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c Matrix of elastic stiffness coefficients, Pa
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Cou Thermal expansion rate matrix

Coo Pyroelectric rate matrix

Cag Heat conduction rate matrix
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Vector of heat flux
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Orthogonal array

Pyroelectric coefficient vector

Body force vector



TN

=z
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Chapter 1

Introduction

Due to increasing demands of high structural performance requirements, the
modelling and control of large flexible structures have attracted considerable amount
of researchers in recent years. The rapid developments in space exploration and
robotics have reached a level which calls for a departure from conventional control
approaches in order to satisfy the stringent system performance requirements. As a
result control studies of flexible structures have coursed into new channels to design
controlled structures with high performance characteristics.

There are two basic steps involved in the modeling and control of a flexible struc-
ture using numerical techniques. In the first step the structure is usually modeled
using Finite Element Method (FEM) which results in large number of Ordinary Dif-
ferential Equations (ODE). The locations of sensors and actuators for the structure

must be either assumed or determined by some scheme. In the second step the



dynamic equations of motion are used to determine a control law appropriate for
the structure.

Piezoelectric materials have been used at an increasing rate for behavior sensing
and control of flexible structures. Due to their distinct nature, these materials can
be used for distributed motion sensing and monitoring of distributed parameter sys-
tems, such as beams, plates and shells. The flexible structural systems employing
piezoelectric sensors and actuators are often called intelligent or smart structures

owing to their highly adaptive capabilities.

1.1 Piezoelectricity

When processed under certain conditions, some crystals and polymers exhibit
the phenomenon of coupling between mechanical and electrical fields. This phe-
nomenon is known as piezoelectricity which has been the subject of many research
activities and applications over a century after its discovery by Curie brothers [1].
Piezoelectricity is the phenomenon used mostly in the distributed sensing and actua-
tion of flexible structures. Piezoelectricity relates electric polarization to mechanical
stress/strain in piezoelectric materials. It basically defines a relation between me-
chanical and electric fields in certain piezoelectric ceramics, films and crystals. In

addition to being bonded to the surfaces of beams, plates, shells etc., piezoelectric



materials can be embedded in these structural elements. The advantage of embed-
ding is the better mechanical and electrical communication between the piezoelectric
material and main structure. The disadvantage may be the complication in manu-

facture. Some advantages of piezoelectric materials are as follows:
e suitable for measuring micron level displacements,
e low power for operation,

low energy consumption,

no need for thermal cooling, and

e ease of operation in flexible structures.

There are two basic phenomena which permit piezoelectric materials to be used

as sensors and actuators. These are as follows :

1. Direct effect: An electric charge is observed when a piezoelectric material is

deformed (2, 3, 4].

2. Converse effect: Application of an electric field to the piezoelectric material

introduces mechanical stress/strain [3, 6, 7].

In modern days piezoelectricity has found applications in many applications ow-
ing to its easy availability, ease of handling and accurate structural sensing and

control performances. There are several piezoelectric materials, but most prominent

3



among them are: lithium niobate (LiNbOj), lead zirconate titanate (PZT), and

polyvinylidene fluoride (PVDF or PVDF;).

1.2 Thermopiezoelectricity

It has long been recognized that mechanical, electrical and thermal fields are cou-
pled in most of the physical problems. Due to their inherent complexity, relatively
few solutions to such coupled problems are available in the literature.

The term ” thermopiezoclectricity” in this study is used for the inclusion of ther-
mal effects in piezoelectric media. Hence the thermopiezoelectricity is the research
study of the coupled effects of mechanical, electrical and thermal fields in piezoelec-
tric materials. The piezoelectric sensors and actuators under thermal influences are
sometimes referred as thermopiezoelectric sensors and actuators. Although the the-
ory of thermopiezoelectricity has been well-established, its use in vibration control

of flexible structures has been considered only in the last few years.

1.3 Taguchi Methodology

The challenge to produce high-quality products and continue to improve the
quality under scarcity of good-quality raw material, high-quality manufacturing
equipment and skilled engineers exists for many manufacturers today. The task

of developing a methodology to meet the above challenge led Taguchi to develop a

4



robust design methodology called after his name (8, 9, 10]. Through his research in
the 1950’s and the early 1960’s, Taguchi developed the foundations of robust design
and validated its basic philosophies by applying them in the development of many
products.

Taguchi’s methodology involves the use of only a fraction of the possible com-
bination of all the factors affecting the objective function. The selection of these
combinations, and the generation and manipulation of arrays is presented by Taguchi
through the aid of Orthogonal Array (OA)’s [11]. Later on, a data-analysis tech-
nique known as Analysis of Variance (ANOVA) is used to find the effect of each

factor on the objective function.

1.4 Motivation

Piezoelectric materials have been used with an increasing rate in sensing and
control of flexible structures. The direct and converse piezoelectric effects allow
piezoelectric materials to be used as distributed sensors and actuators, respectively.
Distributed sensing and actuation phenomena lead to better monitoring and control
of systems, as compared with conventional discrete sensing and actuation.

It is always a challenge to design the systems and products such that their perfor-
mance characteristics are within specified range. Taguchi methodology enables the

system design to be robust and allows the designer to determine the factors affecting

(3]}



the system performance with the smallest number of simulations. Hence, Taguchi
methodology is used to perform a robust study on the control of flexible structures
using piezoelectric actuators. The motivation is to determine the control parameters
associated with the sizes and locations of piezoelectric actuators and to observe their
effects on the control performance through Taguchi methodology. Various objective
functions are used to represent the control performance of the piezoelectric actua-
tors bonded to the flexible structures. Suitable OA’s are chosen and simulations are

performed to achieve the best control performance within specified limits.

