valid if y, is replaced by z#. In such a case,
AL: =rAdl.
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3.3. The Subgroups G,, and G,.

Let 4 be a fuzzy subgroup of a group G. The subsets G, and G.u are defined

as follows:
Gu. = {9 € Gluz(g) = plgz™") = u(z)}

and

G = {g € Gl . plg) = u(z™'9) = u(z)}.

Example 3.1.1 can be used to verify that the subsets G, and G are subgroups

of G for all r € G. But this is not always true as shown in the following example:

Example 3.3.1. Consider the fuzzy subgroup
oGy = Cpy, Cppy=D0D,=G

where

AP = {e}, A} = {a,az,a:’}

and

A = {b,ab,a%,a%}.

Then the right fuzzy cosets , of y can be represented by the following table.

to-annulus | t;-annulus | ¢,-annulus

Mo :

a e,a?,a® | b,ab,a%b,a3b
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Thus,

G, = {9 € Glualg) = p(a)} = {e,a?,¢%}

which is not a subgroup of G.

The following corollary is an immediate consequence of Proposition 3.2.4:

Corollary 3.3.1. G,,, = A}, = Al z; for every z € G.

H

The following proposition gives a relation between G, and G, :

Proposition 3.3.1. G, is a subset of G, for everyz € G.

Proof. Let g € G, = u(g) = p(e) = p(9z™"') = u(z~')  (Proposition 1.4.4)

= u:(g) = p(r) = g € G, . and the result follows.

Now. we get a necessary and sufficient condition under which G, is a subgroup

of G. The following lemma is needed.

Lemma 3.3.3. [f the product of any three elements in Al is again in A}, then

ALz is a subgroup of G for every r € Al

Proof. Since p is a fuzzy subgroup, therefore z € A implies that z~! € A} and
hence e = rz~!' € Aiz. Now, let g; and g, be any two elements of A}z, then
91 = hz and g; = kz for some h.k € A'. Thus g9, = (hz)(kz) = (hzk)z. But

hzk € A, from the assumption. Thus g;g, € ALz. This completes the proof.
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Proposition 3.3.2. G,,, is a subgroup of G if and only if A} contains the product

hzk for every h, k€ A;.

Proof. (=) Let G,, = A}z be a subgroup of G and let g, = hyz, g¢; = hox
be any two elements of G,,. Thus g;g, = hizhz € G, = (hizhy)z € Ajz =

(hizhs) € AL,

(<=) Let A, contain the product Azk for every .k € A, and let g; and g; be as
above. Thus ¢192 = hycthyz. But hizh, € A:‘, then g9, € G, and sincee € G,,_,

therefore (G ,,, is a subgroup of G.

The above results remain valid if 4, is replaced by u.
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Chapter Four

Fuzzy Quotient Groups and Quotient of
Fuzzy Subgroups

In this chapter, we investigate further the concepts of fuzzy groups and quotient

of fuzzy subgroups.
4.1 Fuzzy Quotient Groups

Mukherjee and Bhattacharya [19], [20] were the first to introduce the notion of
fuzzy quotient groups in order to obtain a fuzzy analog to the famous Lagrange
theorem. [19. Theorem 4.10]. More investigation on fuzzy quotient groups was done
in [3], [11] and [14]. Our objective in this section is to establish some commutative

diagrams that relate a fuzzy quotient group to some other known groups.

The following lemmas are needed before we recall the definition of a fuzzy
quotient group. Although the results in these lemmas are known in [19], yet several

steps in the proofs are different.

Lemma 4.1.1. Let u be a fuzzy normal subgroup of a group G. Then the composi-

tion p, o py = pqp defined on the set of all fuzzy cosets of y is well defined. [Recall
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that ;p = p, for all r € G since u is fuzzy normal.]
Proof. Let r.y.a.b € G such that
Br = o and py = pyp

ie., z7'a and y~'b € G, (Proposition 1.1.1). All we need to show is py o Yy =
Ha O pp, 1.€.. fizy = figp OT. equivalently, (zy)~!(ab) € G,. Since G,, is normal in G

(Proposition 2.1.1) and r~'a,y~'6 € G,,, therefore
(zy)7'(ab) = y~'z'ab =y~ (z7'a) y (y7'b) € G,..
Hence. pi., = pqs. and the result follows.

The following corollary of Lemma 4.1.1 is straightforward:

Corollary 4.1.1. The set G/p = {u,|la € G} is a group under the composition

defined in Lemma §{.1.1.

Lemma 4.1.2. Let it be a relation defined on G/p by E(pa) = u(a) foralla € G.

