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bile systems including a car pulling n trailers. Results are
illustrated through simulations of several ezamples of wheeled
mobile systems.

Master of Science Degree
King Fahd University of Petroleum and Minerals
Dhahran, Saudi Arabia
February, 1994



UL, l 1 Lada
@iyl paalyy slae TN R
eSslsalll Ssall labasil Lalyall Plyie

oallgall @l3 T asll Lakayd
aiiell BIA Fola plandaly

AlulS Lusia : aadil]
LVE ol : Baledd) a8

Bl 5 ol gad) i3 3 pail] Takiifl Soall it Lk 0 o33 uad) Jia
Lalis¥! oia S al Tuil) ¥oladl (JualSEH UG Hud) Lusd pad @ Yolans 1S all
ek 1S3 ghsad Gase iy ¢ Tal Lgas @l ial Loty LN Laliy Suass
o o2 .z_,,,:m,ut‘ml&.,k,;‘u;w.uuﬁrs_wwqquxs
ods gile JS& 5 i jud aSad plS e Jsaall Tislad) et yatl) pads
Gle GsaS aaliad B 15b Onaaiy sy ST 130 @¥alin €53 o) - (oaaluls)
o1A elll sy Lpuinye a3 sall beadads Luaasl e U500 yud Saalins Lo g
Utall a3 3 aalaa ) 3 1l Joal Tas ) Taa Tl Ul F51 US55 Lpaas! 53!
AU UK i plladl suisd) pny @l el 3 15ad0 L Gli T s udiass
boalaasll UStia Jab Ll coglaad Y55 Lo i) 3 el ke ds Lol 3l o)
el s slaia 3us 525 LS e L gl l3 3 5aill Tkiid] e S vand S 5ol

e 33l i ya FSlall gllas

poladl A dualll G
Ouladl 9 Jystiall s clll) Taaly
Loa gmnad! Tyl ILall — )y ladl
KYLTRT



Chapter 1

INTRODUCTION

In many cases, the very construction of a mechanical system precludes
arbitrary motion of its individual parts. In such cases, it is customary
to say that constraints are imposed on the system. If the constraints
are holonomic, i.e. integrable in the sense that they can be reduced
to geometric constraints, then it is possible to characterize the system
configuration by a smaller number of generalized coordinates. However,
in case of nonholonomic constraints (those that are nonintegrable in the
sense that they cannot be reduced to geometric constraints) it is impossi-
ble to reduce the number of generalized coordinates. Unlike a holonomic
constraint which reduces both the dimension of the configuration space

and number of degrees of freedom, a nonholonomic constraint reduces



only the number of degrees of freedom (not the dimension of the con-
figuration space). For instance, a car can move forward and backward,
and can make turns. However, it cannot move sideways. Nevertheless,

it can take any position and orientation in the configuration space.

Interest in mobile systems is growing rapidly because of the very broad
range of their potential applications. The challenge is that these systems
move intelligently so that they can perform various actions without hu-
man intervention. The growing use of wheeled mobility applications such
as transportation vehicles, surveillance and ferrying mobile robots mo-
tivates the need for developing motion planning strategies for systems

with nonholonomic constraints.

The subject of discussion in this thesis is the nonholonomic motion plan-
ning (NMP) problem for wheeled mobile systems. The NMP problem
involves finding a path which links the initial and final system configura-
tions (positions) while satisfying the nonholonomic constraints to which

the system is subjected to.

In the past few years, there has been a great deal of interest in the



generation of NMP algorithms for wheeled mobile systems. Early work
concentrated on search methods [2], [9] for the generation of such al-
gorithms. Quite recently, nonlinear control theory was introduced into
this field. This led to the study of navigating mobile systems using ana-
lytical techniques rather than algorithmic or heuristic motion planning.
Laffarriere and Susmann [10] introduced Lie algebraic methods. Murray
and Sastry [12] explored the use of sinusoids for steering the so-called
chained form systems. Sinusoids were also used in a method proposed
by Sussmann and Liu [21]. Their method was completely general in that

it applied to any controllable nonlinear system without drift.

A car pulling n trailers constitutes a typical example of nonholonomic
wheeled mobile systems . The nonholonomic constraints in this exam-
ple arise from constraining each pair of wheels to roll without slipping.
Note that in this example each trailer adds one nonholonomic constraint,
thereby giving rise to a wheeled mobile system with n + 2 nonholonomic
constraints. This well-known n—trailer problem has indeed generated
some fascinating new ideas in the robotics field. It is not a “ toy prob-
lem " since efforts are underway to automate baggage handling by carts
or trucks pulling multiple trailers in airports. Divelbiss and Wen [8] ex-

plored a computational approach to the n—trailer problem, which uses



gradient decent in a discretized input space. Recently, Tilbury, Murray
and Sastry [22] have used the machinery of exterior differential forms for
converting the constraints for an n—trailer system into Goursat normal
form which is the dual to the chained form. They have proposed three

different methods for steering the chained form system.

Although nonholonomic wheeled mobile systems are completely control-
lable, they cannot be steered to a desired configuration (or position) us-
ing time-invariant continuous feedback control. Consequently, the prob-
lem of controlling a wheeled mobile system has been addressed from two

points of view:

1. Open-loop control strategies: construction of open loop controls to
steer the mobile system from any initial configuration (or position)
to any prescribed configuration. Exploration of the problem from
this perspective can be found in [8], [10], [11], [12], [22] and refer-

ences therein.

2. Feedback control strategies : construction of discontinuous time-

invariant feedback or smooth time-varying feedback laws that steer



the system to a desired configuration. Canudas and Sordalen [6]
used discontinuous time-invariant feedback control to steer a mobile
robot. Samson and Ait-Abderrahim {20] proposed a continuous
time-varying feedback control law to steer a mobile robot. Recently,
Pomet [14] gave a systematic way to design smooth time-varying
feedback control laws which can be applied to any wheeled mobile

system.

This thesis is devoted to study the NMP problem for wheeled mobile sys-
tems which can be transformed to a special form which is referred to as
Caplygin form. A motion planning stré,tegy developed by Reyhanoglu,
McClamroch and Bloch [19] for Caplygin systems is utilized. This strat-
egy is based on using geometric phases which have proved useful in a
variety of nonlinear control problems associated with nonholonomic sys-

tems (3], [19].

The organization of the thesis is as follows: Chapter II summarizes some
notations of differential calculus and differential geometry. In Chapter
IIT models of wheeled mobile systems are presented with a summary of
theoretical results on control and stabilization of such systems. Chapter

IV is devoted to the synthesis of both open loop controllers and discon-



tinuous state feedback controllers. Practical examples illustrating the
results of this thesis are included in Chapter V. Chapter VI contains

conclusions and remarks on future research directions.



