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Chapter 1

INTRODUCTION

Cranes arc indispensable for transferring heavy loads from onc place te
another. They are commonly used in ports, factorics. and construction sites.
There are different types of crances such as overhead cranes. gantry crancs. rota-
1y crancs, jib and pillar cranes, manually-operated cranes. nuclear plant cranes.
stacker cranes and various special purpose crancs [1-4] . Fach type of cranc has

its own application area.

The overhead cranes are among thosc types which are most widely used in
several work places. These usually consist of a bridge which can travel longitudi-
nally on rails laid over gantry girders. properly supported over columns, and a
trolley which traverses along the bridge crosswisc to the direction of the bridge
motion. The trolley houscs a hoisting mechanism for load haisting/lowering [5].
In general, the task performed by an overhead crane. in which load is picked.
raised, moved to target and placed down. may be divided into three phases:

1. Hoisting the object.

2. Transporting the abject which includes longitudinal and transverse motion.
3. Lowering the object.

Thus the fundamental motions of an overhead crane can be described as: object

hoisting or lowering, travel (bridge motion). and traverse ( trollcy motion).
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In order to incrcase the productivity of the system. it is necessary that all
these motions of crane should take place at higher speeds. If the travelling and
transversing motions take place at higher speeds without a proper control then
there are chances of swinging of the suspended object. This swing is undcsirable
because it could cause serious damages to the system and the surroundings as
well. Also. if this swing of the suspended object continucs up to the end of the
transfer then it becomes quite difficult to place the object at the desired location.
Therefore, for a cranc system dcsigner, it is a fundamental requirement to scck a
satisfactory control method to minimize the swing during the complete process

of load transfer.

There are different control methods which can be used to suppress the swing
of the object. In some installations, it is the oniv skill of operator that is used to
bring the object to the desired position and have it stationary during the journcy
and at the cnd as well. Open-loop mcthods such as coniinuous swing contro:
and discontinuous swing control are also used in some applications [6-7}. how-
cver, due to many disadvantages, the open-loop control schemes are found to be
unsuitable in rcal working environment, cspecially in applications where accura-
cy is of prime importance. One of the main disadvantages of an open-loop con-

trol svstem is that it cannot make any compensation for external disturbances

such as wind etc.

To avoid the problems caused by open-loop control systems, in most of the
work places, closed-loop control systems arc being emploved. Different types of
closed-loop control methods which can be used are optimal control, variable

structure control and lincar feedback control.
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In the present study, the modcelling problem of overhead crancs is addressed.
The most gencral case of cranc motions i.c. simultancous travelling of bridge,
traversing of trollcy, and load hoisting is considered. This type of motion has
not been reported, to the best of our knowledge, in the literature of the relevant
ficld. Most of the reported work, addresses only the traversing motion of the
trolley. In references [8-10] the simultancous motions of hoisting of the load and
traversing of the trolley are considered. Recently. Moustafa and Ebeid [11)
developed a nonlincar model that takes into account the simultancous travelling
of the bridge and the traversing of the trollev. However. their model did not
consider the hoisting of the load.

A general nonlincar model is derived in the present study by using the
Lagrange’s equation of motion to describe the dynamics of cranc maotion. For
the purposc of industrial applications, two differcnt models namely:
acccleration-control model and torque-control maodcl arc then derived from the
general nonlincar model. A lincarization technique is then carried out by
cxpanding the nonlincar model about a nominal operating point by using Tay-
lor’s Series. To obtain the lincarized modcls the nominal operating conditions
arc described. One of the derived modcls is used to formulate an optimized
feedback scheme to control the motion of the cranc so that the suspended load
arrives at its final destination in a state of rest. Also the transfer is required to
occur in the shortest possible time with mirimum load swing. It should be not-
cd that the control schemes, normally described in literature, arc cither open-

loop time-optimal or lincarized feedback controls.
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In this study. a dctailed description of an optimized feedback control includ-
ing the performance index sciection criteria. control constraints, and state-
variable constraints is provided. A numcrical optimization technique, used for
solving the given control problem, is also discussed. The organization of this
study is in the following manner:

Chapter 1 describes the gencra! aspects of an overhead cranc. A literature
review relative to the modelling and the control of the considered crancs is dis-
cussed in detail. A description of the objectives of the present work is also men-
tioned. In Chapter 2, a dctailed derivations of the dynamic model of the consid-
cred overhead crane is provided. Lincarized modcls arc developed in Chapter 3.
In Chapter 4, an anti-swing optimized feedback control scheme is presented.
Results and discussion are presented in Chapter 5. Firstly. the simulations of
the nonlincar-torque control and the acccleration-control models are presented
without applying any antiswing control scheme. Sccondly, the simulations of
the nonlinear acceicration-control model. after appiving the optimization control

scheme, are discussed.

11 LITERATURE SURVEY

A lot of rescarch work rclated to the madelling and control of crancs to sup-
press the swinging of the suspended objects have been reported by many
rescarchers. Alzinger [6] and Carbon [7] discussed two open-loop methods of
swing control . One of these methods, which is the simplest onc, is known as
continuous swing control. In this method, as shown in Figurc 1.1, the trolley

velacity ramps at a constant rate for absolutely one period of the pendulum
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formed by the cable and the load. It can be proved mathematically that if there
is no swing at the beginning of the load transfer operation then there will be no
swing at thc cnd. The sccond mcthod which is known as discontinuous swing
control uses the maximum acceleration and deccleration rates attainable by the
trollcy motor, as shown in Figure 1.2 . Another open-loop control scheme was
presented by Starr [12] for transporting suspended objects with a path controlied
robot manipulator such that there is no swing at the target position. The meth-
od presented by him required a manipulator capabie of constant-velocity
straight line motion and an acccleration time that is smal! compared to the natu-
ral period of the suspended object.

A great economical saving can be achicved by reducing the load transfer
time. Thercfare, a sigrificant amount of work, related to the time-optimal con-
trol of cranes under various opcrating conditions, have been carricd out hy
many researchers [13-19]. In most of the cases, Pontrvagin’s maximum principal
[20] was used to find the optimal control solutions. Martenson [R] derived two
differcnt mathematical models corresponding to torque control and acceleration
control and presented time-optimal control strategics. Auernig and Troger [10]
presented a time-optimal control scheme for overhead cranes by considering a
planar motion due to hoisting of the Inad and traversing of the trollcy for a
fixed position of the crane. In their mathematical description, they included
both types of motors used in operating systems i.c. the speed controlled and the
torque directed motors. They used an extension of the Pontrvagin’s maximum
principle in the mathematical formulation of the optimal control problem. The
control scheme presented by them was to suppress the swing of the load at the

cnd of the transfer only.
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Figure 1.1: Continuous swing control.
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Sakawa ct al. [4] dcveloped a nonlincar model for a rotary cranc and
applicd an open-loop plus feedback optimal control scheme to minimize the
swing of the load during the transfer, as wecll as the swing at the cnd of the
transfer. They considered only two kinds of motion namecely rotation and load
hoisting. The boom angle was kept constant. A madification te this rotary
crane’s model was made by Sakawa and Nakazumi [21] by including the third
motion i.e. boom hoisting. The major drawback of their scheme was that it sup-
pressed the swing only at the target position and therc was no control te mini-
mize the swing during the transfer of the load. Yoshimoto and Sakawa [22]. and
Sato and Sakawa [23] further madified the rotary cranc model presented in ref.
[21] by adding the flexibility effects. Hara et al. [24] dcrived a non-lincar model
for a jib crane and applied a scmi-optimal control scheme to suppress the swing
of the load during and at the end of the transport. They also trcated the control
of the cxtending or shrinkage motion of the cranc hoom.

Zinober [25] described a closed-loop method. known as variable structure
control, for overhead cranes. This mcthod uscs a switching surface and avoids
the limit cycles inhcrent in the time-optimal techniques by rotating the switching
surface. This results in a sclf-adaptive control system which is obviously sub-
optimal. A single cycle automatic opcration system for an overhead crane was
developed by Ohnishi et al. [26). They achicved an anti-swing control for trans-
porting the steel coils in cold strip mills. Sakawa and Shindo [9] derived a
dynamical model for a container crane for cargo handling work at ports. Their
aim was to minimize the swing of the container during as well as at the cnd of

the transfer without paying any considcration to the transfer time. The type of
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control. of the motion of the trolley, uscd was position control i.c. the usage of a
speed-controlied motor. They divided the whole motion of the crane into five
sections consisting of vertical motions, horizontal motions, and diagonal
mations. The optimal control of the diagonal motion was computed by a differ-
ent algorithm [27], which was dcveloped by themsclves.

Manson [28] prescnted an idcalized model for an overhcad crane and
applied time-optimal control scheme. The method presented was wscful for com-
paring the other sub-optimal solutions based on more complex and less idealized
model. However this model was not feasible for practical applications. Van de
Ven [29] presented a feasibility study of the time-optimal control of a heisting
crane. He described two methods for an apen-loop control svstem. one based on
pontryagin’s maximum principal and the other based on the pattern of the
phase trajectories. He also derived two mcthods to dctermine the time optimal
switching intervals in a closcd-loop control systems. In the first method an ana-
I¥tical approach was used to caiculate the switching surfaces, whereas, in the
second method a fast model was used to predict the time-optimal switching
intervals. Karihaloo and Parberg [30] discussed the optimal control problem of
a dynamical system rcpresenting a gantry cranc. Their aim was to find the opti-
mal control for getting the suspended mass to arrive at its final destination in
the state of rest. They assumed that the distance over which and the time in
which the suspended mass to be transported were known to them for application
of the control scheme.

Moustafa and Ebcid [11] presented a dynamic model of an overhead crane

which allows simultancous travel and transverse motions. They developed an
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anti-swing control system to transport an object along a defined path in such a
way that the undesired cffects duc to simultancous travel and transverse
motions (swing in the planc of motion and oscillation of the planc formed by the
cables and the vertical axis through the suspension point about an equilibrium
position) could be minimized. A Tincarized state space model about an cquilibri-
um state was derived and uscd as a basis for designing a feedback control sys-
tem which specificd the input torques to the motor at cvery instant. Ebeid et al.
[31] presented a non-linear clectro-mechanical madel describing the dynamical
behavior of overhcad cranes. They represented cach of the two driving motors
(bridge motor and the trolley motor) by the classical fifth order model of induc-
tion machines where clectrical transicnts as well as mechanical transients were
considered. - In their moadel the stator voltage was used to drive the motor.
Moustafa and Emara-Shabaik [32] developed a feedback control stratcgy to
minimise the swing of the suspended object for the overhead crane model pre-
scnted in [11] by using pole assignment. They used the singular perturbation
technique to obtain a reduced order model. A Proportional-Derivative (PD) con-
troller was designed by them to achieve the goal.

Herteau and Desantis [33] described the design and implementation of a
microprocessor-bascd adaptive controller for a crane svstem. Their proposal
controller was made of a state regulator block and a gain tuning module. The
adjustment of the regulator gains as a function of the paramecters value was
 madc by mcans of a modificd pole placement criterion. They considered only
transverse motion of trolley. Ridout [34] presented a linear feedback anti-swing

control system for an overhead crane. The control lonp presented by him used
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ncgative feedback of the trolley position and velocity signals, and positive feed-
back of the cable angle. The lincar feed-back strategy was modificd by him by
implementing variable damping [35]. The maodificd control strategy using an
crror measure derived from both the trolley position error and the rope angle
crror signals. He devised a contour map approach (bascd on computer simula-
tions) to shape the damping function and to develop a general tuning strategy
for the system.

Strip [36] presented a gencral strategy for swing-free transport of suspended
objects. The restriction imposed by Starr's method [12] i.e. the period of acccler-
ation must be small as compared to the period of the object. was removed by his
strategy. The author concluded that to get the object stationary at target. the
cranc =ust begin to decelerate at the same rate as it was accelerated. starting at
a distance from its target equal to the distance travelled while accclerating.
Jones and Petterson [37] presented the mathematics describing the oscillation
damped trajectorics for simply suspended payioads using controlled acceleration.
A specific implementation using a CIMCORP XR6100 gantry robot was also
described. One of the drawbacks in their method was the requirement of a sys-
tcm that is able to produce a constant acceleration profile because many com-
mercially available programmable crancs and manipulators do not have the abil-
ity to generate a constant accelcration profile.

A great dcal of research related to the cranc automation is being done at
Helsinky University of Technology by a number of rescarchers in collaboration
with other rescarch institutes, industries, and government organizations [3R-44),

Their basic aim is to achicve a wholc sct of new control and measuring methods,
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whercby the system designer or the operator can choose an appropriate method
for his specific problem. For this purpose they are using a pilot scale gantry
cranc based on the model described by the Ackermann [45). Among these
researchers, Marttinen and Virkkunen [38] analysed the dvnamical behavior of
the model on the frequency domain. Virkkuncn and Marttinen [29] described
the details of construction and the instrumentation system of the pilot crane.
An open-loop minimum time strategy was used until the load came closer to the
target and then a linear quadratic controller was used to bring the load to the
target in order to avoid the large control signal changes in the vicinity of the tar-
get. Rintanen et al. [40] conceatrated on data processing and the requirements
for the control application software. They presented the hardware and software
implementation bascd on Intel’s Bitbus Boards and discussed some related tech-
nical problems from the crane control point of view. Vaha and Marttinen [41]
introduced the basic conventional control mecthods and their possibilities to
damp the load swing. To show the characteristics of the Proportional-Integral-
Dcrivative (PID)-type of control strategics they used rootlocus method. which
indicated that the performance was not satisfactory. They have bricflv present-
cd some suboptimal control strategics. Marttinen [42] applied a pole-placcment
algorithm for anti-swing control of the pilot gantry. An adaptive control scheme
was proposed, which was neccssary to take into account the varving cable
iength. Marttinen et al. {43] described various features related ta the velocity-
controlled model of the pilot cranc for cducational experimentation. They con-
sidered modclling issues and compared different identification mcthods. They

also studied three control schemes namely: minimum-time control strategy, PID-
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controlier design with the root locus mcethod [41]. and polvnomial pole place-
ment znd its adaptive applications to only two Kinds of motions (hoisting and
traversing). Virkkunen ct al. [44] surveved the main results obtained by many
rescarchers from the working on the said pilot cranc. In almost all of the abave
mentioned work at the Helsinky University of Technolagy. only traverse motion
of trolley was considered. Also, thev reduced the nonlincar model to the lincar
onc for applving the control schemes. Caron cf al. {46] presenicd a reference
madel control approach for overhead cranes, taking into account the lengths of
the suspension cable. In order to permit fast travel of suspended objects and to
minimize the resulting oscillation magnitude, they first used a reference modcl
for a constant cable fength and then intraduced 2 hinearizing control in the case
of a variable length to achieve similar behavior. Two outputs (the swing of the
load znd the position of the trolicy) were controlled by means of one input (the
reference speed of the trolley motor).