1.5 Objectives

In this proposed work the robust design Taguchi methodology is used to observe
the effects of variation of length, width, thickness and location of piezoelectric ac-
tuators on the control of structural systems and to design the actuators so as to
obtain the best control performance.

Control performance is measured through the vibration simulations of the piezo-
electric system consisting of a cantilever beam structure and piezoelectric actuator
pairs. The magnitudes of the oscillations in a given period are summed which is
termed as objective function. Also considered as objective function is the effective
damping time of structural vibrations. The smaller the value of objective function

the better is the control performance. The vibrations of the beam is controlled by



the linear quadratic regulator (LQR) control method using the piezoelectric actua-
tors. The vibrations of the system are assumed to be due to vertical step/impulse
forces at the tip of the beam. Taguchi methodology is applied to the system for the
purpose of studying the effects of the location, length, width and thickness of the
piezoelectric actuators on the control performance.

In brief, following objectives are considered:

1. The effects of the location, length, width and thickness of the piezoelectric
actuators on control performance using FEM and Taguchi methodology are

investigated.

2. The thermal effects are then added to the finite element model of the cantilever
beam and piezoelectric actuators, and Taguchi robustness is studied on the
control performance of the piezoelectric actuators mounted to the cantilever

beam structure.

1.6 Outline of Thesis

In this work, the cantilever beam-like flexible structures mounted with piezo-
electric actuator pairs (piezoelectric control systems) are considered for the robust
design and analysis using Taguchi methodology. Chapter 1 is the introductory chap-
ter. In Chapter 2, literature review pertaining to the research of sensing and control
of systems by piezoelectric structures and Taguchi methodology is discussed in brief.

7



In Chapter 3, FEM is used for modeling the coupled mechanical (structural) and
electrical field equations governing the behavior of piezoelectric media. Then steady
temperatures are imposed on the structure to study the effect of temperature vari-
ations on the response. In Chapter 4, basic principles of Taguchi methodology and
its application to piezoelectric materials are discussed. In Chapter 5, three different
structure-piezoelectric actuator pair configurations are used for Taguchi robust de-
sign and analysis. A standard constrained optimization problem is also set in order
to minimize the objective functions subject to constraints on the sizes of finite ele-
ments. The goal in setting the optimization problem is to compare the results with
those obtained from Taguchi methodology. In Chapter 6, two configurations are
used for temperature variation analysis. The aim in these case studies is to increase
the control performance of the piezoelectric actuators when subjected to mechanical
and thermal disturbances. Depending upon the configuration, the design variables
affecting the control performance are taken as actuator dimensions and locations
assumed to be varying within certain limits. The signal-to-noise ratio (S/N) and
ANOVA are evaluated and the optimal levels of design variables are found for each

configuration. -



Chapter 2

Literature Review

The remarkable advances in structural design and control have made the piezo-
electric materials the central components of intelligent structures, the structures
with highly adaptive capabilities [12]. The direct and converse piezoelectric effects of
distributed nature enable these materials to be used as distributed sensors and actu-
ators, respectively. The polyvinylidene fluoride (PVDF) is a polymeric piezoelectric
film discovered by Kawai [13]. It is highly regarded for its flexibility, durability and
light weight. The mechanics of spatially distributed piezoelectric shell convolving
sensors was studied by Tzou et al [2]. The sensors were shaped to prevent the ob-
servation spillover problem. Piezoelectric sensors embedded into a cantilever beam
and a filament-wound cylinder were used by Cheng et al [14] for sensing vibration
and acoustic emissions.

The use of piezoelectric materials as actuators is the consequence of converse



piezoelectric effect. Piezoelectric actuators are often embedded or bonded to beam,
plate and shell structures for mode actuation and/or attitude control. The swept-
forward wing structures were modeled by Song et al [15] as thin-walled beams and
the static aeroelastic behavior control was considered by incorporating piezoelectrics.
The behavior of piezo-actuated laminated plates was analytically investigated by
Zhou and Tiersten [16]. A simultaneous piezoelectric sensor/actuator is a device
which can function both as a sensor and actuator. The modeling and implementation
of such a device were considered by Anderson and Hagood [3]. The slewing control
and vibration suppression of a slewing flexible structure were carried out by Denoyer
and Kwak [17] employing piezoelectric sensors and actuators.

The FEM is established as a powerful numerical technique which provides
solutions to many complicated engineering problems and is widely used in modern
engineering designs and analyses. The distributed sensing phenomena of a PVDF
shell were investigated by Tzou and Tseng [4, 18] using the FEM. In the piezoelectric
sensor/actuator design study of distributed parameter systems by Tzou and Tseng
[19], a new piezoelectric finite element with internal degrees of freedom (DOF) was
developed. After condensation of the internal DOF into the physical DOF, the stan-
dard brick elements were used for the finite element modeling of piezoelectric layers.
Since these brick elements had the internal degrees of freedom embedded within,
they had good response characteristics suited for thin piezoelectric layers. After

finite element modeling of the master structure (plate element) and piezoelectric

10



layers, two control laws were implemented for vibration suppression of the mas-
ter structure, namely constant gain feedback control and negative velocity constant
amplitude feedback control.

The mechanical and electrical responses of laminated composites containing
piezoceramics acting as sensors and actuators were analytically studied by Ha and
Chang [20]. A finite element analysis based on the theory of elasticity for anisotropic
and inhomogenous materials combined with piezoelectricity was developed to sim-
ulate the response of the structures subject to mechanical and electrical loads. A
finite element simulation of the dynamic responses of piezoelectric motors and ac-
tuators was presented by Kagawa et al [21] by considering the time responses of
three-dimensional (3-D) piezoelectric structures. The finite element formulation of
piezoelectric media was presented by Sunar and Rao [22] for piezoelectric control of
flexible structures subjected to structural vibrations. The effectiveness of piezoelec-
tric actuators was studied for various actuator locations.

