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Chapter 1

Introduction

Adaptive systems are playing a vital role in the development of modern commu-
nications. The concept of adaptive filtering constitutes an important part of the
statistical signal processing. Whenever there is a requirement to process signals
that result from an unknown statistics of an environment, the use of an adaptive
filter offers an attractive solution to the problem. Also, adaptive systems proved to
be extremely effective in achieving high efficiency, high quality and high reliability
of around-the-world ubiquitous telecommunication services. Thus, adaptive filters
are successfully applied in such diverse fields as equalization [1], noise cancellation

2], linear prediction [3] and in system identification [4, 5].

The two most widely used algorithms for adaptive filters are the Least Mean Squares

(LMS) [5, 6] and the Recursive Least Squares (RLS) [5] algorithms.



The RLS algorithm updates the inverse of the L x L covarience matrix (L is the
length of the filter), therefore, its computational complexity amounts to O(L?) op-
erations. To reduce the computational complexity of the RLS algorithms, some
fast versions of the RLS (FRLS) algorithms have been developed, namely, the Fast
Kalman [7], Fast a posteriori Error Sequential Technique(FAEST) [8], and Fast
Transversal Filter(FTF) [9], which reduces the order of the complexity to O(L).
Practical use of the fast RLS algorithms in the real time applications has been pre-
vented in the past because of the divergence due to numerical error accumulation
in the prediction parameters. Efficient stabilization techniques with limited addi-
tional complexity that prevent numerical divergence without performance degrada-

tion have been proposed in [10, 11].

The LMS algorithm provides a solution to the optimal Weiner Filter criterion mini-
mizing the mean square value of the error in a stochastic approximation sense. LMS
belongs to the gradient type algorithmic schemes, thus inheriting their low compu-
tational complexity i.e. O(L) operations, and their slow convergence, especially on
highly correlated signals like speech. Hence, to whiten the input signal, one method
is the projection algorithm or the affine projection algorithm [12], or the Normalized

LMS algorithm [13].

There are many other algorithms derived from the LMS algorithm such as sign

LMS (4], Leaky LMS [14] and Block LMS [15] algorithms just to name a few.



Another approach to improve the performance of the LMS is by employing a time
varying step size in the standard LMS [16, 17]. This is based on using large step size
when the algorithm is far from the optimal solution, thus speeding up the conver-
gence rate, and when the algorithm is near the optimum, small step size is used to
achieve a low level of misadjustment, thus achieving a better overall performance.
This can be obtained by adjusting the step size in accordance to some criterion. Sev-
eral criteria have been used, such as squared instantaneous error [16], sign changes
of successive samples of the gradient [18], attempting to reduce the squared error at
each instant [19], cross correlation of input and error [17]. In [20], 2 new variable
step size LMS algorithm was proposed in which step size is adjusted according to

the square of the time averaged estimate of the correlation of the error.

The Least Mean Fourth (LMF') algorithm, another member of the steepest descent
algorithm with 4th error norm was suggested in [21], is a special case of the more
general family of steepest decent algorithms [5] with 2k error norms, where & is a
positive integer. While the LMS algorithm is well established in adaptive filtering,

the LMF algorithm has recently gained attention [22, 23, 24].

LMS and LMF algorithms have some advantages and disadvantages. Recently, the
utilization of the weighted sum of the two algorithms was proposed to combine the

advantages of both in the mixed-norm adaptive filtering [25] in which the mixing



parameter is fixed. Recently, in [26], a variable weight mixed norm LMS-LMF adap-
tive algorithm is proposed in which a self adapting time variable weighting factor is
used that emphasizes the LMF algorithm when the coefficient vector is away from
the optimal value and conversely emphasizes the LMS algorithm when it is close to
the optimum. But due its reliance on the LMS and LMF, this algorithm is affected
by the eigenvalue spread of the auto correlation matrix of the input signal. To over-
come this problem, a normalized version of this algorithm is proposed in this work
as was in the case of the LMS algorithm, that is the NLMS algorithm. But before

this work is presented, let’s review some of the background.

1.1 Adaptive Filters

When the filter is linear and all the pertinent statistics are known, the solution can
be obtained from the Wiener filter [5], which is optimum in the mean-square sense.
However, when the filter is required to operate in an environment of unknown statis-
tics or a non stationary environment, an adaptive filter provides an elegant solution
to such problems. Adaptive filters are generally defined as filters whose characteris-
tics can be modified to achieve desired objectives and accomplish this modification

or adaptation automatically without user intervention.

The adaptive filter relies on a recursive algorithm for its operation, which makes

it possible for the filter to perform satisfactorily in an environment where complete



knowledge of the relevant signal characteristics is not available. The algorithm starts
from some predetermined set of initial conditions, representing complete ignorance
about the environment. In a stationary environment, after successive iterations, the

algorithm tries to converge to the optimum Wiener solution in some statistical sense.

There are different ways of classifying adaptive filters, depending on the feature
of interest. When the feature of interest is input-output mapping, adaptive filters
can be classified into two main groups: linear and nonlinear. Linear adaptive filters
compute an estimate of the desired response by using a linear combination of the
available set of the observables applied to the input. This form of input-output
mapping satisfied by having a single layer of computational units or simply a single
computational unit as the output layer. On the other hand, when the input-output
mapping is required to be nonlinear, we need to use nonlinear adaptive filter. Typi-
cally, nonlinear adaptive filters involve the use of one or more layers of computational

units in addition to the output layer [5].

1.2 Applications Of Adaptive Filters

Adaptive filtering has a number of applications in different fields. Although these
applications are indeed quite different in nature, nevertheless, they have one basic
common feature: an input signal and a desired response to compute the error,

which is in turn used to control the values of a set of adjustable filter coefficients.



However, the main difference among the various applications is the manner in which
the desired response is extracted. On this basis, adaptive filters are classified into

the following four categories:

1.2.1 Inverse Modeling or Equalization

In this application, the adaptive filter is used to provide an inverse model that
represents the best fit to the unknown system. Thus, at convergence, the inverse of
the transfer function of the unknown system is approximated by the adaptive filter.
A delay is introduced into the desired response path as shown in Figure 1.1, so as
to ensure that the input to the adaptive filter is minimum phase and suitable for

equalization. The primary use of the inverse modeling is for reducing the intersymbol

Delay
xn
—_—
/ +
Unknown Adaptive
System Filter

/

Figure 1.1: Inverse Modeling Scenario.

interference (ISI) in digital receivers. This is achieved through the use of channel

equalization for digital communications [1].



1.2.2 Prediction

In this application, the adaptive filter is used to provide the best prediction of
the present value of the input signal from its previous values. The configuration
shown in Figure 1.2 is used for this purpose, where the desired signal, 4,, is the
instantaneous value and the input to the adaptive filter is the delayed version of the

same signal. This application is used in linear predictive coding (LPC) of speech [3]

xn
Adaptive - < j )
Delay Filter e
/ yn n

Figure 1.2: Prediction Scenario.

and in adaptive differential pulse-code modulation (DPCM) [27].

1.2.3 Noise Cancellation

In this class of applications, the adaptive filter is used to cancel unknown interfer-
ence contained in a primary signal, as shown in Figure 1.3. The primary signal

serves as the desired response of the adaptive filter. This type of application is



used in adaptive noise cancellation (2], or adaptive beamforming or adaptive array

processing [28].

Primary Signal

X Adaptive

Filter

Figure 1.3: Noise Cancellation Scenario.

1.2.4 System Identification

System Identification is the experimental approach to the modeling of a process
or a plant. It involves the following steps: experimental planning, the selection of
a model structure, parameter estimation and model validation. The procedure of
system identification, as pursued in practice, is iterative in nature in that we may
have to go back and forth in these steps until a satisfactory model is built. The
system to be identified is unknown which can be stationary or time varying. Figure

1.4 depicts the system identification scenario.

Now we will discuss briefly the idea of adaptive filtering algorithms for estimat-



Unknown
System

/
Adaptive
Filter

/

Figure 1.4: System Identification Scenario.

ing the parameters of an unknown system modeled as a transversal filter. Suppose
that we have an unknown dynamic system that is linear and time varying. The
system is characterized by a real valued set of discrete time measurements that de-
scribe the variations of the system output in response to a known stationary input.
The requirement is to develop an on-line transversal filter model for this plant. The
model consists of finite number of unit delay elements and a corresponding set; of
adj.ustable parameters (tap weights). Let the available input sequence at time n
be denoted by the set of samples: z,,Z,_1...T,_pr41, Where M is the number of
adjustable parameters in the model. The input sequence is applied simultaneously
to the system and the model. Let their respective outputs be denoted by d, and
Yn- The system output d, serves as the purpose of desired response for the adaptive

filtering algorithm employed to adjust the model parameters. The model output is
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given by
M-1
Yo = D WnTn_k. (1.1)
K=0

where Won, Win, ...WM—-1)n are the estimated model parameters at the nth iteration.
The model output ¥, is compared with the system output d,. The difference between
them defines the modeling(estimation) error. Let this error be denoted by e, and

defined as follows:

en = dyn — Yn. (1.2)

Typically, at iteration n, the modeling error e, is nonzero, implying that the model
deviates from the system. In an attempt to account for this deviation, the er-
ror e, is applied to an adaptive control algorithm. The samples of the input se-
quence Tn,Tn-1...Tn—M+1, are also applied to the algorithm. The combination of
the transversal filter and the adaptive control algorithm constitutes the adaptive
filtering algorithm. The algorithm is designed to control the adjustment made in
the values of the model parameters. As a result, the model parameter assume a new
set of values for use in the next iteration. Thus, at iteration n + 1, a new model
output is computed, and with it a new value for the modeling error. The operation
described is then repeated. This process is continued for a sufficiently large number
of iterations (starting from n = 0), until the deviation of the model from the system,
measured by the magnitude of the modeling error e,, becomes sufficiently small in

a statistical sense.
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When the system is time varying, the system output is non-stationary, and so is the
desired response presented to the adaptive filtering algorithm. In such a situation,
the adaptive filter has the task of not only keeping the modeling error small but also

continually tracking the time variations in the dynamics of the system.