Yoshida and Kawabe [47] derived a saturating control law, which satisficd a
constraincd input condition and gave an upper hound of a given quadratic per-
formance index using a guarantecd cost control method. The practical aspects of
the scheme were also discussed by an cxperimental cxamination in a real cranc
system. The control law developed by them showed the dependence on initial
conditions, therefore, the rule of trial and crror using a computer was necessary
to optimize the control law. Butler ct al. [4R] presented a method of reference
model decomposition as an cxtension of maodel reference adaptive control and

applicd it to a gantry cranc scale modcl. They considercd the cranc as a single-

input. singlc-output system with the input voltage at the trolley motor as the
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control signal and the position of the load as the feedback information for the
controller. Yamada et al. [49] developed a fuzzy controller for the roof crane.
They also made a comparison between the fuzzy controller and the suboptimal
controller using switching vclocity mcthod. They censidered only transverse

motion of the trolicy and used trolley acceleration as the control input.

1.2 OBJECTIVES OF THE PROPOSED RESEARCH

The first objective of the present rescarch is to derive nonlinear models those
represent the dynamics of overhead cranes which carries out simultancous
bridge travel, trolley traverse, and load hoisting or lowering motions. In practi-
cal situations, thesc motions induce two types of undesirable effects. namely.
swing in plane of motion and oscillations of the plane formed by the rope and
the vertical axis through the suspension point about an equilibrium position.

The second objective is to obtain lincarized modcls. by expanding the nonli-
ncar models about nominal operating point using the Taylor series expansion.
which can be uscd in futore work to apply the well-developed linear control
theoiies.

The third objective is to develop an anti-swing control scheme for the nonli-
necar acceleration-control model to minimize the above mentioned swing and
oscillations during the transfer process. The load is required to be transferred in
minimum time and to arrive at its final destination without any swing and oscil-
lation. The control scheme uscs the optimized feedback control methods by
sclecting a suitable performance measurc and considering all the physical con-

straints on the control and state variables.



Chapter 2

DYNAMICAL MODEL OF THE OVERHEAD CRANE

Consider the model of the overhead cranc as <hown in Figure 2.1.

For simplicity. assume the following

The elastic deformability of the crane is negligible and it is assumed that all
clements are of infinite stiffness.

Dissipative effects like rolling resistance and locses in the drive mechanism
are negligible.

Effects of wind forces are negligible.

The load, assumed to be concentrated at a point. is hanging on a massless
cable

The change of the cable length due to swing of the load is negligible.

The system will have five degrecs of frecedom namely; travelling motion
of the bridge ( x ), traversing motion of trolley ( v ), swing in the plane of
motion ( 0 ), oscillation of the plane ( y ) determined by the cable and the
vertical axis through the suspension point about an cquilibrium position,
and the length of the cable (1).

The position vector of the point of suspension, O with respect to fixed

axcs coordinate system is

= xi+pj+ k. (2.1)
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Hoisting/Lowering

Figure 2.I: Simplificd maodel of-the overhead crane.
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We can write the position vector of the material point that represents the
load. G. by using the moving spherical coordinates ® and y to indicatc the
absolute position of G, as

= xGi+_vGi+sz. (2.2)
where,

x. = x+I sin0 sy

T = r+ism0cosy (2.3)

z; = z¥lcosb
The kinetic energy of the system is

. - - 1 . 1 2, .2
T=%M(x:;+y:;+zé)+5m!xz+ 2 X+ §)

i o | YR
& 21wy + L ain)! + 5 100y (2.4)

and the potential cnergy of the system is

"= — Mglcosh, (2.5)

where 7, is thc mass moment of inertia of the bridge motor, /7, is the mass
moment of inertia of the trolley motor, /, is the mass moment of incrtia of
the hoisting motor, /is the length of the cable, M is the mass of the load, m,
is the mass of the bridge, m, is the mass of the trolley. r, is the radius of the
bridge motor pinion, r, is the radius of the trolicy motor pinion, and r, is the
radius of the hoisting drum.

The Lagrangian function is given as

L=T-V
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Substituting the values of x. . v . and z, from cquations (2.3) and <simplify-
ing, we get

L==M(Z+i+P+F¢

1
2
+ P ¢’ sin’0 + 2 x Isin0 siny
+ 2% Iy sin® cosy + 2 x /0 cosh siny
+ 25 Isin0 cosy + 2j I <in® siny

1 -2

+ 2510 cosDcosy ) + 3 F + -%mz(-iz + i)

. 1,,. 1,
+ 3 Leny + 3 Liny + 2 1)}

+ M g lcosD.

The Lagrange’s equations of motion arc given in Reference [50] as

Q, and g, are the vectors of the generalized forces and the gencralized coor-
dinate, respectively.
Taking x, y, O, vy and [ as the generalized coordinates, the cquations of

motion can be derived as follows:

X+ b I'sin0 siny + b, 1y sin0 cosy
+ b1 0 cos0 siny — b1 (6 + ) sin0 siny
+ 25,10y cosO cosy + 2b, 10 cos sing

+ 25, 1y sin0 cosy = F, (2.6)
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§ + b,Tsin0 cosy — b, Iy sin0 siny
+ bzlé'cosOwsv - bzl((')2 + ¢?) sind cosy
— 25,109 cosDsiny + 25,10 cosl cosy

- 25,1y sin@siny = F,

19+ 270 - -;-zq}’sinmw gsin®

+ £snycosd + Foosycosh = 0

IsnC§ + 27sinBw + 27y 8cosd

_ + Xcosy — Fsing = 0

F— b,18" — b1y’ sin™ — b, g cosd

+ b, £sin0simy + b, Fsind cosy = F

where we have defined
F,=F M,
Fy=F M,
F,=F/M,
F=TJr,
F; =T yir2

F=Tr,

= 3
M=M+m +m+ L7
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(2.8)

(2.9)

(2.10)
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Mz—.‘l +m, + Iz.t'r2

- 2
M=M + IJr;

b, = MM,
and
by = MiM,.

T,. T,, and T, arc the driving torques generated by the bridge drive mator,
the trollcy drive motor, and the hoisting motor. respectively: F. F,. F.. are
the respective normalized driving forces.

Equations (2.6) - (2.10) rcpresent the nonlincar dynamical model of the
overhead crane in its general form. However. two types of crane medels are
usually considered for control applications. The first one, which is most
common in industry, is known as acccleration control madc! [43] . and the
sccond is known as torque control model [38]. In the first model, the avail-
able control variables are supposed to be the acceleration of the bridge. the
trolley, and the winch. Whereas, in the sccond modcl the control variables
are rclated to the torques of the clectric driving motors of the bridge, the
trolley, and the winch. In the sccond modcl. the dvnamic properties of the
cranc depend on the mass and the oscillation of the load influences the
motion of the trolley.

As far as the industrial applications are concerned. the acceleration con-
trol modecls arc preferred in places where accuracy is of prime importance.

Also, from the operating point of view, they are casier to control. The
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drawback of using the acccleration-control madel is that the required instru-
mentation is very expensive. On the other hand, torquc-control models are
very complex. Therefore, it is quite difficult to develop a practical control
scheme for these models. As compared to acceleration-control modecl. the
instrumentation rcquired for the torque-control model is less expensive [3].

The mathematical formulation of the two modcls in the state space form

is given below.

21 ACCELERATION-CONTROL MODEL
Assuming the available control variables to be the accelerations of the bridge,

the trolley. and the winch, ie.,

u==x
w=y (2.11)
u=T1
Introducing the state variables x,,..., x,q as‘
xl =X
x,=x
5=y
% =¥
x, =0 (2.12)
x, =9
x, =y
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X, =V
x9=l
x, =1

Then by definition and from equations (2.8) and (2.9) we get the foliowing state

space representation

1 2
L=y
=X,
X =
X5 = Xg
X l - -
. 10 2 < } 4
i = —2"2x + —x;sn{2¢) — = sinx
o= —2 B x ¢ sne - £ an,
u
—-—'eosxssinx.,—:z—cosxsmsx,
X3 Xy
X, = X, (2.13)
X, = —2-}3:‘—2.1"&00!.:5
9
_ oy oy uy sinx,
x, SinXg X, Sinxg
Xy = X9
X0~ %



The initial conditions are chosen as

x(0)= .. =x(0) =0

x40) = ¢,

x0) = 6,

x(0) =, (2.14)
x(0) = v,

x(0) =1

x(0) =0

Where / is the length of the cable at the starting of the operation. 0.y, are

their initial swing angle, and G,, ¥, are the initial rates of change. The required

final states are

xp=x
x(1) =0
X =¥
x{p=10
xd) =0 (2.15)
Xty =10
Xy =10
x.(l,) =0
=g

xplt) = 0
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Where X, Y are the desired final positions of the bridge and the trolley respec-
tively, and / is the length of the cable at the target position.

It can be scen from the above model that the pesition of the trolley and the
load cable length are simple to control, since these parts of the model contain
only pure integrations. Nevertheless, the swing of the load and the oscillations
of the plane are governed by highly nonlincar equations and a simple analvtical

solution to the problem is not possible [R].

2.2 TORQUE-CONTROL MODEL
For obtaining the nonlinear torque control madel, the nonlincar general

madel is written as

[41X=(8]
or

X=147"18] (2.16)
where X = [% 5 0 ¥ /) and[ A Jand [ B] matrices are given in Appendix A.
The matrix inversion and multiplication is done by using Mathematica [51].
Now assuming the available control to be the torques of the driving motors of

thc bridge, the trolley, and the winch, i.e.,

ul=Fl
w,=F, (2.17)
u, = F,

Then by definition and from ecquation (2.16) we get the following state space

representation for the torque model
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X, = [ (X5 X X0 Xgp Xgo Xy Uy U 28, )

X = x, (2.1%)
x, = [i{(xp X X ' Xg- Xor Xyge Uy Upe ¥y )

5=x
Xy = Jo (Xg X X0 Xy, X Xy, 1y, Uy 1 )
X, = X0
= S5 (g X Xy X X X 1 Uy 205
Complete description of £,(.),...,f{.) is given in appendix A. The initial
conditions are thc same as for the acccleration-contral model. The mutual
coupling between the load and the trollecy can be noticed in this model by

obscrving the influence of the oscillations of the load on the motion of the trol-

ley. The magnitudes of the control variables #, », and w, and the mass ratios

b, . b, , and b, determine the strength in the coupling.



Chapter 3

LINEARIZED MODELS

Linecarization is commenly used to analvze a nonlincar system for small
departures from an operating point. Its stability and transicnt nature can be
quantified for comparison with the svstem requirements. When the perturba-
tions are smzall enough, their products arc almost ncgligible. so discarding them
reduces the system dyvnamics to lincar cquations in the perturbed variables [52]).

The lincarization of the nonlincar dynamical equation is donc by
cxpanding them inte a Tavlor series about nominal operating conditions and

neglecting the terms of second and higher orders.

3.1 NOMINAL OPERATING CONDITIONS
Let the nominal opcrating conditions be denoted by x_. v,/ .0 ,and v, .

The corresponding nominal operating forces arc denoted by F), F;,and F;.
Now the relations for 0, .y, , Fo. F3, and F; in terms of £, . ¥, . and I (which in
actual conditions are sclected according to the desired transportation routc) can
be ebtained by substituting

My =Hn=0

V() =vw(n=10 (3.1
in cquations (2.6) - (2.10)

The resulting cquations arc:

-26 -
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X +b 10 sny =F (3.2)
F,* 5,1 0,cosy, = F, (3.3)
20, + 2 siny_ + F, cosy, = (3.4)
% cosy — § simy, =0 (3.5)
L-bg+bx0snw +bf0cosy =F (2.6)

Solving these cquations simultaneously, we get

9°= - i 3.7
4
v, = tan (=2 (3.8)
F=x(1--2) (3.9)
b, .
F=5,(1-22) (3.10)
2
F;=T—b3(g+L 3.11)
where
a = f:+y: (3-12)

In practice the acccleration of the bridge. the trolley. and the winch are nor-

mally known according to the desired transport route. This will be discussed in
morc detail in this study. The nominal operating values 0.y, F}, F;, and F;,

can then be calculated from equations (3.7) - (3.11), respectively.
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32 LINEARIZED GENERAL MODEL
Let the small perturbation in a function x(1) be denoted by
ax(f) = x(1) — x,. (3.13)
Then by expanding the nonlincar cquations (2.6) - (2.10) in Tavlor serics about
the nominal operating conditions, neglecting the higher order terms (order of

two and more) and taking sin@_ = 0, and cos0_ = 1 (as 0_is small). the lincar-

ized cquations of motion can be written as

&€ + b, 0, siny 81 + b 1 0 cosy By
+ b, I siny 80 + 25, 1 sinw 50

+ 25, 4 Bocosvo&q'r = 3F, (3.14)
& + b0, cosy 81 — b, 1 0 siny v
+b,1 cosvoﬁ-é + 2b,1 cosy 80

+ 25,1, 0 siny Sy = F, (3.15)

130+ 21 30 + 236

+ siny_ 8% + cosy 7 =0 (3.16)

10 3¢ + 218 &y + 20,50

+ cosy_ 3% — siny, & = 0 3.7

87+ b,0_siny_ 3% + b,0_cosy, 8 = F, (3.18)
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in the following subsections, the knearized acceleration- and torque-control

modcls are derived from the lincarized gencral madcel described by cquations

(3.14) - 3.18).