Chapter 2

MATHEMATICAL

BACKGROUND

In this chapter, we present the general mathematical background on
which our development in later chapters is based. General notation
and definitions from differential calculus and differential geometry are
introduced. Readers who are familiar with differential geometry can use
this chapter as a reference for the notation and can proceed directly to

the following chapters. For full details, see [1],{7],{13].
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2.1 Differentiability, Manifolds,

Submanifolds

Let A be an open subset of R® and h : A — R a function. The value
of h at z = (r),--+,z,) is denoted h(z) = h(a:l,-;-,z,,). Let kK >0
be a positive integer. The function 4 is called C* (k times continuously
differentiable) if it possesses continuous partial derivatives of all orders
< kon A If his C* for all k then f is said to be C®. A mapping
H:A — R™ is a collection (H,--- yHp) of functions H; : A - R. The
mapping H is C* if all H;'s are C*. A mapping P: A = R™*m2 jgap
my X my matrix of functions P;; : A & R. The mapping P is C* if all

P,j’s are C*. We use the notation P’ to denote the transpose of P.

A set S with a topology is called a topological space. A neighborhood
of a point p of a topological space is any open set which contains p- If
Sop is a subset of a topological space S, there is a unique open set, de-
noted int(Sp) and called the interior of Sy, which is contained in Sp and
contains any other open set contained in So. We say that S, has empty
interior with respect to S if Sy contains no open set of S other than

the empty set . Let S; and S, be topological spaces and F a mapping



F : 8; = S,. The mapping F is continuous if the inverse image of every
open set of S, is an open set of S). The mapping F is open if the image
of an open set of S; is an open set of S;. The mapping F is a homeo-

morphism if it is a bijection and both continuous and open.

A locally Euclidean space E of dimension n is a topological space such
that for each p € E' there exists a homeomorphism (> mapping some open
neighborhood of p onto an open set in R". A manifold M of dimension
n is a topological space which is a locally Euclidean space of dimension
n, is Hausdorff (any two different points have disjoint neighborhoods)
and has a countable basis. A coordinate chart on a manifold M is a pair
(U, ), where U is an open set of M and ¢ a homeomorphism of U onto
an open set of R". Sometimes ¢ is represented as (¢y,---,®,), where
¢; : U = R is called the i-th coordinate function. If p € U, the n-tuple
of real numbers (¢1(p), -, dn(p)) is called the set of local coordinates of

p in the coordinate chart (U, ¢).

Let (U,¢) and (V, %) be two coordinate charts on a manifold M, with

UNV # 0. Let (¥1(p),--+,¥n(p)) be the set of coordinate functions



associated with the mapping ¥. The homeomorphism
Yool : JUNV) = yp(UNV)

taking, for each p € UNV, the set of local coordinates (¢y(p), - - - , ¢ (p))
into the set of local coordinates (¥, (p), - - -, ¥.(p)), is called a coordinate
transformation on U N V. Clearly, ¢ o ~! gives the inverse mapping,
which expresses (¢1(p), -+, #a(p)) in terms of (¥1(p),- -+, ¥n(p)). Wesay
that two coordinate charts (U, ¢) and (V, ¢) are C*-compatible if, when-

ever UNV # 0, the coordinate transformation ®o¢™! is a diffemorphism.

A C atlas on 2 manifold M is a collection {(U;, ¢:) }ier, where I is an in-
dex set, of pairwise C'°-compatible coordinate charts with the property
that Uie;U; = M. An atlas is complete if it is not properly contained in
any other atlas. A smooth (C*) manifold is a manifold equipped with

a complete C* atlas.

Now assume that M; and M, are smooth manifolds of dimension n.
Then a bijective mapping F : M) — M, is a diffeomorphism if F is
bijective and both F and F~! are smooth mappings. Two manifolds M;

and M, are diffeomorphic if there exists a diffeomorphism F : M; = M,.

10



2.2 Tangent Spaces, Vector Fields,
Distributions

Let M be a smooth manifold of dimension n. Let T,M denote the
tangent space to M at a point £ € M. Then the tangent bundle of M is
TM = Uzem T:M, the union of tangent spaces. A vector field T on M
is a smooth map which assigns to each point on £ € M a tangent vector
7(z) € T:M. In local coordinates, we represent 7 as a column vector

whose elements depends on z:

7(z) = (n(z), -+, a(z)) .

Alternatively, considering 7 as a differential operator, we write

0 0
T(z) = '1'1(:1:)8—:1:l +-.- +1',.(:z:)% .

The symbol a% is to be thought of as a basis element for the tangent
space with respect to a given set of local coordinates. A distribution
assigns a subspace of the tangent space to each point in M in a smooth
way. A distribution can be defined by a set of smooth vector fields

71,...,7". In this case we define the distribution as
A = span{r!,..., 77}

where we take the span over the set of smooth real-valued functions on

M. At any point z € M the distribution is a linear subspace of the

11



12
tangent space, i.e.

A(z) = span{r!,..- . 7"}(z) C T. M .

Given two smooth vector fields X = T X & andY =31, Y; 3,
M, we define a new vector field, denoted as [X, Y] and called the Lie
bracket of X and Y, as
6Y _9X; 7]
[X.Y]= J; (Z 3 Ba; Y) 5z, °

Using a Taylor expansion up to order two, one can prove the following

geometric characterization of the Lie bracket:

[X, Y](p) = lim i (elYea\'e-tY e-axp _ p) ’

30+ t—0+ st
where the map ¢ — ¢¥p denotes the integral curve of X that goes
P gr g

through p at time t = 0.

Let V(M) denote the linear space of smooth vector fields defined on
M. Then V(M) with the Lie bracket operation is a Lie algebra. In
particular, it can be shown that the map (XX,Y) ~ [X,Y] is bilinear,

skew-commutative and satisfies the Jacobi identity

[X,[Y. 2] + [V, [Z. X]| + [Z.[X,Y]] =0, VX.Y.Ze V.



A linear subspace L C V(M) is called a Lie subalgebra if

[X,Y]eL,VX,YeL.

- Let {X*| 1 < i < g} be afinite set of vector fields and L;, L, two subalge-
bras of V'(M) which contain the vector fields X, - .-, X9. Clearly, the in-
tersection LML, is again a subalgebra of V(M) and contains X?!,-- -, X9.
Thus we conclude that there exists a unique subalgebra L of V(M) which
contains X?,---, X7 and has the property of being contained in all the
subalgebras of V(M) which contain the vector fields X!,---, X9. This
subalgebra is referred to as the smallest subalgebra of V(M) which con-
tains the vector fields X!,-.., X9 By an inductive argument using the
Jacobi identity, it can be shown that every element of L is a linear combi-
nation of repeated Lie brackets of the form (X', [ .- [X%?, X*]...]] where
X',12>i;>q,isin the set {X*|1<i<q}and1<j<oo. With the

subalgebra L we may associate a distribution £ in a natural way:

L(z) =span{X(z)| X €L}, zeM.