1.3 Adaptive Filtering Algorithms

An adaptive algorithm refers to the criteria by which a filter is adapted in response
to the outside environmen. Let w, be a vector of length L whose elements represent
a time-varying finite impulse response of the adaptive filter. A general form for the

algorithm that adapts the filter coefficient vector w,, is given by:

Wnt1 = Wy, + Q(Xn, €n, 11). (1.3)

where x, is the input sequence, e, is the adaptive error, and p denotes the algorithm -
step-size which may be time varying and @ is a function of all these quantities. In
general the adaptive algorithms can be classified into two main categories, the least

squares algorithms, and the least mean algorithms [29].

1.3.1 Least Squares Algorithms

Algorithms based on the method of least squares can be classified into three major

classes [5] as follows:

1. Recursive least squares (RLS) algorithm.
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2. QR-decomposition based recursive least squares algorithm (QRD-RLS).
3. Fast algorithms:

e Fast transversal filters algorithm (FTF),
e Recursive least squares lattice algorithm (LSL), and

e QR-decomposition based least squares lattice algorithm (QRD-LSL).

Among all the above mentioned adaptive least squares algorithm, the most popular

and widely used one is the RLS algorithm. Thus, only RLS is discussed here.

Recursive Least-Squares (RLS) Algorithm

In this class of algorithm, following is the minimization cost function:

Jn = Z/B(n,i)eiza (14)
i=1

where the sequence [, ;) represents a weighting function to gradually fade out the
effect of previous data and to make the finite dimension arithmetic possible [30].

One possible choice for f§(»s is the exponential weighting defined as [5]:
:B(n.i) = A" (15)

where A is a positive constant close to, but less than one [5]. The adaptation

algorithm should read [5]:

Wn+1 - Wn + kn+1a;+1 (1.6)
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where k, is the gain vector, while o, is the innovation. They are defined in [5] in

terms of the autocorrelation matrix, R, and the desired response d,, [5] as follows:

k. = R;'x,, (1.7)

an = d,—wi x,, (1.8)

‘The main advantage of the RLS algorithm is its faster convergence irrespective of
the input statistics. But the main problem with RLS algorithm is its computational

complexity.

1.3.2 Least Mean Algorithms

Instead of minimizing the time average of the error signal e, as in the RLS algo-
rithms, the least mean class of algorithms minimizes a statistical average of the
error, i.e., E[f(e,)] is a convex function of the filter coefficients w,. Thus, w, can

be adapted using the steepest-descent algorithm as follows:
Wnil = Wp — ,UVE[f(en)L (19)

where VE[f(e,)] represents the gradient of E[f(e,)] with respect to w,. Since, a
closed form of this gradient is not available, it is replaced by its stochastic approxi-

mation, i.e. VE[f(e,)], or equivalently by —Z{n)| « Thus, different least mean
den |g,

algorithms are obtained for each choice of function f(e,), some well known of them

are discussed here.
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Least Mean Square (LMS) Algorithm

If f(en) = [€2], the least mean squares (LMS) algorithm is obtained which is one of
the most popular algorithms in adaptive filtering. According to LMS algorithm, the

filter coefficients are adapted according to the following recursion:

Wil = Wy + lenXn, (1.10)

where the error signal e, is defined in (1.2), x, is the tap input vector, and w,
represents the tap weights of the adaptive filter. The parameter 4 is a positive con-
stant called step size which is used to control the size of the incremental correction

applied to the tap weights as we proceed from one iteration to the next.

The LMS algorithm is simple to implement and yet capable of achieving satisfac-
tory performance under the right conditions. Its major limitations are a relatively
slow rate of convergence and a sensitivity to variations in the condition number of
correlation matrix of the input signal; the condition number of a hermitian matrix
is defined as the ratio of its largest eigenvalue to its smallest eigenvalue.

In a non-stationary environment, the orientation of the error-performance surface
varies continuously with time. In this case, the LMS algorithm has the added task of
continually tracking the bottom of the error performance surface. Indeed, tracking
will occur provided that the input data varies slowly compared to the learning rate

of the LMS algorithm [5].
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Least Mean Fourth (LMF) Algorithm

This algorithm consists of minimizing the fourth power of the error. Infact, it is a
special case of the more general family of the steepest decent algorithms with 2k
error norms (5], where k is a positive integer, and its weight update equation is
defined as:

Wni1 = Wn, + 2ue3x,. (1.11)

The LMF algorithm has a faster convergence as compared to LMS but has higher
steady state error. The complexity of the LMF algorithm is more as compared to
the LMS algorithm because of the higher power of e, involved in the adaptation of

the weights.

Least Mean p-power Algorithm

Recently, other minimization criteria have emerged, in which adaptive structures

are derived from the minimization of a class of functions of the form [21]:
Jo=E[eE]; p>1 (1.12)

where p is an integer constant. It is seen from (1.12) that when p = 2, it is reduced

to the cost function of LMS algorithm while LMF when p = 4.
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Least Mean Mixed Norm (LMMN) Algorithm

It has been seen that the LMS algorithm can achieve the lower steady-state error
floor than the LMF algorithm but its convergence speed is slower. So, knowing the
fact that the convex addition of two convex function is also a convex function, a

class of mixed norm algorithm [25] was developed with the following cost function:
Jn = aE[e2] + (1 — a)E[el]. (1.13)

where o is the mixing parameter. The adaptation algorithm of (1.3.2) reduces to
the LMS algorithm and LMF algorithm, respectively, for @ = 1 and a = 0. Thus,

it represents the generalization of both the LMS and LMF algorithm.

1.4 Normalized LMS (NLMS) Adaptive Algorithm

The LMS algorithm performs badly with correlated input signal like speech signals.
The reason is that LMS algorithm is directly dependent on the input vector x,.
Therefore, when the eigen value spread of x,, is large, LMS algorithm experiences
a gradient noise amplification. In order to overcome this problem, in traditional
normalized LMS algorithm, the input signal is normalized by the input signal power.

Thus, the filter coefficients are adapted according to the following recursion [13]:

€nXn
Wni1 =Wn+Mm. (114)

Due to normalization, NLMS algorithm is made to have more stable behaviour for a

known range (0 < p < 2), less sensitive to the colored input signal (as the effect of the
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eigen value spread of the input vector is reduced) [31], and converges faster than the
LMS algorithm [31]. These facts gave us motivation to investigate the performance
when the time varying mixed norm LMS-LMF algorithm [26] is normalized. The
resulting algorithm, i.e., normalized time varying mixed norm LMS-LMF algorithm,

promises an impressive improvement over the conventional NLMS algorithm.

1.5 Thesis Objectives and Organization

In this thesis work, the normalized time varying mixed norm LMS-LMF algorithm
is proposed which minimizes a cost function defined as normalized weighted sum of
LMS and LMF cost functions where the weighting factor is time varying and adapts
itself so as to allow the algorithm to keep track of the variations in the environment.

"The four objectives of this thesis are: (1) To examine the convergence properties
of the proposed algorithm and to derive sufficient and necessary condition for the
convergence in the mean and to find weight error vector recursion in the mean square
sense. (2) To analyze the steady-state performance of the proposed algorithm and
to derive the expression for excess mean square error at the steady-state. (3) To
present the simulation scenario in support of the analytical analysis. (4) To do the
tracking analysis of the proposed algorithm in the presence of both randomly and
cyclicly varying nonstationarities.

Finally, the thesis is organized so as to achieve all the above mentioned objec-

tives respectively. In Chapter 2, the proposed algorithm is studied. In particular,
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the convergence analysis is carried out and necessary condition for the convergence
in the mean and the weight error vector recursion in the mean square sense are
derived. Also, the steady-state analysis is performed and the expression for excess
mean square error of the proposed algorithm at the steady-state is derived. A com-
parison of steady-state excess mean square error is carried out between proposed
and the conventional NLMS and NLMF algorithms.

'The tracking analysis of the proposed algorithm in the presence of both randomly
and cyclicly varying nonstationarities is presented in the chapter 3 and mathemat-
ical expressions are derived for steady state excess mean square error for N LMS,
NLMF and the proposed algorithms. These analytical results are then compared
with the experimental results.

In support of the mathematical analysis, in Chapter 4, simulation scenario is pre-
sented in different environment (Uniform and Gaussian) and the analytical results of
weight error recursion are compared with the experimental results. Finally, Thesis
conclusions, contributions and the recommendations for Future Work are presented

in Chapter 5.



Chapter 2

Proposed Normalized Time

Varying Mixed Norm LMS-LMF

Algorithm

2.1 Introduction

The least-mean squares (LMS) algorithm [6] is one of the most widely used adaptive
schemes. It has several desirable features and some limitations. As such, several
LMS-variants have been proposed that trade some of the LMS features for an en-
hanced performance in some of its limitations. Of particular importance is the class
of least-mean square algorithms that employ an error nonlinearity f(e,) instead of
the (linear) error term in LMS adaptation [32, 33, 34, 35]. Examples include the

sign-error algorithm [36], the least-mean fourth (LMF) algorithm and its family [21],

19
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and the least-mean mixed norm algorithm (37], all of which are intuitively motivated.
Table 2.1 defines f(e,) for many famous algorithms. Also, mentioned in Table 2.1
is f(en) = aen + (1 — a)e3 which is the error nonlinearity used in the mixed norm
LMS-LMF algorithm [37, 26] with a as the mixing parameter. This algorithm is
found to result in better performance than either the LMS or the LMF algorithms

in Gaussian and non-Gaussian environments [37, 26].

Algorithm f(en)
LMS én
e
NLMS -
[ xn |2
LMF e
NLMF e _
[l % ||2
LMMN | ae, + (1 — a)ed
Sign Error signle,]

Table 2.1: Examples for f(e,).

LMS and LMF algorithms have different convergence behavior and robustness
to noise statistics (gaussian versus non-gaussian noise) [21]. For example, the LMF
algorithm will clearly have a larger gradient driving it to converge faster when away
from the optimum (e > e2 for 2 > 1). However, the LMS will have more desirable

characteristics in the neighborhood of the optimum.
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Recently, the utilization of a weighted sum of the two performance measures was
proposed to combine the advantages of both in the mixed-norm adaptive algorithm
[25]. The mixed-norm LMS-LMF adaptive algorithm is defined by the following cost
function:

Jn = aE[e2] + (1 - @)E[el]. (2.1)

where the error is defined as

en = dy, — X2 W,. (2.2)

dn is the desired value, w, is the filter coeficient of the adaptive filter, x,, is the

input vector and &, is the additive noise, Figure 2.1 depicts this clearly.