Thermopiezoelecticity, piezoelectricity with thermal effects, is long studied and
its theory is well-established. The governing equations of a thermopiezoelectric
medium were first derived by Mindlin [23]. The application of thermopiezoelectricity
in distributed sensing and control of flexible structures has drawn attention in recent
years [24, 25]. It is recognized that the presence of a thermal field may adversely
affect the control performance and hence it needs to be included for precision control.

In the area of structural design, numerous efforts have been devoted to weight

11



reduction and strength enhancement as well as accomplishing an automatic design
methodology. Robust Design is one of the ways to satisfy these conflicting conditions.
By robust, we mean that the product or process performs consistently on target and
is relatively insensitive to factors that are difficult to control. Hence, the robust
design process is necessarily concerned about finding the parameters which have
impact on the design and the degree of impact. Being one of the techniques of the
robust design, Taguchi metho;:iology can be applied to a wide variety of problems
[26, 27, 28]. The key component of Taguchi’s philosophy of robust design is the
reduction of variability around its target value. The three basic steps of Taguchi
methodology are named as concept or system design, parameter design and tolerance
design [29]. Taguchi methodology of robust design includes reduction of noise and
cost in the design stage which is termed as parameter design. The existing robust
design technology implementing the Taguchi method uses the analysis of variance
(ANOVA) on the signal-to-noise ratio (S/N) to determine the optimum levels of
design variables.

The use of the Taguchi method as a means to identify the optimum design
of a robot sensor was done by Rowlands and Pham [27]. The Taguchi method was
employed as a systematic method to understand the performance of the sensor while
using a limited number of model evaluations. The Taguchi method was based on
the experimental design technique and the results of using a full factorial design and

fractional factorial design were compared. A 3-D nonlinear finite element model of
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a molded plastic ball grid array was developed by Mertol [28] using finite element
simulations. The model was used to optimize the package for robust design and to
determine design rules to keep package waurpage within acceptable limits.

The Taguchi method was used by Park et al [30] for discrete structural design to
enhance the performances of the final design. An orthogonal array was constructed
with discrete values around an optimal solution and the cost function was evaluated
by the Taguchi method. Excellent results were obtained for the constrained problems

and fairly good designs were achieved for the unconstrained problems.
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Chapter 3

Modelling of Piezoelectric/

Thermopiezoelectric Media

3.1 Introduction

In the last several years, with the advent of computers the FEM have gained
considerable prominence owing to its applications in diverse fields. The FEM is
one of the numerical methods that can solve boundary value problems, initial value
problems and eigenvalue problems. Currently this method is one of the numerical
tools applied to the analysis of piezoelectric materials.

A general piezoelectric control system with sensor and actuator is shown in Fig.
3.1. The piezoelectric systems used in this thesis are depicted in Fig. 3.2, where

the rectangular finite elements for both the beam and piezoelectric actuators are
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indicated. The rectangular finite elements for piezoelectric actuators contain pseudo
internal DOF. The internal DOF are for better representation of bending moments
generated by the piezoelectric actuators and are condensed into the physical DOF
using Guyan reduction technique [31].

The piezoelectric control system shown in Fig. 3.1 consists of a main structure, a
piezoelectric sensor layer at the bottom of the structure and a piezoelectric actuator
layer at the top of the structure. The bottom piezoelectric layer (piezoelectric sensor)
senses the displacement of the beam and generates voltage in response to the beam
displacement. This voltage is multiplied by some gain according to the control law
implemented and is fed back to the top piezoelectric layer (piezoelectric actuator).
The top layer reacts to the feedback voltage and generates mechanical motion. This
motion can be made to oppose the motion of the beam if the feedback voltage is
applied 180 degrees out of phase and hence the vibration attenuation of the beam
can be effectively achieved.

As mentioned before, the modeling and analysis of thermopiezoelectric sensors
and actuators are carried out using the FEM. Cantilever beams with piezoelectric
actuator pairs are considered as case study problems for the piezoelectric control
(Fig. 3.2). Mechanical and steady thermal disturbances are imposed on the beam
and vibrational displacements are computed, and the absolute sum of these vibra-
tional displacements is selected as one of the objective functions in minimizing the

vibrational oscillations. Another objective function is chosen as the effective damp-
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ing time of structural oscillations.

3.2 Finite Element Formulation of Thermopiezo-

electric Problems

The governing equations for thermopiezoelectricity are given by [23]
T=cS—ekE -\
D =¢'S+¢E+P§ (3.1)
n=ATS + PTE + of
The following relations are also used
h=-KVj§, E=-V¢ (3.2)

In the above equations T, S, D and E are the vectors of stress, strain, electrical
displacement and electrical field. ¢, 8 and 7 are the electric potential, temperature

change and entropy per unit volume. The generalized heat equation is given by
Op=-VTh+ W (3.3)
where W is the heat source per unit volume, and
O =60y+86

where 6y is the reference temperature.
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By using Eqgs.(3.1) through (3.3) the finite element approximation of the heat

equation is obtained as [24]
— Cpuli + Cypd — Cag — Koo = Q (3.4)
The element matrices and external heat vector are given by
Coue = /V 8oNIATB,dV
Coge = /V 8oNFPT B,dV
Cooe = /V 8o NT aNpdV (3.5)
Kuge = /V BT KT BydV
Qe = /A Noh™ndA - /V WNFdv

where V, is the volume of the element considered, A, is the element area whose
normal vector is n, B, = L,N, where L, is the differential operator matrix, B; =
VN4 and By = VN, . In the above equations, the subscripts u, ¢ and 8 denote the
mechanical field, electrical field and thermal field, respectively. Furthermore, the

