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Various modes of heat transfer through eccentric annuli have been studied either
analytically or numerically. These include transient conduction with uniform internal
heat generation in eccentrically hollow cylinders, the fully developed free convection in
open-ended vertical annuli, the developing forced convection in eccentric annuli and the
developing free convection in open-ended vertical eccentric annuli. Four pairs of thermal
boundary conditions have been investigated in which one of the boundaries is heated
isothermally or with uniform heat flux while the other boundary is kept adiabatic or
isothermal at the ambient temperature. The case under study is called case I when the
heated wall is the inner wall while it is called case O when the heated wall is the outer
wall.

The transient conduction has been solved numerically using a finite difference
technique. The obtained steady-state numerical solutions have been compared with their
corresponding available (if any)/derived analytical solutions. This comparison provided
a means of validation of the present finite-difference scheme and its method of solution.
The obtained numerical temperature profiles were used to obtain useful engineering
parameters such as the maximum temperature within the annulus material and the time
needed to reach steady-state conditions. The eccentricity and the boundary conditions
were found to affect the heat transfer parameters greatly. The internal heat generation
was found to affect the steady-state time slightly.

Fully developed free convection in vertical open-ended eccentric annuli has been
solved numerically for boundary conditions of the first and fourth kind while an
analytical solution was provided for boundary conditions of the third kind. Results for
the heat transfer parameters such as the temperature distribution, mean bulk temperature,
average velocity, induced volumetric flow rate, heat absorbed, the local Nusselt number
and the circumferentially-averaged Nusselt number have been presented in a series of
figures covering a wide range of eccentricities. It was found that the heat transfer rate
and the induced volumetric flow rate increase with eccentricity.

A mathematical model based on the boundary layer theory has been developed to
describe the flow and heat taransfer in the entry region of eccentric annuli. This model
has been derived and formulated in a general manner to describe both free and forced
convection. A finite-difference algorithm has been developed to numerically solve the
relevant equations. The developing laminar forced convection in eccentric annuli has
been solved using this algorithml and the results show good agreement with the work

reported previously. Then the free convection problem has been solved for the four pairs
of thermal boundary conditions.
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Nomenclature

a location of the positive pole of the bipolar coordinate system on the x-axis of
the Cartesian coordinate system ( constant in the bipolar transformation equations,
equal to r; Sinh m;or r, Sinhn,)

a" heat transfer coefficient, q" [ (Ty -Tw)

A cross-sectional area of the annulus, 7 ( r02 - riz )

A" constant of the integration in eq. (4.4), its value depends on the case under study

B constant of the integration in eq. (4.4), its value depends on the case under study

cp specific heat of the fluid at constant pressure

C constant of the integration in eq. (4.4), its value depends on the case under study

C  constant in eq. (4.4), its value depends on the case under study

Dy hydraulic or equivalent diameter of annulus, 2 (r,-r;)=2a(1-N)cschn,

D constant of integration in eq.(4.4), its value depends on the case under study

e eccentricity (distance between the axes of the two cylinders forming the eccentric

annulus), a ( Cothn, - Coth m;)

E dimensionless eccentricity, e / (1, -1;)

2

f coefficient of friction , (p, —p )D, /(pu z)=

for forced convection or
Z Re

XXXIX
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_ n "N,
volumetric flow rate for free convection, f =1 (r,,2 -r? )u =2J J.u h* dndg
on

F body force per unit volume or dimensionless volumetric flow rate,

LRI
f/nGr" =8(1-NY* [ [U H* dnd&/n

on,
g gravitational body force per unit mass(acceleration)

Gr Grashof number, ¥ g B (¢,~t, )D’/y> in cases with isothermal wall

Or, FgB qgD*/2y% in cases with uniform heat flux at the wall,

the plus and minus signs apply to upward (heating) and downward
(cooling) flows, respectively. Thus Gr is always positive

Gr” modified Grashof number, Gr = Gr D,/1

h  coordinate transformation scale factor, a /( Cosh 1y - Cos &)

H dimensionless coordinate transformation scale factor,

05 Sinh(m,)
(1= N)(Cosh(n )~ Cos(&))

h/D, =

1 index for the finite-difference grid in n-direction

j  index for the finite-difference grid in &-direction

k thermal conductivity of fluid

I height of annulus

L dimensionless height of annulus ( value of Z at annulus exit ), [/ Gr" for free
convection

m number of intervals in &-direction

xl
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n number of intervals in n-direction or infinite series summation index in the fully
developed flow solution
n" direction normal to either boundary of the annulus and the positive direction of q"

N radius ratio, r;/ r, = Sinhm,/ Sinh n;
Nu,"* local Nusselt number at any point where M, x and y are dummy variables; M

stands for the kind of the boundary conditions, x stands for the case under
consideration which may be / or O and y stands for the wall, thus N
indicates Nusselt number on the inner wall in case 1.0, a Dy/k

Nu)t* the value of Nu,"* at the channel exit

v

Nu!* Nusselt number averaged around the periphery of wall y.

v

Nu!'* the value of Nul~* at the channel exit

¥

p  pressure of fluid inside the channel at any cross-section

p  pressure defect at any point, P-Ds

Pra  pressure at any cross-section if the flow were hydrodynamically fully-developed
straight at the entrance, for forced convection

Po  pressure of fluid at annulus entrance

ps  hydrostatic pressure, +p, gz where the minus and plus signs are for upward
(heating) and downward (cooling) flows, respectively

P dimensionless pressure defect at any point, p D,*/p,I*y* Gr™™ for free convection

2

or p—p, /(p u ) for forced convection
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Py dimensionless value of py, , for forced convection

Pr  Prandtl number, pc,/ k

local heat flux at either boundary which is defined to be positive when it heats the

fluid,-kd7/3dn" = *(k/h)(@T/91) where the upper and lower signs

stand for the inner and outer walls, respectively, in case of fluid heating and
vice versa in case of fluid cooling
g, the value of g at the inner wall

q,. the value of g at the outer wall

q  heat gained or lost by fluid from the entrance up to a particular elevation in

the annulus, pofep(Tn-To)

q heat gained or lost by fluid from the entrance up to the annulus exit, i.e., value of g at

z=]l, popr(Y:,,, -T,)

dimensionless heat absorbed from the entrance up to any particular elevation,

0
q/lmp,c,lyGr'(T,~T,)1=F0,

Q dimensionless heat absorbed up to the annulus exit, i.e., value of Q at z = [,
q/[n p() Cp IY Gr. (T:U _7:, )]=Fe’"
Q" internal heat generation per unit volume (set equal to zero in all cases considred

except in conduction problem)
r;  innerradius of annulus

I, outer radius of annulus



I 1«3

Ra

*

Ra

Re

T

Tlll

U

xliii
Rayleigh number, Gr Pr

modefied Rayleigh number, Gr* Pr = Ra Dy, /1

Reynolds number, p " D,/n
temperature at any point

mixing-cup (mixed-mean) temperature over any cross section of the annulus at a

givenz, jTudA/(AL])=2j:j:‘ruzdnd§ I [m (r2=r)]
) .

mixing cup temperature at annulus exit, i.e. value of Tpyatz =1
ambient or entrance temperature

isothermal heated wall temperature

axial (streamwise) velocity component at any point

fully developed axial velocity component

entrance axial velocity, u (average velocity)

average u (volume flow rate per unit area), J' udA/l A
A

= 2j0j: uh® dnde /[x (r? —rf)z}]=2j:jl wh®dnde/[ma’(1-N?)Csch®n, u]

2
. . . . . ur,” . -
dimensionless axial velocity at any point , ; (’; — for free convection or u/ u for
vy Gr

forced convection

2

{ ru

U ;; dimensionless fully-developed axial velocity component , lﬂ — for free

Yy Gr

convection or usy/ u for forced convection
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xliv

- . . . . . ur
U dimensionless average axial velocity at any point , —1—"— or 1 for

»

forced convection

U maxsa maximum local value of U g

v m-direction velocity component

vV velocity vector or dimensionless m-velocity component, vD, /Y

w  E-direction velocity component

W  dimensionless &-velocity component, wD, /7y

X the first transverse direction in the Cartesian coordinate system

y  the second transverse direction in the Cartesian coordinate system

z  axial coordinate in both the Cartesian and bipolar coordinate systems (measured
from the annulus entrance)

Za  value of z at which the flow reaches hydrodynamic full-development

Z dimensionless axial coordinate in both the Cartesian and bipolar coordinate systems,
z/(Dy Re) for forced convection or z/1 Gr~ for free convection

Zy dimensionless value of zj , zu/A Dy, Re)

Greek letters:

o thermal diffusivity of fluid, k / p Cp

B volumetric coefficient of thermal expansion

n  the first transverse bipolar coordinate

7 value of 1 on the inner surface of the annulus,

Mo Vvalue of 1} on the outer surface of the annulus,

An numerical grid mesh size in 1)-direction, (N; - N, )/ n
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An numerical grid mesh size in nj-direction, (1; - Mo ) / n
V  the gradient operator or pressure drop increment at a given Z, P - Py

Vi fully-developed pressure drop increment , ( P - Py )

®  dimensionless temperature, (T—-7, )/( T, —T, ) for isothermal walls or

T-T

[

—;—— — for uniform heat flux
q Dh /K

Om  dimensionless mixed-mean temperature, (7, —7,)/(T,-T,)

m

0, dimensionless mixed-mean temperature () at channel exit

O fully-developed value of 6
u  dynamic viscosity of fluid
Y  Kinematic viscosity of fluid, L/ p

€  thesecond transverse bipolar coordinate

A numerical grid mesh size in &-direction, T/ m
p  density of fluid

T  dimensionless time, ot t/ th

¢ normalized value of n, (M -1, )/(M;i - Mo )
@ viscous dissipation

v normalized value of &, €/ 1t

xlv



12y

Chapter 1

INTRODUCTION

Flow and heat transfer in eccentric annuli have proved to be a useful model for
many applications. For example conduction and / or natural convection in eccentric
annuli occur in many situations in the electrical, nuclear, solar and thermal storage
fields. In the electrical field, cooling of underground electric transmission cables is
affected by the position of the cable within its outer housing [1-2].

In the nuclear field, fuel element and the target tube assemblies following
irradiation can be greatly influenced due to inner tubular eccentricities. Likewise natural
convection cooling of casks containing nuclear waste can exceed thermal guidelines if
positioning becomes overly eccentric [3]. A key problem in the storage of nuclear wastes
is the determination of insulating effect of the annular air space surrounding a cylindrical
nuclear waste canister embedded in a geologic repository . In this situation, heat will be
transferred from the canister, through the insulating air space and into the surrounding
rock. Heat may be transferred through the air space by conduction between the fluid

layers or by natural convection. In the case of natural convection the thermal resistance
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of the air gap will be much smaller than that in the case of pure conduction and the
equilibrium temperature of the canister will be correspondingly lower. This temperature
is critical because it is the primary factor which determines the life span of the metal
containers [3].

In heat transfer equipment, such as tubular heat exchangers, the interest in the
eccentric annulus arises because of the problem of tube misalignment which frequently
occurs in a closebacked heat exchanger.

The conduction heat transfer and the fully developed laminar free convection in a
vertical eccentric annulus are very important limiting cases for the more general
problem of developing free convection in a vertical annulus. The fully developed natural
convection is the limiting case if the vertical annulus is high enough. On the other hand,
the conduction mode of heat transfer takes place before the onset of free convection
when the temperature is low. Applications of conduction heat transfer in the eccentric
annulus configuration are numerous. These include the prediction of the temperature
distribution around an underground electric transmission cable and in eccentrically
hollow shafts or eccentric insulations. Another important practical application is the
conduction heat transfer in the eccentric shaft of the spark ignition Wankel rotary engine
(4].

The present work aims at obtaining a solution for the developing laminar free
convection in open-ended vertical eccentric annuli. To the best of our knowledge, such a
solution has not been previously reported in the literature. Moreover, through an

extensive literature review , it has been found that there is a lack of information
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regarding the limiting cases of pure conduction in eccentric annuli especially under the
transient conditions and fully developed laminar natural convection.

Conduction heat transfer in eccentric hollow cylinders has been treated only for
the steady state case with two isothermal boundaries [5]. This motivated the present
work to fill also this gab. Thus the present work deals with conduction as well as

developing and fully developed free convection in eccentric annuli under variety of

thermal boundary conditions.

For the developing free convection a model has been developed during the
present work. The adequacy of this model and its code of solution has been checked
using mainly the analytical results of the fully developed free convection studied during
the present work. However, the validity of the present model and the code of solution
has also been confirmed by using this model and its pertinent computer code in solving
the developing laminar forced convection in the entrance region of an eccentric annulus.
The latter case has already been solved by Feldman et al. [6,7] and the results obtained

for this forced convection case are compared with the previously reported work.

The extensive literature review made during the present work is summarized in
the following chapter. The objectives of the present work along with the general problem
formulation is outlined in Chapter 3. Methods of solutions are outlined in Chapter
4., Results and discussions for the conduction and fully developed free

convection are the material of Chapters 5 and 6, respectively. Chapters 7 and 8



143

include the results for the developing forced and free convection, respectively.

Conclusions and recommendations are presented in Chapter 9.
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Chapter 2

LITERATURE REVIEW

Special attention will be given in this chapter to previous work related to the
three problems under investigation, namely, conduction heat transfer in eccentrically
hollow cylinders, fully developed laminar free convection in vertical eccentric annuli,
developing laminar forced convection in eccentric annuli and free convection in vertical

open ended eccentric annuli. The literature review for each problem will be presented

separately.

2.1 Conduction Heat Transfer in Eccentric Hollow Cylinders

Conduction heat transfer in eccentric annuli is useful in predicting the
temperature distribution in the ground around a buried cable [8]. The current carrying
capacity of underground cables is limited by the maximum allowable electrical
insulation temperature that is required for long life and high reliability. This limiting

temperature is about 85 °C [2] and occurs at the inner surface of the insulation in contact
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with the conductor. Eccentricity may be introduced during the manufacturing of an
insulated cable. This eccentricity will result in a nonuniform circumferential temperature
distribution on the inner surface of the insulation leading to a temperature concentration
at some points above the allowable limit of temperature. So the temperature distribution
should be carefully monitored or previously predicted in the cases where eccentricity is
expected.

The problem of steady conduction heat transfer in an eccentrically hollow
infinitely long cylinder with internal heat generation has been analyzed by El-Saden [5].
El-Saden presented a general analytical solution for the energy equation written in
bipolar coordinates which were firstly used by Macdonald [9] to solve a torsion problem.
The constants involved in this analytical solution were provided for a case with
isothermal boundary conditions and no further trials were considered to evaluate those
constants for other types of thermal boundary conditions.

Instead of using bipolar coordinates in their analysis for the problem of heat
transfer from a buried cable, Eckert and Drake [8] superimposed the solution of a heat
source and a heat sink(mirror-image system) to obtain expressions for the isotherms, the
heat transfer rate and the thermal resistance.

Using the bicylindrical (bipolar) coordinate system, Bau and Sadhal [10]
presented an analytical solution for heat losses from a buried pipe beneath an isothermal
surface. They considered two cases, the first one involves a mixed (convective) boundary
condition with a uniform heat transfer coefficient at the pipe surface. In the second case,

a laminar flow with linear temperature variation along the pipe axis was considered.
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Encouraged by the above results, DiFelice and Bau [11] used a similar method to
analyze the conductive heat transfer in an eccentric annulus, between a buried pipe and
the surface of a semi infinite medium, and between two pipes imbedded in an infinite
medium. These complicated geometries were handled through the use of the
bicylindrical (bipolar) coordinate system. With convective boundary conditions imposed
on all surfaces, DeFelice and Bau obtained an exact solution for the foregoing cases and
constructed an approximate formula for the shape factor. In their analysis for the thermal
resistance of a buried cylinder with constant heat flux boundary conditions, Thiyagrajan
and Yovanovich [12] solved the governing differential equation for the steady
conduction heat transfer through a homogeneous and isotropic medium. They provided
an analytical expression for the temperature distribution considering the boundary
conditions of constant heat flux on the outer surface of the cylinder and an isothermal
ground surface at a given temperature.

The present literature review reveals that there is no previous work reported for
the problem of transient conduction heat transfer in eccentrically hollow cylinders with
or without internal heat generation. Also, there are no results available for the case of
steady conduction in eccentrically hollow cylinders with combinations of thermal
boundary conditions other than the isothermal one. These latter results represent the
limiting mode of heat transfer before the onset of natural convection which will be

handled in the present work.