Unknown

" System w

/
Adaptive
Filter

/

Figure 2.1: System Identification Scenario.

The algorithm defined in Equation (2.1) has a fixed mixing or weighting factor
that is predetermined by the designer and hence will be unable to track variations

in the environment. To overcome this difficulty, a time-variation in the weight
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parameters is proposed [26] and its cost function is defined as:
Jn = anE[e2] + (1 — ay,) Eel]. (2.3)

where ay, is the time varying mixing parameter which changes in accordance to the
square of the time averaged estimate of the auto correlation of the e, and €n-1, L.€.

it is updated as follows [20]:

Qny1 = Oa, + P2, (2.4)

Pn = Ppn-1+ (1~ Benen_y. (2.5)

where 6, 3, and « are constants. The parameters § and 3, confined to the interval
[0,1], are exponential weighting parameters that govern the averaging time constant,
Le., the quality of estimation, and v > 0. But due to reliance of this algorithm on
the LMS and LMF, it is affected by the eigenvalue spread of the auto correlation
matrix of the input signal. To overcome this problem, a normalized version of this
algorithm is proposed here which is called Normalized Time Varying Mixed Norm

LMS-LMF algorithm.

2.2 The Normalized Time Varying Mixed Norm

LMS-LMF Algorithm

Since LMS and LMF algorithms do not perform well when the input signal is col-

ored, i.e., the autocorrelation matrix of the input signal has a larger eigen value
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spread, therefore, the variable weight mixed norm LMS-LMF algorithm defined by
cost function (2.3), is also affected by the eigenvalue spread of the autocorrelation
matrix of the input signal. Thus, in the proposed algorithm normalization of the
input sequence is introduced into the time varying weighted sum of LMS and LMF

algorithm and are updated according to the following recursion:

Xn
I ||

Wnil = Wy + pilamen + 2(1 — ag)ed)

2.3 Convergence Analysis

The following assumptions which are quite similar to what is usually assumed in
literature and which can also be justified in several practical instances are used

during the convergence and steady-state analysis of the proposed algorithm:

A1l The input x, is a zero-mean, stationary, Gaussian process. Moreover, {x&, di}
- and {x,,d,} are uncorrelated for n # k, where n and k show different time
instants. This is commonly employed independence assumption [33, 38, 39]

and is seldom true in practice. However, analysis employing this assumption

have produced reliable results in the past.

A2 The noise &, is a zero-mean iid process, and is independent of the input process.

This assumption is justified in several practical examples.

A3 The mixing parameter o, is independent of both the input signal and the weight

error vector. This assumption can be justified by observing the equations
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(2.4) and (2.5). Since parameter <y is very small, the dependency of the mix-
ing parameter "a” on the input signal and the weight error vector is almost

negligible.

A4 The auto-correlation matrix R of the input vector x, is a diagonal matrix which
is given by R = ¢2I, where o2 is the variance of the input sequence x,. This
assumption is fairly restrictive but has been used [38] because of analytical
difficulty. Furthermore, the white data model is a valid representation in
many practical systems such as digital data transmission systems and analog
systems that are sampled at the Nyquist rate and adapted using discrete-time

algorithms.

Since x; and X, are uncorrelated for n # k, they are independent as well. Thus,
it can be shown that input sequence x, and the weight error vector v, that will
be defined later in Equation (2.7), are also independent. This assumption has been
used in [40].

In the next section, the convergence analysis of the proposed algorithm is carried

out using the above simplifying assumptions.

2.3.1 Convergence in the Mean

The weight update equation for the proposed algorithm is given by Equation 2.6. If
Wopt is the optimum value of the weight according to the Wiener solution i.e. exact

solution for the parameters of the actual system, then we can define weight error
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vector, v,, as follows:
Vn = Wn — Wop. (27)

Now subtracting w,,: from both sides of the Equation (2.6), we will get:

Xn
ENE

If the additive noise is represented by &,, then the error in the system identification

Va4l = Vp + ,u[a'nen + 2(1 - an)eﬁ] (28)

problem scenario which has been derived in Appendix A, can be written as:

en =&n — X Vn. (2.9)
Since, near the optimal solution, the term van is very small, we can use the fol-
lowing approximation:

(x2vn)® = XLV, (2.10)
Using the above approximation for e3 and substituting the values of e, and €3 into
Equation (2.8), we get:

Vol = Vp+ [;uangn - /J'O‘nxzvn +2u(1 - an)&i —6u(l - an)érzlxgvn

Xn
— .
Il %n |l

Now taking the expectation on both sides of the above equation and using the

+61(1 — an)8n (37 Va)? = 2u(1 = @) X7 Va)] (2.11)

assumptions mentioned earlier, we get:

Efvan] = (I- nE[an]E[” n”2]—6u(1 Elan])o? E[”" :‘ﬁz
~2u(1 - E[an])E[”x 3] Elva)
= {1- u(Elon] + 201 - Elon]) {302 + 1})
EHXT:ﬁ 1}E[val. (2.12)
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where o2 is the variance of the noise. The necessary condition for convergence in

the mean is represented by:

Il— (Blaw] +2(1 — Elon]){302 + 1} )tr{ E[ 22213 < 1 (2.13)

[ n”

Thus, the value of u is bounded in the range:

2
(Elon] +2(1 - Elaa)){302 + 1})tr{E[" X1

O<u<

Since, from [5] we have:

xI'x,

2
I % |

tr{E] I}~

Thus, the range of u is given by:

2

O<pu< (E[an] +2(1 - Ela]){302 + 1})

(2.14)

As it can be seen from 2.14 that u depends only on the mean value of the mixing
parameter and the variance of noise. It is also very clear from 2.14 that if o,, = 1
and o, = 0 are substituted, the bound on y for the NLMS and NLMF algorithm

will be obtained, respectively, which are given below:

0 < UNLMs < 2 (2.15)

and 0 < pnLmr< (2.16)

302 +1

These bounds are identical to those found in [41] and [42], respectively.
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2.3.2 Convergence in the Mean Square

The update equation for the weight error vector is given by:

XpXL
Vn+1 = {I - /J'[a'n- + 6(1 - an)£2] ” ”2 n
Now taking transpose of the weight error vector:
XnX2
VZI-'-]. = VZ;{I_/‘L[an +6(1 - a")EZJH “2
T
Hpifomén + 2(1 — )€Y —2 (2.18)

[ Xn Il

Post multiplying va41 by vZ 41 Eives the following:

VariVip = {vaVE — plan +6(1 — @) ]XTIX VTIV" HI = plan + 6(1 — ay,)€2]
XnX2 xT
+N[an€n +2(1 - Q) ]{I F‘[an +6(1 — an)é ] I % “2}” x. ”
+plomtn + 2(1 — an)€Y] o ” {1~ plan + 6(1  a,)€?) ”"""”2
27,2 02 21 o4 2yc6)_ XnXE
+u [ansn + 4(Oln - an)&n + 4(1 - 20, + an)fn](“THT)é'

Let K, = E[v,vI] be the weight error correlation matrix which can be shown to be
governed by the following recursion:
Knii = K~ p{Elo]+6(1 - Ela,))o {BK, + K,B}
+u*{ E[o2](1 - 1202 + 3665,
+12B[an](07, — 644) + 3644 }C
+1*{Elad](o2 — 404 +4¢5)

+4E[](¢7, — 245) + 465, }D. (2.20)

XnX2

2
Il %l

(2.19)
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where ¢, and ¢5 are fourth and sixth moments of the noise respectively. Terms B,

C, and D are defined as follows:

T
X, X
B = E[Xn 2.21
EN; 220
X, X% X, X%
C = B[ 2ov,vI I 2.22
o 2 500 P (2.22)
T
X, X
= E[—r% » (2.23
ENGE )

To simplify the analysis further, the following assumption is used which is suggested
in {5]:

T

n

Il % |l

XnX Ex,xT]

e P~ B

(2.24)

Therefore, we can find the values of B, C, and D with the help of above approxi-

mation and the assumption A4 described earlier as follows:

Xp X2 E[x,xT
B = Bl o Ebox]
. | xx |l Ef|| xa |I°]
= N (2.25)
where N is the size of filter.
Similarly,
XpXZ XnXL X XTI K X, %L
= E| ZVaVy, mika Bl e ] (2.26)
| xx || | % | E[(|] xn [I")?]

Since, it is assumed that the entries x, are zero mean and white Gaussian random
variables, therefore by using the "Gaussian Moment Factoring Theorem” (5, 43],

fourth order expectations can be expressed as a sum of products of second order
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expectation. Hence, we can express the numerator of the above expectation which

is derived in Appendix B in the following form:
ExnxIKnx,XT] = 202K, + otr{K, . (2.27)

Similarly, the expectation E[(|| x, ||%)?] is derived in Appendix C and its result is

given by:
E[(ll % 1% = No?. (2.28)
Thus, the value of C will be:
C= %{21(,1 +tr{K, ). (2.29)

and in the same way D is evaluated as:

n X2 Elx,xT]
D = F X z n
[I(II o N

=
No2

(2.30)

Thus, Equation (2.20) can be expressed in the following form and its detail is given

in Appendix D :
K1 =K, — pay[Ko] + pa2 2K, + tr{K, ] + u2asl, (2.31)
with

4 = %{E[an] +6(1 - Efan))o2}, (2.32)

ay = %{E[aﬁ](l — 1207 + 36¢%) + 12E[,] (02 — 601 + 3605}, (2.33)
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and

1
No?2

{Elaz) (ol — 463 + 40%) + 4E[on)(¢%, — 265) + 448}, (2.34)

as =

where E[a?], o2, ¢;, and ¢5, are the second moment of the mixing parameter, the
variance of the input sequence, the fourth moment of the noise and the sixth moment
of the noise, respegtively.