Hamilton’s principle is given by
t2
5 /‘ (K; — I)dt = 0 (3.6)
1
K; in the above equation is the kinetic energy defined as
K=+ / uTadv 3.7
N (3.7)
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In Eq. 3.6, the functional II is given by [32]
- _ T - T —_nT
II-/V(G+ne)dV /Vu PpdV /Slu P.dS — u P¢+/Sz¢od5 (3.8)

where G is the thermodynamic potential, Py, is the vector of body forces applied
to volume V, Py is the vector of surface forces applied to surface S;, P, is the
concentrated load vector, and o is the surface charge on the surface S;. Virtual

changes in Hamilton's principle are given by
€2 2 £2
. = oT .- - T
5 /u Kdt /ﬂ /V psuladVdt /u /V psul@dVdt (3.9)
and

5/;2 fdt = /f [J/V GdV — 5/‘, uTPdv — 5/51 uTP,dS — 6u”P, +6/52 ¢ad5] dt
(3.10)

where the virtual change in potential G is given by
0G = 6STT — SETD - 461 (3.11)

The following relations are defined for the finite element formulation of a piezoelec-

tric material subjected to structural and thermal disturbances. Let

ue = Nyu
e = N¢¢i
0. = Nyb; (3.12)
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where N,, Ny and Ny are the shape function matrices for mechanical, electrical
and thermal fields, and u;, ¢; and §; are the vectors of nodal displacement, electric
potential and temperature variation. The subscript e in the equations stands for
the element. Relating strain to displacement, and electric field to electric potential
yields

Se = Lyue = [LuNu] u; = B,u;
Ee = — V ¢e = — [VNg| 61 = — By (3-13)

where L, is a differential operator matrix.

]
7 0
= a
L. 0o 2 (3.14)
2 2
| dy dz |
Substituting the above equations in Eq.(3.6) gives the equation of motion
iwuuﬁ + Kuuu + Ku¢¢ - Ku00 =F
Ksuu— Ky + Ky = G (3.13)

where the element matrices and vectors are given by
Mye = /V PNTN AV,  Kue= /V BT cB,dV

Kuge = /V BTeBydV,  Kue= /V BTAN,dV
Koe= [, BIeTBuAV,  Kuge= [ BleBydv

19



Ku. = [ BYPNydV
Ge=— g NgcrdS (3.16)
2e

Fe = /V NTPwdV + /S NTP,dS + NTP,
e 1le

The heat, actuator and sensor equations are written in the following form

i PR P
M, 00|]|d 0 0 0 u
0 00|yo6¢+| O 0 0 |{ ey
0 00||6] |—Cu Co ~Cos | | 6 |
Ky Ky - uo. ’u‘ 'F‘
+ | Ky —Kps Koo |30 ({=1G | (3.17)
0 0 -Ke|l|l0] |Q]

For a rectangular element of the size (2a x 2b) with W, as the width the shape

functions are given as

N=z1-5a-¥
1 T (3.18)

y
N2=Z(1+;)(1—-3)
_ Ll Ty, Y
Ng—z(l‘i--‘;)(l*i'z)

=Ln_z y

Internal DOF are added into the element to give a better representation to the bend-

ing moments caused by the piezoelectric effects. Two shape functions are defined
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for this purpose which are given as follows

These shape functions vanish at the element boundaries when r = +a and y = +b.

The displacement vector, ue, is now expressed as

ue = N, u; + Xa;j

The strain vector, Se, is now written as [19]

Se = B.u; +Ya;j

(3.19)

(3.20)

where aj is the added generalized coordinate vector and X in the above equation is

given by

and Y is given as
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Equation (3.17) is modified to include the effect of the new pseudo internal DOF as

- T ¢ g T ¢ )

M, 00 i 0 0 0 a
0 00|36 ¢+] 0 O 0 J é ¢
0 00|64 ~Cou Cos —Cao | | 6 |
[ h ( 3 r 3
K;u Ku¢ ~Ryo u F
t | Koo —Kps Ko J 6 (=3 G r (3.23)
L 0 0 —Koo. LOJ \Q J

where Guyan static model reduction technique is used to condense the pseudo in-
ternal DOF to the physical nodal DOF. The new matrix, K, is the global elastic

stiffness matrix which is assembled of [K,,]; given by
[Kuulz = [Kuule = [Kuale[Kaa] 7 [Kaule (3.24)
where [Kyq)e and [Kgqle are partitioned stiffness matrices given by
uaje = T YdV 3.25
(Kudle = [ Blc (3.25)

(Keale = /V YTcYdv

The heat generation in a distributed control system may be due to high voltage ap-
plied to the piezoelectric actuator and/or the high or low temperature environment
in which the control system is to operate. In all the above cases Eq. (3.23) can be

used to study the thermal effects on the distributed control system.
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3.3 Finite Element Formulation of Piezoelectric

Equations
The linear piezoelectric equations without thermal effects are written as [33]
T=cS—-¢cE

D=¢'S+¢E (3.26)

Finite element formulation of piezoelectric media is carried out using Hamilton’s
principle given by Eq. (3.6), where K; and II are given by the functional given by
the Eqgs. (3.7) and (3.8). Note that in this case, the functional IT contains no thermal
field. Virtual changes in Hamilton’s principle are given by Eqgs. (3.9) and (3.10).
Using the above equations in Hamilton’s principle and neglecting the thermal effects

yields the finite element equations which are collectively written as

M. 0 i K;, Ky u F
+ = (3.27)

Koo —Kpp || 0 G

AT

0 O
where u, ¢, F and G are the global vectors of displacement, electric potential,
applied force and charge. The element matrices and vectors in Eq.(3.27) are given
in previous section.