3.3 LINEARIZED ACCELERATION-CONTROL MODEL

By replacing the control and state variables of equations (2.11) and (2.12)

by their perturbed values about the nominal operating conditions, we can

obtain, by using cquations (2.16) and (3.17), the linearized acceleration control

modcl as

ax, = &,

&2=5ul

&i3=5.r‘

B, = &,

Eis=ﬁx‘

) L siny_ cosy,
8‘6=_2Ta"s_'i‘&s°'1_8"1_ T Bury
&x, = &x,

- L cosy, siny,
R T i ke Sl Tt Ry e
g = &x,,

Ak, = Sigy

the initial conditions are
dx(0) = . = &x (M) = 0

Jx(0) = 80,

(3.19)



x(0) = 3,
ax(0) = &y,
8x,(0) = Bv,
&x,(0) = ©
&x,(0) = 0

Similar to the nonlincar acccleration control model. the position of the trolley
and the load cable z2ic simple to control. Moreover. the swing angles of the load
arc not as complex as in nonfinear acceleration-control model. It should be not-
cd that the perturbation notation, 8. appecaring in cquation (3.19) will be

dropped in later development if there is no causc for confusion.

34  LINEARIZED TORQUE-CONTROL MODEL
For obtaining the linearized torque-control madel. the linearized general

madcl is written as

[C15X = |E)3X + | F}5X + | B] 3F
or

8X = [CT'|E}3X + [CT'| F]3X + [CT' | KBF (3.20)
where

53X = | 5% &7 &b &y &)

3X = | &% & 80 &y &/)

58X = | &x &y 80 5y 81|

8F = [ 5F, 5F, 0 0 3F, |1
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and the matrices [CL [ EL [F], and [ K]}, arc given in Appendix B. The
matrix inversion and multiplication is donc by using Mathematica [51]. Now

assuming the available controls as

5u'=8Fl
du, = 8F,
bu, = &F,

and by using the cquation (3.20) and thc same dcfinition< of <states variables as
used in previous scction. the state space representation of the linearized torque-
control model is given as
&%, = &x,
at, = dbx, + djx, + ddx, + dax, + e du, + e,fu, + e u,
&, = ax,
&%, = dfx, + dfx, + dfx, + dfx, + efu + efu, + cFuy
&x, = &x, (3.21)
&x, = dgdixg + dygfix, + d, 8x, + d) x, + efu, + e fu, + e fu,
B, = o,
8, = difixg + diBx, + d\ 8x; + d\Ix; e, fuy + oo B +oe By
&k, = &xyq
8y = d)fixg + dylx, + d\fix, + dghc, + e 8u, + e fu, + o, fuy
where the coefficients 4, ,...,d, and e, ..., e,; arc composed of paramecters

such as b, ,b,,b,,71 .1 ,1 ,0_ ,and y . The complete description of these coefTi-

cients is given in Appendix B. In later developments. the perturbation notation,

3, will be dropped from the lincarized model if there is no cause for confusion.
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Aithough, the lincarized torque-control model presented above s not as
complex as the nonlincar torque-control model presented in chapter 2, it is still

quitc difTicult to develop a suitable optimized control scheme for this model.



Chapter 4

CONTROL SCHEME

It has been stated carlier that the sccond objective of this study is to develop a
control scheme for transporting an object from <ome initial position to a desired
position with minimum oscillations, in minimum time. In other words. the con-
trof problem under consideration .consists of finding the controks », . v, . and u, .
which transfer the dvnamical system from the initial state (2.14) to the final
state (2.15), while a given objective function is minimized and a number of con-
straints both on control and state variables are satisfied. In order to solve this
problem,. a numerical techniquc, based on an optimization method. is usced to
provide the optimized feedback laws for the swing control.

Before going on to determine the optimized feedback control scheme a dis-
cussion on why the knowledge of the optimized feedback control vector ' (x , 1),
where X is the state variable vector, is desired instead of the open-loap control
vector u (f) [S3].

The open-loop control vector u (7) is determined as the optimized control to
take the system between specified initial and terminal states. Now, there arc
problems of cngincering interest, for cxample. regulator problems. for which the
possible range of initial conditions is very large. To provide optimized system

response over the sct of initial conditions that might be cncountered using the

open-loop control solution would require determining u'(7) for cach possible ini-

-33-
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tial state. This obviously can be impractical. By contrast. if the feedback control
u (x , {) is known, the optimized control is determined at any time by knowledge
of the current state x . ,

At the other extreme, consider a problem in which only one initial state is to
be cxpected. Here, the apen-loop solution u'(f) would appear to have more
mcaning. However. cven in this case, feedback information is required to over-
come the effects of errors and disturbances which change the svstem response
from the nominal trajectory x(f) . If uw (¢) is followed without correction in the
presence of these disturbances, the resulting trajectory cannot be expected to be

cither optimized or to satisfy the terminal conditions. Again. if the feedback con-

trol u (X, 7} is known. this difficulty would not occur. Knowledge of the current
statc X and the time t would suffice to determine the optimized control without
reference to whether the state x(7) resulied from a disturbance from the open-
leop optimized trajectory

A control scheme is acceptable only in the case when it provides the opti-
mized feedback laws, while minimizing a given performance index and satisfying
ccrtain constraints. In the following sections a dctailed description about the

performance Index and the control- and statc-variable-constraints i< given.

4.1 PERFORMANCE INDEX

Classical design techniques have been successfully applied to lincar, time-
invariant, singlc-input single-output systems with zcro initial conditions. Typical
performance criteria arc system response to a step or ramp input - characterized

by risc time, settling time, peak overshoot, and steady-state accuracy.as well as
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the frequency responsc of the system which is characterized by gain and phasce
margins, pcak amplitude, and bandwidth. Classical techniques have proved to
be successful in many applications; however for complex systems performance

objectives can not be described in classical terms.

411 PERFORMANCE MEASURES FOR CONTROL OPTIMIZATION PROBLEMS

The “control optimization problem” is to find a control we U which causes

the svstem

x(9) = a(x(1). w(1), ) (4.1

to follow a trajectory x € X that minimizes the performance measure

3= hextr). 1) + { et (),  de (4.2)

Somc typical control problems are discussed below to provide some physical

motivation for the sclection of a performance measure [54-56].

MINIMUM-TIME PROBLEMS
The problem is to transfer a system from an arbitrary initial state x(7) = x,

to specificd target set S in minimum time.

The performance measure to be minimized is

- fa ' @.3)



with ¢ the first instant of time when x(7) and S intersect.

TERMINAL CONTROL PROBLEMS
The problem is to minimize the deviation of the final state of a system from

its desired value r(t!) .

A possible performance measure is

3= i-i bt — i (4.9
Since positive and ncgative deviations are cqually undcsirable, the crror is
squared. Absolute values could also be used. but the guadratic form in the
abovc cquation is casier to handle mathematically. Using matrix netation, wc
have

3 =[xt — o) et - Aol (4.5)
or this can be written as

3 = [k — oI
where ||x(t,) - r(t,)ll is the norm of the vector [x(1) — 1(r)}. A real svmmetric
positive semi-definite (n x n) weighting matrix H can be inserted, to allow
greater generality, as

¥ = xtg) - el Hixtz) = (ol (4.6)
This quadratic form can also be written as

3= Iixtey — (I, -

Suppose that H is a diagonal matrix. The assumption that H is positive

semi-definite implies that all of the diagonal clements arc nonncgative. By
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adjusting the clement valucs, the relative importance of the deviation of cach of
the states from their desired values can be weighted. Thus. by increasing h_, the
ith clement of the matrix H, we attach more significance to deviation of x,(t_,)
from its desired value; by making k, zero. it i indicated that the final value of X;
is of no concern whatsocver. The clements of H should also be adjusted to nor-
malize the numcrical values encountered.

TRACKING PROBLEMS

The problem is to maintain the system state x(7) as close as possible to the
desired state K(7) in the interval [z, t]

As a performance measure we selcct

3= it = ety e An

where R(7) is a real symmetric (n X n) matrix that is positive semi-definitc for

all refr,,1J. The clements of the matrix R are sclected to weigh the relative

importance of the different components of the statc vector and to normalize the
numerical values of the deviations. For exampie, if R is a constant diagonal

matrix and g, is zcro, this indicates that deviations of x, arc of no concern.

41.2 SELECTING A PERFORMANCE MEASURE

In sclecting a performance measure the designer attempts to define a mathe-
matical expression which when minimized indicates that the system is perform-
ing in the most dcsirable manncr. Thus. choosing a performance measure
implics a representation of the system’s physical requirements in the form of
mathematical terms. If the performance measure truly reflects desired system

performance, the trajectory sclected by the designer should vicld a smaller value
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of J. In the scquel. v will be referred to as an optimized control and X as an
optimized trajectory.

In the present study, the purposc of the control scheme is to transport an

objcct from an initial position to a target onc undcer the following conditions :

a) minimizing the load swings and the oscillations at the final time:
b) minimizing the load swings and the oscillations in the transfer process

¢) making the transfer time as short as possible.

Thercfore, a performance index which takes into account all the above stated
three problems, ie. the terminal control problem. tracking problem. and the

minimum-time problem is vsed. This is given as

- %[{x«) - Y u{xp - o} + j {1+ x0"Ru)} de 8

where ( . )" means the transposc of ( . ), X' is the objective state vector. H and R
are the weighting matrices.

As the swing angles and their ratc of change arc of prime and cqual impor-
tance, in the present study R and H are chosen as diagonal matrices, with cle-
mentsh, =r. =1, fori = 5, 6, 7, 8, and zcro otherwise. The resulting Per-

formance Index is thus given as

3= _;_[xi(, + xt) + x}0) + ) + _f{ L+ 20 + X + xJ0) + xi(n) d:]
?



4.2 CONTROL- AND STATE VARIABLES-CONSTRAINTS

Due to the limited effects of the driving motors. the control variables as well
as the bridge, trollcy, and hoisting vclocitics arc bounded. These constraints, in
general. depend on the characteristics of the clectric motors. In this study we

have. for simplicity, assumed that the constraints arc simpic magnitudc limits.

421 CONTROL-CONSTRAINTS

Since the torque of the clectrical driving motors is limited. it is natural to
assume that the magnitude of the accclerations are bounded. In this casc it is
assumed that

<u <
U in S Sy

M < 2y S U
u_,_$u3$u3_u.

422 STATE VARIABLES-CONSTRAINTS

The velocities of the bridge, the trollcy and the winch arc bounded due te prac-
tical limitations. It is assumed that these variables, respectively, satisfv the fol-
lowing constraints

N < .
xnin—xlsxmu

foralltsuchthat0 << &.
The terminal constraints on state variables are
xl(ll) =X

x:(‘ﬁ =0
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x(py=0
x) =0
Xy =0
xft) =0
Xy =0
=
X{) =0

where X, Y, and {,are the final positions of the bridge. the trofley. and the load,

respectively.

43 SIMULATOR AND OPTIMIZATION PROCEDURE

In order to find the control law, which minimizes the given performance
index J and satisfies all the constraints, cxtensive numcrical computation was
donc by using a simulation and optimization package. The package uses Gear
mcthod in simulator [57] and Feasible Scquential Quadratic Programming
(FSQP) in the optimization which is based on the rovtines developed by Zhou
and Tits [58]. The package was devcloped by Al-Garni and Nizami at KING
FAHD UNIVERSITY OF PETROLEUM AND MINERALS., DHAHRAN
[59].

The package is sclf-contained and has both the simulator and the optimiza-
tion routines, clubbed together through an interface cade which can provide the

control law and the other parameters It is capable of solving stiff differential
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cquation systems without committing a singic step crror larger than the specificd
valuc. It has variable step size control, se as to minimize computer time. The
optimization part is a set of FORTRAN subroutincs for the ‘minimization of the
maximum of a set of smooth objective functions subject to nonlincar cquality
and incquality constraints, lincar cquality and incquality constraints, and <imple
bound on the variables.

The algorithm used in this package is based on Sequential Quadratic Pro-
gramming (SQP) iteration, maodified so as to generate feasible iterates. The merit
function is the objective function. An Armijo- tvpe line scarch is used te gener-
atc an initial feasible point when required. After obtaining feasibility. cither (i)
an Armijo-type linc scarch may be used. viclding a monotone decrease of the
objective function at cach iteration: or (ii) 3 nonmonotone line scarch may be
sclected, forcing a decrease of the objective function within at most four itera-
tions. In the monotone line search scheme, the SQP direction is first “tilted” if
nonlincar constraints are preseat to yicld a feasible direction. then possibly
“bent” to ensure that close to a solution the step of one is accepted, a require-
ment for supcrliner convergence. The nonmonotone line scarch scheme achicves
a superlinear convergence with no bending of the scarch direction thus avoiding
functions evaluations at auxiliary points and subscquent solution of an addition-
al quadratic program.

The controls #, , u,, and #, are farmulated as a combination of the state

variables x; and x, . These state variables are selected for feedback because they

can be casily measured and also their values arc required at cvery moment by

the control scheme so that the corresponding control actions can be taken.
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Mathematicalilv. the controls arc represented as

u = cla'(t) + czxs(l)
= eafd) + cxfd
% = c2fn)

where a,,a,,and a, are some suitably sclected control inputs for travelling,
traversing and hoisting motions and the cocfTicients ¢, ., .. . .. ¢, arc to be cal-
culated by the optimization program with the satisfaction of the constraints.
This form of control law, i.c. lincar with time-invariant optimization cocffi-
cients (¢, , ¢, , - . .. ¢;), is chosen to achicve the desired objectives without caus-
ing any further complications. However. if the required results are not achieved.

more involved forms of nonlinear control law can be used.