13



2.3 Cotangent Spaces, Covector Fields,
Codistributions

Associated with the tangent space T, M is its dual space T> M, the cotan-
gent space to M at x € M. The cotangent bundle of M is T"M =
U.em To M, the union of cotangent spaces. Just as we defined vector
fields on T; M, on T; M we can define a covector field (one-form) w. In
local coordinates, we represent w as a row vector whose elements depends
on r:

w(z) = (wi(z),- - ,wa(x)) .

Alternatively, we write
w(z) = wi(z)dz) + - - + wp(z)dz, .

The symbols dz; represent the basis dual to the basis a%_ on T M and
are defined as
d
d:L‘,' . -a;; = 6,','
where §;; is the Kronecker delta. A one-form acts on a vector field to

give a real valued function on M,

wer= Zu,da:. (’Zr,a ):éw.-.

A codistribution assigns a subspace of the cotangent space to each point

in M in a smooth way. A codistribution can be defined by a set of smooth

14
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covector fields w!,--.,w’. In this case we define the codistribution as
Q = span{uw’,. - ,w’}

where we take the span over the set of smooth real-valued functions on
M. At any z € M the codistribution is a linear subspace of the cotangent
space, i.e.

Q(z) = span{w', .-, w*'}z) CTOM .

It is possible to construct a codistribution starting from a given distribu-
tion, and conversely. The natural way to do this is the following: given
a distribution A, for each £ € M consider the annihilator of A(z), that

is the set of all covectors which annihilate all vectors in A(z)
Atz)={weT;M|w-v=0, Vo€ A(z)} .

Since A+(z) is a subspace of T>M, this construction identifies exactly
a codistribution A*l, called the annihilator of A. Conversely, given a
codistribution 2, we can construct a distribution, denoted 0+ and called

the annihilator of , so that for each r € M

Qz)={veTM|w-v=0, Ywe Qz)}.



Chapter 3

MODELS OF
WHEELED-MOBILE

SYSTEMS

3.1 General Models of Wheeled Mobile

Systems

We consider the class of wheeled mobile systems with linear velocity

constraints of the form

v'p)p=0i=1,---,m. (3.1)

16



Here p is an n-vector of position (configuration) variables, p is an n-
vector of velocity variables, and w'(p) is a smooth (C®) n-row vector.
These are constraints on the velocities of the system. In some cases, the

constraints may be explicitly integrable, giving constraints of the form

hi(p) = c:

for some constant ¢;. If this is possible, motion of the system is restricted
to a level surface of h;. Such a constraint is said to be holonomic. By

choosing coordinates for the surface, configuration space methods can be

applied.

We assume that the row vectors wi(p), i=1,---,m are linearly inde-
pendent, i.e. these row vectors constitute n linearly independent smooth
covector fields defined on the configuration space; these covector fields
span a codistribution Q and the annihilator of the codistribution Q ,
denoted Q*, is spanned by (n — m) linearly independent smooth vector

fieldsg;, j=1,---,n~m, satisfying

wgi=0i=1,--,m j=1,-.-,n—m. (3.2)

17



Definition 1 [3] Consider the following nondecreasing sequence of lo-
cally defined distributions

N, =0t
N = Ni—y +span{[X,Y]| X € N\,Y E Ny}, k2 2.

There ezists an integer k* such that

N = Npe

for all k < k*. If dimN = n and k* > 1 then the constraints (3.1) are
called (completely) nonholonomic and the smallest (finite) number k* is

called the degree of nonholonomy.

In this thesis it is assumed that constraint equations (3.1) are completely
nonholonomic with nonholonomy degree k™. Note that for this to hold
(n — m) must be strictly greater than one. Note also that since the con-
straints are nonholonomic, there is in fact no explicit restriction on the

values of the configuration variables.

It will be convenient to convert problems with nonholonomic constraints
into steering problems for nonlinear control systems. Roughly speaking,
we would like to convert the constraint specification from describing the

directions in which the system cannot move to those in which it can. To



be more specific, let G(p) denote the n x (n — m) matrix function whose
columns are gy, +*,gn—m and J(p) denote the m x n matrix function

1

whose rows are w', .-+, w™. Then the equation (3.2) can be written as

J(p)G(p) =0,

that is, G(p) is the annihilator matrix of J(p). It is clear that admissible

velocities are those which are in the null space of J(p), i.e.

J(p)p=0,

or, equivalently, those which are in the range space of G(p). Conse-

quently, we have

p=Glo=3 g, (3.3)

i=1

for some u € R"~™, which is regarded as input vector. Note that equa-

tion (3.3) describes the kinematics of the system.

3.2 Controllability and Stabilizability

Results

Let p° and p? denote an arbitrary initial configuration and a desired
configuration respectively. The system (3.3) is said to be controllable if

there exists a T > 0 and an open-loop control ¢ -~ (p° p%¢). defined on

19
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[0,T], such that equation (3.3) satisfies p(0) = z° and p(T) = p°.

Controllability of the system can be characterized in terms of the Lie
algebra generated by the vector fields gi. Let C denote the smallest
subalgebra of vector fields (on the configuration space) that contains

91,°** y9n-m and let C denote the corresponding distribution:
Cl(p) = span{X(p) | X € C}

for any p in the configuration space. It is a well-known fact that if
dim C(p) = n for all points, then the system (3.3) is completely control-

lable.

The following result is obtained for wheeled mobile systems.

Theorem 1 Under the assumptions stated above, the nonholonomic wheeled

mobile system defined by equation (3.3) is controllable.

Proof 1 Since we have assumed that the system is (completely) non-
holonomic with nonholonomy degree k*, dimension of the space spanned

by the vector fields

{gt'u[gizsgl':]""'[giv’["'[gl'z’gﬁ]"']]’ z‘j =1,---,n—m, j= 1!"'vk.}



is n at any point p. This implies that dim C(p) = n for all p. Conse-

quently, the system (38.3) is controllable.

We next consider the stabilizability properties of the system (3.3). Let p?
denote a desired configuration. The system is said to be asymptotically
stabilizable to p? if there exists a feedback control p > u(p) that steers

any point in the neighborhood of p? to p¢.

The following negative result is obtained for wheeled mobile systems.

Theorem 2 Let p? denote a desired configuration. The nonholonomic

wheeled mobile system defined by equation (3.3), is not asymptotically

stabilizable to p* using time-invariant continuous feedback.