Different case studies are performed as shown in Fig. 3.2. In all the case studies
the piezoelectric control system is modelled by finite element method. The structure
is divided into different elements as shown with numbers. After modelling with
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finite elements mechanical/thermal disturbances are imposed on the structures. The
mechanical disturbance are in the form of step or impulse input while the thermal
disturbance are of the form of uniform steady temperature increase or heat flux. The
best settings of design variables for piezoelectric actuators are found using Taguchi

methodology for the best control performance.

Actuator Input Actuator Layer

Flexible Beam

Sensor Output  Sensor Layer

Disturbance

Gain Control

Figure 3.1: Piezoelectric Control System with Sensor and Actuator
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Chapter 4

Robust Design Methodology

4.1 Introduction

Among many, one of the definitions of a robust design methodology can be stated
as to retain the performance of a system at least at a prescribed level despite the
parameter variablity and disturbances. Robust design is an engineering methodology
for improving productivity during research and development so that high-quality
products can be produced quickly and at low cost. Robust design offers simultaneous
improvement of product quality, performance and cost, and engineering productivity.
Its widespread use in industry is having a far-reaching economic impact because this
concept can be applied in many engineering activities, including product design and
manufacturing process design.

The fundamental principle of robust design is to improve the quality of a product
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by minimizing the effect of the causes of variation without eliminating the causes.
A good amount of time is spent to find different parameters affecting the system
performance and the levels of the effects. Once the parameters are known and the
effects are put in order with respect to their importance, a sound ju(.lgement can be
made on the design and manufacture of the system and great savings in cost can be

achieved.

4.2 Taguchi Methodology of Robust Design

The foundations of Taguchi methodology were developed in 1950’s and 1960’s to
meet the challenge of producing high-quality products. Since then the methodology
has been successfully applied to various fields such as in electronics, automotive
products, photography, and many others [29].

Through his research in the 1950’s and early 1960’s, Taguchi developed the foun-
dations of robust design and validated the basic, underlying philosophies by apply-
ing them in the development of many products. The main feature of Taguchi’s
methodology is parameter design in which the best nominal values for the design
variables are selected. Taguchi defines the best values as those values that min-
imize the transmitted variability resulting from noise factors. This is the reason
why Taguchi’s methodlogy is referred to as parameter design technique for Robust

Design.
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All engineering designs involve setting values of a large number of decision vari-
ables. Technical experience together with experiments, through prototype hardware
models or computer simulations, are needed to come up with the most advantageous
decisions about these variables. Studying these variables one at a time or by trial
and error is the common approach to the decision process. This leads to either a very
long and expensive time span for completing the design or premature termination of
the design process and hence the product design is nonoptimal. The robust design
proposed by Taguchi uses a mathematical tool called OA’s (orthogonal arrays) to
study a large number of decision variables with a small number of experiments. The

purpose of using OA’s is as follows:

e To study the effects of control factors,
e To study the effects of noise factors,
e To evaluate the S/N ratio and

e To determine the best quality characteristic for particular design levels.

The columns of an orthogonal array are pairwise orthogonal i.e for every pair of
columns, all combinations of factor level occur an equal number of times. The
columns of the OA represent factors to be studied and the rows reperesent individual
experiments.

The OA also uses a new measure of quality, called S/N (signal-to-noise ratio) to
predict the quality from the customer’s perspective, where signal is the desirable part
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of the objective function and specifies the intended value of the product’s response
where as noise is attributed as the quality loss to the customer. Noise factors are
those factors that cannot be controlled by the designer. Factors whoose settings
are difficult or expensive to control are also called noise factors. The noise factors

themselves can be divided into three broad classes:
o external - environmental and load factors,
e unit-to-unit variation - manufacturing non uniformity and
o deterioration - wearout, process drift.

In this study, various noise factors in the form of mechanical and thermal distur-
bances are imposed on the system. The mechanical disturbance is in the form the
step or impulse input to the system whereas the thermal disturbance is in the form
of uniform steady temperature increase or application of heat flux to one side of the
system.

Thus, minimizing the quality loss means maximizing the S/N. Hence, the most
economical product and process design from both manufacturing and customer’s
viewpoints can be accomplished at the smallest, affordable development cost. Taguchi
suggested that the steps for a product or a process design are composed of three
levels namely, system, parameter and tolerance design. These are explained as fol-

lows:
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4.2.1 System Design

System design is the phase where new concepts, ideas, methods etc are generated
to provide new or improved products. System design is the selection of the major

design architecture or process method.

4.2.2 Parameter Design

Parameter design phase is crucial in improving the uniformity of a product and
can be done at no cost or even at a saving. The objectives of parameter design

experiment are:

e Making products/processes insensitive to manufacturing variations (these in-
clude variation in the product parameters from unit to unit due to inherent

variation in any manufacturing process).

e Making products/processes insensitive to external factors such as ambient tem-

perature, relative humidity, supply voltage, vibration and so on.

The idea of performing a parameter design experiment/simulation is to minimize
the effect of hidden factors termed as noise factors which are hard or expensive to
control during normal production conditions. Noise factors are those which cause
the performance characteristics of a product to deviate from their nominal val-

ues. In order to minimize the effect of these factors, Taguchi recommended the
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use of control factors/design parameters. For conducting a parameter design ex-
periment /simulation, one first has to construct a design parameter matrix (control
array) and then a noise factor matrix (noise array), if any noise factors are consid-
ered for the experiment/simulation. The objective of the experiment/simulation is
to identify the settings of the design parameters (control factors) which will reduce
the effect of noise factors to a minimum. Parameter design improves quality with-
out increasing ultimate maintenance cost. Hence from the above discussion we can
say that Robust Design methodology focusses on how to perform parameter design

effectively.