Rl

2.2 Fully Developed Laminar Convection

Considerable work has been carried out to study the problem of flow and heat
transfer in annuli, both concentric and eccentric. The present survey includes both
forced and free convection in vertical annuli. In the available literature there are two
essential papers related to fully developed laminar flow in concentric annuli. The first of
these, by Reynolds et al. [13], presented for the first time a general formulation of the
fully developed forced convection problem in concentric annuli for arbitrarily
prescribed wall temperatures or heat fluxes. Four fundamental thermal boundary
conditions were introduced. Combinations of solutions corresponding to these boundary
conditions may be used to obtain solutions corresponding to more complicated boundary
conditions that may be practically found. The second paper, by EL-Shaarawi and Al-
Nimr [14], presented a detailed analysis for the fully developed laminar free convection
flow in vertical open-ended concentric annuli. Moreover, they presented analytical
solutions corresponding to the four fundamental boundary conditions.

Convection heat transfer in concentric annuli has been extensively studied but
relatively few studies have been reported for eccentric annuli. Using bipolar
coordinates, Cladwell [15] and Piercy et al. [16] independently showed that
Macdonald's equation [9] for the torsion moment is comparable to the equation for the

volumetric flow rate of a fully developed forced laminar flow through an eccentric

annulus.
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Following another procedure, Heyda [17] determined the Green's function in
bipolar coordinates for a potential flow in an eccentric annulus and used this potential
solution to obtain a solution of the momentum equation. Heyda obtained the velocity
profile analytically in the form of an infinite series but did not perform the integration

necessary to arrive at the relationship between the volume flow rate and the pressure

gradient.

Snyder [18] utilized the general solution obtained by El-Saden [5] to reach a
solution for the differential equation describing the slug flow heat transfer in an
eccentric annulus, but for different boundary conditions. Snyder obtained the
temperature distribution for boundary condition of the second kind with the outer wall
insulated while the inner wall heated with an axial uniform heat flux per unit length
keeping its temperature uniform circumferentially. Using the same technique, Snyder
and Goldstein [19] obtained the velocity distribution for the fully developed forced

laminar flow through eccentric annuli.

Redberger and Charles [20] numerically solved the same problem using the
bipolar coordinates. The differential equation was replaced by a finite difference
representation and an iterative method was used to solve the resultant set of algebraic
equations. Without using the transformation to the bipolar coordinates, Cheng and
Hwang [21] obtained a solution for the energy equation in cylindrical coordinates for the
fully developed laminar forced convection in eccentric annular ducts with heat sources

and constant wall temperature gradient. Their boundary conditions can be considered
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some sort of the second kind but they add the condition of having uniform
circumferential temperature distribution on the active wall. They used the point matching
method, the details of which were indicated in a previous paper by Cheng and Jamil
[22]. Using the method introduced by Cheng and Hwang, Trombetta [23] introduced an
approximate analytical solution for the energy equation in cylindrical coordinates
describing the hydrodynamically and thermally fully developed forced convection in
eccentric annuli. Using the velocity distribution reported previously for forced laminar
flow in eccentric annuli, Trombetta solved the energy equation under the boundary

conditions of first , second and fourth kind.

In his study for the flow of non-Newtonian fluids in an eccentric annulus,
Guckes [24] calculated the volumetric flow rate for laminar fully developed forced flow
of power law and Bingham-Plastic fluids. His finite difference representation of the axial
momentum equation resulted in a set of algebraic equations that arose when this
representation of the axial momentum equation is applied at each grid point in the
domain of solution. The coefficients of this set of algebraic equations form a band
matrix. The solution of this band matrix was accomplished by a forward-backward

algorithm similar to that given in Rosenberg [25].

Feldman et al. [6,7] reported results for the fuily developed forced convection in

an eccentric annulus after solving the developing flow problem Ozgan and Tosun [26]
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applied the geometric inversion to the eccentric annulus system to predict the maximum

velocity locus and velocity contours in laminar and turbulent forced flows.

Recently the problem of fully developed forced convection in eccentric annuli
has been treated numerically by Suzuki et al. [27]. The finite difference equivalents of
the governing equations of velocity and temperature fields written in bipolar coordinate
system were solved with an iterative procedure. Their study has been carried out for two

cases of the second kind thermal boundary conditions.

Patankar et al. [28] presented a numerical study for laminar fully developed
mixed convection in vertical eccentric annular ducts. They solved the equations

governing the velocity and temperature on a body conforming grid by using a finite-

volume technique.

The present literature review reveals that no work has been reported for the

problem of fully developed laminar free convection in vertical eccentric annuli.

2.3 Developing Laminar Convection

The problem of developing free convection in channels and ducts has been
widely studied for different geometries. The present work is aimed at obtaining a
solution for the developing laminar free convection in a vertical eccentric annulus.

However, for the sake of completeness and understanding of the physics of the
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developing convection we will introduce a literature review for the developing

convection in different geometries.

2.3.1 Developing Convection between Parallel Plates

The developing free convection between isothermal vertical parallel plates has
been firstly studied by Elenbaas [29]. The average Nusselt number over a wide range of
Rayleigh number was determined theoretically and experimentally. Elenbaas [30]
extended the parallel-plate results to other geometries such as vertical tubes of different
shapes of cross section.

The development of free convection between heated vertical plates has been
studied by Bodoia and Osterle [31]. They solved the equations governing the free
convection between two vertical isothermal plates kept at the same temperature. In their
analysis they assumed that the pressure defect ( difference between the local pressure and
ambient pressure at a specific elevation ) to be zero at both the inlet and outlet of the
channel. They calculated the required height to suck a specific flow rate, using a
noniterative method to solve the set of algebraic equations resulted from the finite-
difference representation of the boundary-layer equations in the developing region. They
also evaluated the velocity and temperature profiles along with the variation of the
pressure defect through the developing region.

Dyer and Fowler [32], Aung, Fletcher and Sernas [33], Miyatake and Fujii
[34,35] and Miyatake et al. [36] used the same boundary-layer model and the solution

method of Bodoia and Osterle [31] for the vertical parallel plates to deal with other
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various thermal boundary conditions. An analytical method based on a slug flow
linearization of the governing boundary-layer-type equations has been used for this
problem by Quintiere and Mueller [37].

Narang and Krishnamoorthy [38,39] pointed out that there was no explicit
solution for the pressure and velocity field for flow between parallel plates at low
Reynolds numbers. This was the motivation of their work through which they provided
such a solution by linearizing the inertial terms in the Navier-Stokes equations, parallel
and perpendicular to the flow. In their analysis the nonlinear inertia term vvv
was replaced by < V >.V V where < V > represents the average velocity over the cross
section of the parallel plates. Aung and Worku [40,41] presented a numerical study for
the developing flow and flow reversal in a vertical parallel-plate channel with

asymmetric wall temperature. They also assumed the pressure defect at the inlet and the

outlet to be zero.

Utilizing the vorticity transport equation along with the stream function instead
of the momentum equations and the primitive variables, Ingham et al. [42] conducted a
numerical investigation of steady laminar combined convection flows in vertical parallel
plate ducts with asymmetric constant wall temperatures. The streamwise diffusion terms
in the governing equations were neglected and the resulting parabolic equations were

expressed in an implicit finite-difference scheme and solved using a marching technique.
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To illustrate the substantial influences of heating conditions, Chin-Hasiang et al.
[43] presented a study with closed-form expressions for the thermal characteristics of
free convection in the locally fully developed region with vertical parallel-plate channels.
They conducted their study for three combinations of thermal boundary conditions which
are namely (isothermal-isothermal, isoflux-isothermal, and isolflux-isoflux). The

pressure defect in this analysis also was considered to be zero at both the inlet and outlet

of the channel.

Rostami and Mortazavi [44] presented an analytical prediction of the Nusselt
number in a simultaneously developing laminar flow between parallel plates. In their

analysis they considered the wall temperatures to be uniform and equal.

2.3.2 Developing Convection through Cylindrical Ducts

By means of a linearization approximation, Langhaar et al. [45] solved the
Navier-Stokes equations for the case of steady forced flow in the entrance length of a
straight tube. Lundegren et al. [46] devised a means of determining the pressure drop due
to the entrance region in ducts of arbitrary cross section. They linearized the inertia terms
of the momentum equation, employed the mechanical energy equation, and applied an
integral technique. Their resulting expressions neither require nor provide entrance
region velocity distribution but are capable of providing the entrance region pressure

loss from the knowledge of only inlet and fully developed velocity profiles.



1473

Laminar forced flow in the entrance region of a circular pipe has been studied
numerically by Hornbeck [47] who solved the boundary-layer equations, using a method
similar to that introduced by Bodoia [43].

Giving attention to the incompressible laminar flow in entry of rectangular ducts,
Han [49] solved the problem of determining the hydrodynamic entrance length in a
rectangular channel by the method of linearization of Navier-Stokes equations.

Reviewing and discussing the previously introduced analytical work to study the
laminar incompressible flow in the entrance region of ducts with different cross sections,
Sparrow et al. [50] devised a method of analysis for determining the developing laminar
flow velocities and the corresponding pressure drop in the entrance region of tubes and
ducts. The method was formulated in a general manner which applies to ducts of any
cross section. Specific application was made for flow in a circular tube and in a parallel-
plate channel.

Kageyama and Izumi [51], Davis and Perona [52] and Dyer [53] extended the
method of Bodoia and Osterle [31] to study the developing free convection in vertical
circular tubes with both the constant heat flux and the isothermal conditions. Takhar [54]
used the von Karman - Polhausen integral method to predict the flow and heat transfer
due to free convection in the entry region of an isothermally cooled vertical open-ended
pipe. Meric [55] applied a Laplace transform to the slug flow linearization technique,
used by Quintiere and Mueller [37], to study this problem.

Studying the laminar entrance flow of an incompressible viscous fluid in a square

duct, Carlson and Hombeck [56] developed two approximate mathematical
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hydrodynamic models, the more exact one of them includes the transverse momentum

equations. The two models have been developed based on an order of magnitude

analysis.

2.3.3 Developing Convection through Concentric Annular Ducts

Hatton and Quarmby [57] presented the solution of Graetz problem in an annulus
with a heated core and an insulated outer wall with both uniform temperature and heat
input on the inside wall. Using an approximate integral method Reynolds et al. [58]
solved the governing equations for the heat transfer in annular passages with
simultaneously developing velocity and temperature profiles in laminar forced flow.
They reported that the flow remains laminar for a distance of 13 diameters downstream
for Reynolds number of 27,000. Their results were presented for Pr = 0.7. Sparrow and
Lin [59] applied a method similar to that introduced in [50] to provide the axial velocity
distribution and the axial pressure drop for laminar forced flow in the entrance region of
concentric annular ducts.

Based on a simple linearized finite-difference scheme, Coney and El-Shaarawi
[60] presented a numerical solution for the boundary-layer equations describing a
hydrodynamically developing laminar flow with constant physical properties in the
entrance region of concentric annuli with rotating inner walls. In their analysis they

extended the method of solution which was firstly introduced by Bodoia and Osterle

[31].
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Coney and El-Shaarawi [61] investigated laminar forced convection heat transfer
in concentric annuli with simultaneously developing hydrodynamic and thermal
boundary layers. They presented results for thermal boundary conditions of the third kind
as defined by Reynolds et al. [13]. First they solved the hydrodynamic entry length
problem to obtain the velocity profile. Then, they solved the energy equation to obtain
the temperature profiles.

El-Shaarawi and Sarhan [62] extended the method of solution presented before
[60 and 61] to solve the problem of developing laminar free convection in open-ended
vertical concentric annuli with a rotating inner cylinder for which the energy and
momentum equations are coupled through the buoyancy term. In their analysis, El-
Shaarawi and Sarhan assumed that the pressure defect at the entrance of the annulus
should equal to a negative value to be obtained by applying Bernoulli’s equation at the
entrance. Results were presented for boundary conditions of the third kind (i.e., one wall
is kept isothermal while the other is kept adiabatic).

As a special case of the previous one, El-Shaarawi and Sarhan [63] presented the
results for the developing laminar free convection in heated vertical open-ended
concentric annuli with stationary walls for the boundary condition of the third kind. Al-
Arabi et al. [64] conducted a numerical and experimental study for the natural
convection through vertical annuli with one wall uniformly heated and the other is
adiabatic, i.e. thermal boundary conditions of the second kind.

In a more general case, El-Shaarawi and Kodah [65] dealt with the developing

natural convection in an open-ended vertical concentric annulus with two rotating
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boundaries and a uniformly heated inner wall. The governing equations have been solved
numerically. Rogers and Yao [66] discussed the physics involved in the natural
convection and the buoyancy-driven motion of a viscous fluid enclosed in a tall heated

vertical concentric annulus with inner wall heated at uniform heat flux while the outer is

insulated.

2.3.4 Developing Flow through Eccentric Annular Ducts

Vilenski et al. [67] Pointed out that the solution of the problem of heat transfer in
channels with annular cross section is usually restricted to the axial symmetrical cases.
Moreover, it is difficult to obtain an analytical solution to the problem of heat transfer in
the thermal input section in the absence of axial symmetry. So, they presented a
numerical solution to the problem of laminar forced flow and heat transfer in an
eccentric slit. In their study, they presented an analysis for the Graetz problem for
boundary condition of the second kind with two different but uniform heat fluxes on the
walls. They presented results for uniform heat flux at one wall while the other was
insulated. Their solution was obtained by using the alternating direction implicit method
in writing the finite difference representation of the governing equations.

Feldman et al. [6,7] analyzed the hydrodynamic and thermal entrance region for
forced convection in straight eccentric ducts. Because of the absence of the axisymetry,
the three velocity components are present in the entrance region. Based on the boundary-
layer theory, they developed a model of two governing equations for the hydrodynamic

problem, namely, the continuity and the streamwise momentum equation. The two
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transverse momentum equations have been dropped through an order of magnitude
analysis. To complete their hydrodynamic model, they used the integral form of the
continuity equation and an additional relation betwcen the two transverse velocity
components.

The above extensive literature review shows that there is no available work

pertaining to free convection in vertical eccentric annuli.
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Chapter 3

OBJECTIVES OF THE PRESENT
WORK AND PROBLEM

FORMULATION

3.1 Objectives of the Present Work

The present work is aimed at obtaining a solution for the developing laminar free
convection in open-ended vertical eccentric annuli. The lack of information regarding
the limiting cases of conduction and fully developed free convection heat transfer in
such a geometry, motivated the study of these limiting cases during the present work. It
is worth mentioning that if a vertical annulus is sufficiently high, the developing free
convection in such an annulus would reach its fully developed state. On the other hand,
if the temperature difference is too small the conduction mode of heat transfer would
prevail before the onset of free convection. Thus, it might be seen that the above cases

of conduction and fully developed free convection are limiting cases for the more

20
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general problem under investigation. So the objectives of the present work are to
investigate the following.
1. Conduction heat transfer in infinitely long eccentric hollow cylinders with internal
uniform heat generation per unit volume.

2. Fully developed laminar free convection in vertical eccentric annuli.
3. Developing laminar free convection in vertical eccentric annuli.
4. Developing laminar forced convection in eccentric annuli.

It is worth mentioning here that the fourth problem, developing laminar forced
convection, has been treated by Feldman et al. [6,7]. However, it will be solved here to
check the validity of the proposed model and the adequacy of the numerical scheme

and the computer code developed to solve the proposed model.

3.2 Mathematical Model and Problem Formulation

3.2.1 Introduction

The first step in any analytical, or numerical, solution of fluid and heat flow
problems is to choose an orthogonal coordinate system such that its coordinate surfaces
coincide with the boundary surfaces of the region under consideration. For example the
rectangular coordinate system is useful for rectangular regions, the cylindrical coordinate
systems are used for regions having boundaries with cylindrical shapes, while the

spherical coordinate system is used for bodies having spherical boundaries and so on.
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The aim of the present work is to investigate the heat transfer in eccentric
cylindrical annuli for which a two-dimensional cross section is given in Figure 3.1(a).
Because of the asymmetry involved in the geometry under consideration the cylindrical
coordinate will be difficult to use in expressing the governing equations. The most
powerful orthogonal curvilinear coordinate system which could be used to express the
partial differential equations describing the flow and heat transfer through eccentric
annuli is the bipolar coordinate system shown in Fig. 3.1(b). The bipolar coordinate
system is nothing but a set of orthogonal eccentric cylinders. So the boundary surfaces
of an eccentric annulus may be taken as one of the coordinates and the other coordinate

will be the set of the eccentric cylinders which orthogonally intersect the boundaries of

the annulus.