Chapter 5§
RESULTS AND DISCUSSION

The performance of the overhead crane is numerically simulated by using
the nonlincar models developed in chapter 2. The simulations are carried out
for a typical overhead crane for the following four different cases.

1. Nonlinear acceleration-control model (a simple casc)
2. Nonlinear acceleration-control model (compicte transport route)
3. Nonlinear torquc-control madel (complete transport route)

4. Nonlinear acceleration-control model (optimized control scheme)

The first three cases are simulated by applving nominal control inputs. Whercas

in the fourth case, optimization results are simulated.

51 CASE 1

In this casc, simulations are carricd out to show the cffects of the simultanc-
ous hoisting and trollcy traversing motions on the load trajectory for an acceler-
ation control model. The travelling of the bridge is not taken into account and
therefore there is no oscillation i.c., ¥ = ¥ = 0 throughout the crane motion.
The initial length of the rope is taken as 15m and all other initial conditions are
assumed to be zero. Figures 5.1 and 5.2 show the motions of the crane for this
case, and are described in the following steps: (these steps are commonly used

in practical applications)
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[- hoisting of the foad with constant acceleration of magnitude 0.4 m:s for a
time interval of 0 - 1.2 s in order to achicve a velocity of 0.48 m/s.

2- hoisting with a constant deccleration of magnitude 0.4 m’s® and trollcy
traversing with a constant acceicration of magnitude 0.3 m‘s?, simultanc-
ously, up to a point where the hoisting speed becomes zero and the trolley
acquires a traversing speed of 0.36 m’s within a time intervalof 1.2 - 24 s,

3  trolley traversing with a constant speed of 0.36 m-s without lead hoisting
for a time interval of 2.4 - 20.0 s

It can be observed from Fig. 5.3 that during step 1 swing of the load does
not take place, which agrees with the intuition that the hoisting motion alone
docs not produce any swing 6 . During siep 2, swing starts due to the accelera-

tion of the trolley and continues with the same magnitude throughout the step 3.
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5.2 CASE 2
In this casc a complctc transport route of an acccleration control model is
simulated by applying the nominal control inputs where the threc cranc motion.
namcly travclling, traversing, and heisting occur simultancously. It should be
noted that case 1 considers only cranc traversing and hoisting of the load to
show the effect of acceleration on load swing. The complete transport route can

be described in the following steps. as shown in Figs. 5.5 10 5.7.

1-  hoisting of the load with constant acceleration of magnitude 0.4 mis® for a

time interval of 0 - 1.2 s in order to achicve a velacity of 0.4% m/'s.

2

hoisting with a constant dcceleration of magnitude 0.4 m’s® and trollcy
traversing with a constant acceleration of magnitude 0.2 m;<* . simultane-
ously, up to a point where the hoisting speed becomes zero and the trolley

acquires a traversing speed of 0.26 m s within a time interval of 1.2 -2.4 s,

*

simultancous travelling of bridge with a constant acccleration and the trav-
crsing of the trolicy with uniform velocity for a time interval of 2.4 - 6.0 s
which make the velocity of the bridge reaches to 1.08 m/s, while the veloci-
ty of the trollcy remains the same i.c. 0.36 m/s.

4- simultancous travelling with uniform speed of 1.08 m’s and traversing with

a constant speed of 0.36 m;’s for a time intervalof 6 - 7 s.

5- simultancous travelling with constant deccleration of magnitude 0.3 m/¢
and traversing with a uniform speed of 0.36 m/’s, which makes the travel-

ling speed to become zero within a time interval of 7- 10.6 s.
6- simultancous lowering with constant acccleration of magnitude 0.2 mjs’

and traversing with constant deccleration of magnitude 0.25 m/s’, which
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make the heisting speed cqual to (.29 ms and traversing speed cqual o

zero within a time interval of 10.6 - 12.05 s.

7-  lowering of the load at a constant deccleration of magnitude 0.4 m;s’ for a
time interval of 1205 - 12.85 in order to acquire vertical load velocity
equals to zcro.

It can be noticed from the simulation results. Figs. 5.5 - 5.8 that the simul-
tancous bridge and trolley motion produces the swings 0 and the oscillations .
The oscillations increase at a high ratc and particularly. in part S of the motion.
where the values are very large. This shows the necessity of controlling the
cranc motion to kill the load swing during transport as well as at the final desti-

nation. This results in safe transportation of the load, more cffective operation

and greater handling capacity.
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53 CASE 3
In this case, a complete transport route of a torque-control madel is simulat-
cd by applying the nominal control inputs which are the nominal driving
torques of the trolicy, the bridge, and the hoisting motors. In this modcl. the
cranc dynamics depend upon the masses of the lnad. the trolleyv. and the bridge.

Thercfore, typical cranc data and rclevant computations are presented below |2}

m, = 13,000 Kg
m, = 4.000 Kg
M = 10,000 Kg
1, = 20 Rgm’
,=10 Kg.m'
I, =200 l(’g.m2
r,=20°10"m
r,=15'10°m

r,= 18107 m
The nominal torque inputs are calculated from the desired nominal values of
accclerations of the bridge, the trolley, and the winch. These nominal values are
sclected according to the desired transport route as given in Table S.1. The cor-
responding torques of the bridge motar, the trolley motor. and the winch motor
arc calculated by using cquations (3.9) and (3.11). and arc shown in Table 5.2.
The complete transport route in this case consists of the following steps and is

shown in Figs. 5.10 - 5.12



Table 5.1 Nominal crane accelerations.
Step Time Interval 1:;;_ccclcr.:.|;n-n- o ﬁAccc!cr;;wn
of Bridge ¥, of Tralley ¥
(Scc.) mis? ms

1 0-1.2 0.00 .00

2 1.2-24 -0.23 -0.23

3 24-90 0.00 .00

4 9.0-10.2 0.23 0.23

5 10.2-114 0.00 0.00

Table 5.2

Nominal torques of the crane driving motors,

Step Timce Interval Torque Torque
of Bridgc F; of T:rn[lc}' F‘
(Scc)) m;s’ m-s
1 0-1.2 0.000 0.000
2 1.2-24 -0.227 -0.225
3 24-90 0.000 0.000
4 9.0-10.2 0.227 0.225
hJ 10.2-11.4 0.000 0.000

57
Acccleration
of Winch [/,
m:s’

-0.40
0.40
0.00
0.40

-0.40

Torque
of Winch F,
m;s
-1.76R
-0.969
-1.36R
h '--—(;:969 |
— -1.76R
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S8
Hoisting of the load with a constant acccierating torque of 1.768 m's” for
a time interval of 0 - 1.2 < in order te achicve a hoisting speed of 0.48 m/s.
Simultancous hoisting with a constant decclerating torque of 0.969 m;/s®
travelling with a constant accelerating torque of 0.227 m/* . and traversing
with a constant accelerating torque of 0.225 m's® _ for a time interval of 1.2
- 2.4s, resulting the final speeds of the hoisting equal to zero, the travelling
attains 0.376 m/s. and the traversing acquires 0.506 m*s.
Simultancous travelling and traversing with 7cro torque: a torque of mag-
nitude 1.368 m/s’ is constantly applicd by a hoisting motor in order to
maintain thc height of the load against the effects of gravity for a time
interval of 2.4-90 s.
Simultancous travelling with a decclerating torque of magnitude 0.227
mjs® , traversing with a decclerating torque of magnitude 0.225 m/s* . and
hoisting with an accelerating torque of 0.969 m/s* for a timc interval of 9.0
to 10.2 s.
Lowering of the load with a dccelerating torque of 1.768 m/s® in order to

acquire the hoisting speed cqual to zero within a time interval of 102 to
I14s.

The simulation results for this case are shown in Figs. 5.10 to 5.13. It can

be observed from these results that during hoisting. there is no swing 0 nor oscil-

lation y of the load, indicating that hoisting itself docs not produce any swings

or oscillations. The value of the swing  at the target position is also large. indi-

cating the necd of a proper control scheme to reduce it. It can also be noticed

that the simultancous motion of the bridge and the trolley produces the oscilla-
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tion y which remains constant for about 4 sec but after that it starts increasing
at a very fast rate and at the final position its value becomes very large. The
high rates of the oscillations arc duc to the particular dynamics of the system
and an understanding about these high rates of oscillations can be obtained by
obscrving the equation (3.8). From this cquation it can bc obscrved that il only
trolley is moving then the nominal oscillation angic is 7ero. but if at the same
time the bridge also starts fis motion with the samc acccleration. as that of trol-
lev. then the nominal oscillation angle incrcases abruptly to 0.7 radian. Similar
obscrvations can be obtained by using diffcrent values of accelerations.

Another important observation of these simulation results. as can be scen in
Figs. 5.11 and 5.12. is the effect of the swings and oscillations on the motion of
the trolley and the bridge. particularly in the third and the last steps. During
these steps no input torques are applicd to the trellev and bridge, but duc to
swings and oscillations the velocitics of trolicy and bridge are changing continu-

ously.
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54 CASE4

In this casc the performance of the overhead crane is simulated after apply-

ing the optimized control scheme. As discussed in Chapter 4. the control inputs

arc given as

lll=Cld

(0 + ox (D)

u, = c3a:(1) + cx A1)

u.

where a(f) , aff) , and a(f) are as defined below.

y = csa(h)

0.0
1 10n(e—T7)
E[l COS[—T;—- -
1o
9T
. mn(:-rz)_m‘i
—| 1+ cos TM -
“071_ g m[ﬂ_n_)”
2 T,
- 10
97T
- 10— Tyy)) _ —5
- = cos
2 T,
0.0
L
(0 =a ()

where

Tz = 4.0 sec.

9Ty <
T * M <7,
27T,



.

4
T, = .2£ (1, is optimized final time)
Ty =T~ T, (5.3)
T3=t!—4
and
(1 102z T,
N . 10 0<r<t
T 9
- i1
Lo TR T
97T,
i 10t ~ 15 oT,
- = -_ —t <<
3 1 + cos T' 0 ¢ 1|
1 10=(z — T) T o<isT + T,-T,
an = 3| T =T SELT T e
T.-T, (1,-T)
1.0 T, + T 1<T, + 9 T
9WT.-T
H 1, (,-T)-M _
]+cos ' ‘0 T+ M([(']
(T,—T) ! T
0.0 P <7,
. ﬁ—'— 3

For 1 2 T, the same cycle as for 7 < T, is repeated with the sign switched.
The functions a, (1) , a, (1) and a, (1) are sclected in this form, instecad of step

inputs, to avoid the problem cncountered by the numerical integration method.
These functions arc arbitrary. Their sclection depend upon the desired transport

route and is based upon practical experience.
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The following contral- and state variable- constraints have been <clected

from references [2] and [3] and arc given as

CONTROL-CONSTRAINTS
-030<u <036 mis’
—030 <y <030 mis®

-0.5n < u <050 m,'.t2

STATE VARIABLES-CONSTRAINTS
—20<x,<20 mjs
-10<x,< 10 mis
-05<x,<05 mis

and the final constraints arc

19.97 < x, (tl) <2003 m

x, (lj) = 0.0 mjs

997 < x, (tj) <1003 m

x, (!!) = 0.0 mjs
—0.001 < x, (l,) <0.00} rad
—0.001 < x, (r,) < 0.001 radjs
—0.06 < x, (ll) <0.06 rad
—0.06 < x, (l,) £0.06 radls
1497 < x, (lJ) <1503 m

X, (1) = 0.0 mis
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Usiag the optimization package. discussed in chapter 4. the optimized cocfTi-

cicnt. ¢, , .. . . ¢, are calculated as

o= 0.01427
6= 0.0052%
¢, =0.00010

= 5
1! 99.95

It should be noted that hoisting motion does not produce any swing. Thercfore
the cocfficicnt ¢, is taken to be 0.01. in cquation (5.1) for simulating the results.

The simulation results of Figs. 5.15 - 5.27 show that the computed opti-
mized control scheme works well. It minimizes the load swing, from the begin-
ning and keeps it very close to zcro during the transfer and at the end of the
transfer as well. The state varniables feedback cffects can also be neticed on the
control input, particularly at time equal to 96 s. wherc the swing angie () starts
increasing, but due to the appropriate control action it decreases.

It can also be noticed that the oscillations y are not as small as the swings

arc, but they are still in acceptable range.
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Chapter 6

CONCLUSIONS AND RECOMMENDATIONS

6.1 CONCLUSIONS

Various dvnamical madcls for overhead cranes arc presented. The most
genceral case of crane motions i.e. simultancous travelling of the bridge. travers-
ing of the trolley, and the load hoisting is considered. The genceral nonlinear
madel is derived by using the Lagrange’s cquation of motion. Two different
madels of industrial importance namely: acceleration-control madel. and torque-
control model are derived from the gencral nonlinear model. The nominal oper-
ating conditions are discussed, and a fincarization technique is used to obtain
the lincarized modcls by expanding the nonlincar model about these nominal
opcrating conditions using the Tayvlor’s scries.

The nonlinear acccleration-control model is uscd to develop an optimized
control law for controlling the motion of the crane. By this, an ohject can be
transported 1o a desired destination in a statc of rest in the minimum possible
time, while minimizing the load swing during the transport. A detailed descrip-
tion of an optimized feedback control method including the performance index
sclection criteria, the control-constraints, and the state-variable constraints is
provided. The control law uses only those states which arc of prime importance
and can be measured casily. A numecrical optimization technique. which is used

for solving the given problem, is also discussed.
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Simulation results for cases 1 to 3 show the bechavior of the nonlincar
acceleration-control and torque-control models. They also show the absolute
nced, in practice, of controlling the crane motion to damp the load swing during
the transfer and at the final destination as well and the simulation results of

case 4 show the cffectiveness of the optimized control scheme.