Proof 2 A necessary condition for the ezistence of time-invariant con-

tinuous feedback law for system (3.8) is that the tmage of the mapping
(p, u) — G(p)u

contains some neighborhood of zero [24], [5]. Let ey be a nonzero vector
which is linearly independent from 91(0), -+ ,gn—m(0). By continuity,
there is an € > 0 such that for all (p,u) with | plI< e, the vector G(p)u

is different for Aey in R. Therefore, the map

(P, u) — G(p)u

21



does not map the neighborhood [—¢,€]*"™™ of the origin in R2*~™ into
a neighborhood of the origin in R™. Thus, the necessary condition is not
satisfied. Hence, the system (3.3) cannot be asymptotically stabilized to

p° using a time-invariant continuous feedback law.

This negative result implies that for feedback stabilization of a desired
configuration one should restrict the study to the classes of feedback
controllers that are not continuous time-invariant. Clearly, traditional
methods are of no use. However, as in (3}, (4], [6], [16], [19), discontinuous
time-invariant feedback controllers or, as in [14], smooth time-varying

feedback controllers may be constructed.
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Chapter 4

NONHOLONOMIC
MOTION PLANNING

PROBLEM

4.1 Nonholonomic Motion Planning
Framework

Let p° and p? denote a pair of initial configuration and desired (goal)
configuration. The nonholonomic motion planning (NMP) problem is
-the problem of determining a motion (p(t), 5(t)) on an interval [0, ¢/], for
a given ¢, such that p(0) = p° and p(t;) = p?.
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Since the commonly-used mobile systems described by equation (3.3)
are nonholonomic, these wheeled mobile systems are controllable, as in-
dicated in the previous chapter. Clearly, complete controllability of these

systems implies the existence of solutions to the above control problem.

In general, the constraint equations for wheeled mobile systems are cyclic
in certain variables. This property guarantees the existence of local dif-
feomorphisms (coordinate changes) and feedback transformations under

which the equation (3.3) takes the form

p I
p= ! - u, (4.1)
P2 B(p)

which is referred to as “ Caplygin form ”. Here p = (p,, P2), ;y € R*~™
and p; € R™ denotes a partition of the position vector. I is the m x m
identity matrix and B(p;) is an m x (n — m) matrix function. As a
consequence, p; constitutes a reduced configuration space for the system
described by equation(4.1). This reduced configuration space is referred
to as the “ base space " in [19]. Throughout the thesis we refer to D1 as

the base (state) vector and p, as the fiber (state) vector.

Note that the motion in the base space is governed by (n—m) decoupled
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integrators and the governing equation for fiber vector is given by

P2 = B(p1)p (4.2)

The interpretation of equation (4.2) is that the nonholonomic constraints
constrain the rate of change of the fiber variables as the indicated func-
tion of the base variables and their rate of change; the integrated form
of equation (4.2) gives an expression for the change in the fiber variables

in terms of an integral involving only the base variables.

Consider equation (4.2). Assume that the base variables are controlled
in such a way that py(t), 0 < ¢, <t < t,, describes a closed path v in
the base space. Integrating both sides of equation (4.2) from t = ¢, to

t =3 and using the fact that dp, = p,dt, we obtain

pi(t2) —pi(th) = }5 B(p1)dp, . (4.3)

By the nonintegrability property, the above integral is in fact path de-

pendent. In differential geometry the quantity

a(y) = }i B(p1)dp, . (4.4)

is referred to as the geometric phase (or holonomy) of the closed path v.
This quantity depends only on the geometry of the closed path and is

independent of the speed at which the path is traversed. The geometric
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phase is reflected in the fact that traversing a closed path in the base
space yields a non-closed path in the full configuration space. A variety
of nonlinear control problems have been solved using ideas based on the

use of geometric phase concepts (3], [4], [19].

We now describe a constructive approach for obtaining a solution for
the NMP problem. For simplicity, a control strategy which transfers any

initial configuration to the zero configuration will be considered.

Let p°® = (p),p3) denote an initial configuration. We now describe two
steps involved in construction of a control strategy which transfers the

initial state to the origin.

o Step 1 : Bring the system to the origin of the p, base space, i.e.
find a control which transfers the initial state (p?, p3) to (0,p}) in a

finite time, for some pi.

o Step 2 : Traverse a closed path (or a series of closed paths) in the
P1 base space to produce a desired geometric phase (holonomy) in
the (p1,p2) configuration space, i.e. find a control which transfers

(0,p3) to (0,0).

Note that transferring the system to the origin in the base space and



tracking the prespecified closed path 4 can be accomplished trivially
since the base space equations constitute (n — m) decoupled integra-
tors. However, selection of a closed path 4 which produces the desired

geometric phase requires special consideration.

4.2 Geometric Phase Computations

The desired geometric phase condition is obtained by integrating equa-
tion (4.2) from ¢ = ¢, to t = t; and letting pa(t)) = p, pa(ty) = 0
as

-py= }i B(p)dp, , (4.5)
where 7 denotes a closed path (or concatenation of a series of closed
paths) beginning and ending at the origin in the base space. For several
specific examples, explicit characterization of a closed path v satisfying
the desired geometric phase equation (4.5) can be found in [19]. It has
been demonstrated that the NMP problem for a Caplygin system can be
reduced to the problem of finding a closed path in the base space which

satisfies the geometric phase condition [19).

We first describe the class of closed paths considered in this thesis. Let

a=(ay, *,8n—m) and b= (by,---,ba—m) denote two displacement vec-
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tors in the p; base space and let ¥(a,b) denote the closed path (in the
base space) formed by the line segments from p, = 0 to p; = a, from
pr=atopp=a+b fromp =a+btop =b, and from p, = b to
p1 = 0. In what follows, we consider choosing the closed path «, which

satisfies the geometric phase condition, from the parameterized family
{y(a,b) | a,b€ R*"™}.

Remark 1 In general, more than one closed path may be required to
produce the desired geometric phase; the results can be extended to such

cases as follows:

Let v*(a*,b*) o --- 0 y!(a',b!) denote a concatenation of k closed paths
parameterized by (a',b') € R*™ X R*™™, i=1,.--,k. Then it is clear

that the geometric phase is given by

k
3 $ 0y BlEvn:

i=1

In the subsequent development of this thesis, we demonstrate that such
characterization can be accomplished for a large class of wheeled mobile
systems including a car pulling n trailers. However, some problems may
_ -require a general computational approach. In the following, we derive re-

lationships between the geometric phase and the assumptions associated
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with the distribution defined by the constraints. We show that these
relationships can be utilized to approximately characterize the required

closed path.

Note that in the subsequent development I, denotes the set of indices

{1,...,7-}.

For a Caplygin system with nonholonomy degree k*, the tangent space to
the configuration space at a configuration p is spanned by the following

set of vector fields:

€; .
gj(P) = v JE€EInem ;

B;(p1) |

0 . .
[gj’gi] = v 4] €Inem ;
Hji(p1) |
iz [ois o3 - 1= | s Gy Gyttt ko2 € Inopm

8% ~H;i(p1)
OPripe_q9p1i,

where e; is the jth standard basis vector of R*™ and B; is the jth col-

umn,
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851;5?2 _ 85, 5(?)