3.2.2 Bipolar Coordinate System

The transformation of the governing equations into bipolar coordinate system is
very tedious, however the details of transformation into a general orthogonal curvilinear
coordinate were reported before [68-69]. Writing down the governing equations in a
general orthogonal curvilinear coordinate system, one can easily rewrite them in the
particular orthogonal coordinate system desired. In this study we have adopted the
bipolar coordinate system (1, § and z) which has the following relations to the Cartesian

coordinate system (x, y and z).
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Fig. 3.1 (b) Bipolar coordinate system.
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a Sinh(n)

= Cosh(ny )- Cos(& ) (3.1)
‘_ a Sin(¢)

y= Cosh(ny )— Cos(§ ) (3.2)

eer (3.3)

In the above relations, a =r, Sinh(m,)=r, Sinh(n,), where r; and r, are the radii of the

inner and outer cylinders, respectively, while 1; and 1}, denote inner and outer annulus
surfaces defined by the following two equations in terms of the annulus radius ratio,

N = r;/r,, and the dimensionless eccentricity, E=e/(r,-r;),

2 2

n,.=cOsh“‘(N(1+E) +(1-F) J (3.4)
INE
2 2

ng:Coslt"'(N(l-E)2;(1+E) ) (3.5)

The details of the relations between the Cartesian coordinates ( x,y, and z ) and
the bipolar Coordinates (1, & and z) are summarized in Appendix A. Appendix B
includes the derivation of the relationships between the geometrical parameters, such as
radius ratio N and relative eccentricity E, and the bipolar coordinates of the boundaries,

M and M.

3.2.3 General Form of The Governing Equations

The governing equations describing flow and heat transfer through an eccentric

annulus are the conservation equations of mass (continuity equation), momentum
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(Navier-Stokes equations) and energy. Assuming constant physical properties, one can

write the full conservation equations in a vectorial form as follows.

Continuity Equation

VvV =0 (3.6)

Momentum Equation

DV
PE=F—VP+HV2V G.7)

Energv Equation

pcp%=kV2 T+Q +u® (3.8)

These equations can be rewritten in any general orthogonal curvilinear coordinate
system. However, in our case the bipolar coordinate system has been adopted to simplify
the form of the governing equations and easily impose the boundary conditions. The

above equations in this coordinate system will be as follows.

The continuity equation

dhw Jdhv dh'u
+ + =
0§ oJn 9z

(3.9)
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Momentum (Navier -Stokes) Equations

1 - Momentum equation in &- direction

[aw wow v ohw Jdw vzah) 10P

— ettt U———— |= F, ——=—
ot ho& h* dm dz h*d§ ho&

et E e T

LB a(hv) d(hw) E)h+
h h 0 an Jon

u{82 1 92 (hw) 1

2. Momentum Equation in n1- direction

hom

31 1 0t Thom "9z K am

(81’ wa(hv)_l_vav+ ov w ah) F, 1aP

i (hw)
9¢&?

2@8(1114)
h* 9§ dz

hloz* B on® R

uio? 1 9%(hv) 1 9%*(hv)
= hv
+ { (hv)+— - e }

+E 8(hv) d(hw)\oh
h h & on 8&

3. Momentum Equation in Z - direction

2_8_&8(1111)
h*9n 9z

+ +u
at haé han Az

The Energy Equation

oT wdT voT dT) K 0'T
Pl ot T 9E Thom oz) ;

(3.10)

(3.11)

(3.12)

(3.13)
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In the above equations & is the coordinate transformation scale factor [ = af(cosh
1 -cosE)]. The details of writing the above equations in a general curvilinear orthogonal
coordinate system then in bipolar coordinates are presented in Appendix C. The
foregoing equations along with the initial and/or the boundary conditions will be
rewritten for each case under consideration separately. Thus, the above general equations

will be reduced according to the case under consideration. Detailed analysis for each

case will be introduced hereinafter.

3.3 Governing Equations for the Limiting Cases

3.3.1 Transient Conduction in Eccentrically Hollow Cylinders

Prior to the onset of free convection in an annular channel the conduction mode is
the prevailing heat transfer mode particularly when the temperature is low and radiation is
negligible. Heat conduction and heat storage capacity in eccentric configurations may also
be important in cases of eccentrically drilled tubes or hollow shafts or eccentric insulations.

Since an annulus has two boundary surfaces on which thermal conditions may be
independently imposed, there is a large number of conduction heat transfer problems of
significant interest. However, with some common assumptions [70] the energy equation
becomes linear and homogeneous and consequently the superposition technique can be
utilized provided that the boundary conditions are also linear. With the application of such
a mathematical technique, a solution (temperature field) satisfying arbitrary boundary
conditions could be determined by simply adding multiples of solutions (temperature

fields) satisfying certain simple boundary conditions. For example, on each of the two
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boundary surfaces, one of the following three linear boundary conditions is usually
employed. The temperature may be constant, or the temperature gradient (normal to the
boundary) may be constant (i.e., constant heat flux when the thermal conductivity & is
constant), or there may be heat exchange by convection with an environment at a constant
ambient temperature according to Newton's law of cooling (i.e., heat transfer is lincarly
proportional to the difference between the temperature of the boundary and that of the
environment). These simple-linear boundary conditions are usually referred to as the
boundary condition of the first kind, the second kind, and the third kind, respectively [70].
Thus, for an annulus, there are nine heat conduction problems cormresponding to the
possible nine combinations of the aforesaid thermal conditions on the two surface
boundaries. Ozisik [70] presented exact solutions for these nine heat conduction problems
in concentric hollow cylinders when the boundary conditions of the first, second, and third
kind are homogeneous. However, since the two cylindrical boundaries of an annulus have
unequal areas these nine combinations of the three simple-linear boundary conditions can
indeed give 18 different physical situations when the asymmetric thermal conditions are
interchanged on the inner and outer boundaries in each case.

The above discussion concerning superposition of solutions corresponding to
simple boundary conditions is also applicable to fully developed forced or natural
convection in annular passages. However, the boundary condition of the third kind is
meaningless in such convection problems. Therefore, Reynolds et al. [13] completely
solved the problem of heat transfer to fully developed laminar flow in concentric annuli by

defining only four fundamental boundary conditions. These fundamental boundary
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conditions are combinations of the aforesaid boundary conditions of the first and second
kind when applied on each of the two boundaries of an annulus. The fundamental
boundary conditions of the first type correspond to a prescribed isothermal temperature at
one wall while the opposite wall is kept isothermal at the inlet fluid temperature. The
second fundamental boundary conditions are when one wall is maintained at uniform heat
flux (constant temperature gradient) and the opposite wall is adiabatic. The fundamental
boundary conditions of the third kind are obtained by keeping one of the walls isothermal
and the opposite wall adiabatic. The fourth fundamental boundary conditions correspond
to one wall maintained at uniform heat flux while the opposite wall is kept isothermal at
the inlet fluid temperature.

The geometry of the problem under consideration is an infinitely long as compared
to the pipe diameter, eccentrically hollow cylinder for which a two-dimensional cross-
section is shown in Fig. 3.1. The eccentric annular material is assumed to have constant
physical properties and uniform internal heat generation per unit volume. For any
prescribed thermal conditions on the two circular boundaries of this geometry and an initial
condition, the unsteady heat conduction in the eccentric annulus is governed, in the bipolar
(M-E) plane, by the energy equation, eq. (3.13), with the convective and the viscous
dissipation terms dropped since v = w = u = 0 everywhere. Moreover, the axial diffusion
of energy in the axial direction is also omitted since the cylinder considered is infinitely
long. Hence, the following two-dimensional transient energy equation is the governing

equation for the transient conduction in the eccentric annulus:
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FT FT, .0 K T
or, ol @ h T 3.14
e Ty (3.14)

It is to be noted that in each of the previously specified four fundamental boundary
conditions there is one boundary maintained either adiabatic (dT/on = 0) or at ambient
temperature 7,. The boundary opposite to that maintained adiabatic or at 7, is called the
heat transfer boundary [14]. Thus, as the heat transfer boundary might be the inner or the
outer surface, there are eight fundamental solutions that can be considered. For each of the
previously mentioned four fundamental thermal boundary conditions there are two possible
cases that can be considered, namely, case I, in which the heat transfer boundary is at the
inner surface and case O, in which the heat transfer boundary is at the outer surface. Thus
each of the eight cases that can be considered under the previously defined four
fundamental boundary conditions may be designated by a number (1, 2, 3, or 4) and a letter
(either I or O). The number would refer to the fundamental boundary conditions under
consideration (e.g., 1 refers to fundamental boundary conditions of first type) and the letter
refers to the heat transfer boundary. Thus, case (1.I) refers to a case under fundamental
boundary conditions of the first type with the inner surface being the heat transfer
boundary. Similarly, case (3.0) refers to a case under fundamental boundary conditions of
the third kind with the outer surface being the heat transfer boundary, and so on. The

following table summarizes the aforesaid eight fundamental thermal boundary conditions.
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Table 3.1 The Fundamental Thermal Boundary Conditions

Case Inner Boundary, n;, | Outer Boundary, 7,
1.I T=Tyw T=T,
1.0 T=T, T=Tw
21 10T aT
= —_—— — =O
' (han)“ (811 h,
2.0 oT 19T
(3=), = g, =~k(25),
on '™ han
3.1 T=Tyw aT
(=), =0
a-n Mo
3.0 aT T=Tw
(=), =
an ni
4.1 . 19T T=To
=tk ———
% (hanA
4.0 T=T, q;=$k(_1__a_1)
hon™

31

(3.15)

The equation (3.14) and the boundary conditions are linear in the dependent

variable (T) and hence fundamental solutions can be utilized to obtain more general

solutions. It is worth mentioning here that in the cases of uniform heat flux boundary

conditions on the heat transfer wall (cases 2 and 4), the plus and minus signs in the

conditions on the 1y = 1; are applicable for heating and cooling respectively. However, the

minus and plus signs in the boundary conditions on T = 1, are for heating and cooling

respectively. In the present investigation only cooling the heat transfer boundary will be

considered during the analysis of the two cases 2.1 and 2.0, while heating the heat transfer

boundary will be considered in all other cases.



Using the dimensionless parameters given in the nomenclaturc the governing

equation (3.14) can be written, for all the cases under consideration, in the following non-

dimensional form:

0 20 , ,d0

~—S+—S+H O0=H = 3.16

an: g THA=IT, G-10)
Due to symmetry, the following two boundary conditions with respect to & are

applicable:

For=0 and&= m:06/0§ =0 (3.17)

On the other hand, in all the cases considered the annular material is initially at ambient

temperature, i.e.,

Fort<0:6=0 (3.18)

For ¢t>0 the heat is internally generated in the annular material and simultaneously one of
its surfaces is isothermally heated to T, (or with uniform heat flux) while the other surface
is kept either at the initial ambient temperature T, or adiabatic. Thus the four pairs of the

fundamental thermal boundary conditions with respect to 1} can be written in dimensionless

form as follows:
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Table 3.2 The Dimensionless Forms of the Fundamental Thermal

Boundary Conditions

Case Inner Boundary, m, | Outer Boundary, 1,

1.1 0=1.0 0=0
1.0 0=0 6=10
2.1 36 00

— =*H(M,;.§) - =0

an n on y
2.0 20 a0 -

S = O N =+ H( nn 'FD )

an i an No
31 6=1.0

n Mo
3.0 0=1.0
n i

41 36 6=0

— =*H(7n,.§)

a Wi
4.0 =0 6

—| =%H(n,.§)
a n nl)
(3.19)
3.3.2 Steady Conduction in Eccentrically Hollow Cylinders
Under steady-state conditions equation (3.16) reduces to:
6 08 _ -C (3.20)

LS

n’ a¢’ H o= (coshm - cosE, )’
Such steady-state conditions are achieved at considerably large values of time, i.e., the
solution to the transient problem should asymptotically approach its corresponding steady-
state value. Thus, steady-state analytical solutions can provide a check on the adequacy of
the present transient numerical results. At considerable large values of 1, the transient

solutions should asymptotically approach such steady-state results. It is worth mentioning
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here that for the thermal boundary conditions of the second kind the steady state will be
reached if and only if the heat generated within the annular material equals to the heat
transfer at the active wall with opposite signs (i.e., if the heat generated is exothermic, the
active wall should have a cooling effect). Thus a special relation between the heat transfer
rate at the active wall and the rate of heat generation within the annular material will be
developed and evaluated, hereunder, through a simple energy balance for the two cases

considered , namely cases 2.I and 2.0.
3.3.2.1 Special Analysis for Boundary Conditions of the Second Kind

For this type of boundary conditions with the exothermic internal heat generation
the steady state conditions can not be achieved for heating with uniform heat flux at one
boundary while keeping the other boundary adiabatic. However, the steady state can be
achieved for exothermic internal heat generation with uniformly cooling the heat transfer
boundary while keeping the other boundary adiabatic. The physics of such problems state
that at the steady state the heat generated within the annulus should be equal to the heat

rejected at the heat transfer wall. So the following simple energy balance can be written

QM"('}S"’}Z)L=Q,; 2rnr, L) for case 2.1. or
=q..(2nr L) for case 2.0.

With some manipulation, one can write the following dimensionless relation

between the internal heat generation and the cooling heat flux at the heat transfer boundary;
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4N
=—— for 2.1.
0 Y for case or

= 4 for case 2.0.
1+N

Where:

0 -2 ..D" for case 2.1. or
9w
_2 ..D" for case 2.0.
qu

Using the dimensionless parameters given in the nomenclature along with the

above definitions of Q the governing equation will be the same as for all cases considered.

3.3.3 Fully Developed Laminar Forced Convection

The fully developed laminar forced convection has been already solved by
Trombetta [21] for different thermal boundary conditions. However, the analytical
solution of this hydrodynamically fully developed steady forced flow will be provided
here for the sake of completeness. This hydrodynamically fully developed flow, which
occurs if the channel is sufficiently long, provides an analytical check on the numerical
solution to be obtained for the developing laminar forced convection. For this problem
the flow is assumed to be steady and the fluid is assumed to be a Newtonian with
constant properties and hence the energy equation is uncoupled from the equations of
motion. Body forces, viscous dissipation, internal heat generation and the radiation heat
transfer are absent. In addition to the above assumptions, for hydrodynamic full

development v=w =0 and d u/ d z = 0 everywhere. Hence the continuity equation (3.9)
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and the inertia terms on the left hand side of eq. (3.12) vanishes while the &- and -
momentum equations (3.10 and 3.11) reduce to d p/d E=0and dp/dn =0,
respectively. Accordingly for hydrodynamically fully developed forced flow d p/dz =

[ (dp/dz)s ] = constant and the resulting axial momentum equation reduces to

92 9% u,,
¢ a0 Y _pe(dP (3.21)
a&*> an’ dz ),

Using the dimensionless parameters given in the nomenclature the equation above can be

written in a dimensionless form as

0’U, d°U -c
I fd__Hz(dP) C
1

: . = i (3.22 a)
9&° an’ dZ (coshmy - cosE )’

This equation is identical to equation (3.20) of the steady-state heat conduction with
internal heat generation.

For fluids having Prandt] number less than unity, the hydrodynamic development
length is larger than the thermal entrance length. Consequently, a hydrodynamically fully
developed forced flow of a fluid of Pr < 1 is also thermally fully developed. Under such
full-development conditions ¢ 8 /0 Z = 0 (for boundary conditions of first, third and
fourth kind), V = W = 0 and hence for these three kinds of boundary conditions eq.
(3.13) in a dimensionless form reduces to

a?eﬁ,+aZe,d

=0, 322b
an’ 9¢&’ ( )

which is typically the steady conduction equation with no heat generation.
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On the other hand d 0 /@ Z is constant for boundary conditions of the second
kind. A complete solution for the velocity and temperature at any section in the channel
always depends on the solution of the preceeding section (i.e., to solve for the
temperature and velocity profiles in the fully developed region, the velocity and
temperature profiles as the flow exits from the developing region should be known).
Therefore, the solution of the fully developed free convection under thermal boundary

conditions of the second kind will be obtained via the solution of the developing region.

3.3.4 Fully Developed Laminar Free Convection in Vertical
Open-Ended Eccentric Annuli

Free convection heat transfer in an eccentric annulus occurs in many industrial
situations as mentioned before. The analysis of fully developed convection is very
important in predicting the amount of heat transfer in heat transfer equipment. Fully
developed natural convection in open-ended vertical annuli is the limiting case for the
more general problem of developing free convection in such channels. In the latter case
fully developed conditions can be achieved if the annulus is sufficiently high or, more
general, if the Rayleigh number has a sufficiently low value.

The in-depth literature survey summarized in Chapter 2 has revealed that there is
no previous work reported for the problem of the fully developed free convection in
open-ended vertical eccentric annular channels. The lack of information regarding this
fully developed convection motivated the present work.