6.2 RECOMMENDATIONS

Practical implcmentation of control schemes is usually carried out by manip-
ulating the input stator voltages of the driving motors. An overall model that
incorporates the motors” electrical and mechanical dynamics and can accept the
stator voltage as inputs is, therefore, highly desirable. This forms a basis for
future rescarch in this area.

Another potential research area is the testing of the developed modclling
and control techniques to an actual overhead crane. Also, the practical imple-
mentation of crane control schemes need to be recalized by hardwarc components
that are supported by the appropriate software.

A morc realistic model can be developed in future by relaxing the assump-
tions made in this study, i.e. a model which takes into account the structure
fiexibility, the dissipative effects, and the actual load (rigid body of irregular
geometry) considerations.

The present work did not consider the aspect of cnergy consumption. An
optimum control scheme that is also able to minimize the energy consumed by

the driving motor is another topic for further rescarch.



Appendix A
Description of Nonlinear Torque-Control Model Matrices and

Functions

The matrices [ A ] and [ B] introduced in cquation (2.16) and the functions

5(-),---,f{-) introduced in equations (2.17) are shown as follows: (Note

that, duc to limitations of Mathematica, thc symbols 6, v, 7.0 and ¢ are

replaced by t. s, 1, p, and q respectively.)

[A]

)]

{{1, 0, bi*1*Cos[t]*Sin[s], bi1s1*Cosis]*Sin[t],
bt1*Sinfs)*Sin[tl},

{0, 1, b2*1sCos[s]*Cos{t]), -(b2*1*Sin[s]*Sin(t]),
b2sCos[s])*Sin[t]},

{{(Cos[t]1*Sin[s]))/1, (Cos[sl}*Cos[t}l)/1, 1, O, O},

{COSES]/(]*Sin[t]), —(Sin[s]/('l*S'ln[t])), o, 1, O},

{b3*Sin[s]*Ssin[t], b3s*Cos[s])*Sin[t], O, O, 1}}

{{F1 - 2sbis1sps*qgs*Cos[s]*Cos[t] -
2=bis*p*r=Cos[t)*Sinfs] -
2*bisq*r*Cos[s])*Sinft] +
bisis(p~2 + q~2)*Sin(s)*Sin{t]},
{F2 - 2sb2*p*rsCos[s]*Cos[t] +
2sh2*1*prq*Cos{t]}*Sin{s] +
b2*1s(p~2 + g~ 2)*Cos[s]*Sin{t] +
2*b2=*q*r*Sinisi*Sin[tl},
{(-2*p*r)/1 - (g*Sin[t])/1 + q~2*Cos[t]l*Sin([t]},
{(-2%q*r)/1 - (2spsq*Cos[t])/Sin([t]]},
{F3 + b3sli*p~2 + b3*g*Cos[t] + b3*1'q“2'$in[t]‘2}}

-84 -



11 =
{((—(b1:1*Cos[t]*Sin[s]) + b1*bZ*I‘Cos[s]“Z*Cos[t]tSin[s]
b1*bZ'I'COS[t]*Sin[s]“S)t
((-2+p*r)/1 - (g*sinlt])/1 + g~2*Cos[tl=sinlt]))

+ ((—(bI'Sin[sI*Sin[t]) + b1*b2'Cos[s]‘Z*Sin[s]*Sin[t] +
b1*bZ*Sin[s}“3*Sin[t})‘(F3 + b3*1sp~2 + b3*gsCos[t] +
b3"l*q"2‘$1'n[t]“2))

+ ((Ft - 2shis1spsqgsCosfs]*Coslt] - 2*b18p#r*Cos[t]*Sin[s]
2rp1*qsr*Cos[s)sSinit] + bi=i=(p~2 + q“2)*Sin[s]*Sin[t])*
{1 - b2sCos[s] 2sCos{t]1"2 - b2*Sin{s]"2

- bZ*bB*Cos[s]“Z'Sin[t]“Z))

+ ((F2 - 2*b2*p*r=005{s]*005[t] + 2=b2*1'p'c*005[t]*8in[s1
b2s1s(p~2 + q‘z)tCos[s]*Sin[t] + 2*b2*q*r*$in[s]*$in[t])*
(—(b1*Cos[s]*Sin[s]) + bi1*Cos[s)*Cos[t]l~2*Sinis] +
b1tb3*Cos[s]*Sin[s}*Sin[t]‘z))

+ ((-2%q*r)/1 - (2‘p*q‘Cos[t])/Sin[t])*
(-(b1*1*Cos[s]*Sin[t]) + bl=b281*COS[s]*3=Cos[t]‘2*Sin[t]

b1'bZ*T*COs[s]'Cos[t]“Z*Sin[s]“Z'Sin[t] +
b1'b2*b3*'l*Cos[s]“3'$in[t]“3
+ b1tbz*batl*Cos[s]'Sin[s]‘Z*Sin[t]“s)} /
(1 - bisCoslsl"2 - b2sCos[s]~2*Cos[t] 2
+ bisb2sCos[s] 4sCos[t]™2 -
b2=*Sin[s}"2 - b1sCos[t]~2*Sin[s] 2 +
2'b1'bz'CQS[s]“z'COS[t]‘Z*Sin[sl“z +
b1'b2‘Cos[t]“2*Sin[s]"4 -
b2sb32*Cos[s)~2sSin{t]"2 + b1*b2*b3*Cos[s]“4*Sin[t]“2 -
bi*b3sSin[s]~2*Sinl[t]1"2 +
2'b1*bz*b3=Cos[s]“2'Sin[s]“Z*Sin[t]‘2 +
bisb2*b3*Sin[s] 4*Sinlt]1"2)



6

f2 =
{((-(b2*1*Cos{s]*Cos{t]) + bi*b2=*1=*Cos[s] 3*Cos[t] +
bisb2*1*Cos[s}=Cos[t]*Sin[s]"2)=*
((-2*p*r)/1 - (g*Sin{t})/1 + q~2*Cosft]*Sin{t]))

+ {(—-(b2*Cosfsl*Sin{t]) + bi*b2*Cos[s] "2*Sin[t] =+
b1*b2=Cos{s1*Sin[s]"2*Sin[t])=*

(F3 + b3*1*p~2 + b3*g3Cosft] + b3*12q~2*Sinft]"2))

+ ((F1 — 2*bis1sp*g*Cosis]*Cos[t] - 2*bi*psr>Cos[t]*Sin[s] -
2sbi*q*r*Cos[s)*Sinft] + b1*1s(p~2 = g~ 2)*Sin[s}*Sin{t])*
(-(b2*Cos[s]*Sin(sl]l) + b2*Cos[s)*Cos[t]~23Sin[s] +
b2*b3*Cos[sI*Sin{s]*Sin[t]"2))

+ ((F2 — 2+¢b2+p*r*Cos[s]*Cos[t] + 2+*b2*T1*p2q*Cos[t]=*Sin[s] +
b2*1s{p~2 + g~2)}sCosfs}*Sinf{t] + Z2sbZ*ag*rsSinfis}*Sinftl}*
(1 - b1*Cos[s]"2 - bi1*Cos[t]"2*Sin{s] 2 -

b1*b3*Sin[s]~2*Sin{tl1"2))
¥ (((-2*q*r)/1 - (2+p*qg*Cosit])/Sin[t])=*
(t2*1*Sinfsi*sin[t] -
bi*b2*1sCosfs])"2sCosft] " 2*Sin{s]*Sin[t] -
bi*b2*1*Cosft]}"2*Sin[s]"3*Sin[t] -
bi1*b2*b3*12Cos[s] 2*Sin[s)*Sin[t)"2 -
b1*b2*b3*1*Sin{s]~3*Sinf{t]1"3))} /
(1 - bi1*Cos[s]”2 - b2*Cos[s]"2*Cos[t]"2 +
b1*b2*Cos[s]~4*Cos[t]"2 -
b2*Sinis]~2 - bi*Cos[t] " 2*Sin[s]"2 +
2+*bi=b2*Cosl[s] " 2*Cos[t]"2*Sin[s]"2 +
bisb2sCos[t]"2*Sin[s]1" 4 -
b23b3sCos{s] "2*Sin{t]"2 + bi1*b2*b3*Cos[s] ~4*Sin[t] 2 -
b1*b3*Sin[s] 2*Sin[t]"2 +
2*b1*b2*b3*Cos{s] " 2*Sin[s] " 2*Sinlt] 2 +
b1*b2*b3*Sin[s]"4*Sin[t]"2)



-

i3

{({-((Cos[t]l=*=Sin[s]})/1) + (b2*Cos[s] " 2*Cos{t]*Sin[s])/1 +
{(b2=*Ces[t]1>Sinis] " 3)/1)=

(F1 - 2sb1s1*p=*q*Cosis]*Cos[t] - 2=*bi*p*r*Cos{t]*Sin[s] -
2*bi*qg=*r=*Cosis]*Sinf{t] + bi=1=*(p~2 + g~2)*Sinfs]*Sin{tJ))

+ ((-{(CosIs)*CosIti}/f1) + (bi*Cosis] 3*Cos[ti)/1 +

(b1*Cos[s1*Cos[t1*Sini{s]"2)/1)*
(F2 - 2=*b2spsrsCos[s])=*Cos[t] + 2*b2=1*p*q*Cos[t]*Sin[s] +
b2=1=(p~2 + g~ 2)*Cos[s1*Sin{t] + 2*b2*q*r*Sinlsl*Sinitl]))

+ (((-2=q*r)/1 - (2*p=*q*Cos[t])/Sin{t])*

(b1=Cos{s]}*Cos[t]1=Sin[s)*Sin[t] -
b2*Cos[s]}*Cos[t}*Sin[s}*Sinit]l))

+ (((b2*Cos[s] " 2*Ces[t]*Sin[t])/1 -
(b1*b2*Cecs{s] " <4=Cos[t]*Sin{t]l}/1 +
(b1=Cosft]*Sinfsi~2*Sin{t])/1 ~
(2=b1*b2=Coss]i"Zz=Cos[t]*Sin{s])"2*Sin{tl1)/1 -
(bi*b2sCocs[t]*Sinis] " 4*Sinft]1)/1)=
(F3 + b3*1*p~2 + b3*g*Cos[t] + b3=1=q~2*Sin{t]1"2))

+ (((-2=p*r)/1 - (o*Sin[t])/1 + q~2*Cos[t]*Sin[t])*

(1 - bi*Cosi{s]"2 - b2+*Sin[s]"2 - b2*b3sCosis] 2*Sinft]"2 +
bi*b2*b3*Cos[s] 4*Sin[t}~2 - bi*b3*Sin[s]}~2=*Sin{t] "2 +
2*b1>b2*b3*Cos[s] " 2*Sinfs] " 2*Sinft]"2 +
bi1*b2*b3*Sin[s]~4*Sin[t]"2))} /

(1 - bt*Cos{s]”2 - b2sCos{s)~2*Cos[t]"2 +

b1*b2*Cos[s]“4*Cos[t]"2 -

b2*Sin[s]“2 - bi1=*Cos[t]"2*Sin{s] "2 +
2=bi*b2sCos{s]"2=Cos[t]"2*Sin[s]"2 +
bi*b2sCos[t] " 2*Sin[s]"4 -

b2sb2*Ces[s] "2*Sin{t]~2 + bi=b2*b3sCosfs] 4*Sinf[t] 2 ~
b1sb3*Sinfs] " 2sSinft]"2 +
2sb1*b2sh3sCos[s]"2*Sin[s]~2*Sin[t]"2 +
b1*b2*b3*Sinfs]"4*Sin[t]"2)
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T4 =
{((b1*Cos[s]*Cos[t]*Sin[s])/Sin[t] -
© (b2=*Cos[s]=*Cosftl*Sinis]l)/sin(t])=*
((-2*p=*r)/1 - (g*Sin[t1)/1 + q~2*Cos[t]*Sin[t]))
+ ({Fi1 - 2*bi*1=p*q*Cos[s)*Cos[t] - 2*bi*psr*Cos[t]l*Sinis] -
2shisqar=Cosfs]=*Sin[t] + bi*1*({p~2 + g~2)+*Sin[s]j*Sin{t])=
(-iCosfis]/(1*Sin[t])) + (b2=*Cos[s]~3*Cos[t]1~2)/(1*Sin[t]) +
(b2sCosis)*Cos[t]1-2sSin[s]"2)/(i*Sin[t]) +
(b2+b3*Cosis]~3*Sinf{t])/1 +
(b22b3*Cos[s1=*Sinls]~2*sin{tl1)/1))
+ ({F2 - 2=b2spsrsCos[s]}*Cos[t] + 2*b2*1sp*q=sCos[t]l*Sin[s] +
b2*1s(p~2 + q~2)*Cos[s]I*Sin[t] + 2*b2*q*r*Sin{si*Sin[t])*
(sin[s}/(1i*sinft]) -
(bi*Cos[s) " 2*Cosft1~2*Sinfs]}/(i*Sin{tl) -
(b1*Cos[t]"2*Sin[s]"3)/(1*Sin[t]) -
(b1*b3*Cosfs] “2>*Sin[s]*Sinft])/1 -
(:1*b3+8in[s] " 3=*5in{t])/1))
+ (({51*Cos[s]}*Sin[s})/1 - (b2*Cos{s]*Sinis})/1)*
(F3 + b3=i*p~2 + b3sg*Cos[t] + b3*1*q~2*Sin[t]"2))
+ (((-2%q*r)/1 - (2*p=q*Cosftl)/Sin[t])=
(1 - b2sCos[s]} 2sCos[t]~2 - bi*Cos[t]"2*Sinls]~2 -
b2*b3*Cos[s]~2*Sin[t]~2 - bi1*b3*Sin[s]~2*Sin[t]1"2))} /
(1 - bisCos[s]"2 - b2*Cos[s]~2*Cos{t]"2 +
bi*b2*Cosis] " 4*Cost} "2 -
b2*Sin[s]~2 - b1*Cos[t]"2*Sin[s]"2 +
2=h13b23Ces[s] " 2=*Cos[t]"2*Sin[s] 2 +
bi*b2*Cos{t] " 2*Sin[s] "4 -
b2sh3*Cos[s]1~2*Sin{t]"2 + bi*b2*b3*Coss] 4*Sinft]1 "2 -
b1=b3*Sin{s] " 2*Sin{t]} 2 +
2*b1*b2*b3*Cos(s] " 2*Sinfs]) " 2*Sin[t]"2 +
bi*b2*b3*Sin{s]“4*Sin{t]"2)
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f5 =