Hji(m) = ) v 6,J €EInem ;

88..; - 8Bm i (El )
Op1; o

and
8‘”:-.'(1’1)
apli."'aplil
0" Hji(p1) oy ;
— LY 4,0yi1, ik €L, k€ iop .
6ph-k . apl,'l 1 L), ]
O*HR (p1)
L aPli,,"'aplil J

Proposition 1 Consider the normal form equations for a Caplygin sys-

tem. There ezist m points 5f , k € I,,, in the p,-base space such that
rank{H,,;,(5}) , k € Im, ix,jk € In-m} =m .
where H(py) denote m x m constant matriz with columns:

Hi'ljx (ﬁ{ 11T Himim (ﬁ’ln



We next show that the above result can be utilized to approximately
characterize a closed path, traversal of which gives a specified geometric

phase.

Let 3¥ , k € I,, be m points satisfying Proposition (1). Denote by
(5%, ck) a square closed path based at % (i.e. starting and ending at
%) and lying on the py;, — P1j, plane with size ¢;.. Let I'(p}, ¢k, zx) denote

a curve in the base space with the following three segments:

1. The first segment links p; = 0 to p; = pt.

2. The second segment traverses (5%, cx) 2 times, counter-clockwise

if 2, > 0 and clockwise if z;, < 0.

3. The last segment is the negative of the first segment, and this links

7% back to ¢; = 0.

Let a(pf, ¢k, 2x) denote the geometric phase of the path I'(7%, ¢k, z&). It

is clear that

a(ft, e 2e) = % || Ha (pr)dpsdpy,

where S denotes the area enclosed by v(p%, ci). Note that for sufficiently

small ¢, {ZH,,;(5%)+O(), k € I,} forms a basis of R™.
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By Taylor theorem, H,;, (p1) can be expressed as:

Hij(m) = H;(p) + Q%Q(Pu = Pu) + %‘;‘—q(}?u = Pj) .

i
where £ is some point in the neighborhood of P1. Using the fact that
o+ SR Hy(py)dpudpyj = Hij(By)e? + 3 (R 4 Wildye3
where 5, is some point in the base space, we obtain
ke “ e 1
Q(Plack» zlc) = Z(Hun(m)c;fzk + E‘Dfljk (ﬁl)czzk) ’
k=1

o OHij (Br) , 8Hi ;. ($1) .
where D,;, (f1) = —gt=- + “ome— for all i, ji € Im

In matrix notation the above expression can be written as:
B TR Ty
a=H(p)C + ED(pl)C z
where D(p;) denote m x m matrix function with columns

Dijy(m),+ -+ Dijn (21)

and

C = Diag(cy,--+,cm)
:=(zh...,zm)’ezm

where Z is the set of integers.
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Let S = C?z. We now describe a method to obtain a control that steers
%,p3) to (0,0) with any arbitrary prescribed error e. We will use the

norm || r ||, = max; | z; | for any vector z.
e Step 1 : steer the system from (p}, ¢3) to (0, p3) for some pl. Set
i =—pi ,i=1, and go to step 2.

o Step 2: compute S’ = H~(5;)a’ and select zi, ¢} as in Remark (2)
below. Then traverse [¥(p}, ¢f, 2{),--- ,[¥(pP, &i,, z1.). Let (0, pi+!)

be the resulting point and let a'+! = —pit!,

o Step 3: if || a™*! ||, < e stop. Else i : i+ 1 and go to step 2.

Remark 2 Note that at the i* step traversing I'(5%,cl,zi) , k =
1,---,m , yields:
i i — V2,0 1 L v ing i
i =Py + HE)(CPZ + 5D(51)(C)
and if we choose
(€Y' = -H ' (By)ph
then
i 1. i
I 25" llos < 3%mCmaztml| P2 lloo »
where

dp = n},?xm?xz | Dij(p1) |,
J



b = m?.xZ[Hgl(ﬁl)] ,
i

c:',m:mjaxlc;'-l .

Selecting

P

o = Cmex =
yields

i 1,
" p2+l "oo S —" Ps "co )
which implies
i 1oy
172 llee < 511 P2 o -

Note that with the above choice, we reach || pp ||oo< € in k > log, _z_m."”:"

steps.

We can compute a set of parameters z} and ¢, as follows:

n

Sk
CEr)

where Z(a) denotes the integer which is closest to a and which satisfies
| Z(a) |2] a].
Then, it is clear that ¢ = % , will be a solution to our problem. Note

that in the above sign Z = signSi .
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4.3 Open-Loop Approach

Open-loop approach seek to find a bounded sequence of control inputs
steering the mobile robot from any initial position to any other arbitrary
configuration i.e. solving Motion Planning Problem. This approach is
based on determining a motion p(t) on an interval [0,/], such that p(t)
satisfies the equation (3.3), with p(0) = p°, p(ty) = p?, for some open

loop control function

t— u(t) = (u1(t), , Un-m(t))

We now describe an open loop controller construction to transfer p° to
the origin in time exactly ¢;, where t; > 0 is arbitrary. Let p| and p

denote two points in the p; base space and let

U, (P, Y, ) = 7;((2’}: :f"l)) sin (7(;(: : tt:))) e

denote an open loop control function defined on [t',#"],0 < t' < ¢".

For step 1, the following open loop control function

u[O.l;)(P?, 01t) = -%:%sin (’;—:) , (47)

35



transfers the system from (p}, p3) to (0, p}) for some p.

For step 2, Suppose, for notational simplicity, that the desired geometric
phase condition (4.5) is satisfied by a single closed path ¥(a, b). Then

the open loop controller defined as the concatenation of

- o (m(e=t
U (0:6,8) = iy sin (FE5)
br -t
Uats) (3,0 +b,t) = gl sin (R (4.8)
Upey 1) (@ + b, b, 1) = — 9% _ gip (Xlé=ts)
(t3:20) 19 = T -] S\ =) )

- bx . t—t,)
Uftasty) (6,0,2) = T 3(ta—t;) SIB (&/-t:))

transfers the system from (0, pl) to (0,0). Here we have used a partition

0 <1t <t; <t3 <ty <t; of the time interval [0,¢/].

Combining the open loop controls (4.7)-(4.8), we can describe an open

loop control as

u[l],tq) ' te [07 tl) ]

Ufeg,t3) 5 te [t11t2) '
(gt = s (4.9)

u[t;,h) ' te [t21 t3) [}

Upe, 1) 5t E [ta,ty) .
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It is clear that the constructed control (4.9) transfers any initial position
to the origin at time ¢;. The resulting motion is obtained by solving an
initial value problem using this control. This completes the solution of
the NMP problem. It is important to emphasize that the above con-
struction is based on a priori selection of a closed path consisting of four
straight line segments in the base space. Selection of such paths sim-
plifies computation of the controls; however other path selections could
be made. There are infinitely many choices for control functions which

accomplish the above strategy, and the total time required is arbitrary.