Figure 3.2 shows a two-dimensional cross-sectional elevation and a plan for the

channel under consideration. It comprises a vertical eccentric annulus of finite length,
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Fig. 3.2 Two dimensional elevation and plan for the geometry under consideration
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open at both ends and immersed in a stagnant Newtonian fluid of infinite extent
maintained at constant temperature T, Free convection flow is induced inside this
annular channel as a result of heating or cooling one of the channel walls either
isothermally or with a uniform heat flux while keeping the other wall either adiabatic or
at ambient temperature. The fluid enters the channel at the ambient temperature T, and is
assumed to have constant physical properties but obeys the Boussinesq approximation
according to which its density is allowed to vary with temperature in only the
gravitational body force term of the vertical (axial) momentum equation. Thus
Boussinesq approximation neglects the compressibility effect everywhere except for the
buoyancy-force term. Body forces in other than the vertical direction, viscous
dissipation, internal heat generation, and radiation heat transfer are absent. If the channel
is sufficiently high, fully-developed flow conditions can be achieved.

Fully developed free convection in the vertical annular channel means that the
velocity components in 1) and & directions (namely v and w, respectively) vanish, the
axial velocity component u does not vary with the axial coordinate, ie., u = u(n,§ ) or
du/dz=0,and the flow is also thermally fully developed [14], i.., &> T /9 z> = 0.
Thus, the continuity equation automatically vanishes and the momentum equations in T
and £ directions reduce respectively to d p /0 = 0, i.e., p is independent of 1}, and ap
/9 & =0,1ie., pis also independent of & Consequently, the pressure is a function of z
only (hence d p /d z = dp/dz) and the equations which govern the fully developed free
convection in vertical eccentric annuli, in terms of the dimensionless parameters given in

the nomenclature, are the following z-momentum and energy equations, respectively.
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1 (o°U 23U 1 dP 4]
[a 2+a 2] (3.23)

H*\ an 2] 4(1-N)’dZ  4(1-N)’
1 (9% 3% \ 20

| =4(1=N)? .Pr.U. — 24
HZkan”aa,-) (=NY.PrU.57 (3-24)

3.3.4.1 General Analysis

Differentiating eq. (3.23) with respect to Z, taking into consideration that

dU/dZ=0,gives

(oF)

0 *p
°ev_2 - 3.25
7= 37 (3.25)

QU

Substituting for © from (3.23) into (3.24), taking into consideration (3.24) and that, since

P=7Z), /9 (dP/dZ) = 3° /3 & (dP/dZ) = 0, yields

L [ (1(a*y 2°U)| @[ 1(2°U U _p dP 5,0
S CER W CUEE IS I TR W R CLU Rl 4z )

The left hand side of eq. (3.26) is a function of 1 and & only while its right hand side is a

function of Z only. Hence a solution of eq. (3.26) in the form U = Un,&) is possible

only if
d*PldZ* =o. (3.27)
where o is a constant. From eq. (3.25) and (3.27) we then have

d06/dZ=o. (3.28)
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which means that, in the fully developed flow region, d 6 /d Z is also constant and hence
0 varies linearly with Z. Thus, regardless of the value of Pr, a hydrodynamically fully
developed free convection (@ U / d Z = 0 ) necessarily mcans that the flow is also
thermally fully developed.

Equation (3.28) implies that for a point of given 1 and & the dimensionless
temperature (8) varies linearly with Z as the fluid moves axially from one cross-section
to another. However, in some of the cases under consideration (boundary conditions of
first, third and fourth kind) at least one of the annulus boundaries (1 or m,) is kept
isothermal and hence 96 /9 Z = 0 on such an isothermal boundary while d 6 /9 Z =o.
= constant for boundary conditions of the second kind. The value of o will be
dependent on the thermal conditions at the entrance of the channel, i.e., to determine the
value of oo for the fully developed free convection with boundary conditions of the
second kind the entrance developing region should be solved first, otherwise many
solutions may be obtained for the energy equation (3.24) by adding, to its solution if
exist, any arbitrary constant that will automatically satisfy the Neuman boundary
conditions (boundary conditions of the second kind). Thus the solution for the boundary
conditions of the second kind can be obtained by solving the developing problem rather
than solving equations (3.23) and (3.24). On the other hand, the combination of equation
(3.28) with an isothermal boundary condition leads to the conclusion that o, for such a
fully-developed region, must equal zero (o = 0). Consequently, the energy equation

(3.24) reduces (under thermal boundary conditions of the first, third and fourth kinds) to

the following.
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0°6 2°0
—— — = .2
(8113 +a&_1} 0 (3.29)

Equation (3.27) with o = 0 means that the pressure gradient (dP/dZ) in the fully-
developed region is constant (i.e. P varies linearly with Z). However, if the channcl is
extremely high the fully-developed region could occupy a very large portion of the
channel height, the developing length could be neglected in comparison with that of the
fully-developed region and hence the assumption of fully-developed flow right from the
channel entrance can be made. In this case, integrating eq. (3.27) twice and applying the
boundary conditions that the pressure is atmospheric at both inlet and exit of the annulus,

i.e. P = 0at Z =0 and L [14] leads to the following simplified form of equation (3.23).

9'U 9°U 0 )
. - i 3.30
(an- ¥ aa_-) Ty -9

Finally, the governing equations for the fully developed laminar free convection,
subject to the thermal boundary conditions of the first, third and fourth kinds are
equations (3.29) and (3.30) which are strongly coupled through the buoyancy term. Due
to symmetry about the x-axis, the governing equations (3.29) and (3.30) need to be
solved in only half of the channel, i.e. for 0 <& < 7. In all cases under consideration

equation (3.30) is subject to the following hydrodynamic and symmetric boundary

conditions, respectively.

Form=m, or n=m, , U=0
n=mn, or n=7, } (3.31)

For&=0 or&=n ,dU/0&=0
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3.4 Developing Laminar Forced Convection in Eccentric
Annuli and Free Convection in Vertical Open-Ended
Eccentric Annuli

Fluid entering a duct or a channel from a reservoir undergoes a hydrodynamic
and thermal development, whereby the relatively uniform inlet velocity (temperature)
profile gradually transforms into a fully developed profile. This entrance region has been
widely studied because the velocity development increases the pressure drop and
enhances the heat transfer rate.

Laminar convection in the free regime with simultaneously developing
hydrodynamic and thermal boundary layers in vertical eccentric annuli is of practical
importance in many engineering situations. In atomic reactors, heat generated by atomic
reactions is transferred to the coolant flowing through the annular gap between the fuel
element and the coolant channel wall. Free convection is present during shut-down
periods or following the coolant pump failure, and has significant effects when the
coolant flow rate is reduced during periods of low operations.

The objective of this part of our study is to present an analysis for the laminar
free convection in open-ended vertical eccentric annuli, for which, to the best of the
author's knowledge, there is no work available in the literature.

A new model will be developed during the present work to analyze the laminar
forced and free convection in eccentric annuli with simultaneously developing

hydrodynamic and thermal boundary layers. The forced convection problem will be
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solved here for the sake of validation of the proposed model by comparison with the

previously published work of Feldman et al. [6,7].

3.4.1 The Governing Equations

In the entrance region the steady flow is three dimensional. Due to The absence
of symmetry in the geometry under consideration the three velocity components exist.
The governing equations for an incompressible fluid with constant properties and the
same assumptions mentioned in Sections 3.3.3 and 3.3.4 will be egs. (3.9) through
(3.12). However, no practical means appears to be available to solve these partial
differential equations in their entirety. Therefore, some simplifying assumptions, based
on the boundary-layer theory (Schlichting [71] and El-Shaarawi [72] ), will be used
hereinafter to develop a simpler model.

The differential continuity equation (3.9) subject to the no slip conditions on the

two boundaries can be written in the following integral form.
- _—
2_ 2N, 9 i g2
m(r2—ru=2 th ud&dn (3.32)

Assuming the pressure to be a function of the axial coordinate only @p/an
=9 p /& =0), neglecting the axial diffusion of momentum and energy (d 797 =0),
dropping the T- momentum equation since the 1- velocity component (v) is much
smaller than the &- and z-velocity components (w and u ) and introducing the
dimensionless parameters given in the nomenclature, the five equations (3.9) through

(3.12) and (3.22) can be replaced by the following five dimensionless reduced equations.
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Continuity Equation

J(HW) Od(HV) a(HZU)
k =0 3.33
26 an T az (3-33)

£~ Momentum Equation

WOW V IHW o oW V*JH
Hag H* om ' 3aZ H?IE

__1(3*HW 9*HW) 2(3HW 3HV)IH 2K JIHIU
B on’ 0&? H* dan 0% Jon H® 9§ 0z

(3.34)
Axial, Z- Momentum Equation
WoU VU oU oP 1 (d°U dU
——t+——+K U —=-K,—+K,0+ —| —+7= 3.35
H ot H2Q 9z oz Hz(ag- an-} (3.35)
The Energv Equation
Ea—e—+za——+KUae L 5 o e+a 9 (3.36)
H J& Hdn 0Z Pr.H*\9&’ -
Integral Form of the Continuity Equation
- 8(1 N) 2
H dnd 3.37
=N )j [fUHdndg (3.37)
where;
K,=4(1-N)* and K, = K3—~——1——— for free convection and

4(1-N )?

K;=K>,=1and K; =0 for forced convection,

For the case of forced convection U =1.0
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In addition to the thermal boundary conditions (3.19), the above set of the governing
equations are subjected to the following boundary conditions;

atZ =0,

V=W=6=00,U=0, (3.38)
(U, equal unity for forced convection and unknown for free convection in a channel of a
given height), for ne<mn <

for Z > 0;

at &=0and £ =7, the line of symmetry,

0v_3aw _3u 26 _ +39)
9 9 0t 9E G

Boundary conditions with respect to the pressure

In some previous studies of developing free convection [31-36, 51-53] the
pressure defect (the difference between the local pressure in the channel and the ambient
pressure at the same elevation) was taken to be zero at the inlet, ignoring the acceleration
of the fluid to the channel inlet. The correct initial condition, given by the application of
Bernoulli’s equation at the entrance has been taken into account by [37,55]. So the

boundary conditions for the pressure will be

At Z=0, P=-U%,/2 for free convection and
P=0 for forced convection (3.40)
AtZ=1L P=0 for free convection only.

It is worth mentioning here that another model (called the second order model)
based on an order of magnitude analysis (the details of which are presented in Appendix

C) has also been developed and used to solve both of the free and forced convection in
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an eccentric annulus. This latter model comprises five equations in five unknowns which
are the reduced axial momentum equation, the integral form of the continuity, the n- and

E- momentum equations in addition to the energy equation.



Chapter 4

METHODS OF SOLUTION

Methods of solution for the governing equations of each of the cases presented in
the previous chapter will be summarized hereinafter. Most of these governing equations is
very difficult to solve analytically. Hence, numerical methods have been basically used to
provide solutions for most of these cases and analytical solutions could be obtained for

some of the limiting cases whenever it is possible.

4.1. Steady Conduction in Eccentrically Hollow Cylinders

The general solution of the steady-state equation (3.20) is given by El-Saden [5],

as

8,(MC)=06.+6,, (4.1)

48
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where the complementary part of the solution, after applying the boundary conditions

3B.17),1s

9. =AM+ B+ Z(Ce’"‘+ D ¢™ )cosnE, 4.2)

n=1

and the particular integral part of the solution, which is due to the internal heat generation,
is

c coshhn _ C X n
I —— -7cothn -C ZCoth'qe "cosng (4.3)

0,=- =
! coshm - cos§,

n=1

The series part on the right-hand side of (4.2) or (4.3) is due to the eccentricity and the

general solution (4.1) can now be written in the following form

9,=AM+B -—g—cothn + 2cosn§ [Ce™+(D -C cothn)e™] 4.4)
n=/

It is worth mentioning that the right-hand side of equation (4.3) was given by El-Saden
[5]; it can be obtained by finding a Fourier-cosine expansion of the even function
[1/(coshm - cos £)] as shown in [73]. The details of this step is shown in Appendix E.

Applying the boundary conditions (3.19) the constants A", B, C, and D in equation
(4.4) are obtained for the cases considered as given in Table 4.1. It is worth noting that the
values of these constants for cases (1.I) and (1.0) are given in Table 4.1 for the sake of
completeness. These were obtained before by El-Saden, but in terms of two constant but
different dimensional values of temperatures on the boundary surfaces.

Special analysis has been given for case 2 to evaluate the value of the constant B.
The boundary conditions of this case are Neuman (derivative) boundary conditions as

shown in Table 3.1. Therefore, many solutions can be found for the steady conduction
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equation (3.20) by adding arbitrary constant to any solution of this equation if any.
However, a particular value of this constant depends on the initial conditions for the
transient conduction. Hence, the constant B can be evaluated for a particular initial
condition by equating the expression of equation (4.4) and the steady-state solution
obtained by solving the transient case, equation (3.16), for the same initial and boundary
conditions as the time approaches infinity. The transient case has been solved numerically
using the same code for all the cases under consideration (ie., using the same finite
difference equations and the same algorithm of solution for the resultant set of algebraic

equations). The numerical solution will be presented hereunder.

4.2 Transient Conduction in Eccentrically Hollow Cylinders

Equation (3.16) is very difficult to solve analytically since H is a function of 1 and
E; hence we resort to numerical solution. Due to symmetry equation (3.16) needs to be
solved for 0 < E< m, i.e., in only half the slab shown in Fig. 4.1 which shows the numerical
grid in the 1-§ plane. In this complex plane, the dependent variable @ is computed, for a
given time ¢, at the intersections of the grid lines and (i, j) is a typical mesh point. Mesh
points are numbered consecutively; i is progressing in the m-direction with i =1, 2,3, ...,
n+1 from the outer surface and j is progressing in the &-direction with j = 1, 2, 3, ..., m+1
from the wide side of the annulus (at § = 0).

Using the traditional alternating-direction implicit (ADI) finite-difference scheme,

we faced difficulties in obtaining convergent numerical solutions. On the other hand, the
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following finite-difference scheme has proved to be successful for all values of the

dimensionless eccentricity (E).

0i.j-20,;+ 61 9;.1'-1 '29;.;""9:.14-1 3 i~ 0,
3 + +H;Q=Hij—— “4.5)
(An f (A F : !

where the asterisk (*) superscript denotes at the previous time step and hence the

superscripted 8 are known.

The two boundary conditions given by equation (3.17) can be written, using central

differences and fictitious points as

and
Bime2=Oim 4.7)

Similarly, the boundary conditions (3.19) on the outer and inner surfaces in cases having

the outer or the inner wall insulated can be rewritten, respectively, as

80; = 62, 4.8)
and
Ons2; = Ohj 4.9

In cases 2.I and 2.0 which have uniform heat flux on the heat transfer boundary,
the thermal condition at this boundary will be expressed using a central difference along
with fictitious points. For case 4.1, a backward finite difference representation of the first
derivative will be used to express the boundary condition on the inner wall, while a
forward finite difference will be used to express the boundary condition on the outer wall

for case 4.0. So, for these cases with uniform heat flux on the boundary we have
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Forcase 2.1:

0

n+l.j _e

n.j =—Hn+1,j 4.10
2 An (n+1, ) (4.10)

Forcase 2.0 :

8,,-0

Rt RN P S (O 4.11
2An (1, ) 4.11)

For case 4.1 :

en+l '—en j .
LCLLY S R H(n-{-l,‘,) 4.12)
An

For case 4.0 :

827 _ _map (4.13)
An ’ '

The problem under consideration is governed by three controlling parameters,
namely, the annulus radius ratio (N), the dimensionless eccentricity (E), and the
dimensionless internal heat generation (Q). A numerical solution can be obtained by first
selecting values of these controlling parameters. In the present work computations were
carried out in an annulus of radius ratio 0.5 for various selected values of E and Q. The
radius ratio 0.5 was chosen since it represents a typical annular geometry with its value of
N far enough from unity (N = 1) which represents the case of a slab bound by two parallel-
plate surfaces. Knowing the radius ratio (N) and the eccentricity (E), the values of 1 for the
inner and outer surfaces are computed by the following two equations which are computer-

usable forms of equations (3.4) and (3.5) respectively:
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2 2 2

= log | NUHE )+(1-E2)+\/[N(1+E )+(1-EZ)) . w1
2NE 2NE

— N(I-EZ)+(1+E2)+J(N(I-EZH(HEU)‘_I @
2E 2E

Having computed 7; and 7, the value of An is obtained by dividing (n; - o) over n (the

number of steps in the 1-direction).