{({(F2 - 2*b2*p*r*Cosfs]*Ccs[t] + 2+b2s1*p2gsCos[tI*Sin{s] +
b2*1*(p“2 + q"2)*Cos{s]*Sin[t] + 2=b2=sq*r=*Sinls]}=*Sin[t])=
(-(b3*Cos[sl*Sin{tl) + bi*b3*Cosf{s]1~3*Sinlt} +
bi*b3*Cos[s}*Sin[s])~2=Sin{it]))

+ {(F1 - 2sbts1*p*q*Cosis]=Cos{t] - 2sbi1*p*r*Cos[t]*Sin{s] -
2*bi1=*q*r*Coslis]*Sin[t] + b1*1*(p~2 + q~2)*Sin[s]*Sin[t])=
(-(b3*Sinfs]*Sin[t]) + b2*b3*Cos[s] 2*Sin{s]*Sin[t] +
b2*b3*Sinl{s] " 3*Sinft])})

+ {{((-2*p=*r})/1 - (g*Sinlt])/1 + g~2*Cos[t]*Sin[t])=
{b2#¢b3*1*Cos[s]“2*sCosft]*Sin[t]} -
bi*b2*b3*1*Cosfs] " 4sCos[t]1*Sinlt] +
b1*b3*1*Cosft]*Sinfs]i~2*Sin[t] -
2*b1*b22b3*1*Cos[s]"2*Cos[t]*Sinfs] " 2*Sinf[t] -
bi1*b2*b3*1*Cos{t]*Sinls]1 " 4*Sin[t]))

+ ({1 - bi1*Cos[s]~2 - 52=*Cos[s]"2*Cos[t]"2 +

bi*b2*Cos[s] “4*Cosiz]"2 -

b2*Sin{s]"2 - bi1*Ccs[t]~2+Sin[s]"2 +

2*b1*b23Cosls]~2*Cesft] 2+Sin{s] 2 +

bi*b2s*Cos[t]"2*Sin{s]"4)s

(F3 + b3*13p~2 + b3sgsCos[t] + b3*1sq~2*Sin[t]"2))
+ ((-2%q*r)/1 - (2=p=*g=Cos[t]}/Sin[t])=

(b1*b3*1*Cos[s]*Sinis]*Sin{t]~2 -

b2*b3*1*Cos[s}*Sin[s)*sin[t}~2)} /

(1t - b1*Cos[s]"2 - b2s*Cos[s]"2*Cos[t] 2 +
bisb2*Cos{s] “4*Cos[ti"2 ~
b2*Sin[s]”2 - bi*Cos{t]~2*Sin[s]"2 +
2*b1*b2*Cos([s]“2*Cos{t]}~2*Sin[s]"2 +
bi*b2sCos{t]"2*Sin[s] "4 -
b2*b3*Cos(s]~2*Sin[t]1"2 + b1sb2*b3s*Cos[s]) 4*Sin[t]"2 -
b1*b3*Sin[s] 2*Sin[t}"2 +
2*b1*b2*b3*Cos[s]~2*Sin[s]"2*Sin[t]"2 +
b1*b2*b32*Sin[s] " 4*Sin[t]"2)



The matrices [C), [E}, [ F1. and [ K], introduced in equation (3.20) and
the cocfficients 4, , ....d,, and e,, ..., e introduced in equations (3.21) are
shown as follows: (Note that, due to limitations of Mathematica, the symbols

b .b,.b,.0 .y, . -[. and ?0 are replaced by bl, b2, b3, to, so, lo, II, and 12

Appendix B
Description of Linear Torque-Control Model Matrices and

Coefficients

respectively.

fcl

[E]

[kl

[F]

{{1, 0, bislo*Sin[so], bislo*to*Cos[sol,
bisto*Sin[sol},
{o, t, b2+lo*Cos[sol,

-(b2*1o0*to*Sin[so]), b2sto*Coslsol},
{Sin[so}/1o, Cos[sol/l0, 1, O, O},
{Cos[sol/(losto), -(Sin{[so}/(1lo*to)), O, 1, 0},
{b3sto*Sin[so], b3*to*Cos[so]l, 0, O, 1}}

{{0,0, - 2*b1*11*Sin[so], -2sbi1s11*to*Cos[so],0},
{0,0, - 2sb2*1t1sCos[so]}, - 2sp2s11*to*Sin[so],0},
{oso)- (2"1)110: oao}s

{0,0,0, - (2*11)/10,0},

{0,0,0,0,0}}

{{F1}, {F2}, {0}, {0}, {F3}}

{{0,0,- bt1*12*Sin[so},- bi*12*to*Cos([so},0},
{0,0, - b2*12sCos[so]l , b2*12*to*Sin[so],0},
{0,0,-(g)/10, O, O},

{0’0-—(9)/10:090}3

{0,0,0,0,0}}
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di = [-((b1*b2>£3*12*t0"2*Cos{so]"2*Sin{so}) -
(b1*12*Sinlso]=(1 - b2=Cosisol"2 -
b2*b3sto~22*Cos[so]"2 - 52*Sin{so]"2)) -
(g*(-(bi*lo*to*Cos[so]) + pi1=b2*lco*to*Cos[so]l"3 +
bt*h2*b3*l1o*to"3*Cos[s0]l"3 +
bi1*b2*1o*to*Cos[so)*Siniso]"2 +
bi1sb2sb3s1osto"3tCos[so])*Sinlsol"2))/10] -
(g*{-(btslo*Sin[sol}) + bi®b2xlo*Cos[so]"2*Sin[so] +
bi*b2*=lo=*Sin{sc}~3)}/1c] /

(1 - b1sCos[so]"2 - b2=Ccsiso]l”"2 -
b2*b3*to"2*Cos[so]"2 + bi*b2*Cos{so] 4 +
bi*b2+b3*to"2*Cos[so]"2 - bi*Sin[so]"2 -
b2*Sin[so])~2 - b1*b3*tc"2*Sin{so}"2 +
2sh1*b2*Cosfso0]"2*Sin{so]"2 +
2=*b1*b2*b3*t0"2*Cos[so]l"2*Sin{so]l~2 +
bisb2sSin{so]~4 + bi*b2=*b3*to"2*Sin[so]l"4)]},

d2= (b1'b2*b3*12*to“3*Cos[so]*Sin[so]“2) -
(b1*12*to*Cos[sol=*(1 - bZ'Cos[so]‘g -
b2*b3*tto~2*Cos[so]l”~2 - b2*Sin{s0]"2) /

(1 - bis*Cos[so]}"2 - b2=Zss{sc] 2 -
b2*b3*10"2*Cos{s0]"2 + 51*b2*Cosiso] 4 +
b1*b2=b2*to"22Cess0]l"“4 - bi*Sin{so]"2 -
b2*Sin{sc]”2 - bisb3*to"2*Sin[so}"2 +
2*b1*b2*Cosfso} " 2*Sin{so] "2 +
2*b13b2*b3E*t0"2*Cos[so]"2=Sin{s0] 2 +
b1*bz*Sin[so0]”4 + b1sb2=b3*t0"2*Sin[so0]"4)
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d3= (-2'b1’b2*b3*11*to“Z*Cos[so]‘z*Sin{so]) -

(2*b1*11*Sin[so}*(1 - b2*Cos[so}"2 -
b2*b3*to"2*Cos[so]~2 - b2*Sin[so]~2)) -
(2*11*(-(b1*To*Sin[so]}) +
b1*b2*10*Cos[so]l"2sSin[so] +
b1*b2*l0*Sin{s0]1°3))/10] /

(i - bi*Cos[so]“2 - b2*Cos[so}~2 -
b2*b3*to0"2*Cos[so]"2 +
D1*b2*Cos[so]"4 + b1*b2*b3*to0"22Cos{so] 4 -
bi*Sin[so]~2 ~ b2*Sin[so]"2 - b1*b3*t0"22Sin{so]"2 +
2*b1*b2*Cos[so]"2*Sin[so0]"2 +
2*bi*b2*b3*to0"2*Cos[so]"2*Sin[sol"2 +
512b2*Sin{so]"4 + bi*b2*b3%t0"2*Sinlso0l"4)).

d4= [{-2*b1*b2*b3*11st0"3*Cos[so]*Sinfso]"2) -
(2*b1*1t1*to*Cos[sol*(1 - b2*Cosscl"2 -
£2+*b3*to " 2%Cosisc]"2 - b2*Sinfsc}~2}) -
(2*1i*(-(b1=1lo=to*Cos[so]l) + bi*b2xlo*to*Cos[so]"3 +
tLi*b2*b3*lo*to"3*Cos[so]"3 +
D1*b2*1o0*to*Cos{sol*Sin{so]"2 +

bi*b2*b3*1o*to"3*Cos[sol*Sin[scj"2}))Y/10} /
{1 - bi1*Cos[so]}~2 - b2*Cos[so]"2 -
b2*b3*to"2*Cos[so] "2 + bi1*b2=Cos[so]}"4 +
bi1*b2*b3sto"2%Cos{sc]“4 - bi*Sin{so]l"2 -

b2*Sin[so]l~2 - bi*b3*to"2*Sinf[sc} 2 +
2*p1*b2*Cos{so]"“2*Sin[so]"2 +
2*b1*b2*b3*t0"2%Cos[so0]“2*Sin[so]"2 +
bi*b2+*Sin[so0]"4 + bi*b2*b3*to0"2*Sin[so0]"~4)

d5= -((bi=b2*b3*12*t0"2%Cos[so]*Sin{so]"2) -
{b2+*12#Cos[sol*(1 - b1*Cos[so]l"2 -
B1*Sin[so]l"2 - bi*b3*to"2sSin[so0]l"2)) -
(g*(-(b2*10*Cos[so]) + bisb2*10*Cosfso]"3 +
bi*b2*losCos[sol*Sin[s0]l~2))/10 -
(g*(b2*lo*to*Sin{so] -
b1*b2*lo*to*Cos[so]l“2*Sin{so] -
bi*b2*b3*10*to"3*Cos{so]"2%Sin[so} -
b1*b2%los*to*Sin[so)}"3 -
bDi1*b2*b3*10*to"3*Sin{s0]}~3))/10) /



d6= -((b1*b2*b3*l2*to“3*Cos[so]“2'Sin[so}) +
(b2*12*to*Sin[sol*(1 - bt*Cos[so]l"2 - p1*Sinfscl”2 -
bi*b3*to~2*Sin{so0}l"2)) /

(1 - bi1*Cos[so]}~2 - b2=Cosisol"2 -
h2*p3*t0~2*Cosiso} 2 + bisb23Cos[so]j 4 +
b1sh23h2=:p0"22Cos[so}"4 - dizSin{so]l"2 -
b2*Sin[so]~2 - bi1*h3310"2*Sin[so]l"2 +
2=51*b2*Cas[soi"2=Siniso] 2 +
2=hixb2*b33t0"2*Cosisoj "2*Sin[so0]l"2 +
6i*b2*Sinfsc]l"Z + b1*=52*53*to0"22*Siniso] " 3)

d7=[(-2*b1*b2*b3*118to‘2*Cos[so]=Sin[so]‘2) -
(2sb2+11*Cos{so]*(1 - bi*Cos[so]"2 - bi*Sin[sol”2 -
b1*b3*to~2*Sin[s0]"2)) -
(2+11*(—-(b2%10=Cosisc]) + bt*b2*1o*Cos[so]l"3 +
bi1*b2*1o*Cos[sc]l*Sin[sol~2))/10] /

(1 - bisCos[sc}™2 - 52*Cosfsol"2 - b2sb3sto"2%Coslsol”2 +
bi*b2*Cos[so]"4 + b1*b2xh3st0"23Cos[so] "4 -
b1sSin[so]}~2 - b2*Sin[sol”2 - bisb3sto~2*Sin[sol"2 +
2sb1*b2*Cos{so]l~2*Sini{sol”2 +
2*b1*b2*b3*to“2t00$[so]“Z*Sin[so]“2 +
b1*tb2*Sin[sol"4 + b13b2=b3sto"22Sin{sc]"4))

ds = [(-2*b1*b2=b3'11*to“3*Cos[so]‘2*Sin[so]) -
(2=b2*11sto*Sin[so]l*(1 - bt*Cos[sol”"2 -
bi*Sin[so}"2 - bi*b3*to~2*Sin[so0l"2)) -
2:11s(b2%1o*to*Sin[so] -
bisb2s1o*to*Cos[so]l"2*Sin[so] -
b1*bz*batlo*to‘3*Cos[so]“Z*Sin[so] -
bi*b2*Tosto*Sin{so}"3 -
b1*b2*b3tlo'to‘3*5in[so]“3))/ 1o} /

(1 - bi*Cos[so]l"2 - b2sCos[sol”2 - b2*b3*sts"2*Cosso]l"2 +
bisb2*Cos[so]l 4 + bi*b2*b3*to"23Cos[so]l "4 -
bi*Sin[so}*2 - b2sSin[so}"2 - bi1*b3*to~2*Sin[so]"2 +
2spbi1*b2*Cos[so}"2#3in[so]l"2 +
2*b1‘b2*b3*to“2*Cos[so]“2*Sin[so]“2 + b1sb2*Sin[so}l 4 +
bi*b2*b3*to"2*Sin[so]"4)



do= [-{g*{bisto*Cos[sol*Sin{so] - 94
b2*to*Cos[sol*Sin{so]l)}/1o -

(52%12*Cos[sol*(-(Cos{scl/lc} + (bt*Cos[sol”~3}/10 +

(p1*Cos[sol*Sin[sol”2)/10))~

(b1s12*Sin[sol*(-(Sinlsc]l/lo0) +

(b2+Cos{so]"2*Sin{sol)/lo + (b2*Sin{so]~3)/10)) -

(g*(1 - bi=Cos[sol"2 - H2*b3xto"2*Cosfso] 2 +
b1*b2*b3*t0~2*Cos[so]l~4 - b2*Sin[sol"2 -
bi*b3*to"2*Sin[soj"2 +
2xh1*b2*b3*to0"2*Cesisocl~2*Sin[so0]"2 +
b1*b2*b3*to"2*Siniso]}"4))/1ol /