4.4 Closed-Loop Approach

Closed-loop approach consists of designing feedback controllers that asymp-

totically steers the nonholonomic wheeled-mobile system to the origin.
Although nonholonomic wheeled mobile systems are locally controllable,
there is no continuous time-invariant state feedback law which can lo-
cally stabilize this class of systems. However, a discontinuous feedback
approach developed in [3] for general Caplygin dynamic systems can be

utilized here for nonholonomic wheeled-mobile systems.

We now describe the ideas that are employed to construct such a feedback
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which does achieve the desired objective. This construction procedure is
essentially an implementation of the local asymptotic stabilization of the
previously described open-loop control in a (necessarily) discontinuous

state feedback form.

Now let m, denote the projection map =, : (p;,ps) —> (p1).- In order
to construct a feedback control algorithm to accomplish the previously
introduced two steps, we first define a feedback function U Pi(m,p) which

satisfies: for any m,p(to) there is t; > ¢ such that the unique solution of
= Upl.(”sp) '

satisfies 7,p(¢;) = p;". Note that the feedback function is parameterized
by the vector pj. Moreover, for each pj, there exists such a feedback

function. One such feedback function UPi(m,p) is given as

UP" (,p) = —=|py — py"|*sign(py - n),

where 0 < A < 1 is an arbitrary constant.

We specify the control algorithm, with values denoted by u", according

to the following construction, where p denotes the “current state” :
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Control algorithm for u" :

Step 0 : Choose (a*,b") to achieve the desired holonomy.

Step 1 : Set u* = U (w,p), until 7,p = a; then go to Step 2;

Step 2 : Set u* = U+ (m,p), until m,p = a* + b"; then go to Step 3;
Step 3 : Set u* = U¥ (,p), until 7,p = b"; then go to Step 4;

Step 4 : Set u* = U%(n,p), until m,p = 0; then go to Step 0;

We here assumed that the desired geometric phase can be obtained by
a single closed path. Clearly the above algorithm can be modified to
account for cases for which more than one closed path is required as we

show in Remark (1).

Note that the control algorithm is constructed by appropriate switchings
between members of the parameterized family of feedback functions. On
each cycle of the algorithm the particular functions selected depend on
the closed path parameters a®,b", computed in Step 0, to correct for

errors in ps.

-The control algorithm can be initialized in different ways. The most

natural is to begin with Step 4 since u* in that step does not depend on



the closed path parameters; however, many other initializations of the

control algorithm are possible.

Justification that the constructed control algorithm asymptotically sta-
bilizes the origin follows as a consequence of the construction procedure:
that switching between feedback functions guarantees that the proper
closed path (or a sequence of closed paths) is traversed in the base space

so that the origin is necessarily reached in a finite time.

It is important to emphasize that the above construction is based on the
a priori selection of simply parameterized closed paths in the base space.
The above selection simplifies the tracking problem in the base space,
but other path selections could be made and they would, of course, lead

to a different feedback strategy from that proposed above.
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Chapter 5

APPLICATIONS

5.1 Motion Planning for a Synchro-Drive

Car

Consider a synchro-drive car with two driving wheels mounted on the
same axis, controlled independently, plus one free wheel as shown in Fig-
ure 5.1. The position of the wheel axis center is denoted by (z,y), the

car orientation is denoted by 8.

Note that motion of the vehicle is subject to the scalar nonholonomic
constraint:
Zsinf —gcosf=0. (5.1)
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This constraint simply states that the vehicle can only move in the di-

rection normal to the axis of the driving wheels [23].

The kinematic equations can be written as

T =wvcosf ,
y=vsinf, (5.2)
b=w,
where the control variables v and w denote the tangent and angular
velocities, respectively, and are related to the wheel velocities in the

following manner :

v 0.5 0.5 VR
= , (5.3)
w 0.5/d -0.5/d v

where v, and vz denote the tangent velocities of left and right driving

wheels, respectively, and d equals half the distance between the wheels.

Remark 3 Note that the conditions v = rq.SR and vy = rq.hL, where r is
the radius of each of the wheels and ¢g, ¢, are rolling angular velocities
of the right and left wheels, respectively, guarantee that the two wheels roll
without slipping. That is. the following two nonholonomic constraints are
also satisfied:

£cosl + ysind +df = rog ,
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tcosd + ysinf — df = réy .

Thus, if the vehicle is controlled in a way that

: v+ dw
¢R—' " ’
. - dw
¢L=v ]

r

then the vehicle will move in the direction normal to the azis of the

driving wheels while the wheels roll without slipping.

The coordinate change

m=z,
T2 = tané , (5.4)
m=y,

transforms the kinematic equations into to the Caplygin form:

m=u,
7.’2 =Uz, (55)
s = U
where
u; = vcosd ,

(5.6)

Uy = wsec?d .

Consequently, we obtain a system with base space (m,n2).

The following conclusions are based on the analysis of the above equa-

tions.
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Proposition 2 Let 7° = (0%, 72%,73°) denote a desired configuration.

The following properties are true for the synchro-drive car kinematics:
1. The system is completely controllable since the space spanned by the
vector fields
91 ,92,[0,9)
has dimension 3 at any configuration,

2. There is no time-invariant continuous feedback which asymptotically
stabilizes n°,
3. There is a time-invariant discontinuos feedback which asymptoti-

cally stabilizes n°.

Consider the problem of transferring the system from (n?, 73, 73) to the
origin (0,0,0). Clearly, the system can be transformed from (7, 73, n3)
to (0,0,73) in arbitrary time ¢, for some (73). Let ¥'(a,b) denote a

rectangular closed path with corner points
{(0,0),(a,0),(a,b),(0,5)} ,
By evaluating the integral in (4.5) in closed form we obtain
m = —ab - (5.7)

We just choose @ and b arbitrary but different than zero to characterize

the closed path 7 which solves the desired geometric phase condition.



Then, the open-loop controller or the discontinuous feedback algorithm

developed previously achieves the goal.