4.2.3 Tolerance Design

The tolerance design is implemented to improve quality at minimum cost. It
should be used when the sensivity of responses resulting from the parameter design
is not satisfactory.

The interaction between control and noise factors is examined to achieve the
state of robustness. Taguchi recommends the use of the S/N to evaluate the effect
of this interaction with regard to robustness. The S/N gives a measure of the
product’s functional performance in the presence of noise factors for a given quality
characteristic. Quality characteristic refers to the objective function for ;a given
process. S/N for parameter design experiments is further classified into four types

in order to improve the performance of a product/process based on the quality loss
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function. These are as follows :

4.2.4 S/N for smaller-the-better quality characteristic

Examples of this quality characteristic are porosity, shrinkage, level of impurity,
vibration, surface roughness of a machined part etc. The quality loss function for

smaller-the-better type is given by

Ly) = 557

where A is the functional limit and Aq is the loss incurred at the functional limit.
The ideal or the target value for this case is given to be zero, the smaller the
number of deflections the better is the control performance. Hence, by adopting the
quality loss function, we see that the objective function to be maximized is [11, 34]:
S/N = -10 log;o(mean square deflections)
In other words
f?

S/N = —10logy [—T:—] (4.1)
where f; is the ith individual response value and n is the number of observations.
Maximizing S/N leads to minimization of the quality loss due to vibrations or de-
flections.

Since S/N = -10 log;o [5;] , #2/a? is known as the S/N ratio because g2 is the effect
of noise factors and p? is the desirable part of the objective function. Maximizing

(p%/0?) is equivalent to maximizing S/N which is inturn equivalent to minimizing
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the quality loss i.e minimizing sensitivity to noise factors.

4.2.5 S/N for larger-the-better quality characteristic

Examples of this quality characteristic are strength of steel, fuel efficiency, life of
a battery, hardness of a drill bit etc. The quality loss for this case is given by the

following equation

L(y) = AeA? [—;3]

where the target value is oo. The S/N for larger-the-better quality characteristic is

given by [11, 34]:

2
S/N = —1010910% [an " ] (4.2)

4.2.6 S/N for nominal-the-best quality characteristic

Examples of this quality characteristic are dimensions such as diameter, thick-
ness, length, resistance or a resistor and ouput voltage of a power supply. The

quality loss for this case is given by

where the target is a prescribed value, namely m. The S/N for nominal-the-best

quality characteristic is given by [11, 34]:
_ f
S/N = 20log;e ’ (4.3)
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where f and s are the mean response and standard deviation of response values per

experimental run/simulation, respectively.

4.3 Taguchi Methodology as Applied to Piezo-

electricity

The robust design of a cantilever beam with a pair of piezoelectric actuators
is performed so that the system is insensitive to noises which are in the form of
mechanical or thermal disturbances. Control and noise factors which affect the con-
trol efficiency are identified. Control performance is measured through the vibration
simulations of the piezoelectric system. The magnitudes of the oscillations in a given
period are summed which is termed as control cost and is signified as the objective
function. Also considered as the objective function is the effective damping time of
structural vibrations. The smaller the objective function the better is the control
performance. The case studies considers factors at three levels and take the levels
sufficiently for a part so that a wide region can be covered by the three levels. The

steps involved in the robust design are as follows:

o Identify the different parameters and the interactions involved in the process

which might affect the objective function as well as the process considerably.
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Select the levels of the parameters depending upon engineering judgement as

well as the physics of the problem.

Select a suitable OA depending upon the number of factors and their levels.
For two level design, L4 or Lg OA is used and for three level design, Ly OA is

used.

Depending upon the levels in the OA perform the finite element simulations

and obtain the necessary objective function/control efficiency value.

Having the value of the control efficiency necessitates the evaluation of S/N

for smaller-the-better characteristic.

After the evaluation of the S/N a judgment is made to determine the parameter

level best for the process.

The effect of each factor is confirmed using ANOVA test which aids in reducing

the response variability.

If the objective of the simulation is achieved then a confirmatory run is to be
performed; however, if the objective is not achieved, then one should select
proper levels and interactions or proper orthogonal array depending upon the

circumstances.



4.3.1 Lg OA as Applied to Case Studies

Table 4.1 shows the Taguchi Lg array and Fig .4.1 shows the linear graph for
Taguchi Lg array. Linear graph is needed to evaluate the main effects and interac-
tions [29]. The main effects are assigned to points, which designate columns 1 and
2 while columns 3 and 4 deal with the interactions between columns 1 and 2. In
this study, while doing preliminary simulations it was found that the thickness (B,;)
and the width (W;) were found to be having predominant effects on the objective
function, hence B,s and W, were assigned to first and second columns respectively.
For Case 1, since there were 4 factors, the remaining two factors, namely location
of actuators from fixed end (Z) and length of the actuators (d) were assigned to 3rd
and 4th columns respectively. For Case 2, nothing was assigned to these columns
and these columns were used to study the interaction effects between B,, and W},
respectively. For Case 3, distance of the first actuator pair from fixed end (Z,) and
distance of the second actuator pair from fixed end (Z;) were the design variables
which were assigned to columns 1 and 2, respectively, while the remaining columns

were used to study the interaction effects between Z; and Z,.
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4.3.2 Terms and Their Significance in OA and ANOVA
Test

Main Factor and Interactions: The main effects of the factors are their individ-
ual effects. If the effect of a factor depends on the level of another factor, then the
two factors are said to have an interaction, otherwise, they are considered to have
no interaction.