Now diagonalizing the weight error correlation matrix K, by using the unitary

transformation as follows:

G, = Q'K.qQ, (2.35)

where Q is the orthonormal matrix whose ¢ column is the eigenvector of K, asso-

ciated with the i** eigenvalue, that is
Q'Q=1, (2.36)
hence Equation (2.31) will look like the following:
Gni1 = Gy — pa1Gy, + p203[2G, + t7{G, }] + p2asl. (2.37)

The above equation shows that the mean square behaviour of the weight error
vector is dependent on the value of step-size u, size of the filter N, mean of the
mixing parameter E[o,], second moment of E[o?2], variance of the input sequence
o3, variance of the noise o2, fourth and sixth moment of the noise i.e. ¢% and ¢¢

respectively.
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2.4 Steady-State Analysis

In general the adaptation scheme defined in [13] can be set into the following form:

Wni1 = Wn + UX, f(n). (2.38)

where f(e,) denotes a general scalar function of the output estimation error e,. In

the case of the proposed algorithm, the error nonlinearity function f(e,) used is

{anen+2(l—an)ed }
fIxn |2

, With @, being the time varying mixing parameter.
In the steady-state analysis of an adaptive algorithm, an important measure is

its steady-state mean square error (MSE), which is defined as:

MSE = lim Ele}] (2.39)
= nh_,nc}o E{l&. — xqva]*}, (2.40)

Under the assumption A2 defined earlier, the MSE is given by:

MSE = o2 + Jim E{[xIv.]?}, (2.41)
which reduces to:
MSE =02 + lim tr{RK.}. (2.42)

where K,, = E[v,vI] denotes the covariance matrix of the weight error vector, v,,.
During the steady-state analysis, the feedback approach [44, 45] is used for evaluating
the MSE in a rather simpler way. The approach bypasses the need of directly using
the covariance matrix of the weight error vector, i.e., Equation 2.37. Moreover, the
feedback approach distinguish itself from earlier approaches in this respect as it does

it in a general context where all the linear-nonlinear functions, f(e,), are obtained.
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2.4.1 Fundamental Energy Relation

In this section the steady-state error analysis of the proposed algorithm is carried
out using the concept of the feedback approach. First let’s define the following
so-called a priori estimation error, e,, = van and a posteriori estimation error,
€pn = X2 Vny1. If we define the weight error vector as Vi = Wypt — Wy, then it is very
easy to show that the estimation error, e,, and the a-priori error, e.,, are related
via e, = €gn + &n. Also it is very easy show that the a-posteriori error, €pn, Can be
set up into the following:

€pn = €gn — ﬂif(en) (2.43)

n

where fi, = 1/ || %, ||>. Substituting Equation (2.43) into Equation(2.38) results

into the following update relation:
Vntl = Vn = fInXn[€an — €pn)- (2.44)

By evaluating the energies of both the sides of the above equation, the new relation
is obtained:

I Ve % Hin || €an 11P=l Vo P +m || €an I . (2.45)

This energy relation hold for all adaptive filtering algorithms whose recursions are
of the form given by Equation (2.38). No approximations or assumptions are needed
to establish Equation (2.45); it is an exact relation that shows how the energies of
the weight error vectors at two successive time instants are related to the energies of
the a-priori and a-posteriori estimation errors. The relation has also an interesting

system-theoretic interpretation. It establishes that the mapping from the variables
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{Vn, Viin€pn} t0 {Vni1,vVfin€an} is energy preserving (or lossless) [44]. Moreover,
combining Equations (2.43) and (2.45), it is very easy to notice that both of these
expressions establish the existence of the feedback configuration shown in Figure 2.2,
where the operator I" denotes the lossless map from {v,, v/finepmn} t0 {Vni1, Vin€an},

and where g~! denotes the unit delay operator.

n n+l

Y

Vtunean

Figure 2.2: Lossless Mapping and a feedback loop.
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2.4.2 Steady-State Performance Analysis

As it has been discussed earlier that the performance measure for the steady-state
analysis is MSE of the adaptive filter when it reaches the steady-state, therefore in
this section expression for the steady-state MSE of the proposed algorithm is derived.
To do so, Equation (2.45) and the fact that in steady-state E[|| vay1 %] = E[|| v, ||?]
are used. By taking expectations of both sides of Equation (2.45), the following
equality is obtained:

Effn || €an "] = Eltn || €pn |I7]. (2.46)
Since epy, itself a function of e,,, Equation (2.46) reduces to the fundamental error

variance relation in terms of the desired unknown e, and &, only in the following

form:

Elftn || €an 7] = Elfin || €an ﬂ-’:f(en) 1. (2.47)

The above equation can be solved for the steady-state excess mean-square-error
(EMSE) defined as:
¢ = lim B{lxIv.%}
= lim EleZ,]. (2.48)
It can be observed from Equation (2.41) that the desired MSE is given by M SE =

o2 + ¢, so that finding ¢ is equivalent to finding the MSE. Equation (2.47) can be

set into the following:

2pE(eanf(en)] = 12E[| %a |I* f(en)?] (2.49)
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For the case of the proposed Normalized Time Varying Mixed Norm adaptive algo-

rithm f(e,) = {Mn'ﬁi(nl";“")ei} . Since e,, is small as the adaptive algorithm tries
to achieve the optimum solution, its higher powers can be ignored. Thus e3 can be

approximated as follows:
e?z = (ean+ én)3

~ 3eantl + &

So, the approximated value of f(e,) will be:

- 2 3
len) m 0lCen ¥ En) ﬁ(alcn ||3")(3e“”§n +6)}

(2.50)

Now the value of f(en) is substituted from Equation (3.29) into Equation (2.49) to

get:
02, + aneann + 6(1 — an)e2, €2 + 2(1 — o, )ean3
an(€an + &) + 2(1 — ) (3eans? + £3)}2
cpflealinte) el 1B

When the assumptions mentioned in the section 2.3 are taken into account, Equation

(2.51) resulted in:

L} _ u{{E[aﬁ]+12(E[an]-E[ai])Ui

2{E[an] + 6(1 — E[an])ai}E[ll X |2

+36(1 — 12Ea,] + E[aﬁ])gb;t,}E[i

Il %n |I?
+{Elol]oy, + 4(Elan] ~ Elo}])}

w

1

|

+4E[(1 - an)2]¢fu}E[——} } (2.52)

Il %n |2
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Two cases can be considered for the evaluation of the expression £ [”—;Elh-g] These are
detailed in the ensuing analysis. But before doing the analysis one more assumption
is stated which is needed for the derivations.

A5 At steady-state, || x, ||? is statistically independent of €2,

Case 1: Under the assumption A5, expression E[”—fﬂp] will look like:

E|—2—| = Ele? |E| ——], 2.53
o] = Elete e (259)
so that Equation (2.52) leads to the excess MSE (¢) for the proposed algorithm:
Y1
¢= "Y—z (2.54)

where, Y1 and Y2 are defined as follows;

Y1 = {Blo2lo} +4(Blon] - ElaZ)é4 +4(1 - 2Bfen] + ElaZes ), (2.55)

and, Y2 = 2E[an] — pE[e?] + {12(1 — Elan)]) — 12u(Ean] — Ela2))}e?

—36u(1 — 2E[a,] + Ela?])¢l. (2.56)

The excess MSE for the Normalized LMS (NLMS) algorithm can be obtained by

substituting the value a,, = 1 in Equation (2.54):

0.2

= H%
(NLMS = 5— . (2.57)

Similarly, for the Normalized LMF (NLMF) algorithm, o, = 0 is substituted in

Equation (2.54),

pel,

302 — 9ugh,’ 258)

(NLMF =

Case 2: In the second case, the assumption of ([5],pp. 443) is used to evaluate

E[;%as], ie.

2 1 Ee)
Bl ® FE (2:59)
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Thus, Equation (2.52) leads to the excess MSE for the proposed algorithm:

gl

(= E[“ Hzltr{R} (2.60)

We can derive the expressions for NLMS and NLMF algorithms from the above
generalized equation. Thus, for the case of NLMS algorithm, the above expression

is reduced to the following:

Similarly for the NLMF algorithm, Equation (2.60) can be set to the following:

K, 1
CNLMF = 30% = 9N¢3,E[|| - Hz]tr{R}. (2.62)

To find the EMSE, we have to find the steady-state values of both mean and mean
square value of c,.The steady state value for the mean of the mixing parameter in
terms of the steady-state mean-square error. From Equation (2.5), p, can be set

recursively in the following form:

n-1
—B) Y Blen—ien—i1, (2.63)
=0
and therefore
n—-1ln-1 o
= (1-8)? Z Z B en—i€n_i—1€n—jn_j1. (2.64)
i=0 j=0

Now, we are in a position to find an expression for the mean of the mixing

parameter, namely F[o,] and it is given by

Blotnn] = 6Ela] +1(1 - B2 5" B Ele2_JE[2_,_]| (265)

i=0
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In the above Equation, we have assumed that the algorithm has converged, and in

this case the samples of the error e, can be assumed uncorrelated, i.e.,

Elen—ien—j] =0,Y i # ;. (2.66)

Ultimately, the the steady state value for the mean of the mixing parameter is

given by
» (1 - B) {EeZ]}"
Elaw
el = =914 B)
’7(1 - B) [emin + Ce:t:cem.a]2
2.67
a-0)1+5) (267)
To end this study, the value of Efo? ] can evaluated and found to be:
2 26 1- 2 min excess ‘

Blo] = 20— B) [emin + Cexcss (2.68)

(1-8%)(1-8)(1+p)

The derivations for the E[a] and EfaZ] has already done in [26).

Remarks

In the above two cases considered, it is found that the steady-state excess MSE of
the proposed algorithm is dependent on the mean and mean-square value of the
mixing parameter, o, choice of step-size parameter, u, fourth and sixth moments
of noise (¢4 and ¢). The steady-state performance of the proposed algorithm
can be determined from the knowledge of these parameters. The selection of these
parameters are very important and better performance of the adaptive algorithm

can be achieved by their appropriate choice.



Chapter 3

Tracking Analysis In Cyclicly And

Randomly Varying Environments

Cyclic and random system nonstationarities are common impairment in communica-
tion systems and especially in applications that involve channel estimation, channel
equalization, and inter-symbol-interference cancellation. Cyclic system nonstation-
arities arise in communication systems due to mismatches between the transmitter
and receiver carrier generator. The ability of adaptive filtering algorithms to track
such systems variations are not fully understood. A recent contribution in this re-
gard is the work (46], which performed a first order analysis of the performance of
the LMS algorithm in the presence of the carrier frequency offset. In [47], first time
a genefal framework for the tracking analysis of adaptive algorithms was developed
that can handle both cyclic as well as random system nonstationarities simultane-

ously. The framework was based on energy conversation relation which was first

39
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noted in [48]-[44], holds for all adaptive algorithms whose recursion are of the form

(2.38), i.e., given by:

Wny1 = Wp+ /fonf(en)-

where f(e,) denotes a general scalar function of the output estimation error e,,. In

{anen +2(1 - a,)ed}

the case of the proposed algorithm, the function f(e,) = ENE ’
Xn

with o, being the time varying mixing parameter.