For given AE and At the numerical procedure continues as follows. For each value

of j (starting from j = 1) equation (4.5) is applied with i = 2, 3, ..., and n to give (n - 1)
equations in (72 - 1) unknown values of 6. It should be noted here that for cases 2.Iand 2.0,
where central differences have been used to express the boundary conditions at the two
boundaries, equation (4.5) is applied with i = 1,2,3,........ , (n+1) to give (n+1) equations in
(n+1) unknowns. The matrix of coefficients of the resulting system of linear equations is a
tridiagonal matrix and hence Thomas method is used to obtain numerical solution for the
interior grid points (for each value of j). This procedure is repeated for all values of j from
j=1until j = m+I to scan the whole mesh network. Equations (4.6) and (4.7) are used to
obtain expressions for the values of @ at the fictitious points resulting from applying
equation (4.5) on the two &-boundaries. Moreover, equation (4.8) or equation (4.9) is used
to do the same on the adiabatic boundary in cases 2.1. and 3.I or 2.0. and 3.0, respectively.
Equations 4.10 through 4.13 will be used to express the fictitious points involved when

equation (4.5) is applied on the heat transfer boundary in cases 2.1, 2.0, 4.I and 4.0,
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respectively. The obtained values of @ at the present time step will then be considered as
old values (superscripted 0) for the next time step and thus the whole process can be
repeated until steady-state conditions are reached. Steady-state conditions mean that the
obtained values of © do not change with further increase in time. The criterion of
achieving that in case 2 was to have the difference between the value of the temperature at
any grid point at two successive time steps to be less than 107. For all other cases
considered, none of the computer runs was allowed to stop before the obtained numerical

results converge to corresponding analytical steady-state solution with a maximum

tolerance of 1 %.

4.3 Fully Developed Laminar Forced Convection

For hydrodynamically fully developed forced convection, the governing equation
(eq. 3.22a) is uncoupled from the energy equation (3.22b) for which solutions have been
provided for different thermal boundary conditions by Trombetta [23]. Hence, the
solution of the energy equation for this problem will not be provided here. However, the
solution of the axial momentum equation (the governing equation of the hydrodynamic
part of this problem) will be presented here since it provides an analytical check on the
numerical solution for the developing forced convection which will be solved by the
present proposed model. This equation is identical to the equation of steady-state heat
conduction with internal heat generation. The solution of this equation (Uy) is typically
given by the right hand side of equation (4.4), noting that C" is the constant in eq.

(3.22a) and its value is given by:
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C* = ~(dP/dZ ) HX(Cosh 1 - Cos & )? = -(Sinh®> No) (dP/ dZ )/ [4(1 -N)*]  (4.16a)
Applying the boundary conditions (3.31) the constants of integration A", B, C and D of

eq. (4.4) can be determined as given hereinafter

A" =C"(Coth;-cothn, )/ [2 (Mi-N)] (4.16b)
B =C (n; Coth, - M, cothni)/ [2 (M; - No)] (4.16¢)
C =C"(Cothni-cothn,)/ ("W -2"™) (4.16d)
D =C("™ cothn, - "™ Cothmy; ) /(2" - ™) (4.16€)

4.4 Fully Developed Laminar Free Convection

4.4.1 Fundamental Solutions of the First and Fourth Kinds

For thermal boundary conditions of the first and fourth kinds the energy equation
(3.29) will be solved analytically. The analytical solutions obtained for 6 will be
substituted in the momentum equation (3.30), which will then be solved numerically.
Equation (3.30) can be replaced by the following finite-difference representation

U(i—1,j)—2U(i,j)+U(i+l,j)LU(i,j—l)—2U(i,j)+U(i,j+1) =~9(i,j)(H(i,j))z
(An )? (AE ) 4(1-N )

(4.17)

The above equation will be solved iteratively after rearranging its terms as follows.

U'(i-1,))+U"G+1,j) UG, j=D+U"G,j+])

UG.j)= ! (an )2 N (a2) (4.18)
2(__1__J L0G.)) HG.J)
(An)*+(A8)’ 4(1-N)*

in which the asterisk superscript means values from the previous iteration.
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The problem under investigation is governed by three dimensionless parameters,
namely, the radius ratio, N, the eccentricity, E, and the Prandtl number, Pr. For a fluid of
a given Pr in an annulus of given N and E, the solution starts by calculating the
corresponding values of 1; and m, by means of egs. (4.14) and (4.15), respectively.
Selecting the numbers of increments in 1 and & directions (n and m, respectively) the

values of A and A can be computed.

The algorithm of solution is to assume a velocity field at all grid points, U™ (ij).
Substitute these values of U’ together with the known values of 0 (i,j) and H(i,j) on the
right hand side of eq. (4.18) to obtain the new values of U(ij). If the relative error
between U and U at all grid points ( (U(i,j) U i,j)) U(ij) ) satisfies a prescribed
solution criterion ( < 10* in the present work) stop the iteration process, otherwise

continue the iteration process after updating the values of U” according to the following

relaxation equation.
U' (i, ))=U yy G, N+wIU G, j)= Uy ()] (4.19)

In the above equation w is a relaxation factor which has been found through numerical

experimentation to be 0.8.
4.4.2 Fundamental Solution of the Third Kind
For the thermal boundary conditions of the third kind, the wall opposite to the

heat transfer surface is perfectly insulated. Hence, the fluid temperature in the annulus

becomes ultimately uniform at the same temperature as the heated surface (8=1
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everywhere in the fully-developed region). Therefore, fully-developed free-convection
flow under thermal conditions of the third kind is an isothermal flow having a
temperature which equals that of the heat transfer boundary. Consequently, we have, in
both cases 3.1 and 3.0, P = 0, 8=1and 00/0n = 00/QE =3°0/n’ = 9°0LE’ = 0
everywhere. Hence, the energy equation (3.29) vanishes and the axial momentum

equation (3.30) reduces to

azUﬁ,+azU,,,=_ H C
on’ 9¢&? 4(1-N)*  (Coshn—CosE )?

(4.20)

Thus, the physics of the problem of fully-developed free convection does not distinguish
between case I and case O under thermal boundary conditions of the third kind and we
simply have only one fully-developed solution of the third kind. Equation (4.20) is
similar in shape to the equation of steady-state heat conduction with internal heat
generation. The solution of this equation (Uy,) is typically given by the right hand side of
equation (4.4), noting that the value of C" is the constant in eq. (4.20) whic is given
below as;

C" = Sink? (mo) /16 (1 - N)* (4.21a)
A", B, C and D in the right hand side of eq. (4.4) are the constants of integration

obtained after applying the boundary conditions (3.31) and have the following values.

A= _C_ Coth(n,) —Coth(ny,)
2 ni _Tla

(4.21b)

B=C‘ n, Coth(n, )—m, Coth(n; )
2 ni—no

(4.21¢)
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. Coth(n; )—Coth(n, )

c=C B, g, (4.21d)

e

. 2™ Coth(n, )~e*™ Coth(n; )

D=C T (4.21e)

-e
4.4.3 Fundamental Solution of the Second Kind

This type of thermal boundary conditions is Nueman (derivative) boundary
condition (i.e., any arbitrary constant in the solution of the energy equation (3.24) if it
exists will satisfy this boundary condition). Moreover, the energy equation (3.24) is
strongly coupled with the axial momentum equation (3.23). Hence, the solution of these
two simultaneous equations is very difficult to obtain analytically. An iterative
numerical method may be used to solve these two equations. This method can be
summarized as follows; first assume a temperature profile and use it to solve equation
(3.23) for the velocity U. The velocity profiles obtained from equation (3.23) can be used
now to solve equation (3.24) for the temperature 8. This procedure will be repeated until
the differences between the assumed temperature profiles to solve equation (3.23) and
the temperature profiles obtained from the solution of equation (3.24) converge to a
prescribed value. However the solutions obtained by this method were found to be
affected by the assumed temperature profiles as a first iteration. Moreover, it was
concluded that it is better to have the first iteration of the temperature profile as that
coming out from the developing region. Therefore, it was decided that the solution of the
fully developed free convection would be better obtained via the solution of the

developing free convection which will be presented in Chapter 8.



1<

61

4.5 Developing Laminar Forced Convection in Eccentric

Annuli and Free Convection in Vertical Open-Ended
Eccentric Annuli

4.5.1 Finite Difference Representation

The presently proposed model describing these two problems comprises
equations (3.33) through (3.37). Until now there is no analytical means known to solve
this set of equations. Hence, the governing equations have been numerically treated
using a finite difference technique. Considering the mesh network of Fig 4.1, replacing
the first and second order derivatives in 1 and & directions by central finite-differences,
with the exception of using a backward representation for the first derivative of (HV)
with respect to 1 in the continuity equation, and using backward finite-differences to
express the first derivatives with respect to Z, equations (3.33) through (3.37) can be

written in the following forms, respectively.

Finite-Difference Representation of the Continuity Equation

H(i,j+1)W(i,j+1)—H(i,j~1)W(i,j—l)+H(i,j)V(i,j)—H(i—l,j)V(i—l,j)
2AE Am
2, ‘U(I,J)—U.(l,_])_
+ K, H*(i,j) A7 =0

rearranging

H(i=1,j)V(i=1,j) H(i,j+ YW (i, j+1)=H(i,j=1)W(i,j-1)
V(i j)=— o 288
PTHCD| _ e gprgi 5 UL)=U ()
e AZ

(4.22)
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Finite Difference Representation of the £ Momentum Equation

W@, j) WU, j+1)-W@,j-1) + ViG,j) HE+LHWGE+1L,)H)—-Hi-1, )HWiE-1,))

H(@,j) 2AE (HG, ) 2An
K U.(i’j)W(i,j)——W'(i,j) _(V'(i,j)); HG, j+D)~HG,j-1)
AZ (HG, )y 2AE
HG-1, W@ -1, )=2H3, HW(, N+ HGE+L, HW3E+1, )
o (an)’
(HG, )Y L HG = DWG,j =D =2HG HWG, D+ HG,j+ DG+ 1)
(ag)’
H(+1, )W +1,j)-HG-1, )W -1, )
2 HG+1,)-HGi~-1,)) 24T

—(H(,-, j))*( 2An ) _ HG,j+ D)V, j+D)-HG, j-DVG,j-1)

2AE
2K, HG,j+)-H(G,j-DUG,H-U G, ))
(HG@)) 248 AZ
rearranging;

.. U™ (. Jj) 2 1 ]
Wi, ) K + —|l=
‘ ’)[ Az (H(,-,j)y[(my*@g)- D

W) WG+ D)-WG, =) VIG) HE+LHWGE+L )~ HGE-1L HWE-1))

H(,j) 2AE (HG, ) 2An

LR UG )Y A(’Z’” + H("ZJA?();(fE')’)’Z_])((V‘(i,.i))2+21<, U(”’);ZU ©.)) )
HGi-1,/)W(@i-1,j) +HG+1, )W(i +1, )
1 (Any
(HG., )Y |, HGj=DWG,j=1) + H, j+ DWGj+1)
(aE)’
HG+1, W@ +1, )= Hi—1, ))W(i -1, )

2 [H(i+1,j)—H(i—1,j)) 2AM

(HG, ) 2An _HGj+DVGj+D-HG j-DVE -1

208

(4.23)
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Finite Difference representation of the Axial Momentum Equation

( 1 2+V(i’j)H(i’j))U(i—1,j)—( 2 _+ 2 _+ K, (HG, )Y U (i’j))U(i,j)
@y 2A (an)" (a8) Az

Vo VGDHGD ey s 1 W3, )YHE J) |y,
—— U(i+1, = U, j-1
+((An)' 24 ] (i J)+[(Ac‘:,)'+ 2AE ) (i,j-1)

( 1 __W(i,j)H(i,j)}U(ij_i_l)_K (HG, /) P

(agy 20 AZ
_ o (HGD) P o (HGHUGDY
=- K, —————AZ K, (H(l,j)) 0(@,)) - K, <7
rearranging

[ 1 2+V(i,j)H(i,j)}U(i_l’j)_( 2, 2 g (HG, )H)'U (i,j)]U(i,j)
(an) 240 (an)”  (AE) Az

1 VEHHGD),,,. . 1 WGEHHGH) .
- UGi+1, _ UG, j-1
+[(AT])2 28m ) (i+ j)+((A§)_+ 2AE ) @,j-b
()2 :(CY)
(AE) 248
(HGD' P (HG,HU G D))
AZ : AZ

(HG,j))' P
AZ

}U(i,j+1) -K,

——K, ~ K, (HG, /)Y 0. j)

(4.24)
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Finite Difference Representation of the Energy Equation
W', )83, j+1)-083,j-1) +V'(i,j) 0(+1,/)-0G—-L))

H(, j) 2AE H(, j) 24m
B )—8"Gj
K UG ) @i J)AZ (%))
_ 1 e(i—l,j)—ze(i,j)+e(i+1,j)+e(i,j—1)—29(i,j)+6(i,j+1)}
Pr. (H(, j))’ (any (agy

Rearranging;

)| [ LA — Lt
’ AZ  Pr(HGHY ((an)  (a8)

(4.25)
- K U'(i,j)e'(i,j)+ 1 0(—1,7/)+0(@+1,)) 0@, j-1)+63, j+1)
T AZ Pr.(HG, j)) (any’ (ag)
_ V'(@i,j) 8+, )-0G-1j) W'(i,j) 03, j+ D=6, j-1
H(,J) 2An H{, j) 2AE
Integral Form of the Continuity Equation
iiu(. .)(H(. .))2
L] ] +
U= 8(1-N)|i=2i=2 ANAE (4.26)

TN 053 UGN (HGD) + UG, M+ (HG M +DY

i=2

It is worth mentioning that in the foregoing equations an asterisk superscript (*) means at
the previous axial step. At each mesh point the number of equations is 5 and equals the

number of unknowns which are namely P, U, V, W and 6

4.5.2 Method of Solution

1- In case of free convection assume a value for the uniform axial velocity profile at the
2

U
entrance U,. Since W = V = 0, the inlet pressure will be P, =— £ for this free

convection case. On the other hand, for forced convection U, = I and P, = 0.



143

65

2 - For the case of free convection, solve the energy equation iteratively to find the
values of the temperature at the first plane after the inlet cross section ( 8;; ); Guass-
Seidle iteration method has been used. For the case of forced convection go to the next
step (# 3) directly after step 1 above and the energy equation will be solved after step 5
below (i.e., after obtaining the three velocity components U, W and V).

3 - Now to solve for the two unknowns P and U at the aforesaid plane the integral form
of the continuity equation and the finite difference form of the axial momentum equation
can be used. The set of algebraic equations result from the application of the axial
momentum equation at each interior node of the solution grid along with that equation
resulted from expressing the integral continuity equation using the trapezoidal rule will
be put in a matrix form. The general format for this matrix corresponds to n segments in
n-direction and m segments in &-direction. However, as a representative example, a grid
of 5 segments in 1}-direction and 3 segments in &-direction will be used to develop such a
matrix format as presented hereunder. The method of solving this matrix is an extension

to the special form of the Guass-Jordan elimination scheme which was previously used

by El-Shaarawi [74].



1<

The matrix form of step 3 is;

foskg® osn wskH o asH, oy
o b 0 0 C 0
d a b i} 0 C,
o d a b 0 0
il 0 d a b 0
E 0 o d a b
0 E 0 0 d
0 [ E 0 0 d
i 0 0 E 0 o
0 0 0 1] E 0
0 0 0 o 0 E
o 0 0 0 0 0
0 0 0 t 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 o 0 0

L o 0 0 0 0 0

Where:

2 2 (HGH) UG J)

((any ey

1 HG)V'GJ)
(an)’  24m

b=

() A
(An)’ 24m

d=

?

1 _H(i,l)W'(i,l)
(Ag) 248

C,=2

1 HEM+DW (M +1)

k]

AZ

Cra=2 s+
b (ag)

1 HGOW )

(agy 248

e 1 _HGHWG.)

(ag)’ 248

k]

2AE

k4

s, oosH,Goosn,GoosH

1
0

vy

MMMMMMMMMVJMM‘

’M ‘l"’ ﬁh L TR T T T > - LI ) -

u,,

Ues

66

= X
l

x

H

2

el

H

-]

]

-]

i

]

i

-]

i

-

B

%

)

i

=

§

k]

¥

=
§



R4

67

P (Y)))
P 2 AZ ’

R, =052 UTGD(HGD) + UG, M + 1) (HG, M + 1Y +iiU'(i, NHGH)

j=2 i=2

H','U",'2 .
umc__Kl( (l J)AAZ(I J)) _I(2 (H(l9.]))

P K, (H(, j))'0

4 - Solve &-momentum equations for W, following the same method used to solve the
energy equation (step # 2 above).