{1 - bisCos{sol"2 - b2=Cos{so]”2 -
a2sh2*t0 " 2*Cosis21"2 < 51*h2sCosiso]l "4 +
51252=h3*tn"2*Cosisol" L - H1*Sinfso]l”2 -
52=Sinfso}"2 - gi*23stz"2=Sinlscl"2 +
2351*52*Cos{so] " 2=Siniso] 2 +
2*b1*bZ*bS*to“Z*Ces[sei“Z*Sin[so}‘z +
51*b2*Sin{sol "4 < bisz2=b3*t0"2=Sin{so]" %)

10= bztlztto*Sin[so}'(—(Cos[so]/lo) + R
¢ %bT*Cos[so}*s)lio + (bi*Cos[so]*Sin{so} 2}/1e)) -

(b1*12*to'005[so]=(—(Sin{so]/lo) + R
(bz*Cos[so]‘z'Siniso})i?c + (b2=*Sin[sol 3)/10)) /

i - 513Cosis0]l"2 - 2z=Cos{so]l”2 -
b2*533t0"2*Cosiss]}~2 = bi1=b2sCos{sol” 4 +
b1*52=hb3=*t0"2=2Casisci~4 — bi*Sin{so]"2 -
52:*Sinf{so]l”2 - Bi*B3*t0"2*Sin{so]"2 =+
2xh1=52*Cos{so}"2=Sinlsc]"2 +
2%¥h1*h2+HAst5"2*Cosiso]"2*Sinlso]l"2 +
bi*b2*Sinfso]"¢ + bi=b2:b3*t0"2*Sinlso] 4)

”~~

dit= [(-2*b2*11%Cos[so])*(-(Cos{so]l/10) + (bi*Coslsc] "2)/1o +
(bt1s*Cos[sol*Sin[so]l"2)/10)) -
(2*b1*11*Sin[so)l*(-(Sin[so]l/10) +
(b2*Cos(so]l"2*Sin{so])}/1o + (b2*Sin[sol"3)/10)) -
(2¢11%(1 - bi*Cos[so])"2 - b2*b3*to"2*Cos[so]"2 +

bi1*b2*b3*to~"2%Cos[so]"4 - b2*Sin[so] 2 -
bi1s*b3*to"2*Sin[so]"2 +
2*bisb2*b3s*to"2*Cos[so]"2*Sin{s0]l"2 +
bi*b2*b3sto"2*Sin{so]l"4))/10] /
(i - bi*Cos[so]"2 - b2*Cos{so0]"2 - b2*b23*to"2*Cos[so]"2 +
bi*b2*Cos[so0]"4 + bi*b2=b3*t0o"2*Cos[s0]"4 -
bi*Sin[so}"2 - b2*Sin{sc]”“2 - bi*b3*to"2*Sin[sol"2 +
2*bi*b2*Cos[so]l"2*Sin[s0]"2 +
2*b1sb2*b3*to"2%Cos[so0]"2*Sin[so]l"2 + bi*b2*Sin[so]l"4 +
bi*b2=*b3*t0"2*Sin[so]"4))



612 = [(-2*11=(b1*to*Cosiso]*Sin[so] -
b2sto*Cos{so]l*Sin{sol))/1o] -

(2*b2*11*to*Sin[sc]}*(—(Cos[sol/10) -
(bi*Cos[so0]l"3)/1o0 + (bi*Cos[sol*Sin[so]l"2)/10))
(2*bi*1t1*to*Cosisci*(~-(Sin[sol/10) +
(b2sCos[so]"2*Siniso})/lo +
(b2*Sin[so]l"2)/1c)) /
(1 - bi*Cos[sol~2 - b2*Cos[so}"2 -
b2*b3*to"2*Cos[sc]l"2 +
b1*b23Cos[so}"4 + b1*b2+b3*to~2*Cos[so]l 4 ~
b1*Sin{so}"2 - p2=*Sin[so]"2 - bi=b3*to"2+Sin[sol"2 +
2*b1*b2=Cos[so]“z*Sin[so0]"~2 +

2*b1*b2*b3*t0"2*Cos[so]"2*Sin[s0]"2 + b1*b2*Sin[so]"¢ +
b1*b2*b3*t0"2*Sinisc] "4}

gd13= —((a*((bi*Cos{so)*Sin[so])/to -
{b2*Cosisoi*Sin[sci)/to))/1c -
(g*(1 - b2sCos{so}~2 - b2=*b3*to"2*Cos[so]l"2 -
bi1*Sin{so]"2 - b1=b3*to~2*Sin[so]"2))/10 -
(b1*12*Sinlsol*(-(Cos[so]/(lo*t0o)}) +
(b2*Cos[so]l"3)/(1c*to) + (b2*b3sto*Cos[sol”3)/1lo +
(b2*Cosi{sol*Sin[so]~2)/(1o*to) +
{b2*b3*to*Cos[so]*Sinlsol"2)/10)}) -
(b2*12*Cos[so]*(Sin[so}/(1o*to) -
(bi*Cos[so]l"2*Sin[so]l)}/(lo*to) -
(b1sb3*to*Cos[sol~2sSin[sol)/1o -
{(b1*Sin[so]l"3)/(1o=to) -
(bi*b3*to*Sinf{sol"“3)/10}) /

(1 - bi1*Cos[s6l"2 - 52+C5s[so0] 2 -
B2*b3*t0"22Coslsa]"2 + bi*h2sCos[so] 4 +
D1*b2*B3*{0"2*Cosiso]"4 - bB1*Sin[so]"2
D2*Sin{s0l”2 - bi*z3:t0"2*Sin[so}"2 +
2*51*52*Cos[so]"2=sin[s6]" 2 +
2*b1*52*b3*t0"2sCecs[s0]"2*Sin[s0]} 2 +
bi*b2*Sin{so]"4 + =i*b2+b3*t0"2*Sin[s0]l"4)
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dis= -({bi*12*tosCos[so]*(-(Cosiso]/(lo*t0)} +
(b2*Cos[sol-3)/(1o*to) + (n2*b3*to*Coslsol"3)/lo +
(b2*Cos[sol*Sin[s0]~2)/(lo*to) *
(b2=b3*to*Cos[sol*Sinlso]”2)/10)) +
(b2*123to*Sin[scl=*(Sin{sol/{(lo*to) -
{(bi*Cos[sol"2*Sin[so])/(lo*t0) —
(b1gb3:t°tces[so]“2‘5‘in£503)/10 - . "
(bi*Sin[s0]-3)/(losto) - (b1+b3*to*Sinis0l3)/10)) /

(1 - bi1*Cos[so]l"2 - b2*Ccssc]"2 -
52¢*b3*t0"2*Cos[so]~"2 + H51=b2=Cos[so]"4 +
?1’b2=b33to‘2*Cos[so]“4 - di*Sinf{soc]"2 -
b2*Sin[s0]”2 - bi*b3*tc~2*Sin[so0}"2 +
23b1*b2*Cosiso]}"2=Sinf{sol"2 +
2*5}tb2*b3*to“2*€os[so]‘2*$in{so}“z +
Si*ez2=*Sin{so]l"¢ + bi*b2=53=t0"22Sin{s0]"4)

di5 = [{{-2*11*((bi*Cos{so]*Sin{soc]l)}/to -
(b2sCos[so]l*Sin[scl)/to))}/10 -
(2*sb1*11sSin{sol*{-(Cos{so]}/(1o%t0)) +
{b2sCos[so]}"3)/(lo*to) + (b2*b3stos*Cosiso]l"3)/1oc +
(b2*Cos[s0o])*Sin[s0]~2)/(lo*to) +
{b2*b3*to*Cos[so]l*Sin[so]~2)/10)) -
{2*b2*11*Cos[so]l*(Sin{so]/(1o*t0)
- (b1*Cos[so]~2*Sin[so])/(losto) -
(bi*b3sto*Cos[so] " 2*Sin[sol)/lo -
(b1*Sin[so0]"3)/(lo*to) -
(bi*b3*to*Sin[so0]~3)/10))] /

(1 - bi*Cos[so]l"2 - b2=*Cos[so]"2 -
b2*b3*to"2*Cos{so]"2 + bt*b2sCos[so]l"4 +
bisb2*b3*to”"2*Cosf{so]l"4 - bi*Sin(so]"2 -
b2sSin[so0]"2 - bi1sbhb3sto"2*Sin{so0]"2 +
2*bi*b2*Cos{so] " 2*Sin[so]"2 +
2=xh1sb2sb3*to"2*Cos[so]"2*Sin[so0]"2 +
bi*b2*Sin{so]"4 + b1*b2*b3*t0"2*Sin[so] " 4)
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¢16 = [(-2*11=(1 - b2*Cos[so]l"2 - b2+b3sto"23Cos{so]"2 -

bi*Sin[so}~2 - bi*b3sto~2*Sin[so]"2))/1o0 -
(2*b1=11*to*Cos[so]‘(-(Cos[so]/(lotto)) +
(b23Cos{scl~3)/(lo*to) + (b2*b3*to*Cos[so]"3)/1o0 +
(b2sCos[so]}*Sin[so]l~2)/(1o*to) +
(bztbs‘to*Cos[so]'Sin[so]‘2)/10)) -
(thZ*l1*to*Sin{so]*(Sin[so]/(lotto) -
(bi*Cosfso]l~2*Sin[so])/(io*to) —-
(b1*b3*to*Cos[so]"2*Sin{so])/lo -
(b1*Sinisoi"3)/(7osto) -
{bi*tb3*to=Sin{so0l"3)/10))] /

(1 - b1*Cosisol”2 -~ b2*Cos{so}l"2 -

b2sb3*to"2*Cos[so]"2 + bi*b2*Cos[so] 4 +

bi>b2sb3sto~2*Coes[so]l~4 - bi*Sin[sc]l"2 -

b2*Sin[so]"2 - bi*b3sto~2sSin[so]"2 +

2s51*b23Cos{sol"2*Siniso]"2 +

2sb1+b2*b3%to0~2sCosIso] “2*Sin[so] 2 +

b1*b2*Sin{so]l"4 + bi*b2*b3*to~2sSin{so]"4)

dg17= —((g*(b1'b3=lo*to‘Z*Cos[so]'Sin[so] -
b2'b3'10*to‘2*¢os[so]'Sin[so]))/10 -
(bZ'IZ*Ces[so]'(-(bs*to*Cos[so]) +
bi*hb3sto*Cos[soc}l"3 +
bisb3*to*Cos[sol*Sinlso]l"2)) -
(b1*IZ*Sin[so]*(-(b3*to*$in[so]) +
b2:t3*sto*Cos[sol"2*Sin(sol} +
b2*b3sto*Sin{sol"3)) - (g*(b2*b3*1o*to‘Cos[so]“2 -
bi*b2*b3slosto*Cos[so] "4 + bi*b3*losto*Sinlsol"2 -
2*b1*b2*b3=10*to*Cos[so]“2'Sin[so]“2 -
bi*b2*b3*lo*to=Sin{so]"4)) /

{1 - bi*Cos[sc] 2 - b2=*Cos[sc]l"2 -
b2*r3210"2*Ccslfso] "2 + bi*b23Ces[so] 4 +
bish2+:h2*to"2*Cosso]}"4 - bi1*Sin{sol]"2 -
»23Sin[{so}"2 - bisb3sto~2*Sin[so]}"2 +
2*51%52=*Cos{so]"2=Sin{so}"2 +
2+hish22h3*t0"22Cos[so} "2*Sin{so} "2 +
bisb2=Sin{so}"4 + bi=b2sb3*t0~2=Sin[so]l"4)



digs= (b2+*12*to*Sin{sol*(-(b3>to*Cos[so]) +
b1*b3*to*Cos[soi"3 + bi*b3sto*Cos[sol*Sin[so]"2)) -
(bi*12*to*Cos[so}*(-(b3=to*Sin[so]l) +
b2*b3*to*Cos[sol"2*Sin{so] + b2*b3*to*Sin[so]"3) /

(1 - bi1*Cosise]l]”2 - b2=Cos[so]l"2 -
b2sb2=*xto"2*Cos{sc]~2 + Lisb2=Coslsol "2 +
51=52*h3*tp0"22Cosfso]l"4 - bi*Sin[sol"2 -
52+Sin{sc]~2 - bB1*bH3*to"2*Sin[so]l "2 +
2*51+h2*Cos{sol " 2*Siniso}"2 +
Zshi3523b3*xt0"2*Cos{se1"2*Sinfsol"2
5i352*Sinfscli”2 = bi*b2%L3=*10"2=Sin

isoi}”2)

digs = [(—2*b2*11*Cos[so]*(—(ba*to*CQS[so]) +
bi*b3*to*Cos[so0l”"3 + nitb3*to*Cos[so]l*Sin[so]"2)) -

(2*b1*11*Sin[so]*(—(b3*to*Sin[so]) +
b2*b32*t0*Cos[sol"2*Sinlsol + b2*b3*to*Sinfsol"3)) -

(2*11*(b2=b3*!o=to'¢os[so)“z -
bi*b2*b3=*lo*to*Cos[sol"4 + bi*b3slo*to*Sin[so]l"2 -
2sh1sb2+bh3=slo*to*Cos[so]“2*Sin{so}"2 -