3.1 The System Model

Consider the noisy measurements d, that arise from a model of the form:
dp, = xEw2eI™ 1 ¢, (3.1)

where £, is the measurement noise and w2 is the unknown system that is to be
tracked. The multiplicative term e’ accounts for a possible frequency offset be-
tween the transmitter and receiver carriers in a digital communication scenario.
Furthermore it is assumed that the unknown system vector w2 is randomly chang-
ing according to:

w, =W’ + qp. (3.2)
where w° is a fixed vector, and q, is assumed to be a zero-mean stationary random

vector process with a positive definite covariance matrix Q,. It is also statistically

independent of the sequences {£,} and {z,}.
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Thus, from the generalized system model, given by Equation (3.1) and Equation
(3.2), it can be seen that the effects of both cyclic and random system nonstation-

arities are included in it.

3.2 Steady-State Tracking Performance Measure

In the steady-state analysis of an adaptive algorithm, an important measure is its
steady-state mean square error (MSE), which is defined by Equation (2.39) and

reproduced here for clearity :

MSE = lim Ele?] (3.3)
= lim E{[& +xIva]’}. (3.4)

where v, is the weight error vector defined as:
Vp = Wl —w,,, (3.5)

Under assumption the A2 that noise sequence is iid and statistically independent

of the input sequence, the MSE is given by:
MSE = o}, + lim E{[x5v,]’}. (3.6)

‘The second term on the right hand side of the above equation is defined as steady-

state excess mean square error (EMSE), denoted by ¢, and thus it is given by:

¢ = lim E{[x]v.]}. (3.7)
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3.3 Fundamental Energy Relation

In this section, the fundamental energy conservation relation will be developed.
Using the Equation (2.38) and Equation (3.2), following recursion has been derived
in Appendix E:

Vatl = Vp — .uxnf(en) + Cneana (38)

where c¢,, is defined as:
cn = WM™ — 1) + qui1€™ — g, (3.9)

Now, let’s define the following so-called a priori estimation error, e,, = xI'v, and
a posteriori estimation error, ep, = X2 (Vpi1 — €,e/™). It is very easy to show that
the estimation error, e,, and the a-priori error, e,,, are related via en = €an + &n.
Also the a-posteriori error, e,y is already defined by Equation (2.43). Substituting

Equation (2.43) into Equation(2.38) results into the following update relation:
Vo4l = Vo — ﬂnxn[ean - ep’n,] + Cn,ean- (310)

By evaluating the energies of both the sides of the above equation, the new relation

is obtained:
| Vagr — cnean “2 +iin || €an ”2=” Va ”2 +in | €pn ”2 . (3.11)

It can be seen that if Q = 0(i.e. no frequency offset between transmitter and
receiver), both the Equations (2.45) and (3.11) match exactly. Thus, Equation

(3.11) represents the generalized tracking model.
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3.4 Tracking Analysis

The energy relation (3.11) will be used to evaluate the excess mean square error at
the steady state. But before starting the analysis, first the follcwing assumption is
stated:

A6 In steady-state, the weight error vector v, takes the generic form z,e’®", with
the stationary random process z, independent of the frequency offset Q. Let z
denote E(zy].

Using the Equation (2.43), assumption A6, and taking expectation of both sides of
Equation (3.11) and the fact that at the steady state E[v,41] = E[v,], following

relation can be obtained:

Eliin || €an I’] = 2tr{Qu}+ | w® |? |1 = &% — 2ReE[qn(2n — pxnf(en)e™ )]
—~2Re[(1 - &) W Bz, — o f(en)e ™)
. In
+Efn || €an — 2= f(ea) I ], (3.12)
where tr{Q,} = E[q.qZ]. The above equation can be solved for the steady-state
excess mean square error (EMSE).

To find the value of z, Equation (3.8) is used. First of all it is multiplied by the

term e~/ and then expectation is taken both sides to get:
(1-e ™z = ,uE(xnf(e,,)e"jQ") +w°(1 — ™%, (3.13)

The above equation has been derived in Appendix F and can be used for evaluating

the value of z at steady-state. First of all, the analysis is carried out for the NLMS
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algorithm and then for the proposed algorithm.

3.4.1 NLMS Algorithm

For the case of NLMS algorithm, the function f(e,) is ———. The value of flen)

II Xn ||2

is substituted in Equation (3.13) and using A2, A6, solved for z as follows:

— I ea"l+€n —jin o
il cer Ry
T. —jQn
_ 7 XnX, Vné o
SRR PR R (314

Considering the approximation used in [5], it can be written as:

anZVne'jQ"] N E[xn,xTv, e
l| % |2 Elll x4 |17]

E| (3.15)

Thus, the Equation (3.14) can be set to the following form:

L Ex.xFv,e 7|
(1-e %) Ellxn 7]
7 Rz
(1-e)tr{R} tw
LR -

= [I- (= e i {R] wP. (3.16)

+ w°

where R = E[x,xZ]. Now, lets go back to Equation (3.12)and is solved after
substituting the value of f(e,) and using the results of Appendices G and H to find

the following result:

E[|xIv,]?] 2 Q)2
2" = 2tr{Q,}+ | w° 1-¢ 2ReE|q, (2,

X vn+§n

e TS e=i)] _ 9Re[(1 — €)W E(z,,
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%ﬂ%)wm
2
After solving the expectation terms, we will obtain:
i:v;;: = 2r{Qu}+ | W P |1 &P — 26r{Q.} + Qﬂﬁﬁ“ﬁ?}
(1= e (1)
- u)zijg}s " tﬁg}' (3.18)

Substituting the value of z in the above equation, it is solved for ¢ in Appendix I

to get the following:

tr{R 2utr{Q.R
e B ) (8.19)

where 6, = |1 — e‘jQ|2Re{tr(W°(I - 2X))}, W¢?and X are defined, respectively,

W° = WOWO*, (320)

LR uR
tr{R})[ "~ tr{R}

and X = (I- — 79971, (3.21)

Approximate (N5 for the Gaussian white input

If it is assumed that Gaussian white input signal is available then the approximate
expression for the (Y™ can be obtained. For gaussian white input signal following

properties are valid:

x

[
=
qm

tr{R} 2. (3.23)



46

where N is the filter length. Now using the above facts for the gaussian white input

signal, Equation (3.19) can be set to the following:
1
VNS = m——202tr{Qu} + wol, + ] 3.24
¢ (2- /,1,)[ {Qu} + poy, ] (3.29)

where expression for c is derived in Appendix J and its result is given by:

o2(2N — )1 -2 |

or can be expressed in the following form:

022N — p){(1 — cosQ)? + sin?Q} = o
- [ {(1 =& —cosQ)? + sin2Q2} Il we i ] (3.26)
To simplify the analysis, it is assumed that € is very small, so that the term (1—cosQ)

can be approximated to Q2. Also 4 >> (1—cosQ), which is usually valid in practical

cases. Thus, ¢ can be approximated as:

N2gZ(2N — p)Q?
o [N Z By (o 2] (3.27)
n
Hence, the approximate result for the (NEMS jg:
1 N262%(2N — p)Q?
NLMS 202”‘ nt + 0-120 + z we ||? |. 3.28

¢ T (2ot {Qn} + " Iwe ]| (328)

Remark

Thus From the above result it can be seen that, unlike the stationary case, the
steady-state EMSE is not a monotonically increasing function of the step-size u.

The EMSE is composed of three terms. The first term increases with the random
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nonstationarity term ¢r{Q,}. The second term increases with the step-size u and

the noise variance o2,

The third term decreases with 1 and increases with the
frequency offset (2. This term becomes dominant for small values of x and causes

the EMSE to increase with the order of 2.

3.5 Proposed Algorithm

flen) = {anen + 2(1 - an)ei}
| xa |12

For the case of the proposed algorithm . To simplify

the analysis f(e,) can be approximated as follows:

Flen) ~ {on(ean + &) +2(1 - Q) (3€ané2 + 53)}

3.29
TN (3.29)

The value of f(e,) is substituted in Equation (3.13) and using A2, A6, solved for

z as follows:

o u E[ {{an(ean+§n)+2(1—an)(3ean52+£ﬁ)

A= e ENE Yo a2

Using the same approximation as was used for the NLMS algorithm, the expectation

in the above equation can be solved as:

Rz
z = (—1-:—/:—_].T)[E[Oln]t {R} +6(1 E[an])a wir {R}] w°
= H—_—’ZTQ)%RZ + w°
poR 17,
= [ - (1_—6_]9)J w (3.31)
where 7, is defined as:
Yo = W{LR} [Elen] + 6Blc103]. (3.32)
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and d,, = (1 — @,). Now Equation (3.12) is solved after substituting the value of

f(en) and each term of its right hand side is considered separately. Starting with

the third term as follows:

3™ term

—2Re E [qnzn - #ann{ ” " ”2

Elgnxneeme™
tr{R}

—jQn
6B, Elon¥neame ]ag,J

Qn€an + Anépn + 2&,,(36,,”62 + 53) } —JQnJ

—2Re [E[qnzn] - “E[a"]

tr{R}

~2t7r{Qu} + 2u(Blon] + 6B[,]o2) TL R

tr{R} ~

The fourth term is given by:

4" term =

5% term

Il %n 12

—2Re[(1 - e™)'w ”(z—#E[an] - B[ )]

tr {R} “tr{R

—2Re [(1 — e?) W (I — /.L'yoR)z]

)
where, X, = (I - R)[L ~ p7oR — e%1]™. Finally, the 5% term is given by:
2
E[” n “2] 2uBleanf(en)] + p2E[|| %, |2 fen)?]
n n\€an n 2(1 — n 3 an 121 731
E[“ Ca ”2]_2“E[ean({a (6 t& )+ ”(xn “(: )( eanbs + & )})]
nAan n 2 1 — &n 3 an 72). g
48 | ({2l 26+ 20— ) B )
CPT"P -9 /J.2 (acprop + b) (3 35)
tr{R} tr{R} - .