5 - Use the continuity equation to evaluate V at all the interior grid points

6 - Repeat steps 2-5 to advance axially until the pressure defect P becomes zero for the
free convection. For forced convection solve the energy equation using Guass-Seidle
iteration method and then repeat steps 2-5 to advance axially; the execution of the
program will be stopped when the maximum developing velocity becomes equal to 99 %

of the corresponding maximum fully developed velocity.
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Chapter 5

RESULTS AND DISCUSSION FOR
CONDUCTION IN ECCENTRIC

ANNULI

5.1 Introduction

Prior to the onset of free convection in an annular channel the conduction mode is
the prevailing heat transfer mode particularly when the temperature is low and radiation is
negligible. Heat conduction and heat storage capacity in eccentric configurations may also
be important in cases of eccentrically drilled tubes or hollow shafts or eccentric insulations.

The problem of transient and steady conduction in eccentric annuli has been

investigated during the present work for four pairs of fundamental thermal boundary

68
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conditions. The problem formulation and the method of solution have been presented in
Chapters 3 and 4, respectively. Results and discussions for the different cases will be
presented hereunder.

The steady state conduction through an eccentric annulus (eq. 3.20) has been
readily solved during the present work for all cases under consideration using the general
solution given by El-Saden [5] (eq. 4.4 and Table 4.1). However, for case 2 which has
Neuman boundary conditions the value of the constant B has not been given in Table 4.1.
Moreover, for particular initial conditions, the value of B has been evaluated for different
values of eccentricity using the corresponding steady-state solutions obtained numerically
by solving the transient conduction problem (eq. 3.16). For cases 1, 3, and 4, the steady-
state analytical solutions obtained provide a check on the adequacy of the present computer
code and consequently on the transient numerical results. The numerical transient
solutions were found to asymptotically approach (at considerably large values of the time 9
the steady-state solutions available given by equation (4.4) and Table 4.1. None of the
computer runs was allowed to stop before the transient numerical results converge to the
corresponding steady-state analytical solution with a maximum tolerance less than 1% (in
the value of the local dimensionless temperature § at any mesh point). A thorough
study has been conducted to investigate the influence of the number of series-
terms (in eq. (4.4)) on the analytical solution. It has been found that there are lower
and upper limits for the number of series-terms the values of which depend
on the geometry under consideration ( N and E). With small number of series

terms (i.e., lower limit) the solution looses accuracy. With large number of terms
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above the upper limit divergence of the solution occurs due to having very high value
exponential terms ( see Table 4.1). Number of series terms ranging between 10 and 100
has been investigated. The solution obtained using 15 series terms compared with that
obtained using 10 series terms and a considerable difference has been noticed. Then a
solution obtained using 20 series terms compared with that for 15-term solutions and the
difference decreases than that between the 10 and 15-term solution. The 25-term solution
was compared with that of 20 terms and the difference was negligible and so was the case
for higher number of series terms (e.g., the 30-term solution when compared to 25-term
solution and so on ) until the upper limit of each case was reached. Out of such study a
series of 20 terms has been used for all cases under consideration.

On the other hand, a thorough numerical experimentation has been conducted to
investigate the effect of mesh sizes on the numerical results obtained and the computer
CPU time. For example, the steady-state times obtained for case 1.0 with N=0.5, @ = 5,
E = 0.5 and At = 10 corresponding to mesh sizes m x n = 20 x 20, 25 x 25, 30 x 30, 20 x
40, 35 x 35, and 35 x 40 are, respectively, 0.512, 0.511, 0.511, 0.507, 0.509, and 0.509.
The corresponding computer CPU times (using WF 77 Sys D) are, respectively, 63.33,
08.90, 142.52, 128.07, and more than 180 (CPU secs) in the last two cases. Similarly, the
steady-state times for the same values of N, Q, E, and At in case 1.1 for mesh sizes m x n =
20 x 15, 20 x 20, 20 x 25, 20 x 30, 20 x 35, 25 x 25, 40 x 20, 30 x 30, and 40 x 35 are,
respectively, 0.514, 0.507, 0.504, 0.501, 0.500, 0.505, 0.500, 0.503, and 0.501. It
might be worth mentioning that time steps as low as 10™ were used in some cases (at the

expense of the computer execution time). However, for the sake of unification in
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comparisons all the results presented in the present work have been obtained using m x n =

20 x 20 and Ar = 107, Results for each case will be presented separately hereinafter.

5.2 Temperature Results for Cases 1.I and 1.0

For case 1.1 and a given E (E = 0.8) in an annulus of N = 0.5, Fig. 5.1(a) shows the
variation with time of the dimensionless temperature on an intermediate surface having n| =
n* = (1 + Mo)/2 for two values of Q, namely, Q = 0 and 5. For either value of Q and a
given , the temperature of this surface increases with time until it reaches the steady-state
value (at £, = 0.749 and 0.658 for @ = 0 and 5, respectively). The figure shows that, for any
value of Q, the narrow side of the annulus ( & — m) reaches the steady-state conditions
much faster than the wide side ( § — 0). This is attributed to the larger heat storage
capacity of the wide side compared to that of the narrow side. On the other hand, for given
time and & the temperature value with internal heat generation is, as expected, larger than
its corresponding value without internal heat generation (Q = 0).

The effect of eccentricity on the transient response of the temperature of the
system is clarified in Fig. 5.1(b). For case 1.1 and a given Q (Q =5) in an annulus of N =
0.5, this figure gives the variation with time of the dimensionless temperature on the
intermediate surface of 1 =" = (1); + M,)/2 for two values of E, namely, E =0.1 and E =
0.8. As can be seen from this figure, the eccentricity has a prominent effect on the
transient temperature distribution. For a given time (z), as the value of E increases the
temperature distribution on the surface of a given 1 becomes more dependent on & In a

concentric annulus (E = 0) in both cases 1.1 and 1.0, the isothermal lines, without or with
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internal heat generation, are concentric circles, i.c., the temperature is independent of the
angular coordinate. However, as the annulus deviates from the concentric situation the
temperature in the wide side (& — 0) becomes higher than that in the narrow side (£ —
n). This is due to the larger internal heat generated in the wide side of the annulus since
this side has more material per unit length than the narrow side. It is worth mentioning
here that for boundary conditions of the first kind without internal heat generation the
temperature distribution become linear in the (n-£) plane (conduction through a flat wall)
for which the isothermal lines can be presented by eccentric circles in the physical (x-y)
plane (i.e., at a given m the temperature is independent of the angular position ). The

dependence on the angular position £ becomes more pronounced with the increase in

eccentricity E and the heat generation Q.

5.3 Temperature Results for Cases 2.1 and 2.0

In the present case and according to the physics of the problem presented in
Chapter 3. at t> 0 the heat is internally generated uniformly within the annulus material
and cooling with uniform heat flux will simuitaneously take place at one of its surfaces
while the other surface is kept insulated. As was given in section 3.3.2.1, the energy
balance in this situation shows that. in order to achieve steady state conditions, the ratio
between the possible rate of heat generation and the heat flux on the heat transfer wall( the

heat ratio Q) in case 2.1 is N-times that in case 2.0. This is mainly attributed to difference
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in the area of heat transfer in the two cases. For N = 0.5 the heat ratio Q in case 2.0 is
twice that in case 2. in order that steady state conditions can be reached.

For case 2.1, Fig. 5.2(a) shows the temperature response at the point of intersection
of the inner cooled wall with the line of symmetry at the widest and narrowest sides of the
annulus (i.e.. £ = 0 and & = m, respectively) for different values of the eccentricity E. The
temperature response at intersection points of the line of symmetry with the outer insulated
wall are indicated in Fig. 5.2(b). Figures 5.3(a) and 5.3(b) show similar temperature
responses corresponding to case 2.0. These four figures show that the temperature of the
annulus material in the widest side increases with time approaching asymptotically its
constant steady-state value while that of the annulus material in the narrow side decreases
approaching its steady-state constant value.

The difference between the level of temperature in the widest side and that in the
narrowest side increases with eccentricity. This is attributed to the fact that the increase in
eccentricity decreases the distance between the insulated and cooled walls in the narrowest
side (i.e.. reduces the local resistance to the conduction heat transfer on this side) which
makes the cooling more effective. In addition to this, the increase in eccentricity results in
a reduction in the volume of the solid material in the narrowest side which means a
reduction in the amount of heat generated on this side compared to that generated on the
widest side while keeping the same uniform heat flux in the adjacent cooling surface.

For a relatively small eccentricity (E = 0.1), Figures 5.4(a) and 5.4(b) show the
transient variation of temperature with & around half the periphery of the inner cooled wall

and the outer insulated wall, respectively, for case 2.I. The corresponding variations for E
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= (.7 are presented in Figs. 5.5(a) and 5.5(b). For case 2.0, Figures 5.6(a) through 5.7(b)
show the transient variation of temperature with & on the inner insulated wall and the outer
cooled wall for E = 0.1 and E = 0.7, respectively.

Inspection of this set of figures show that the annulus material is subject to two
contradictory effects. One is the reduction of temperature due to the cooling effect on the
heat transfer wall and the other is the raising of temperature due to the heat generation
within the annulus material. For a relatively large eccentricity (e.g.. E = 0.7), as the time
elapses the temperature of the insulated wall increases near the widest side and decreases
near the narrowest side. For a relatively small eccentricity (e.g., E = 0.1) the insulated-wall
temperature firstly increases everywhere then as time elapses it continues increasing near
the widest side but decreases near the narrowest side. This increase in temperature near the
widest side and its decrease near the narrowest side continue until the steady-state
conditions are reached. On the other hand, the temperature of the heat transfer (cooled)
wall firstly decreases everywhere and then as time elapses it increases near the widest side
and continues decreasing near the narrowest side until the steady-state conditions are
reached. From the above set of figures, one can conclude that the cooling effect of the heat
transfer wall will be pronounced near the narrowest side and the reduction in the
temperature due to this cooling effect increases with time on both the insulated and cooled
walls near that side of the annulus. However, the heat generation will be prominent in the
widest side and hence the temperature of both walls increases near that side. This is
attributed to the decrease/increase of the resistance and the heat generated per unit length in

the narrow/wide side of the annulus.
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Figures 5.8(a) through 5.11(b) show the transient variation of temperature with |
(i.e., across the annulus material between the inner and outer boundaries) in the widest side
and the narrowest sides for E = 0.1 and 0.7. This set of figures show that the temperature
profiles of the annulus material which is initially uniform at a zero value (ambient
temperature) decreases near the heat transfer wall due to the cooling effect of that boundary
and it increases near the insulated wall due to the heat generation. As time elapses the
temperature of the annulus material continues decreasing near the narrowest side and
increasing near the widest side until the steady-state conditions are reached at relatively
large values of time. At the steady-sate conditions, the maximum temperature is attained on
the insulated wall on the widest side (€ = 0) while the minimum temperature is attained on
the heat transfer wall on the narrowest side (€ = ).

Comparing the set of figures corresponding to the relatively small eccentricity (E =
0.1) with those for E = 0.7, it can be seen that for this small eccentricity the temperature
profiles in the widest and narrowest sides of the annulus have almost the same shape with
values not very much different for each side. This is attributed to the nearly uniform
distribution of the annulus material and consequently the conduction resistance and the
heat generated per unit length in both sides of the annulus. However, for the larger
eccentricities (e.g., E = 0.7), the temperature profiles on the narrowest side tend to be flat.
This may be attributed to the fact that the conduction resistance decreases in the narrowest
side with the increase in eccentricity and for this type of boundary conditions (uniform

cooling at one boundary while the other boundary is insulated) the decrease in the
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conduction resistance results in a reduction in the temperature difference across this
resistance(i.e., flattening the temperature profiles near the narrowest side).

Figures 5.12(a) through 5.13(b) present the numerically obtained steady-state
temperature variation with & on the insulated and cooled walls for cases 2.1 and 2.0.
Having these numerically obtained steady-state solutions (as a result of numerically
solving the transient problem at very large values of time) make it is possible to evaluate
the numerical value of the constant B in the steady-state analytical solution for the
particular initial conditions under consideration. This can be done by putting the
numerically obtained steady-state solutions on the left hand side of eq.(4.4) ( the steady-
state analytical solution) to find the undetermined value of B which appears on its right
hand side. This constant ( B ) was found to be dependent on the case under study ( case 2.1
or case 2.0) and on the eccentricity. The variation of this constant with E is plotted in

Figure 5.14 for cases 2.1 and 2.0.

5.4 Temperature Results for Cases 3.1 and 3.0

Figure 5.15(a) shows the transient temperature distribution on the insulated
boundary of an annulus of radius ratio 0.5 and dimensionless eccentricity 0.7 under thermal
boundary conditions 3.I and 3.0 without internal heat generation ( Q = 0 ). Due to the
presence of an insulated boundary, steady-state can only be achieved under these
conditions when the annulus material temperature becomes uniform and equals the
temperature of the heated boundary (i.e., dimensionless temperature 6 = 1 everywhere).

As can be seen from Figure 5.15(a) as the time elapses the temperature of the insulated
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surface (and similarly that of the intcrnal annulus material) increases and approaches
asymptotically the aforesaid unity value. However, the narrow-side of the annulus reaches
such steady-state conditions faster than the wide-side. Therefore, the process of increasing
the temperature towards equalization at steady-state conditions occurs not only by
diffusion of heat in the radial-like (n) direction (from the heat transfer boundary to the
insulated surface) but also in the circumferential &-direction (from the narrow-side to the
wide-side of the annulus). This latter mechanism of conduction heat transfer has a longer
path than the former (which is the only mechanism in a concentric case) and hence it can
be anticipated that eccentricity, as will be shown later, would increase the time needed to
reach steady-state conditions. For given time and &, Fig. 5.15(a) shows that the
temperature under thermal boundary conditions 3.0 is higher than that under thermal
boundary conditions 3.I. Moreover, the system reaches steady-state conditions in case 3.0
faster than in case 3.I. These are attributed to the larger heat transfer surface area in case
3.0 than in case 3.I. Moreover, reaching steady-state more quickly for case 3.0 is also
likely due to the surface over which the temperature is kept constant at the steady-state
value 6 = 1 (i.e., there is much more material at 6 = 1).

To clarify the effect of eccentricity, Figs. 5.15(b) and 5.16(a) give the time-
variation of the insulated (inner) wall temperature for two values of eccentricity,
namely. E = 0.1 and E = 0.7, in an annulus of N = 0.5 under thermal conditions 3.0
without and with internal heat generation, respectively. Both figures show that increasing
the value of E makes the temperature more dependent on the Z-coordinate. Without

internal heat generation (Q = 0), the &-direction diffusion of heat is always from the narrow
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side (¢ — ) to the wide side (§ — 0), as can be seen from Fig. 5.15(b). However, with
internal heat generation (Q # 0) Fig.5.16(a) shows that at large values of time the &-
direction diffusion of heat reverses its direction and becomes from the large side to the
narrow side of the annulus. This is attributed to the more material per unit length on this
side and hence the increase in the temperature of the solid in the wide side as a result of
internal heat generation. Figure 5.16(b) focuses on the pronounced effect of eccentricity
on the insulated wall temperature. This figure gives the steady-state temperature
distribution on the outer wall of an annulus of N = 0.5 under thermal conditions 3.1 for a
value of O = 5. The figure clearly shows that increasing the value of E causes an increase
in the wall temperature on the wide side and a decrease in this temperature on the narrow
side.

Engineers are not frequently concerned with the details of the temperature field but
only with maximum temperature and the time required to reach steady-state conditions.
From the previous presented results it is clear that for given time, £ and Q, the maximum
solid temperature in both cases 3.1 and 3.0 would occur on the insulated wall at £ = 0.
Figures 5.17(a) and 5.17(b) give for cases 3.I and 3.0, respectively, the variation of such
maximum temperature with time at two different eccentricity values in an annulus of N =

0.5 for various values of Q.
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5.5 Temperature Results for Cases 4.1 and 4.0

The variation with time of the temperature profiles against n (i.e., across the solid
between the inner and outer boundaries) at £ = 0.0 (i.e., the widest side of the annulus) are
shown in Fig. 5.18(a) for case 4.0 for a relatively small value of eccentricity (E = 0.1) at
two values of the heat ratio Q, namely, Q = 0.0 (i.e., case with no internal heat generation)
and Q = 5.0. The same profiles are shown fig. 5.18(b) but for a large value of the
eccentricity, namely, E = 0.7. As can be seen from these two figures, for a given time , the
dimensionless temperature is zero (ambient temperature) at the inner wall (i.e., the largest
value of 1) and increases monotonically as one moves from the inner cooled surface to the
outer heated surface (having the smallest value of 1). Also, for given Q and location inside
the annulus (i.e., a given n) the temperature increases with time due to internal heat
generation (if any) and the heat added through the outer wall until the steady-state
temperature profile is reached. Moreover, the temperature for given n and time is larger in
the case with internal heat generation ( Q > 0 ) than in the case without internal heat
generation (Q=0).