Sum of Squares (S;): The sum of squares is a quantitative measure of the magni-
tude of its effect due to changes in its level. It is obtained from the following formula

for three level design

o _[B+AER]_[T
= n/3

n
where f;, fo, f3 are the objective function values at first, second and third level
respectively. In the above defination, n is the total number of simulations and T is
the total of all simulations for a design variable at each variable.

Degrees of Freedom (dF): The number of independent parameters associated
with an entity like a matrix experiment, or a factor, or a sum of squares is called its
degrees of freedom. A matrix experiment with nine rows has 9 degrees of freedom
and so does the grand total sum of squares. The overall mean has one degree of
freedom and so does the sum of squares due to mean. Thus, the degrees of freedom

associated with the total sum of squares is 9-1 = 8. In general, the degrees of

freedom associated with a factor is one less than the number of levels [11].
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Pooling: One of the way of estimating the error variation is to use columns which
have been assigned factors which are suspected to be significant, but which are shown
by the results to be insignificant. In general, if the variation of a factor is less than
that of an error column, if it is significantly lower than that of some other columns
with factors in them, it can be considered random, and it can be pooled with other
insignificant factors and error columns to provide a data base for estimating the
random variation of the experiment. The decision of whether or not to pool data
from a particular factor can be subjective, i.e for the experiments having no error
columns, a judgment is made to pool some of the least significant factors [§]. In
the simulations related to this study, all the S.;’s were compared with those of the
larger of the source variations to the smaller ones. If there was enormous difference
between the two then the smaller S,’s were pooled. These factors are designated
by a “yes” in the column labeled “Pool” in ANOVA Tables. Their values are then
transferred to the columns labeled “dF.” for degrees of the freedom of the error, and
“S," for source variation of the error.

Variance of the Source (V.): The variance of the source, V,, is the variation of

the source corrected for the number of degrees of freedom, according to the formula

Sz

V, =
dF,

Pure Variation of the Source (S_): The pure variation of the source is calculated

only for unpooled factors. It is the variation of a factor with the portion due to error
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variance removed, and is calculated by the formula

S,

z

= S: —(dF x V)

F-test: The variance ratio, denoted by F is the ratio of the mean square due to a
factor and the error mean square. A large value of F means the effect of that factor
is large compared to the error variance. Also, the larger the value of F, the more
important that factor is in influencing the process response S/N. In other words,
F-test is the statistical test for significance. The F-ratio of the source is calculated

for significant or unpooled factors only.

where is V. is the variance of source and V, is the variance of error. Percent
Contribution of the Source to Total Variation (p%): The percent contribution
of the source to the total variation is also calculated for unpooled factors. It is

calculated with the following formula

p% = [Si:»] 100%

where St is the total sum of squares which is evaluated by summing S.’s of all the
factors.
A computer program is developed to determine S/N and variance ratios for

important parameters. The flow chart of the program is given as shown in Fig. 4.2.
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Table 4.1: Taguchi Lg Orthogonal Array

ExpNo.|1]2}{3]|4
1 11111
2 112(2]2
3 1131313
4 211/12(3
5 2121341
6 21312
7 3111312
8 312|113
9 3131211
3,4
1@ -9 2

Figure 4.1: Linear Graph for Ly Orthogonal Array
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Step 1: General Overview of the Model

Step 2 : Problem Identification, (nvestigation & Classification

A

~——»| Step 3 : identification of Dependent Variable & Independent Factors

| Step 4 : Selection of Factor Levels & Interactions

Step 5 : Choice of Orthogonal Array Design

Step 6 : Perform the Simulations

Step 7 : Perform the Analysis of Variance Test

Step 8 : interpretation of Results & Conclusions

No Objective

achieved

Yes

Step 9 : Confirmatory Run or Simulations

Figure 4.2: Taguchi Methodology of Robust Design
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Chapter 5

Case Studies for Piezoelectric

Systems

5.1 Preliminary Results

This example (18] is used to check the accuracy of the 2-D finite element model
developed for piezoelectric materials. The piezoelectric bimorph beam was clamped
at one end and free at the other end as shown in Fig 5.1.

The analytical displacement for the above model is given by [18]

) =5 [ = @)

where e3; is the coupling coefficient, V is the applied voltage and Y is the Young’s

modulus of elasticity.

42



The finite element model is given by
My G+ [Kuu]u + [Kuglo = F (5.2)

[Kuslu+ Kol ¢ =G (5.3)

The above equations can be combined for static case with no external force to yield

the transverse displacement u as
[[(Ku] = (K] (K] ™ [Kgul] 0 = = [Kog] [Kp] ' G (54)

Simulations were performed first by keeping voltage constant and the displace-
ments were evlauated at each node and in the second case different voltages were
applied and the displacements were evaluated. As shown in Figs. 5.2 and 5.3 there is
a close agreement of the results between the analytical model and the finite element

model which indicates the accuracy of the finite element model.