(3.33)

—92Re [(1 _ ejQ)*wo*E(zn _ an{anean + anfn + 2an(3ean§2 + 53)} —;Qn)]

(3.34)
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where, (PP is the steady-state excess mean square error for the proposed algorithm,

while a and b are defined as follows:

a = Elo2]+ 36E[d%4L + 12E(a,] Eld,]0?,

b = Elol)ol +4E[c 45, + 4E[a,] Ela,]oL. (3.36)
Now all these terms are substituted in Equation (3.12) and solved for ¢

¢rrP 0 Q)2 i
R} 20r{Qn} + W°(1 — e™'|* = 2tr{Qn} + 2uyotr{ QuR} — 2|1 — &’*|2 Re[W°X]
+<pr_op — Uy (PP 4 [
tr{R} M tr{R}

(aCP™P +b), (3.37)

or it can be set up into the following form:

TOp __ 2’YDtT{R} IB b.u'
¢orop = TR [tr{Q.R} + 2;; * o {R}]. (3.38)

where, G = |1 — e‘jQIZRe{tr(W"(I - 2Xp))}. The above result can be verified by
substituting the value of a;, = 1 for the NLMS algorithm. If o, = 1, it is observed
that v, = ﬁ, Bop = Bo, a =1 and b = o2. Thus after substituting these values in

Equation (3.38), following result is obtained:

(PP = (2—Mi—ﬂ2){2ptr{QnR} +pio? + ﬂotr{R}} (3.39)

which is the same as that of NLMS given by Equation (3.19).

Similarly substituting a, = 0 for the NLMF algorithm, we gety, = %’%, a = 36¢%

and b = 4¢5. Thus excess mean square error for the NLMF algorithm is given by:

NLMF _ a2 p2d€  Boptr{R}
¢ —m{utr{QnR}-i- 302 + °’i2012” } (3.40)
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Approximate (" for the Gaussian white input

If the input is Gaussian white signal then for small values of Q, the approximate
expression of steady-state excess mean square error, (P"°?, can be obtained by using

Equation (3.22), Equation (3.23) and Equation (3.38) as follows:

= o 21’# [026r{Qn) + 25 )

where ¢, = 322 It is simplified in the same as carried out for ¢ in Equation (3.25)

and its result is given by:

022N — p)|1 — ™2
cP:[ A= —gmp 1™ II2J, (3.41)
or can be expressed in the following form:
022N — w{(1 — cosQ)® +sin?Q}
B [ {(1 - &8 — c0sQ)? + sin2Q} | we |l ] (3.42)

To simplify the analysis, it is assumed that 2 is very small, so that the term (1—cos)
can be approximated to 2. Also &% >> (1—cosQ), which is usually valid in practical

cases. Thus, ¢, can be approximated as:

- [N2U§(2N — p)2?

s W I (343)

Hence, the approximate result for the (P is:

bu N262(2N — p)Q2
24%p?

7 = (o2t {Qu} + o lwe ]| (3.4

2p — pa

where, p is given by:

p = E[a,] +6(1 — Ea])o2. (3.45)
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Remarks

In this section, exact and approximate expressions of excess mean square error
(EMSE) are derived for both NLMS and the proposed algorithm. Their expres-
sion shows that they depend on the values of step-size p, variance of noise, variance
of input sequence, frequency offset between transmitter and receiver, filter size. The
EMSE is composed of three terms. The first term increases with the random nonsta-
tionarity term ¢r{Q.}. The second term increases with the frequency offset £, and
decreases with ste-size. The third term increases with u. The second term becomes

dominant for small values of u and causes the EMSE to increase with the order of

w2

3.6 Results of the comparison between Analytical

and Experimental EMSE (¢)

In this sections, the analytical results that are derived for the NLMS and the pro-
posed algorithm in the previous section are compared with the experimental one.
For the analytical results, approximated expressions for the steady-state error is
used, i.e., Equation 3.28 and Equation 3.44, respectively, for the NLMS and the
proposed algorithms.

Figure 3.1 and Figure 3.2 represent the comparison for the NLMS algorithm for

the two different values of frequency offset Q2. The results show that analytical and



52

experimental results are closer to each other for very small step-size, and then the
difference is increases. But near the optimum value of the excess mean square error,
they again come closer to each other. This shows that there exists an optimum
value of the step-size at which the excess mean square error is minimum, and the
analytical approximate expressions derived are more realistic in its vicinity. Figure
3.1 shows that at = 0.001, the optimum value of step-size is nearly 0.2, while at
{2 = 0.002 it is approximately equal to 0.25, as shown in Figure 3.2. This indicates
that by increasing the frequency offset between the transmitter and the receiver, the
NLMS algorithm is able to track the variations in the environment at higher values
of step-size.

For the case of proposed algorithm, the approximated analytical results are far
away from the experimental one atlower values of step-size, but they come close to
each other at higher values of step-size. This shows that approximate expressions
are more valid at higher values of step-size. By comparing the two Figures, i.e.,
Figure 3.3 and Figure 3.4, it is clear that by increasing the frequency offset, the
ability of the proposed algorithm to track the variations in environment is degraded

at smaller values of step-size.
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Chapter 4

Simulation Results

In this chapter the results of the computer simulations are presented which are made
to investigate the performance behaviors of the proposed time-varying normalized
mixed norm LMS-LMF algorithm. These results are compared with the results of
traditional Normalized Least Mean Square (NLMS) algorithm in unknown system
identification problem which shows better performance of the proposed algorithm
in terms of convergence speed and the steady-state error. The performance mea-

sure considered is the normalized weight error norm expressed in deci bell (dB)i.e.

(10l0910||Wn - Wopt“2/”w0pt“2)’

Traditional NLMS algorithm can achieve fastest convergence at step-size equal to
1 (u = 1), but its steady-state error is higher. The results have shown that the
proposed algorithm can achieve a lower steady-state error at the same convergence
speed. Another superiority of the proposed algorithm is that it can achieve the

99
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lowest possible steady-state error achievable by the traditional NLMS in lesser con-
vergence time.

In our simulation work, the following performance measures are investigated:

Steady-state Normalized Weight Error Norm,

Convergence Time,

e Recovery time after an abrupt change in the environment, and

Behavior of the time-varying mixing parameter(ca,).

All these performance measures are analyzed with both white (uncorrelated) and
correlated input sequences. The performance is investigated in uniform and gaussian

environment. The results are obtained by averaging over 50 independent runs.

4.1 The Adaptive System Identification Problem

Scenario

We have chosen unknown systems having FIR model given by [0.5, 1]7 to be identi-
fied. The input sequence x, to both the unknown system and the adaptive filter is
obtained by passing a zero mean uniformly distributed sequence through a channel
[0.3482, 0.8704, 0.3482] that is used to make the eigenvalue spread of the auto-
correlation matrix of the input signal equal to 68.9. In gaussian environment the

additive noise is zero mean gausssian distributed while in uniform environment it



o7

is zero mean uniformly distributed. The observation noise is uncorrelated with the
input sequence. The variance of the noise is taken as 0.01 in one case and 0.001 in
another case. The length of the adaptive filter is chosen equal to the length of the

unknown system. Following are the aims of this simulation work:

1. Comparison of the convergence speed of the NLMS algorithm and Proposed

algorithm in achieving the same steady-state error with

e white input sequence, and

e highly correlated input sequence.

2. Comparison of steady-state error of the NLMS algorithm and Proposed algo-

rithm in achieving the fastest convergence with

e white input sequence, and

o highly correlated input sequence.

3. Comparison for the Recovery Time after an abrupt change in the environment

with
e white input sequence, and

¢ highly correlated input sequence.

4. Comparison between the analytical and experimental mean square behaviour

of the weight error vector.

Each case is considered separately in the following sections.
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4.1.1 Comparison of the convergence speed of the NLMS
algorithm and Proposed algorithm in achieving the
same steady-state error with white input sequence

In this section the NLMS algorithm and proposed time-varying normalized mixed
norm LMS-LMF algorithm are compared in terms of the convergence time when
the input is white. In Figure 4.1, 4.5, 4.3, and 4.7, it is shown that the proposed
algorithm has achieved the same noise floor in a lesser number of iterations as com-
pared to the traditional NLMS algorithm. In Figure 4.1, it is shown that in 20 dB
SNR and uniform environment the proposed algorithm achieved the same steady
state in 18000 iterations earlier than the NLMS algorithm, while in 30 dB SNR, in
uniform environment Figure 4.3, the proposed algorithm has converged nearly 20000
iterations earlier. Hence, it can be inferred from Figure 4.1 and Figure 4.3 that in
uniform environment the proposed algorithm has better convergence speed in 30 dB

SNR as compared to 20 dB SNR.

In Figure 4.5 and Figure 4.7 proposed lagorithm is compared with the NLMS algo-
rithm in gaussian environment. In Figure 4.5, it is shown that both algorithm have
same convergence time in the case of 20 dB SNR, while in the case of 30 dB SNR
shown in Figure 4.7, there is a difference of 6000 iterations. So it can be concluded
that in the gaussian environment, the proposed algorithm is performing better with

30 dB SNR.
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The behavior of the time varying mixing parameter is also plotted for each case.
The curves for the mixing parameter in the case of gaussian environment have slower
convergence as compared to that of uniform environment as shown in Figure 4.6 and
Figure 4.8. Thus, it shows the better convergence ability of the mixing parameter

in uniform environment.
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4.1.2 Comparison of steady-state error of the NLMS algo-
rithm and Proposed algorithm for fastest convergence
with white input sequence

In this section, the steady state error for the fastest convergence of NLMS algorithm
and proposed algorithm are compared with white input sequence. In Figure4.9, 4.13,
4.11 and 4.15, it is shown that the proposed algorithm can achieve the lower noise
floor in its fastest convergence as compared to the traditional NLMS algorithm. The
behavior of the time varying mixing parameter is also plotted for each case.