A comparison between Fig. 5.18(a) and Fig. 5.18(b) reveals that increasing the
eccentricity results in a general increase in the value of the annulus material temperature on
this side of the annulus. This is attributed to the increase in the quantity of heat generated
per unit length on this wide side of the annulus as a result of having more solid material
(on this side) when the eccentricity increases. The comparison between the two figures
indicates also that, within the investigated range of Q and E, the eccentricity is the

prominent factor that influences the time required to reach steady-state conditions. The
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values of the steady-state time 7, for E = 0.1 are 0.620 and 0.649 for Q = 5 and 0,
respectively. while the corresponding values of E = 0.7 are 1.234 and 1.311. Thus the
steady state-time (f,) increases considerably with the eccentricity E and decreases slightly
with the heat ratio Q.

For E = 0.1 and 0.7 Figs. 5.19(a) and 5.19(b) respectively show, for § =« (i.e., the
narrowest side of the annulus), temperature profiles corresponding to the same time values
given in Figs. 5.18(a) and 5.18(b). The general trends of these temperature profiles are
similar to those profiles of Figs. 5.18(a) and 5.18(b). However, it is noticeable that the
values of the temperature in the narrow side of the annulus (Figs. 5.19(a) and 5.19(b)) are
generally lower than those in the wide side (Figs. 5.18(a) and 5.18(b)). This is because the
cooling effect through the boundary maintained at the ambient temperature is more
pronounced on the narrow side of the annulus due to its smaller heat storage capacity when
compared with the wide side which has more material per unit length. The difference
between the temperature values on the wide and the narrow sides is more remarkable for
the larger value of the eccentricity E. Indeed, as E tends to zero (concentric annulus) the
azimuthal variation of temperature would vanish (i.e., axisymmetric temperature profile for
E=0).

The transient temperature profiles corresponding to Q = 0 and Q = 5 across the
wide side of the annulus (¢ = 0) under thermal boundary conditions 4.1 are shown in Figs.
5.20(a) and 5.20(b) for E = 0.1 and 0.7, respectively. The corresponding profiles across the
narrow side of the annulus (£ = 7t) are shown in Figs. 5.21(a) and 5.21(b). In this case (4.I),

the dimensionless outer wall temperature is zero (ambient) and the temperature increases as



1<4°s

1501

.. 0.620 (Steady state time)
100 0300 -

0,100 I

06L9 NN

Io f [Pod\\_ \~§.\\
050 o350 mawt State o~ Xy

o ‘\::::':’7)5) \\\ \
0100 "Th—e \"::t::\\ \\
J=9'0011 ! 1\\_-\\1‘“- =
0 2.80 2.90 3.00 310 320 3.30 3.L0
n
Fig. 5.19(a) : Temperature profiles at £ = 7t in case 4.0, N=0.5, E=0.1,
cee-Q=0,—Q =5

0.250

&2\34 (Steady state time)

0700~
0.150
0.100
0.050

0 t=0.001 | |
070 080 090 1.00 110 1.20

Fig. 5.19(b) : Temperature profiles at £ =t in case 4.0, N=0.5,E=0.7,

<---0=0,—Q=5.

99



12

1.00 (Steady state tw
0.300
080 ==
Z 0.100
0.60F
0401
0.20f P 70100
et £20.001
0 =TT ' : ' | I
0 2.80 2.90 3.00 310 3.20 33 3.L0
R
Fig. 5.20(a) : Temperature profiles at & = 0 in case 4.1, N=0.5, E=0.1,
----0=0,—Q=35
1.50 —
(Steady state time) 0.523

1.00

0.50

-
—

Fig. 5.20(b) : Temperature profiles at £ = 0 in case 4.1, N=0.5, E=0.7,

s Q0. ——Q =35

100



123

101

080

(Steady state time)%
0.60F ///////

0.100

0.L0F
(Steady state time)0.388

3.00 310 3.20 3.30 3.L0

Fig. 5.21(a) : Temperature profiles at & = m in case 4.1, N=0.5, E=0.1,

----0=0,—0=>5.

0.100

T

0.0%0

t=0.0001
0.90 1.00 110 1.20

n

Fig. 5.21(b) : Temperature profiles at E=mincased.l, N=05,E=07,

ceeQ=0.—Q=5



12y

one moves from the smallest value of 1) to its largest value (at the inner wall). Similar to
case 4.0, increasing the value of eccentricity causes a general increase in the values of the
temperature on the wide side of the annulus. Also, within the investigated ranges of Q and
E, the effect of E is more pronounced than the effect of Q on the time required to reach the
steady-state conditions (f,).

Comparing Figs. 5.18(a) through 5.19(b) on one side with Figs. 5.20(a) through
5.21(b) on the other side reveals the following. The temperature levels attained in case 4.0
are higher than those attained in case 4.1. This is because the heat transfer boundary in the
former case has a larger area per unit length than that in the latter. Consequently, the heat
added per unit length through the heat transfer boundary is more in case 4.0 than in case
4.]1. The comparison between the aforesaid figures indicates also that the steady-state

conditions are generally achieved faster in case 4.1 than in case 4.0.

5.6 Maximum Material Temperature and Steady-State Time

The detailed transient temperature profiles presented in the previous sections are
usefu! in exploring the physics of the problem under consideration and understanding its
pertinent mechanism of heat transfer. However, thermal, control, and materials engineers
are not frequently concerned with such detailed temperature profiles but only with the
maximum attainable annulus material temperature, the time history of this maximum

temperature, and the time needed to reach the steady-state conditions (f;). The maximum
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attainable annulus material temperature in the two cases (4.1 and 4.0) occurs on the heat
transfer boundary when steady-state conditions are achieved.

For some selected values of the dimensionless eccentricity E and two values of Q,
Figs. 5.22(a) and 5.22(b) give the variation of this maximum steady-state temperature
around half the periphery (0 < & > 1) of the outer and inner heated surfaces of the annulus
(i.e.,onT =M, and 1;) in case 4.0 and 4.1, respectively. The results presented in these two
figures can be obtained by means of the analytical steady-state equation (4.4) or from the
numerical solution at considerably large values of time, ie., t 2 . Each of these two
figures clarifies also the effect of the eccentricity on the temperature distribution around the
periphery of the heated wall. The larger the value of the eccentricity E, the more deviation
of the heated-wall-temperature distribution from axisymmetry (i.e., the temperature
becomes more dependent on the angular or azimuthal &-direction). Moreover, the larger the
eccentricity the higher the maximum attainable heated-wall temperature on the wide side
of the annulus (§ = 0) and the lower the minimum attainable heated-wall temperature on its
narrow side (§ = 7). Also, Figs. 5.22(a) and 5.22(b) show that the increase in the value of
the heat ratio Q makes the deviation from axisymmetry more pronounced. This is because
as the value of Q increases the he;at generated per unit length on the wide side of the
annulus becomes more than that generated on the narrow side due to the asymmetry
distribution of the solid material.

Examples of the time history of the heated-wall-temperature distribution will be
presented for cases 4.1 and 4.0. For two values of Q, namely 0 and 5, Figs. 5.23(a) and

5.23(b) show such transient distribution around half the periphery of the inner surface for E
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Fig. 5.23(b) : Transient temperature on the inner heated wall in case 4.1, N = 0.5,
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= 0.1 and 0.7, respectively. As can be seen from these two figures, at small values of the
non-dimensional time / (e.g., ¢ £ 0.1 in Fig.5.23(a) and ¢ < 0.005 in Fig. 5.23(b)) the
surface temperature is almost uniform, having a value near enough to the initial
temperature (zero). As time elapses the heated-surface temperature at any &-location
increases. As the value of eccentricity E increases the heated-surface temperature at £ = 0
(the wide side) becomes much higher than its value at £ = . Again this is anticipated since
the dependence of temperature on § vanishes as E tends to zero. Figures 5.23(c) and 5.23
(d) present the corresponding results for case 4.0.

To best clarify the effect of the eccentricity E on &-variation of the heated-wall
temperature with time, Figs. 5.24(a) and 35.24(b) give, for Q = 0 and 5, respectively, this
temperature in case 4.1 versus the non-dimensional time ¢ at the two locations £ = 0 and
for various chosen values of the eccentricity E. The corresponding results for case 4.0 are
presented in Figs. 5.24(c) and 5.24(d). In other words these four figures show the variation
of the maximum and minimum wall temperature with time. As can be seen from these two
figures, the higher the value of the eccentricity E or the heat ratio Q, the larger the
difference between the maximum and minimum wall temperatures (at £ = 0 and =,
respectively).

The parameter of special importance to thermal and control engineers is the time
needed to reach the steady-state conditions (z,). Due to such importance, the detailed results
of this particular parameter are given in Figs. 5.25(a), 5.25(b), 5.25(c) and 5.25(d) for
cases 1.I and 1.0, 3.I and 3.0, 4.0 and 4.1, respectively. In this set of figures, the

dimensionless steady-state time is drawn against the non-dimensional heat ratio (or heat
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generation) Q for various values of the eccentricity E. This set of figures shows that, within
the investigated ranges of Q and E, the eccentricity is the dominant factor on f,. The higher
the value of eccentricity the more time needed to reach steady-state conditions. For a given
eccentricity (E), the effect of Q on f is more pronounced in case I then in case O. For
given eccentricity (E) and heat ratio (heat generation) (Q), the time needed to reach steady-
state conditions in case O is more than that needed in case L.

It is worth mentioning that the computer runs for any of the curves shown in these
set of figures (i.e., a given E) were made using the same mand & mesh sizes so that the
order of numerical error magnitude would be the same for all values of Q.

Finally the results of # for cases 2.I and 2.0 is presented Fig. 5.25(e). The
criterion to reach the stead-state conditions in these two particular cases was arbitrarily
chosen as indicated before in section 4.2. Recalling that for all other cases which have been
investigated (cases 1., 1.0, 3.1, 3.0, 41 and 4.0) the constant B of the analytical steady-
state solution(eq. 4.4) is readily available prior the corresponding numerical solution is
obtained from the transient problem at considerably large values of . Thus, it was possible
in these cases to compare the numerical solution obtained at considerably large values of ¢
(i.e., the steady-state solution obtained numerically) with the corresponding analytical

steady-state solution (eq. 4.4).
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Chapter 6

RESULTS AND DISCUSSION FOR
FULLY-DEVELOPED LAMINAR
FREE CONVECTION IN OPEN-
ENDED ECCENTRIC VERTICAL

ANNULI

6.1 Introduction

Fully developed free convection in open-ended vertical annuli is the limiting case
of the more general problem of developing free convection in such channels. The in-
depth literature survey reported in Chapter 2 has revealed that there is no previous work

reported for the problem of fully-developed free convection in vertical open-ended
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eccentric channels. In this chapter, a study has been carried out to analyze the fully
developed free convection in a vertical eccentric annulus of N = 0.5 for three pairs of the
fundamental thermal boundary conditions(first, third and fourth kinds). The governing
equations and the boundary conditions of this problem have been derived and presented
in Chapter 3. The method of solution for the three cases under consideration has been
outlined in Chapter 4. In this study, we have utilized the available analytical solutions,
[75,76], for the energy equation under the thermal conditions of the first, third and fourth
kinds to solve the axial momentum equation which is coupled to the energy equation
through the buoyancy term. An analytical solution for the energy equation under the
thermal conditions of the second kind is not readily available and hence the fully
developed free convection problem was not considered in this case. The validity of the
proposed method of solution for the three pairs of thermal conditions has been checked
using a simple energy balance. This simple energy balance sates that for fully developed
flow in an annulus with one isothermal wall the heat crossing this wall should pass
across the other wall. This makes the temperature of the fluid flowing through the
annular space in case 3, in which we have one wall perfectly insulated, ultimately equal
to the temperature of the isothermal wall; this greatly simplified the analysis as was
indicated before (in Chapter 4). For the other cases, namely, case 1.I, 1.0, 4.1, and 4.0,
the ratio of the average heat flux at the outer wall to that at the inner wall should equal
always to the radius ratio N; this has been confirmed in all the cases studied.

During the present work, we have investigated the effect of eccentricity on the

flow and heat transfer parameters, such as temperature and velocity distributions,
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average velocity, induced flow rate, the mean bulk temperature, and the local and
average Nusselt number. The definitions of the dimensionless heat transfer parameters

and their pertinent equations will be presented hereinafter

6.1.1 Average Velocity

The dimensionless average velocity can be expressed as a function of the local

dimensionless velocity as

go81N 7
T I+N

[=Y m—"1

Wi

j UH*dndEg (6.1)
o

This integration has been evaluated numerically using the trapezoidal rule as

L nU .’. H.,. 2
81N ;g (L, j N H(i,j))
U=="—= An AE  (62)

™ 1+N +05§":(U(i,1)(H(i,1))2+U(i,m+1)(H(i,m+1))2)

i=2

6.1.2 Average Flow Rate

The induced flow rate due to the heating of one of the annulus boundaries can be
calculated from the following dimensional equation

Ll
f= 2] J.uhz dndt and in dimensionless form it can be written as;

0110

F=(1-N*)U and for N =05, F=%l_] (6.3)

6.1.3 Average Temperature ( Mixing-Cup Temperature )

[Tuda  [[Tudxdy

T, =4 7 =X 7 (6.4)
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Using the dimensionless temperature and substituting for T one can write

ﬂeumdndg
0 = 0w,

m

(6.5)

Ao

1-N
1+N i

This integration has been evaluated numerically using the trapezoidal rule as follows;
> 05, )U (i, j)(H(i,j )

8 (1-N) |i=2i=2

6, =——7 (o : : An AE  (6.6)
T 1+ N)U | vos LG(I,I)U(z,l)(H(z,l))Z ]

SN\ +0(i,m+ 1)U (i,m+1)(H(i,m+1))
6.1.4 Local Nusselt Number

The local Nusselt number has been calculated based on the local dimensionless
heat flux on the boundaries and the final derived formulae are tabulated below

Table 6.1 Local Nusselt number on the inner and outer walls for case 1 and 4

Case Inner Wall Quter Wall
H N =L [1368) M= L (129
b 1-8,\Hon )| ° 8, \Hon,
Lo oo L (ia_e T (ng]‘
0, Han)m 1-6, \Hdn g
4.1 41 1 1 (196
Nu, ™~ = Nyt =—| 222
eiw_em ua em(HaT])n
4.0 Nu 4'0—_-1_ ~1__a£ Nu 4'0= 1
: 8, \Han) 9, -6,

(6.7)
6.1.5 Average Nusselt Number
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An analytical expression has been obtained for the circumferentially-averaged
Nusselt number and the results are tabulated below (the method of obtaining these
expressions will be detailed for each case under study)

Table 6.2 Circumferentially averaged Nusselt number on the inner and outer
walls for cases 1 and 4

Case Inner Wall Outer Wall

11 ”A',;l‘:f,“= 2(1-N) _I_\;z;E‘T= 2(1-N)
N(1-0,)(n;-n,) 0,M;-Mn,)

1.0 ';\"f;‘:fg‘ _ 2(1-N) _;\:’;1:‘,‘_0_ - : 2(1-N)
N6, (M;-7,) (1-9,)(n;,-M,)

4 N L =L
(6 iw ),_- _e m "

4.0 '1;[;‘_;;;= 1 'M}T&; T__l__
NG, ©..).~8.,

(6.8)
All the values of the circumferentially- averaged Nusselt number can be calculated
by numerically integrating the local Nusselt Number using the following formulas.

1 - On the inner wall

T A1-N)

; [ (Nuz' )HM, 8 )aE (6.9)
Nm

(=}

2 - On the outer wall

Nt = 2(1

[ Nz JH(n, & ) (6.10
]

where x may be 1 or 4 (denoting the case under consideration) and y may be / or o

denoting the wall on which the Nusselt number is to be calculated.
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6.2 Fundamental Solution of the First Kind

In this case, the two boundaries of the annulus are kept isothermal, one of which
is at the inlet ambient fluid temperature, T,, while the opposite boundary is at a higher or
a lower temperature, T,. Equation (3.29) subject to the boundary conditions (3.17) and

(3.19) (for cases 1.I and 1.0) has the following closed-form solution (El-Saden [5] ).

= (6.14)

Using the above linear relationship between 6 and n the differentiation of the

temperature with respect to m, 8 /6n = (8; - 6,) / (1 - No), can now be used to obtain
the following closed-form equations for the local Nusselt number which varies

circumferentially on the inner and outer walls of the annulus.