1‘b2*b3*10*to*$in[so]“4))/10] 7/

(1 - bi*Cos[so}"2 - b2sCos[sol"2 -
b2sb3sto"2+Cosiso]l"2 + bi=b2*Cos[so] 4 +
bi*b2*b3=sto"2*Cos[so]}"4 - b1*sSin[so]l"2 -
b2*Sin[sol~2 - bi*b3*to"2sSin{sc]"2 +
2spi*sh2*tCos[so]l~2*Sinfso]l"2 +
2*b1*bZ'b3=to‘2*COs[so]‘2*Sin[so]“2 +
bi*b22Sin[so]"4 + bi*b2*b3sto"2*Sin[so]l"4))

d20 = (-2*11*(b1*b3*lo*to"2*Cos[sol*Sin[so] -
b2=*b3*l1o0*to"2=*Cos{s0}*Sinlsol))/lo -
(2*b2*11sto*Sin[sol*(-(b3*to*Cos[so]) +
bi*b3*to*Cos{so]"3 + bi*h3stosCos[so]*Si - -
(2*b1*11*to*Cos[so]'(—(bstto*Sin[sgj)]+Swn[S°] 2))
b2*b3*tosCos[so]"2*Sin[so] + b2*b3*to*Sinliso]~3)) /
(1 - bi1*Cos[so0]~2 - b2sCos{so]"2 -
b2*b3*t0"2+Cos[so0]"2 + bis*b2*Cos[so]"4 +
B1+b22b3*t0"2+Cos[s0]"4 - bi*Sin[so] 2 -
b2*Sin[s0}"2 - b1sb3*to"2*Sin[so]l"2 +
2*bisb2sCos[so] “2*Sin[so]l"2 +
2*b1*b2*b3*to"2*Cos{so]"2*Sin[so0] 2 +
bi1*b2=*Sin[so]"4 + b1*b2+b3*to"2*Sin{sc]"4)

9%



et = (1 - b2sCosiso}”"2 - b2=b3*to"2*Cos{so}"2 -
b2*Sinfsol1"2)) /

(1 - bi*Coslso]”2 - b2=*Cosfsol"2 -
b2*b3*t0"2*Cos{so]l”2 + bi*b2*Cos[so]l" 4 +
b1+b2*b3*+t0"2sCoslso]"4 ~ bi1*Sin[so]"2 -
b2*Sin{soi"2 - b1*b3%t0"2*Sinfso] "2 +
2%h13b2*Ccslso]"2*Sinfso]l"2 +
2*hi*b2+b=3t0"2*Cos[so]"2*Sin[so]"2 +
bi*b2*Sinfso]l"4 + bi*b2*b3*to"2*Sin[so]"4)

€2 = b1*b3*to0"2*Cos[so]j*Sin[sol) /

(1 - b1*Cosiso]l"2 - b2=Ces{so]"2 -
b2sb3*t0"22Cos[so0]"2 + bi*b2*Cossoc] "4 +
b1s*b2+b3*t0"2*Cos{so]"4 - bt*Sin[so]"2 -
b2*Sin{so]”“2 - b1*b3*to"2*Sinfsol"2 +
23pi*p2*Cos[so]~2*Sin[s0]l"2 +
2*b1sb2¢b3*t0"2*Cos{so]"2*Sin[so]"2 +
bi*b2+Sinfso]~4 + bi*b2*b3*to~2*Sin[so]"4)

e3= (-(bi*to*Sin[so}) + bi1*b2*to*Cos[so]"2#Sin[so] +
bi1s*b2*to*Sin{so0]"3))/

(1 - bi1*Cos[sc]"2 - b2+*Cos[so]"2 -
b2:*b3*to"2*Cosf{so]}”"2 + bi*b2*Cos[s0]"4¢ +
bi*b2*b3*t0"2*Cos{so]"“4 - bi1*Sin[so]l"2 -
b2*Sin[se]”2 - bi*b3sto"2*Sin[se]l"2 +
2*b1*bh2*Coslso]"2*Sin[so]l"2 +
2*b1*b2*b3*to"2sCos[so]"2*Sin[so]l"2 +
bi1*b2*Sin[so0]"4 + bi1*b2*b3*to~"2*Sin{soc]"4)



e4= b2*b3*to"2*Cos[so]*Sin[sol) /

{1 - bi*Cos{so]"2 - b2=*Cos[so]"2 -
b2*b3*to"2*Cos{so]~2 + bi*b2*Cos[so] "4 +
b1*b2*b33t0"2*Cos[so]l"4 - bi1*Sin[(so]"2 -
b2*Sin{s0}l”2 - bt*b3*t0o"2%Sin[socl}"2 +
2*bt1*b23Cos[sol " 2*Sin[so]"2 +
2*b1sb2*b3*t0"2=CosIso]l"2*Sin[sol"2 +
b1*b2*Sin[so]l”"4 =+ bi1=b2s*b3*to0"2*Sin[so]"4)

e5= (1 - bi*Cos[so]"2 - b1*Sin[so]"2 -
b1*b3*t0"2*Sin[soj"2) /

{1t — bi1*Coslso]"2 -~ b2*Cos[scl"2 -~
b2*b3*t0"2*Cos[so0]~2 + bi*b2*Cos[so] "4 +
b1*b2*b3st0"2*Coslfsol~4 - bi*Sin[sol"2 -
b2*Sin[s0]"2 -~ bt*b3*t0o"2*Sin{so]"2 +
2*b1*b2=*Cos[so]"2*Sinlso]l"2 +
2*b1*b2*b3*t0"2*Z0s[s2]"2*Sin{so]"2 +
bi*b2*Sin{sol"4 + bi=b2*b3*t0"2*Sin[s0]"~4)

e6= {(-(b2*to*Cos[so]) + b1*b2*to*Coslso]l”"3 +
bi1sb2*tosCos[sol*Sin[so]l”~2) /

{1t - bi*Cos{so]"2 - b2sCos[so]"2 -
b2*b3*to~2*Cos[so]~2 + bi1*b2*Cos[so] "4 +
bi*b2*b3*t0"2*Cos[so]"4 - bi*Sin{so}l "2 -~
b2*Sin{so]"2 - bi*b3ste"2*Sin[so]"2 +
2*b13b2*Cos{so] " 2*Sin{so]l"2 +
2*b1sb2*hb3*to"2=Cos[so]“2*Sin[so]"2 +
bi*b2*Sin[so]”“4 + bi*b2*b3*t0”"2*Sin[so]"4)

el= (-(Sin[sol}/1o) + (b2s*Cos[so]"2*Sin[so])/lo +
(b2*Sin[sel"3)/1c) /

(1 - bisCos[so]"2 - b2sCos[so]"2 -
b2*b3sto~2*Cos[so0]l~2 + bi*b2*Cos{so]"4 +
bisb2sb3sto~2*Cos[so]"4 - bi*Sin[so]"2 -
b2*Sin{so]"2 - bi1*b3*to~2*Sin[so]l"2 +
2sb1sb2*Cos[so]"2*Sin[so] 2 +
2sp1sb2+b3*to~2*Cos[so}l"2*Sin[sc]l"2 +
bisb2sSin{so]"4 + bi*b2sb3sto"2*Sin{so]l"4)
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e8 = (-(Cos[so]l/10) + (bt1*Cosiso]~3)/1o +
(b1*Cos[sol*Sin{so]"2)/10) /

(1 - bi*Cos{so}”"2 - b2sCos[so]"2 -
b2*b3*to0"2*Cos[so]"2 + b1*b2*Cos[so]"4 +
b1*b2*b3*to0"2*Cos[so]l“4 - b1*Sin[so]l"2 -
b2*Sinf{so]l”2 - bi*b3*t0"2*Sinf{so]"2 +
2*bi*b2*Cosiso] " 2*Sin[so]l"2 +
2*b1*b2*b3*t0"2=Cos{so] " 2*Sin[so0]"2 +
b1*b2*Sin[sol"4 + b1352*rc3*t0~2*Sinfso]"4)

eS= ((b2*to*Cos[so]l"2)}/1c - (5isb2stos*Cosfsol"4)/io +
(bi1*to*Sinfsol“2)/10 -
(2*b1sb2*to*Cos[so)"2+Sinlso}l"2)/1o -
(bi1*b2*to*Sin{scl1"4)/1c)} /

(1 - bi13Cos[sol"2 - b2=Cos[so]l"2 -
b2*b3*t0"2*Cos[so]~2 + bi1*b2*Cos[so] 4 +
bi1*b2sb3*to0"2*Ces[soc]}l”4 - bi*Sin[so]"2 -
b2*Sinfso]l~2 - bi*b3=t0"2*Sin[scl”2 +
2:bi*b2*Cos[so] " 2*Sinf{soj"2 +
2:h1*b2*b3stc"2*Cos[so0]"2*Sin[so]"2 +
bi*b2*Sin{so] "4 + b1:522b32*t0"22Sin{so0]"4)

£10= (-(Cos[sol/(lo*tc)) + {H2*Cos[s0]1"3)/(lo=*to) +
(b2*b3*to*Cosisol"3)/1o0 +
(b2*Cos[so]l*Sinfso]l~2)/(Go=*to) +
(b2*b3*to*Cos[sol*Sinisol~2)/10)) /

(1 - bisCos[so]l”"2 - b2=Cos[so]l"2 -
b2*b3*t0"2*Cos[so]"2 + bi*b23Cos[so]"4 +
b1*b2*b3*to0"2*Cos{soj"4 - bi1*Sin{so]"2 -
b2*Sin{so0]"2 - bi1*h3xt0"2*Sin{so0]"2 +
2*bi=*b2*Cos[so0]"2*Sinfso]l"2 +
2*b1*b2*b3*t0"2%Cosfso]"2*Sinl[so]l"2 +
b1*b2*Sin(sol”4 + bi*b2*b3sto " 2*Sinfso]"4)

e11= (Sin{so]/(lo*to) - (bi=Cos[sel"2*Sin[sol)/(lo*to) -
(b1*b3*to*Cos[so]"2*Sin{so]})/1o - .
(b1*Sin[s0]l"3)/(lo*to) - (bi*b3*to*Sin{sol~3)/10)) /
(1 - bi*Cos[so]l"“2 - b2=Cos[so]"2 -
b2*b3*t0"2*Cos[so0]l"2 + bi*b2*Cos[so)"4 +
bi*b2*b3*t0"2*Cos[so] "4 - bi*Sin[so]"2 -
b2*Sin{so0]l"2 - bi1*b3sto"2*Sin[sol"2 +
2*b1*b2*Cos[sol"2*Sin{sc]l"2 +
2*b1*b2*b3*t0"2*Cos[so])*2*Sin[so]"2 +

bi*b2*Sin[so]~4 =+ b1'b2*b3'to‘2'8in[so]“4)



e12= ((b1=*Cos[sol*Sin[so])/1o - 102
(b2sCos[sol*Sinfsol)/10)) /

(1 - bt*Cos[so]~2 - b2*Cos[sol"2 -
b2*b3*to"22*Cos[so]"2 + bisb2*Cos[so]l 4 +
bi*b2*b3*to"2%Cos[so]"4 - bi=Sinfscl"2 -
b2*Sin[so]"2 - bi*b3sto~2*Sinfsc}"2 +
2sbisb2*Cos[soj 2*Sin[so]"2 +
2*b1*b2*b3%to0"2sCos[so] " 2*Sin{so]l”"2 +
b1*b2*Sin[so]~4 + bi*b2*b3*t0"22Sin[so]"4)

ei3= {-{b3*to*Sinfso]) + 52:h3*to=Cosiso] " 2*Sinlso] +
b2*b3*t0*Sin[s0]1"3) /

(1 - bis*Cos[so]l~2 - b2*Cosiscl”2 -
b2*b3*to"2*Cos[so]"2 + bi=b2=*Ccsiso]"4 +
bi*b2*b3=*t0-2*Cos[soj"4 - bi=Sin[so]"2 -
b2*Sin[so]l"2 - bi*b3*to~2*Sinlso0l”"2 +
2*b1*b2*Cos[so]“2*sSin[so0]"2 +
2sbi*b2*b3*t0"2*Cos[so]“2*Sin{so}"2 +
bi*b2*Sin{so]~4 + b1*b2*b3*to~2+*Sin[so}"4)

e14= (—-(b3=to=*Cos{so]) + bi*b3*to*Cosiso] "3 +
bi*b3*to*Cosisocl*Sin[so]”2) /

(1 - bisCos{soj~2 - b2=Cos[sol”2 -
b2sb3*to~2*Cos[so]~2 + bi*b2=Cos[so] 4 +
bi*b2*tb3*to~2%Cos[so]"4 - bi*Sinlsol"2 -
b2*Sin[so]~2 - bi1*b3*to~2*Sin{so]”"2 +
2*hb1*b2sCos[so]}"2*Sin[so]l"2 +
2sbisb2*b3*t0"2*Cos[so0]"2*Siniso]"2 +
bt=b2*Sin[so]l"4 + bi*b2*b3*to"2*Sin[so]"4)

et5= (1 - b1sCos[so]~2 - b2=Cos[so] 2 +
bi*b2*Cos{sol"4 - bi1s*Sinfso]"2 -
b2*Sin{so]"2 + 2sbi*b2*Cos[so]}"2*Sin[so]"2 +
b1*b2sSin[so]"4) /

(1 - bi*Cos[so]l~2 - b2=Cos{so]}"2 -
b2sb3*to"~2*Cos[so]~2 + bi*b2=Coslso]l 4 +
bi*b2*b3*to”~2*Cos[so]l"4 - bi1*Sin[so]"2 -
b2sSin[{so}~2 - bi1*b3sto"2*Sinfso]”2 +
2*bi1sb2sCos[so]"2*Sin[sol"2 +
2xh1*b2*b3*to"2*Cos[so]"2*Sin[so]"2 +
bi1*b2*Sin[so]~4 + bi*b2*b3*to"2*Sin[so]l"4)
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