In Figure 4.9, in 20 dB SNR and uniform environment, it is shown that the
proposed algorithm has achieved the steady state 35 dB below than the NLMS
algorithm, while 32 dB below in the case of 30 dB SNR, as shown in Figure 4.11.
In gaussian environment proposed algorithm has achieved the lower steady state as
compared to the uniform environment. In case of 20 dB SNR, proposed algorithm
has almost reached the -34 dB floor in gaussian environment and its final steady
state is 15 dB below than that of NLMS algorithm. In 30 dB SNR, shown in Figure
4.13 and Figure 4.15, the proposed algorithm has reached nearly -50 dB floor but the
margin between the two algorithm is greater than that of uniform environment, i.e.,
of 20 dB. So, it can be stated that the proposed algorithm has better performance
in terms of steady state error in its fastest convergence and is further improved by

increasing the SNR.
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Figure 4.9: Comparison of the steady-state error of the
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Figure 4.13: Comparison of steady-state error of the NLMS
algorithm and the proposed normalized mixed norm LMS-
LMF algorithm with SNR=20dB in Gaussian environment.
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4.1.3 Comparison of the convergence speed of the NLMS
algorithm and Proposed algorithm in achieving the
same steady-state error with highly correlated input
sequence

Here same analysis is carried out as it has been done in section 4.1.1 but for highly

correlated input sequence x, which is produced by using the relation given in [18]
X, =0.9%x,_; +a,, (4.1)

where a, is zero mean, uncorrelated gaussian noise of unity variance. This input is
resulted in flattened elliptical contours, which usually cause difficulties in the con-
vergence of gradient algorithms. When this input sequence is used, it is observed
that with 20 dB SNR, the proposed algorithm has better performance both in uni-
form and gaussian environment. In uniform environment Figure 4.17, it has reached
the same steady state nearly 300 iterations earlier while in gaussian Figure 4.21, ap-
proximately 3000 iterations earlier. This indicates that it is more advantageous in
gaussian environment. But in 30 dB SNR it has better performance only in gaussian
environment in which it has achieved the same steady state 600 iterations earlier,
shown in Figure 4.23. In uniform environment Figure 4.19, its final steady state is
just above than that of the NLMS algorithm. The behaviour of the mixing param-
eter is same for all the cases except that of 30 dB SNR and uniform environment in

which the mixing parameter has slower convergence.
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Figure 4.21: Comparison of the convergence speed of the
NLMS algorithm and the proposed normalized mixed norm
LMS-LMF algorithm with SNR=20dB in Gaussian envi-
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Figure 4.23: Comparison of the convergence speed of the
NLMS algorithm and the proposed normalized mixed norm
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Figure 4.24: Behavior of the time-varying mixing
parameter (o, )for the corresponding case.
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4.1.4 Comparison of steady-state error of the NLMS algo-
rithm and Proposed algorithm for fastest convergence
with highly correlated input sequence

Here the steady state error for the fastest convergence of NLMS algorithm and
proposed algorithm are compared for the highly correlated input similar to that
has been done in section 4.1.2. High correlated sequence is obtained with the same
relation given by Equation (4.1). In uniform environment with 20 dB SNR Figure
4.25, it is shown that the proposed algorithm has achieved almost the same steady
state in its fastest convergence as that of traditional NLMS algorithm, while with 30
dB SNR its steady state 1.5 dB below than that of NLMS algorithm, Figure 4.27.
In the case of gaussian environment with 20 dB SNR, Figure 4.29, the proposed
algorithm has superiority of 2 dB over the traditional NLMS algorithm while with
30 dB SNR, Figure 4.31, it is nearly 3 dB below than that of NLMS algorithm.
Thus it can be inferred that the proposed algorithm with highly correlated input
sequence has better performance in almost all the cases but it has best performance
in gaussian environment with 30 dB SNR

The behavior of the time varying mixing parameter is also plotted for each case.
Its convergence speed is almost the same as in the case of achieving the same steady

state, and these are reported in Figures 4.26, 4.28, 4.30, and 4.32.
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Figure 4.25: Comparison of the steady-state error of the
NLMS algorithm and the proposed normalized mixed norm
LMS-LMF algorithm with SNR=20dB in uniform environ-
ment.

ch=[.5 1], SNR = 20dB, Uniform Environment, Correlated Input

0 T T T T Y T T T T

Mixing Parameter "Alpha®, dB

-80 1 1 1 ) I3 L L L 1
[} 100 200 300 400 500 600 700 800 900 1000
lterations
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Figure 4.27: Comparison of the steady-state error of the
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Figure 4.29: Comparison of steady-state error of the NLMS
algorithm and the proposed normalized mixed norm LMS-
LMF algorithm with SNR=20dB in Gaussian environment.
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Figure 4.30: Behavior of the time-varying mixing
parameter(ay, )for the corresponding case.
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Figure 4.31: Comparison of steady-state error of the NLMS
algorithm and the proposed normalized mixed norm LMS-
LMF algorithm with SNR=30dB in Gaussian environment.
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4.1.5 Results for the Recovery Time after an abrupt change
in the Environment with the white input sequence

In this section, the ability of adaptive algorithm to attain the steady-state after a
sudden change in the environment is investigated. After an abrupt change in the
environment, the coefficient of the weight vector of the adaptive filter are made ze-
ros, so adaptive algorithm has to identify the system in that operating environment
from scratch. It is observed that in uniform environment with SNR 20 dB and 30
dB, the proposed algorithm has better convergence speed and tracking ability to the
abrupt change in the environment than the traditional NLMS algorithm as shown
in Figure 4.33 and 4.35, respectively. With 20 dB SNR, it has tracked the steady
state 19000 iterations earlier than the NLMS algorithm, while with 30 dB SNR, it
has tracked 20000 iterations earlier. In the case of gaussian environment with 20
dB SNR Figure 4.37, both algorithm have same performance but with 30 dB SNR

Figure 4.39, it has tracked 14000 iterations earlier than the NLMS algorithm.

"The corresponding time varying mixing parameter is also plotted for each case.
There is very fast increase in the mixing parameter after the abrupt change in the
environment but soon its steady state is attained, these are depicted in Figureures

4.34, 4.36, 4.38, and 4.40.
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Figure 4.33: Comparison of the Recovery Time of the
NLMS algorithm and the proposed normalized mixed norm
LMS-LMF algorithm with SNR=20dB in uniform environ-

ment.
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Figure 4.35: Comparison of the Recovery Time of the
NLMS algorithm and the proposed normalized mixed norm
LMS-LMF algorithm with SNR=30dB in uniform environ-
ment.
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Figure 4.37: Comparison of the Recovery Time of the
NLMS algorithm and the proposed normalized mixed norm
LMS-LMF algorithm with SNR=20dB in Gaussian envi-

ronment.
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Figure 4.38: Behavior of the time-varying mixing
parameter(c,)for the corresponding case.
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Figure 4.39: Comparison of the convergence speed of the
NLMS algorithm and the proposed normalized mixed norm
LMS-LMF algorithm with SNR=30dB in Gaussian envi-

ronment.
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Figure 4.40: Behavior of the time-varying mixing
parameter (o, )for the corresponding case.
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4.1.6 Results for the Recovery Time after an abrupt change
in the Environment for the First System with highly
correlated input sequence

In this section, the same investigation is carried out as done in the previous section
(4.1.5) but when the input sequence is highly correlated given by Equation (4.1).
In uniform environment Figure 4.41, the proposed algorithm has tracked the system
after abrupt change in the environment nearly 200 iterations earlier than the NLMS
algorithm, while in gaussian environment Figure 4.43, it has tracked 250 iterations
earlier than NLMS algorithm, but in both cases, the tracking speed of the proposed
algorithm is less with correlated input sequence as compared to the white input

sequence which has been discussed in the previous section.

"The corresponding time varying mixing parameter is also plotted for each case,
shown in Figure 4.42 and 4.42. The change in the mixing parameter is different
in the case of correlated input sequence. There is an sudden increase in it due to
abrupt change in the environment but time taken by it to attain the steady state is

higher as compared to that with the white input sequence.
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ch=[.5 1], SNR = 20dB, Gaussian Envinnrent, Correlated Input
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4.2 Results on the comparison between Analyti-
cal and Experimental Mean Square Behaviour

of the Weight Error Vector

In this section, analytical mean square behaviour of the weight vector given by
the Equation 2.37 is compared with the experimental results of its mean square

behaviour. For gaussian distributed signal, we can use the relation given in [5]:
B[(6.)*] = RUE[E))* (42)

where k is an integer. Using this relation, we have evaluated the values of the high
order moments of noise i.e. ¢} and ¢§ etc. The unknown system used has response
[5 1], and variance of the input sequence, i.e., o2 is assumed to be unity. Now using
all these, analytical results of mean square behaviour of the weight error vector are
plotted for the case of both uniform and gaussian environment with SNR= 30 dB.
These results are then compared with the experimental values on the same graph,

which shows that experimental results are approximately approaching the analytical

results.

In Figures 4.45 and 4.46, the results for analytical and experimental trace of weight
error vector of the proposed algorithm has plotted in the Gaussian and Uniform
environment, respectively . It can be observed that in the case of Gaussian envi-

ronment, the two curves are more closer to each other as compared to that in the
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uniform environment. It should be the case, because the analysis has been done as-
suming the gaussian noise. These results have verified the analysis which has been

carried out during the analysis of the proposed algorithm.
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tal Trace of weight error vector of the proposed normal-

ized mixed norm LMS-LMF algorithm with SNR=30dB in
Gaussian environment step size=1.

ch={.5 1], SNR = 30dB, Uniform Environment
10 T L) T T T T T L T
-—- Proposed (Analytical)
— Proposed (Experimental)
op 4
!
!
!
~10f b
!
'
B -20f]
’__':
L)
T
830
-40
-50
-60 L L I ) ) L L : )
] 100 200 300 400 500 600

700 800 900 1000
lterations

Figure 4.46: Comparison of Analytical and Experimental
Trace of weight error vector of the proposed normalized

mixed norm LMS-LMF algorithm with SNR=30dB in Uni-
form environment step size=0.7.

89



Chapter 5

Thesis Contributions, Conclusions,

and Recommendations for Future

Works

5.1 Thesis Contributions

This work has successfully presented a normalized mixed norm algorithm which
is time varying, and it is given the name as normalized time varying mixed norm
LMS-LMF algorithm. This algorithm is analyzed in terms of convergence proper-
ties, steady state performances, and the tracking ability. The performance of the
proposed algorithm has been supported by presenting the simulation scenario. The

major contributions of this thesis work are following:

1. A new normalized time varying mixed norm LMS-LMF algorithm has been
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proposed in which the mixing parameter is time varying and it is adapted

according to time averaged estimate of the correlation of the error.