Then
(i) & is a fuzzy subset of G/p.
(ii) I is a fuzzy normal subgroup of G/pu.
Proof. (i) All we need to show is that 7 is well defined. Let Hoe = sy = a~ b €

G, (Proposition 3.2.2) pu(a™'b) = p(e) = u(a) = p(b) (Proposition 1.45) =
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B(pta) = E(ps) = E is well defined and hence @ : G/u = [ is a fuzzy subset of
G/p.
(i) Let po, pp € G/p. then
Ppaops) = BE(pas) = p(ab) > min(p(a), u(b))
= min(fE(sa), A(#a))-
Also, Ii(pe-1) = u(a™') = p(a) = E(pa). Thus, & is a fuzzy subgroup of G/u. And
since g is fuzzy normal. therefore
Flpaops) = [pe) = p(ab) = p(ba) = E(sa)
= plppops) = o

is a fuzzy normal subgroup of G/u and the result follows.

Definition 4.1.1 [19]. The fuzzy subgroup & of G/u defined in Lemma 4.1.2 is

called the fuzzy quotient group determined by p.

Lemma 4.1.3. G/u is a homomorphic image of G.

Proof. Define the map o : G — G/u by ¢(a) = p, for all a € G. Clearly, ¢ is well
defined and onto. Let a.b € G, then
(D(ab) = Hab = Ha O lp
= o(a) o o(b).

Thus o is a homomorphism, and the result follows.

Now. let G, p,G/p.E and ¢ be as in the above lemmas. Then we immediately
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have

Proposition 4.1.2. The following statements are equivalent:

(1) & is the fuzzy quotient group determined by u.

(it) The following diagram commutes:

G > Glu

te.. pla) = gl(o(a)) for everya € G.

Proposition 4.1.3. Let 0 : G — G/p be the homomorphism defined by o(a) = p,

for alla € G. Then

(i) Ker(o) =G,.

(it) The groups G /G, and G/u are isomorphic.

Proof. (i) Ker(¢) = {a€G|o(a) = p. = u}
= {a€G|p. = p.}
= {e€Gla€G,} (Proposition 3.2.1)
= G,.
(ii) Since Ker(¢) = G,, therefore the first isomorphism theorem of group gives
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immediately

G/G, =Glp,

i.e., there exists an isomorphism v : G/G, — G/u which completes the proof.

The following theorem combines the results obtained in this section and de-
scribes the relation between the fuzzy quotient group 7 and the other groups by

means of a commutative diagram:

Theorem 4.1.1. Let o, : G — G/G,, be the canonical homomorphism. Then the

following diagram commutes:

G/G,
o, v

@

\

I

G - Glu

=
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Now we give a counter-example to show the statement “If x and v are fuzzy
normal subgroups of a group G such that g C v, then the groups (G/p) (G, /r)
and G/v are isomorphic”. which is given as Proposition 2.3.2 in (18] is incorrect

as shown in the following counter-example:

Example 4.1.1. Consider the following fuzzy normal subgroups g and v of the
Klein-four group V = {e.a.b, ab} given by
)u:ﬂ‘0=G;lg#t1 =G=V

vivy =G, Cu,=G=V,

where
Ap = {a.e}, AL = {b,ab)
A2 = {e.b}. A® = {a,ab)}
and
Thus.

Gl = {pte = ftay Mo = Has}
G/V = {/‘c = Hpy Ha = ludb}
GU/# = {luenub}

(G/u)/(G,,,) is order 1. while G,/, is order 2 and hence cannot be isomorphic.

We now give a correct version of the above stated Proposition 2.3.2 in [18]. The

following lemma is needed.




Lemma 4.1.3. Let p and v be two fuzzy normal subgroups of a group G such that

# S v and p(e) = v(e). Then G, is a subgroup of G, .

Proof. All we need to show is that G, is a subset of G,. Let z € G, = u(z) =
p(e) = v(e). But u(z) < v(z) for all z € G. Thus p(z) = v(e) £ v(z) and hence

v(z) = v(e). i.e., 2 € G, and the result follows.

Proposition 4.1.2. Let u and v be as in lemma §.1.3. Then the groups (G/p)/(G,]u)

and G /v isomorphic.

Proof. Define the map o : G/p — G/v as o(pa) = v, for all a,b € G. The
mapping o is well defined since p, = py = ab™! € G, = v(e) = p(e) = p(ab~!) <
v(a='(b)) = v(a~'b) = v(e) = a~'b € G, = v, = vy and hence ¢ is well-defined.
© is an onto-homomorphism since

O(fa © ps) = O(ap) = Vap = Vo 0 1

= o(a) 0 o(ps)-
The kernel of o is given by

Ker(o) = {palo(ta) = ve}

= {Kalva = ve}
= {uiaeG.,}
= Gu//‘

Thus. by the first isomorphism theorem of groups, we have (G/r)/(G,/u) isomor-

phic to G/v. and the result follows.




4.2 Quotients of Fuzzy Subgroups and Fuzzy Solvable
Groups

In {7] Bhattacharya and Mukherjee introduced the notion of quotient of fuzzy
groups of the form u/v for some fuzzy normal subgroups g and v of a group G.
Then they constructed certain chains of fuzzy normal subgroups and fuzzy quotient
groups of the type p/v in order to define the notion of fuzzy solvable groups. The
main objective of this section is to straighten out these definitions of fuzzy solvable
groups which apparently need some modifications due to their wrong construction

of the chain of quotients of fuzzy subgroups. But first we need the following lemma:

Lemma 4.2.1. Let p and v be two fuzzy subgroups of a group G such that p is
fuzzy normal. p < v and ple) = v(e). The map v/p : G/G, — I defined by

(v/u)(aG,) = v(a) is a fuzzy subgroup of G.