NuM = ! (6.15)
x (l“em)(ni_ﬂo)Hi

Nl = ! (6.16)
° 8, (n-n,)H,

Nu'® = ! (6.17)
l gm (771 - 770 )Hx

Nuk© = 1 (6.18)

_(l—gm)(ni_no)Ho



1% 2

120

Closed-form expressions for the circumferentially averaged Nusselt number on the inner
and outer walls of the annulus (tabulated before) can be obtained by integrating the above

expressions around either wall from € = 0 to £ = © and then divide by the pertinent arc

length, i.e.,

_}v};j}_z -i-'[zhi Nui” d§=2(l—N) J"f Hi Nui” df - 2(1—N) (619)
mr oo Nz -o NQ-6,)(m,-1,)

Nl =" N ag= 20 7y gt g = 20 (6.20)
zr, = T 0 6.(n-1,)

2 = [ N ag=20 M [ gy o g = 20N 6.21)
7["1' 0 N” 0 Nem(ni—no)

Mo = (7 e ag=2U"N 1" g e gp - 2020 6.22)
ﬂ-ra 0 73 0 (l_em)(ni_”o)

Moreover, eq. (6.14) can also be used to find values of @ (7,j) needed on the right hand

side of eq. (4.18) to facilitate the numerical solution for the fully-developed velocity

profiles U and then U ,Fand 6,

All results to be presented in this chapter are for a fluid of Pr = 0.7 in an annulus
of N = 0.5. However, for the thermal boundary conditions of the third kind results
showing the effect of the annulus radius ratio on the induced flow rate will also be given.
The radius ratio 0.5 was chosen since it represents a typical annular geometry with a
value of N far enough from unity (N = 1) which represents the case of parallel plate
channels. Only a representative sample of the obtained results will be presented here.
Figures 6.1(a) and 6.1(b) show the temperature profiles in the widest and narrowest sides

of the annulus for different values of the eccentricity E for cases 1.1 and 1.0, respectively.
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For relatively small, moderate, and large eccentricities (E = 0.1, 0.5 and 0.9), Figs.
6.2(a), 6.2 (b-c) and 6.2 (d-f) respectively show, for case 1.1, examples of the computed
fully-developed velocity profiles as one rotates around the annulus from its widest gap
side (y = &/ =0) to its narrowest gap side (\y = 1, i.e, £ = m ). The corresponding
set of results for case 1.0 are shown in Figs. 6.3(a), 6.3(b-c) and 6.3(d-f), respectively.
To have a complete insight into the effect of eccentricity on the fully-developed velocity
profiles ( U ) in the annular gap, Figs. 6.4(a) and 6.4(b) present, for cases 1.I and 1.0
respectively, the velocity profiles in the widest and narrowest sides of the annular gap
(i.e. at the line of symmetry) for various values of the eccentricity E. The point of x/r, =
0.0 on the abscissa of these figures represents the axis of the outer wall while points
having zero values of U correspond to the inner and outer walls of the annulus. As can be
seen from these figures, increasing the value of the eccentricity ( E ) makes the fully-
developed velocity profiles deviate more and more from the axial symmetric profile which
exists in the case of a concentric annulus. In other words, the eccentricity creates a
circumferential variation in the axial velocity profiles; such a circumferential variation
increases with the value of E. To clarify this circumferential variation in detail for case
1.1, Figs. 6.5(a) and 6.5(b) give the variation of U with & for some selected values of the
normalized m-coordinate ( ¢ ) in a slight eccentric annulus having E = 0.1. The

corresponding results for E = 0.5 are shown in Figs. 6.5(c-d).
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Similarly, Figs. 6.5(e) and 6.5(f) give the U-E variation in a very eccentric annulus
having E = 0.9. Figures 6.6(a-f) present the corresponding results for case 1.0. For a
given eccentricity E, velocity profiles similar to those presented in Figs. 6.2(a-f) and
6.3(a-f) could be obtained by cross plotting in Figs. 6.5(a-f) or Figs. 6.6(a-f). The
phenomenon of asymmetric axial-velocity profiles is attributed to the increase/decrease
in the resistance to flow in the narrow/wide side of the annular gap as a result of
eccentricity. The resistance to flow in the narrowest gap will always be larger than that in
the widest gap because of higher velocity gradients in the former than the latter. Thus
increasing the eccentricity (E) increases/decreases the values of U in the

widest/narrowest side of the gap. However, a net result will be an increase in the average

value l_/ as will be shown later.

For a given eccentricity (E), the effect of having the heated boundary on either
the inner or the outer wall of the annulus can be clarified by comparing the velocity
profiles corresponding to cases 1.1 and 1.0. This comparison is shown in Figs. 6.7(a)
and 6.7(b). Figure 6.7(a) shows for a slight eccentric annulus (E = 0.1) a comparison
between the computed velocity profiles as one rotates around the annulus from its widest
gap side (Y = E/m =0) to its narrowest gap side (y = 1, i.e., & = 1t ). Moreover, Figure
6.7(b) shows velocity profiles corresponding to cases 1.I and 1.0 for two values of
eccentricity, namely E = 0.1 and E = 0.5, in the widest and narrowest sides of the
annulus. As can be seen from Figs. 6.7 (a-b), in either case 1.Ior 1.0, the heating of a

boundary causes the velocity profiles to be skewed towards this boundary (i.e., shifts the
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Fig. 6.6(a) : Variation of fully developed axial velocity with £ at different
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Fig. 6.6(c) : Variation of fully developed axial velocity with £ at different
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Fig. 6.6(f) : Variation of fully developed axial velocity with £ at different
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Fig. 6.7(a) : Comparison of the fully-developed velocity profiles, ------ case 1.0,

—— case 1.1.
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point of maximum velocity from its location in the case of no heating towards the heated
boundary, thus themaximum velocity point becomes remarkably closer to the inner wall
in case 1.I. Moreover, these figures also show that, for a given E, the velocity profile has
larger values in case 1.0 than that in case 1.I. Thus larger induced volumetric flow rates
are anticipated in case 1.0. This is attributed to the larger heating surface area in case

1.0 when compared to that in case 1.L

For some selected values of the dimensionless eccentricity (E), the
circumferential variations in the local Nusselt number on the inner and outer walls of the
annulus are presented for case 1.I in Fig. 6.8(a) and in Fig. 6.8(b) for case 1.0. These
figures show that, in general, the highest Nusselt number occurs at the narrowest side of
the annular gap and the greatest thermal resistance (hence the lowest Nusselt number)
occurs across the widest side of the gap. This can also be attributed to the fact that, since
the thickness of the fluid (i.e. the annular gap width) across which the heat passes from
the heated boundary (at Ty, i.e. 6 = 1) to the opposite cooled boundary ( at T,, 1.e. 0 =0)
is smaller on the narrowest side of the annular gap than that on its widest side, the
temperature gradient is always steeper in the former than the latter. Moreover, the
increase in the value of the temperature gradient in the narrowest gap over that in the
widest gap becomes more and more pronounced, and hence circumferential variation in
local Nusselt number becomes more and more noticeable, as the value of the eccentricity
E increases. For a given eccentricity E, Fig. 6.8(a) shows that, for case 1.I, the local

Nusselt number on the inner wall is larger than that on the outer wall at any value of &.



1<3

(N
(]}

Nu — Nu
30 ———- Ny

Al
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and outer walls in case 1.0.

139



-

140

The opposite is true in case 1.0 as can be seen from Fig. 6.8(b). This phenomenon is

related to the higher/lower fluid velocities near the heated/cooled boundary in each case.

The circumferentially averaged Nusselt number on the inner and outer walls of the
annulus is presented in Fig. 6.9 against the eccentricity E for both cases 1.1 and 1.0. As
expected, the average Nusselt number increases with eccentricity. On the other hand, for
a given eccentricity the Nusselt number on the inner wall, in either case 1.I or case 1.0,
is larger than that on the outer wall. This is due to the larger thickness of the
hydrodynamic boundary-layer which has developed on the outer boundary of the annulus
than that which has developed on the inner boundary of the annulus; recall that the outer
boundary has a larger surface area and a larger radius of curvature and that the
hydrodynamic boundary- layer creates the greatest resistance to heat transfer. Moreover,

the magnitudes of the average Nusselt number, for a given eccentricity, are such that

Nu' > Nu}® > Nu!® > Nul' . Such a descending order of magnitudes can be

explained as follows. In adiabatic flows in annular channels, the point of maximum
velocity is known to be nearer to the inner boundary. Now, heat transfer in case 1.I
makes the flow faster /slower near the inner/outer wall of the annulus. Consequently, the
velocity profile will be more skewed inward with the maximum velocity closer to the
inner wall. On the other hand, heat transfer in case 1.0 tries to move the point of
maximum velocity towards the outer wall, hence reduces the velocity near the inner wall
than in case 1.I. In other words, the hydrodynamic boundary-layer on the inner wall is

thicker in case 1.0 than that in case 1.I. In addition, the nature of an annular flow
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requires the hydrodynamic boundary -layer on the inner boundary to be thinner than that

on the outer boundary. The combination of these effects together clarifies the

aforementioned sequence of magnitudes.

Engineers are not frequently concerned with the details of the velocity and
temperature fields but only with the induced flow rate and the maximum (in case of

heating or minimum in case of cooling) bulk temperature which the fluid attains as it

passes through the channel and reaches its exit cross-section ( 7, ). The latter can be

used to calculate the heat gained or lost by the fluid from entrance up to the annulus exit

( (-] ). These two important engineering parameters ( F and (:2 ) are given in Figs. 6.10(a)

and 6.10(b). Figure 6.10(a) gives the dimensionless volumetric flow rate ( F ) against the
eccentricity E. For a given E, this flow rate is the maximum possible which the present
vertical channel can engender under thermal boundary conditions of the first kind. In
other words, since fully-developed flow conditions have already been achieved, a further
increase in the channel height would not produce any additional flow rate. As shown in
Fig. 6.10(a), increasing the eccentricity E causes an increase in F in both cases 1.I and
1.0. This agrees with the trend of previously reported forced flow results in the literature.
Moreover, flow rate in case 1.0 is larger, for a given E, than the corresponding value in

case 1.1. This is a result of the larger heating surface in the former case than the latter.

Under thermal conditions of the first kind, the fully developed 6 and hence 6., do

not vary with axial distance Z. The bulk temperature 0, does not change with further
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increase in the channel height since, under fully-developed flow conditions, the heat
passes through the fluid from one wall to the other in such a manner as if the fluid were
stationary, i.e. by pure conduction through laminar fluid layers. Thus, for a given E, the

computed fully-developed value of 8y, corresponds also to the fluid bulk temperature at

the channel exit 9-,,, (1.e.0m = e-,,, ). The computed values of 9_,,, and F are used to

obtain é (= F 9; ) which is presented in Fig. 6.10(b). Thus the total heat gained or
lost by the fluid from entrance up to the channel exit, including the developing length, is
obtained without need to integrate the Nusselt numbers over the channel height.

However, it is simple to derive an expression for the average Nusselt number over the

entire annulus height in terms of Rayleigh number (Ra*) and é (El-Shaarawi and Al-

Nimr [14]).

6.3 Fundamental Solution of the Third Kind

Since the wall opposite to the heat transfer surface is perfectly insulated, the fluid
temperature in the annulus becomes ultimately uniform at the same temperature as the
heated surface (8=1 everywhere in the fully-developed region). Therefore, fully-
developed free-convection flow under thermal conditions of the third kind is an
isothermal flow having a temperature equals that of the heat transfer boundary.

Consequently, we have, in both cases 3.I and 3.0, P = 0, 6=1 and 96/dn = 06/d¢ =

0%0/on’ = 9°6/0? =0 everywhere (i.e., there is no need to solve the energy equation
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(3.29) since it will vanish automatically for this type of boundary conditions). It can be
seen also that Nu' = Nul' = Nu}® =Nu° = 0. Thus, the physics of the problem of fully-

developed free convection does not distinguish between case I and case O under thermal
boundary conditions of the third kind and we simply have only one fully-developed
solution of the third kind. The derivation of the governing equation of this problem and

its method of solution are given in sections 3.3.4 and 4.4.2, respectively.

Figure 6.11 gives examples of the velocity profiles obtained by the application of
eq. (4.4) along with the pertinent constants given by egs. (4.21 a-¢) in an annulus of N =
0.5 for the shown selected values of the eccentricity E. It is worth mentioning that the
number of terms of the series in eq. (4.4) has a noticeable effect on the solution to be
obtained; the higher the value of the eccentricity E the larger the number of terms needed.
However, it has been found in the present study that 20 terms give acceptable accuracy

with E = 0.9. Therefore, the results presented here are all obtained using 20 terms of the

series.

Finally, the induced volumetric flow rate (F), which is of engineering importance,
is presented in Figs. 6.12(a) and 6.12(b) against the eccentricity (E) for a wide range of

annulus radius ratio ( N = 0.1-0.75). These two figures are self-explanatory.
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6.4. Fundamental Solution of the Fourth Kind

In this case, since one of the boundaries is isothermal, the governing equations
will be (eq.(3.29)) and (eq.(3.30)) subject to the thermal boundary conditions (eq.(3.19))
tabulated before for case 4.1. and 4.0 in addition to the symmetry conditions (eq.(3.17))
and the hydrodynamic boundary conditions (eq.(3.31)). A closed form analytical solution
for the energy equation (eq.(3.29)) has been obtained as a special case from the general
solution of the steady state conduction equation (eq.(3.20)) by neglecting the internal
heat generation (i.e., C’ = 0.0) . Hence, the solution of eq.(3.29) subject to the aforesaid

boundary conditions is the reduced form of eq.(4.4) which can be written as;

@=A"n+B +i(Ce"” +De""’)Cos(n§) (6.23)

n=}
Where:
for case 4.1;

A‘ =0.5N
1-N
B=_A. 7,

AI
C= 2nm, , ,32nn,
n(e™ +e" )(1-N )

ez'"lo

D=
n(e”™ +e™ )(1-N)

for case 4.0;
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C=——s
n(e”™ +e" )(1-N)

e 2nny;

T (e +e™ Y1-N )

D

The temperature profiles in the widest and narrowest sides of the annular gap for
case 4.I and 4.0 and selected values of the eccentricity (E) are shown in Figs. 6.13(a)
and 6.13(b), respectively. These two figures show that the temperature level in the wide
side is higher than that in the narrow side. The deviation between the temperature levels
in the widest and narrowest sides of the annulus increases with the increase of
eccentricity. This is attributed to the fact that increasing the eccentricity increases the
thickness of the fluid layer in the wide side as compared to that in the narrow side. This
results in decreasing the thermal resistance in the wide side compared to that in the
narrow side.

To best clarify the effect of the eccentricity on the temperature distribution, the
variation of the temperature along the heat transfer wall has been plotted in Fig. 6.13(c).
This figure shows that the temperature along the heat transfer wall is not uniform. This
was expected since the thermal resistance decreases as one rotates through the annulus
from its widest side (y =& / & = 0) to its narrowest side (y = 1) since the thickness of the
fluid layer decreases in the same direction. The reduction in the thermal resistance should
result in a reduction in the temperature difference between that on the heat transfer wall

and that on the isothermal wall as the one moves from the widest to the
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Fig. 6.13(a) : Fully-developed temperature profiles in the widest and narrowest sides
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narrowest side of the annulus, since the heat transfer wall has a uniform heat flux while
the thermal resistance decreases in the aforementioned direction. Figure 6.13(c) shows
also that the nonuniformity of the temperature along the heat transfer wall increases with

the increase in the eccentricity for the two cases 4.1 and 4.0.

Figures 6.14(a-f) and 6.15 (a-f) show the velocity profiles as one rotates around
the annulus from its widest gap side ( y = &/m = 0) to its narrowest gap side (y =1,
i.e., £ =7 ). The velocity profiles in the widest and narrowest sides of the annular gap for
cases 4.1 and 4.0 are presented in Figs. 6.16(a) and 6.16(b), respectively. These two
figures show clearly the effect of eccentricity on the velocity profiles. Inspecting these
two figures show that the slight eccentric annulus (E = 0.1) has velocity profiles which
deviate slightly from the axial symmetric profiles existing for the concentric annulus. The
deviation from the axial symmetric profiles increases with the increase in the eccentricity
(E). This leads to a general increase in the value of the velocity in the wide side and a
general decrease of its values in the narrow side (i.e., the maximum velocity always exist
in the widest side and precisely at the line of symmetry (w =& / n = 0)). These figures
show also that the maximum velocity (more generally, the velocity in the wide side)
increases with the increase in eccentricity. A series of plots that give the variation of U
with & has been presented in Figs. 6.17(a-f) for case 4.1 and Figs. 6.18(a-f) for case 4.0
for three selected values of eccentricity (E = 0.1, 0.5 and 0.9). The set of figures 6.14
(a-f) and 6.15 (a-f) and the corresponding set of results presented in Figs. 6.17 (a-f) and
6.18 (a-f) for the same eccentricity complete each other since it gives a complete

view of the velocity through out the annulus. Moreover, for a given
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