2. The convergence analysis of the proposed algorithm is carried out in terms of
mean and mean square sense. A bound for the step-size is derived that ensures

the convergence in the mean.

3. Steady state analysis is presented. Exact and approximate expressions of
the steady-state excess mean-square error for both NLMS and the proposed

algorithms are provided.

4. Tracking ability of the NLMS and proposed algorithms are analyzed in the
presence of two types of nonstationarities i.e., random and cyclic. The expres-
sions of the steady-state excess mean-square error for this case is also derived.
The analytical results are then compared with the experimental results which

support the analysis.

5.2 Conclusions

Three main aspects are observed and following conclusions are drawn:

1. A major problem with the NLMS algorithm is that at higher convergence
speed, the steady state error is high. The proposed algorithm has overcome
this, and it has been shown through simulation results that at faster conver-

gence, its steady state error is also low as compared to the NLMS algorithm.
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For example, with white input sequence in uniform environment, and 20 dB
SNR, it is found that the final steady state error floor of the proposed algorithm
is 24 dB below than that of the NLMS algorithm. This difference is increased
up to 32 dB when the SNR=30 dB. Similarly in gaussian environment, it has
better performance with 30 dB SNR. So, it can be concluded that at high SNR,
the performance of the proposed algorithm is improved. With the same SN R,
it has better performance in uniform environment as compared to gaussian.
In the case of highly correlated input sequence, even though, the proposed
algorithm has better performance, the performance margin is reduced. For
example, in gaussian environment with SNR=30 dB, the margin is of only
1.5 dB. Also, similar to the white input case, its performance is improved by

increasing the SNR.

. The second achievement of the proposed algorithm is in terms of the conver-
gence speed. The NLMS algorithm achieves the lower steady state error when
the step-size is very small, due to which its convergence speed becomes slow.
However, the results have shown that the proposed algorithm can reach the
same steady state error floor in a very lesser number of iterations, thus improv-
ing the convergence speed. For example, when using the white input sequence
in uniform environment, the proposed algorithm reached the noise floor of
NLMS algorithm 20000 iterations earlier with SNR= 20 dB, and 22000 itera-

tions with SNR=30 dB. So, its convergence speed is increased by SNR. While



93

in gaussian environment, it has same convergence speed with SNR=20 dB, but
increased with SNR=30 dB. With highly correlated input, its performance is

better in gaussian environment as compared to uniform environment.

3. Third is in terms of recovery time after a sudden change in the environment.
It is found that in uniform environment, its performance is better with both
SNR=20 dB and SNR=30 dB. While in gaussian environment, it has same

performance with SNR=20 dB but improved by increasing the SNR.

5.3 Recommendations for Future Work

There are few suggestions regarding the future works. In the thesis, convergence
analysis of the proposed algorithm is carried out and the bound on step-size is
derived which ensures the convergence in the mean . In a similar way, the bound
on step-size to ensure convergence in the mean square can be derived.
Performance of the proposed algorithm is dependent on two parameters that are
9, and v. These are bounded between the range [0,1]. Another suggestion is that

the optimum values of these parameters can be derived for the optimal solution.



Appendix A

Derivation for Equation (2.9)

In system identification problem the error e, is defined according to Equation (2.2)

which is reproduced here:
en = d,— xZw,,.

where d, is the desired response which consists of output from the unknown system

and additive noise i.e.
T
dn = X, Wopt +&n-

Substituting the value of d, in Equation (2.2) and using the definition of weight

error vector v,, we will obtain the following

en = &n—XE(Wn— Wop)
= &, — xz:vn.

94



Appendix B

Derivation for Expectation term

E [xnngnxnxg]

According to the Gaussian Factoring Moment Theorem for zero mean Gaussian

random variables z;, i = 1,- - -, 4, the following result holds:
E(21227324) = E(2122) E(7374) + E(2123) E(321s) + E(z174) E(z273).  (B.1)

Applying the above result for a zero mean gaussian random vector x, with E(x,xT) =

R, where R = 021, we will obtain following:

Exnx K x.xE] = Ex.XI|K.E[x.xT] + Ex.x! KT E[x,xT] + ElxnxLtr(Ex.xI|K,)
= RK,R +RKIR + Rir(RK,)

= (02DKa(07D) + (02D)Kn(02) + (02D)tr((02D)K.,)

205K, + ottr{K,}I
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Appendix C

Derivation for Expectation term

E[(|l xn |I%)}

Since the term (|| x, ||)? is a number, we can apply the trace operator to simplify
the expectation. Now using the property of trace operator i.e. Eftr(A)] = tr(E[4)),

the expectation of Equation 2.28 can be solved as follows:

E[(l %0 )] = B xnx; %]
= tr(E[x;xa] Bfx; %))
= tr(RR)
= tr(ol)

— 4
= No,
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Appendix D

Derivation for Equation (2.31)

First of all Equation (2.20) is reproduced here:

Knri = Kn—p{Blan] +6(1 - Elon))o? H{BK, + K,B}
+u*{ Elo2)(1 - 1202 + 36¢%,)
+12Ea) (07, - 64%,) + 3644 } C
+p*{ Blo2](0? — 4¢%, + 445)

+4E[o,](¢5, — 265) + 445} D.

Now substituting the values of constants B, C, and D from equations (2.25), (2.29)

and (2.30) respectively to obtain the following result:
Kot1 = Kn— p{Blon] +6(1 - Eo])o? }{lxn + K,,l}
“IAN N
+u*{ E[02](1 — 1202 + 364%)

2K, + tT{Kn}I}

+12E[an) (02 — 664%) + 36¢4w}{ N
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+i*{ Elod)(o2 — 444 + 445)

+4Eon](¢, — 265) + 4¢3’}N](:72

Ko = 2 {Blen] + 601 - Blan)o K + & ()1 1263 + 366%)
"N n el TN " v v

2
+125(0,](0% ~ 664) + 3643 2K + e (K} + - {BloZ](02 — 4%, +445)

+4Ean](¢y, ~ 2¢5) + 4651

K, — pa1[Kn] + #2a22K, + tr{K,}I] + pa5l



Appendix E

Derivation for Equation (3.8)

Subtracting terms wg,;e/%**1) and w3e?®" from both sides of Equation (2.38) and
using the definition of weight error vector given by Equation (3.5), we will obtain

the following:

_ * 19 2 1
Vntl = Vo — px;f(en) — wiel™" 4w  efHr D

= Vp— /Jx;f(en) - ejﬂn(WZ-x—lejQ - WZ)

Now using the relation given by 3.2 substitute the values of w2, ; and w2 in the

above equation, we will get the following:

Vaer = Vo= pxpf(en) = €@M(WO(€? = 1) + qny1€”™ ~ qn)

= vp— uxif(en) — ¢,
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Appendix F

Derivation for Equation (3.13)

To solve for the value of z, Equation (3.8) is first multiplied both sides by term

e™7%" and using assumption A6, we will get:
Zn+lejﬂ(n+1)e—gﬂn — Zne]Qne—JQn _ ux:f(en)e_m" +c,

Now taking expectation both sides and using the fact that at steady state Elzn4] =

E[z,] = z, we will get:
2(1- ) = uERflen)e™] = Blwo(e® = 1)] + Elans16™] — Elq,]
Since, the random nostationarity term q, has zero mean, we will get:

(1 - &%) = pE[x;f(en)e™™ - wo(e™ — 1)
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Appendix G

Derivation for Expectation term

) [q;;Zn]

Using assumptionA6, substitute the value of z, and using the Equations (3.2) and

(3.5), we will obtain the following:

Elqz,) = E[q{(w° + )&’ — w,}e

= Elqyw’e™ ™) + E(qqs] + E[qwae 7]

One conclusion drawn from the assumption A1l is that weight error vector is inde-

pendent of the input sequence at the same time instance, so we will get:

Elqyz,] = E[q}a.)

= tr(Qn)
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Appendix H

Derivation for Expectation term

EldnxpXn2n]

Using the property of trace operator i.e. E[tr(A)] = tr(E[A]) and the Gaussian

Factoring Moment Theorem, we will get:

E[q:;x;xnzn] = E[tr(q:x;xnzn)]
= Etr(q}z.X}X,)]

tr(Elqnznal Elx;%a))

= tr(Q:R)
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Appendix 1

Derivation for Equation (3.19)

Substituting the value of z from Equation (3.16) into Equation (3.18), we will get

the following:

2:LL_.LL2 _ o J tT{QnR}
M my) = I e R e
—9Re [(1 — eI tyyor (I - utrﬁl})z] + tlf(;%)
R r n 2.2 )
R e e P
FQ\x_ ok R R -1
~2e(1 - ey (1= FE - ] w}
tr(R tr{Q.R 202 . ;
~ T A g | P e
—2Re(|1 — & || we |12 (1 - z%)[l - tr—’?;‘{-; - e‘jQI]'lJ
tr(R tr{Q.R 252 . .
- T v

—2Re[|1 - ejQ|2W°X]
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where, W° and X are defined in Equations (3.20) and (3.21), respectively. The

above equation can be further simplified as follows:

cNLMS tr{R} [2NtT{QnR} + T
u—p?) [ tr{R} tr{R}
tr{R} [2utr{Q.R} %0}
G| Ry e

+ |1 _ e—m|2Re{tr(W°(I - 2X))}J




Appendix J

Derivation for Equation (3.25)

Equation (3.19) can be written in the following form:

NLMS
C =

@ - m {2tr(QnR) + po? + c}

where ¢ = %&. After substituting the value of 3,, it can be expressed as follows:
tr(R .
c = %H — e 7?2Re [tr(W"(I - 2X))]

substitute the value of X, we can get the following:

_m__j2,ro__y'R _NR_
c = — |1 — eI Retr(W°(I — 2(1 tT{R})[I TR

tr(R) - 0 i1
= == R (WO~ 2(1 - £)(1 - £ - ) 7))

R )]

ir R) —j o 2(1 _ ﬁ)
= _(u_.ll —e Q|2W Re[tr((l — -z _IZ_J-Q))I)]

. 2
— tTLR)Il _ e—-]Q|2 ” w° ”2 Re[ N 2# L

T F - (v

) + j2SinQ(1 — %)}]

2 -2 o 112 (2N — )
= gzl —e™ w
2 i I [ g
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