Proof. We need to show first that the map p/v is well defined. Let oG, = 6G, =
a”'b € G, = p(a™'b) = ple) = p(a'b) = v(e) < v(a~'h) (from the hypothesis)

= v(a™'b) = v(e) = v(a) = v(b). and hence the map p/v is well defined.

Now (v/p)(aGubG,) = (v/1)(abG,) = v(ab) > min(v(a), (b)) = min((v/u)(aG.),
(v/u)(bG,)) and (v/p)(a™'G,) = v(a™') = v(a) = (v/u)(aG,) which completes

the proof.

Definition 4.2.1. With the hypothesis of Lemma 4.1, the fuzzy subgroup v/u of



G/G, is called the quotient of v by p.

The fuzzy subgroup v in the above definition is not required to be fuzzy normal

as in the definition of quotient of fuzzy subgroups given in (7]

Corollary 4.2.1 (7. Lemma 5.1]. If u and v are as in Lemma 4.1 with the ad-

ditional condition that v is fuzzy normal, then v/p is a fuzzy normal subgroup of

G/G,.
Proof. Straightforward.

The following lemma is an immediate consequence of Lemma 4.1.3:

Lemma 4.2.2 [7]. Let vy C vy C--- C v be a chain of fuzzy normal subgroups of

a group (7, vi(e) = vi(e€) for all 1 < i < k. Then G,cG,c---CG,.

Proof. Similar to the proof of Lemma 4.1.3.

Bhattacharya and Mukherjee [7] claim that the chain v; € v, C --- C v in
lemma 4.2.2 yields another chain of quotients of fuzzy subgroups
mcnC - Cn

where

N = Vip1/vi l<i<k-1.

This claim is clearly wrong since the n’s are of different domains and hence the
chain gy C 7, € --- C n; is meaningless. Consequently, their definition [7, p. 89]

of fuzzy solvable group is incorrect. We state their definition for completion.
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"A fuzzy normal subgroup p of a group G is fuzzy solvable if there

exists a chain of fuzzy normal subgroups
nCurC--Cu=p

with v1(z) = v(e) only when z = e and vi(e) = vy(e), 1 <i<k
such that there is a corresponding chain of fuzzy abelian subgroups

mEn2 & - Cn where g = vigy /v, 1 <i<k”

Now we give a correct version of the definition of fuzzy solvable groups.

Definition 1.4.2. A fuzzy normal subgroup g of a group G is fuzzy solvable if

there exists a chain of fuzzy normal subgroups
MCrC---Cry=yp

with v(z) = vi(e) only when z = e and vi(e) = vi(e), 1 < i < k such that

quotient of fuzzy subgroups v, /v;, 1 <i<k—1 is fuzzy abelian.

Example 4.2.1. Let G be the dihedral group
G=Dy=(a.bla* =b*=¢,a'b= ba™1)

and let v1.v; and v3 be the fuzzy normal subgroups of G where the annuli can be

tabulated as follows:

to-annulus | ¢;-annulus | t,-annulus | ¢3-annulus

vy

€ a? b,a%b a,a3, ab, a3h
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Uy L

where

and

Therefore.

to-annulus

t4-annulus

ts-annulus

2

€.a

b, a?b

a,a3, ab, ab

to-annulus

lg-annulus

[ 243

e.a?,b,a®b

a,a*, ab,a%b

t0>t1 >t2>t3,t4>t2

te > ts > ts.

v C vy C s,

Now, the annuli of the quotients of fuzzy subgroups:

and

vafnn : GIG,, — I,

v3fva : GIG, — [

can be tabulated as follows:

vafuy :

tg-annulus

t;-annulus

ts-annulus

2

€,a

b, a®b

a,a® ab,a’b

to-annulus

ts-annulus

I/3/IJ2 :

G.,

,0G

aG,,,abG,
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Since the factor groups ((G/Gu,)/(G/Gu,))w/,,l and ((G’/G’W)/(G'/Cr’,,z))m/,,2 are

abelian. therefore v,/v; and vs/v, are fuzzy abelian (Proposition 2.3.2). Hence, v,

is a fuzzy solvable group.

The fact that any subgroup of a solvable group is solvable is no longer true in

the fuzzy context as shown in the following counter-example.

Example 4.2.2. Consider the fuzzy normal subgroups v;,v, and v3 of D, given
in Example 4.2.1. We have v; C v, with v,/v; is fuzzy abelian and hence v, is

fuzzy solvable. whereas it is clear that v, is not fuzzy solvable.

The above discussion yields the following proposition whose proof is now straight-

forward.

Proposition 4.2.1. A group G is solvable if and only if G has a fuzzy solvable

subgroup.
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