We present a representative simulation example, transferring the initial
position (29, 3°,6% = (0, 1,0) to the origin using the open-loop approach.
The time responses for z, y, § are shown in Figure 5.2. The time responses
for the.input driving velocity v and the input steering velocity w are
shown in Figure 5.3. In Figure 5.4 the configuration of the Synchro-
drive car is shown for a sequence of time instants. The car path is shown

in Figure 5.5. Figure 5.6 illustrates the motion in the base space.
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Figure 5.1: The synchro-drive car.
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Figure 5.2: Time responses for configuration variables of the synchro-drive car.
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Figure 5.3: Control inputs of the synchro-drive car.
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Figure 5.4: Configurations of the synchro-drive car.
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Figure 5.5: Path of the synchro-drive car.
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Figure 5.6: Motion in base space for the synchro-drive car.
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5.2 Motion Planning for a Front-Wheel-

Drive Car

Consider a front-wheel-drive car with two front-driving-and-steering-
wheels and two rear wheels constrained to roll without slipping as shown

in Figure 5.7.

Note the motion of the car is subjected to the following two nonholonomic

constraints:
zsinf ~ ycosd =0,
(5.8)
itang —d(fcosd) =0.
The kinematic equations can be written as
I = ygcosh
Y =1vgsinf ,
(5.9)

6 = (vo/d)tan ¢ ,

o=w,
where v is the rear axle velocity related to the driving velocity v by
v = vpseco, w denote the steering velocity, 6 denotes the orientation

of the car with respect to a line parallel to the z axis and ¢ denotes the
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orientation of the front wheel with respect the car.

As shown by Tilbury, Murray and Sastry [22], the coordinate change

HA=T,
22 = (1/d)tan ¢sec3 @ ,

(5.10)
z3=tané,

U=y,
transforms the kinematic equations into chain form:
H=u,
=g,
(5.11)

33 = 2u ,

24 = 23Uy .

Using a new coordinate change given by:

(5.12)

M =24—2123,

the kinematic equations can be locally described in the following Caply-
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gin form:
h=1u,
1.}2 =1u2,
(5.13)
7.73 = ey, ,
N = =M ,
where
u; =vcosfcoso,
(5.14)

up = (3v/d?) sin @ sec* § sin ptan ¢ + (w/d) sec®Isec? ¢ .

Consequently, we obtain a system with base space (n;, 7).

The following conclusions are based on the analysis of the above equa-

tions.

Proposition 3 Let n°* = (m°, 7%, 1% 74°) denote a desired configura-
tion. The following properties are true for the front-wheel-drive car kine-

matics:

1. The system is completely controllable since the space spanned by the

vector fields
g1 .92 s[gl’g2] ,[[91,92]-.91]
has dimension 4 at any configuration,

2. There is no time-invariant continuous feedback which asymptotically

stabilizes n¢,
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3. There is a time-invariant discontinuos feedback which asymptoti-

cally stabilizes n°.

Consider the problem of transferring the system from (n¢,n2,73,79) to
the origin (0,0,0,0). Clearly, the system can be transferred from
(n}, 73,7, 73) to (0,0,73,7§) in arbitrary time ¢, for some (n},n}). Let

~! and 4* denote two rectangular closed paths with corner points
{(0,0), (a;,0), (ai, b:), (0,)}, i = 1,2,

and let v denote their concatenation. By evaluating the integral in (4.5)

in closed form we obtain

—

- —Q2 bl (_ 15)
= . 9.

1 1
+§a§ +ﬁa§ by

S

=

We just choose (a;, a;) with a; # ap and then solve the resulting linear
equations for (b, by), thereby characterizing a closed path 4 which solves
the desired geometric phase condition. Then, the open loop controller
or the discontinuous feedback algorithm defined previously achieves the

goal.

We present a representative simulation example, transferring the initial
position (z°,3°,6°, ¢°) = (0,1,0,0) to the origin using the open-loop ap-

proach. The time responses for z,y,8, ¢ are shown in Figure 5.8. The
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time responses for the input driving velocity v and the input steering
velocity w are shown in Figure 5.9. In Figure 5.10 the configuration of
the car is shown for a sequence of time instants. The car path is shown

in Figure 5.11. Figure 5.12 illustrates the motion in the base space.



Figure 5.7: The front-wheel-drive car.
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Figure 5.8: Time responses for configuration variables of the front-wheel-drive car.
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Figure 5.9: Control inputs of the front-wheel-drive car.
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Figure 5.10: Configurations of the front-wheel-drive car.
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Figure 5.11: Path of the front-wheel-drive car.
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Figure 5.12: Motion in base space for the front-wheel-drive car.
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5.3 Motion Planning for a Car Pulling n

Trailers

Consider a car with n trailers as shown in Figure 5.13. The hitch of
trailer ¢ is attached to the center of the rear axle of trailer i — 1. The
wheels are aligned with the body of the trailer. The positive parameters
do.dy,--,d, denote the lengths of the wheelbases. The two control
inputs are the driving velocity v and the steering velocity w of the front
wheels of the car. The constraints are based on allowing the wheels
to roll and spin without slipping. For steering the front wheels of the
car, the derivation is simplified by assuming them as a single wheel at
the midpoint of the axle. As displayed in Figure 5.13, we denote by P
the midpoint of the wheel axle of trailer i and by (z;,) its cartesian

coordinates. Consequently, fori = 1,-.-,n, we have:

Ii =Tg— 2'= d,' COSG,‘ y
7=t (5.16)

Yi = Yo — Tioy disind; .

The nonholonomic constraints arise from the fact that the wheels of the
car and trailers are constrained to roll without slipping which implies

that the velocity of each body in the direction perpendicular to its wheel
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must be zero. The constraint for the n** trailer is given by

Z,sinb, — Yyocosd, =0. (5.17)

To obtain the constraint for the other trailers, let v; denote the velocity
of the i* trailer. Figure 5.14 shows that the direction of vi41 is along

the direction of the hitch joining the (i 4 1)* trailer to i* trailer so that
Vig1 = COS(9§+1 - 0,')‘0.' . (518)
Note that the velocity of the i* trailer is given by

Vi = i?,' cos 0.' + g},— sin 0,' . (5'19)

It can be shown that if the i** trailer rolls without slipping then we must

have

d,'é,- COS(a,' - 0,‘_1) + v sin(o,- - 0,'_1) =0, (5.20)

for i = 1,.-.,n. The n constraint equations for the n trailers are given
by the above expressions (5.20) and the two constraint equations for the

car can be written as

Zosinfy — ygcosfy =0,

Totangd — doéo cosfp=0.
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The relations (5.16) constitute 2n holonomic constraints and hence the
dimension of the configuration space is n +4. Since the positions (z;, y;)
for ¢ > 1 can be expressed in terms of zg, yo, 0, - - - , 8;. By symmetry,(z;, ¥;)
for i < n can also be expressed in terms of Z.,yy,0n,0n-1,:"-,8;. Fol-
lowing [22], we consider (Zn,¥n, 0,001, ,00,¢) € RZ x (S!)**+2 as the

state. Consequently, the system kinematic equations are given as:

Tp = v, cosb, ,

Yn = U, siné,

8 = (vn/dy) tan(8n_y —6,) ,

0; = (va/di) [T0—iy seC(0j1 — 6) tan(Biy — 6;) , i=n—1,---,1,
bp = (vn/do) I1}-, sec(fj-1 ~ 6;) tan o ,

d=w,
(5.22)

where v, is the n* trailer velocity related to the driving velocity v of
the car by v = v, [T7., sec(fi—1 — 6;) sec ¢, w denote the steering velocity,
f; denotes the orientation of the i*# trailer with respect to a line parallel
to the z axis, 8y denotes the orientation of the car with respect to a line
parallel to the = axis and ¢ denotes the orientation of the front wheel

with respect to the car.
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As shown in [22], the coordinate change

21 =2

Zn+4 = Yn

Zn+3 = tané, (5.23)
Zny2 = (1/d,) tan(B,—; — 6,)sec? 4, ,

2i = Zi41/(vncosl,), i=n+1,---,2,

transforms the above kinematic equations into the chain form:

=y,
9 = Ug , (5.24)
~l=‘:l—1u'l$z_31. 1n+41
where
uy = v, cosb, ,
(5.25)
Ug = 52 .
Using a new coordinate change given by
m=zz,

- 1)i=3 -
i—~t+2;_§!((,_).,)l "i J~J9 i=3,---,n+4,

the kinematic equations can be locally described in the following Caply-



gin form:
ﬁl =4,
7.’2 = Uy, (5.27)
. (_126-3 i=3

W= "GoarM U1, i=3,---,n+4.

Consequently, we obtain a system with base space (n;, 7).

The following conclusions are based on the analysis of the above equa-

tions.

Proposition 4 Let 7° = (q° m%, -+, Mnss) denote a desired configu-
ration. The following properties are true for the front-wheel-drive car

kinematics:

1. The system is completely controllable since the space spanned by the

vector fields

9,92 ’[,glvg2] I 9qu9[glv"' 7[.91192]"’]1

lcngthv =n+2

has dimension n + 4 at any configuration,

2. There is no time-invariant continuous feedback which asymptotically

stabilizes n°,

‘3. There is a time-invariant discontinuos feedback which asymptoti-

cally stabilizes n°.
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Consider the problem of transferring the system from (1,73, - -,78,,) to
(0,0,-- - ,0). Clearly, the system can be transformed from (n},73,- -+, 70,4
to (0,0,73,--+,n},,) in arbitrary time t; for some (73,--+,75.,). Let

A1,-++,4"*2 denote n + 2 rectangular closed paths with corner points

{(0,0)7(0'1'70)1(ai,bi)a(ovbi)L t= la"‘ ' +2 ’

and let -y denote their concatenation. By evaluating the integral in (4.5)

in closed form we obtain

- n . _ 1
77:13 —al —a2 cee _an+2 bl
s +ha?  +jet o ik, || b
1 (=1)°+2 49 (=1)"*+? 49 (=1)"*+2 40
| Tava | | 4R h meaT 02 T Tmen Ond2 || a2 ]
(5.28)

Let A(a) denote the (n +2) x (n + 2) matrix in the above equation. It

can be shown that

n+2 (—1)"

det A(a) = (]] o ar)([ (e — a5))
k=1 i>j
which is nonzero provided that a;, - - , @n42 are nonzero and distinct real

numbers. Thus we just choose (ay,- -+, @n42) With a; # a; #0, foralli,j
and then solve the resulting linear equations for (b, - - ,bn42), thereby
characterizing a closed path v which solves the desired geometric phase

condition.
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We present a representative simulation example for a car pulling one
trailer. For this example, the configuration space is (z1,¥1,01,00,9))- We
consider transferring the initial position (29,19,69,63,¢°) = (0,2,0,0, 0)
to the origin. The time responses of the configuration variables z1, 41, 61,00,
¢ are shown in Figure 5.15. The time responses for the input driving
velocity v and the input steering velocity w are shown in Figure 5.16. In
Figure 5.17 the configuration of the car is shown for a sequence of time
instants. The trailer path is shown in Figure 5.18. Figure 5.19 illustrates

the motion in the base space.
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Figure 5.13: The car with n trailers.
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Figure 5.14: The definitions of the angles and the velocities of the i** trailer.
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Figure 5.15: Time responses for configuration variables of the car with a trailer.
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Figure 5.16: Control inputs of the car with a trailer.
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Figure 5.17: Configurations of the car with a trailer.
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Figure 5.18: Path of the trailer.
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Figure 5.19: Motion in base space for the car with a trailer .
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Chapter 6

CONCLUSIONS AND

FUTURE RESEARCH

6.1 Conclusions

We have studied control issues for wheeled mobile systems and we have
derived a number of fundamental results. Although nonholonomic wheeled
mobile systems are completely controllable, they cannot be asymptoti-
cally stabilized to a desired configuration using time-invariant continuous
feedback control. A nonholonomic motion planning approach using geo-
metric phases has been presented.It has been demonstrated that the ap-

proach constitutes an analytical method for the motion planning problem



associated with a large class of wheeled mobile systems. In particular,
a closed-form solution to the well-known multi-trailer problem has been
presented. Results have been illustrated through simulations of three
examples:a synchro-drive car, a front-wheel drive car and a car pulling

a trailer.

We also present a computational approach for the geometric phase of
wheeled-mobile systems in Caplygin form. This study should provide
a useful framework for those interested in the design, modeling, and
control of mobile robots. Our general approach can easily be applied to

any wheeled-mobile system.
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6.2 Future Research

In this thesis we have considered only the kinematics of wheeled-mobile
systems. Future research considers control representations necessarily
include nontrivial drift vector fields i.e., considers the dynamic relations

to describe such systems.

We have considered discontinuous state feedback controllers for asymp-
totic stabilization. Future research includes using smooth time-varying
feedback controllers as an alternative by extending Pomet’s [14] results

to wheeled mobile systems.

In this thesis we have not considered optimality issues. It would be nat-
ural, for instance, to formulate an optimal motion planning problem for
nonholonomic wheeled mobile systems considered in this thesis. Such
a formulation would include specification of a performance measure for
the motion and it could also include specification of limits on velocities,

accelerations, and control inputs.

In this thesis we have not considered obstacle avoidance problem in gen-

erating a trajectory for mobile systems. Such problems would, no doubt,
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represent a substantial challenge; the result of this thesis can be viewed

as a necessary background for future work in this direction.
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Nomenclature

distribution

codistribution

vector field

covector field

Lie bracket of 7; and 7
Kronecker delta
configuration vector

base vector

fiber vector

n X (n — m) matrix function
columns of matrix function G(p)
m X n matrix function
nonholonomy degree

control inputs

time

m X (n — m) matrix function
feedback functions

closed path
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geometric phase

size of the closed path

critical size of the close path
configuration variables for chain form

configuration variables for Caplygin form
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