5.2 Case Studies

Three cantilever beam-like structures (master structures) mounted with piezo-
electric actuator pairs are considered in case studies. The master structure and
piezoelectric actuator pairs are made up of aluminum and PVDF, respectively. The
material properties are listed in Table 5.1. As shown in Fig. 5.4 the master struc-
tures are kept same in all the cases, but the configuration, number and location of
piezoelectric actuator pairs are varied in each case to observe the effects of design

43



variables on the objective function. The design variables are explicitly stated below
for each case. The structures are piezo-controlled using the linear quadratic regu-
lator (LQR) control technique [35]. The controlled structures (closed-loop systems)
are simulated for impulsive forces applied at the tip in vertical direction and the
vertical displacements (deflections) of the tip are computed. The absolute values of
tip deflections in the total simulation time are summed to obtain the first objective
function representative of the piezoelectrical control performance for all the cases.
The minimum the variation in deflection about its target value the better is the

control performance. A second objective function is defined as

_ (P (
~tr(Q)

(3]
Ut
g

f

which is representative of the effective damping response time [36]. In the above
equation tr reperesents the trace which is the sum of the diagnol elements of a matrix.
The magnitude of f indicates the effect of control system in reducing vibrations.
Effective damping time is composed of control energy and displacements which are
represented by P and Q matrices in LQR control technique [36]. In the following
tables, the subscript I and II refer to the runs where first and second objective
functions are used.

After the design variables are chosen and the objective function is computed,
Taguchi methodology is applied to all the cases following the procedure given in

the previous Chapter. A constrained problem is also set up and solved for case 3
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to check the results with those of Taguchi methodology. The designs at which the
SNR of Taguchi methodology attains the highest and lowest values are named as
best and worst designs respectively. The closed-loop systems are simulated at these

designs for the tip deflections in response to vertical impulsive forces at the tip.

53 Casel

The piezoelectric actuator pairs in Case 1 of Fig. 5.4 covers only certain portions
of the top and bottom surfaces of the structure. Thus, in addition to the thickness
and width of the actuators (B,, and W,), the distance of the actuators from the
fixed end of the structure (Z) and the length of the actuators (d) are considered
as the design variables affecting the control performance. Note that the control
performance is evaluated by the two objective functions. The length (L) and height
of the structure (hy) are fixed at L=0.5 m and hy = 0.01 m. The width of the
structure and actuators (W;) is assumed to be varying between 0.01 m and 0.1 m.
The thickness of the actuators (B,s) varies between 0.0002 m and 0.0008 m, the
location of the actuators varies between 0.05 m and 0.2 m and finally the length of
the actuators varies between 0.2 and 0.26 m. Three factor levels are assumed for
each design variable as listed in Table 5.2. The major reason in fixing the limits of
Z and d as given in the table is to keep the sizes of finite elements in reasonable

ranges.



The Lg OA, objective function and SNR values are given in Table 5.3. The design
variables given in Tables 5.2 have effects of different magnitudes on both objective
functions as shown in Tables 5.3 through 5.5 and Figs. 5.5 and 5.6. The results
based on Taguchi methodology within the levels of design variables reveal that the
thickness of the actuators (B,s) has the biggest effect on the control performance.
The higher magnitudes of B,, result in better control performance. A similar trend
is observed for the width of the actuators (W,) with lesser magnitude relative to the
first objective function. The distance of the actuators from the fixed end (Z) also
affects the control performance, however the effect is the reversal of the effects of
B,s and W,. In other words, the higher magnitudes of B,, and W, and the lower
magnitude of Z result in better control performance characteristics. The effect of
the actuator length (d) appears to be negligible within the bounds considered in
this case. The best design with respect to the first objective function is noted from
Table 5.3 to be at : By = 0.0008 m, W, = 0.05 m,d = 0.26 m and Z = 0.05 m,
and the worst design is observed at : By, = 0.0002 m, W, = 0.0l m,d = 0.2 m and
Z = 0.05 m. The best design with respect to the second objective function is noted
from Table 5.3 to be at : B, = 0.0008 m, W, = 0.0l m,d =0.23 m and Z = 0.2
m, and the worst design is observed at : By, = 0.0002 m, W, = 0.1 m, d = 0.26
m and Z = 0.2 m. Tip deflection plots of the closed-loop system are shown in Fig.
5.7 for the best and worst designs with respect to the first objective function. The

plots clearly indicate that the system at the best design performs much better.
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There is a variation in the optimum levels from first objective function to second
objective function because in the first objective function there is a minimization of
only the deflections from the target value, whereas in the second objective function
minimization of both the deflections and control energy is done. Simulation results
indicate that only the thickness has predominant effect for first objective function
whereas for second objective function there is some minimal effect due to width of
the actuators also. In other words for first objective function higher dimensions of
B,s, W, d and lower dimensions of z give better control performance. For second
objective function higher dimensions of B, z, d and lower dimensions of W, give

better control performance.

5.4 Case 2

The master structure with a pair of piezoelectric actuators bonded to the whole
top and bottom surfaces is shown in Case 2 of Fig. 5.4. The length and height of the
structure, and the variance of the width of the structure and actuators are same as
in the previous case, but the actuators which have only covered part of the structure
now cover the whole length of the structure. The length of the actuators is same as
that of the structure and the thickness of the actuators (B,,) varies between 0.0002
m and 0.0008 m. Hence the width and thickness of the piezoelectric actuator pairs

(W and B,,) are taken as the design variables affecting the control performance.
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The levels of design variables are listed in Table 5.6.

The Lg OA, values of the objective functions and SNR are given in Table 5.7. The
first two columns of the OA reflect the variation in the thickness and width of the
actuators while the remaining two columns show the effect of the interaction between
the thickness and the width of the actuators. The effects of different parameters
(design variables and interactions together) are shown in Tables 5.7 through 5.9,
and Figs. 5.8 and 5.9. It can be seen easily that the thickness of the actuators (B,;)
has a predominant effect on the control performance within the specified range. To
a lesser degree, the width of the actuators (W) has the similar effect on the control
performance of the system with respect to the first objective function. In general,
the larger the thickness of the actuators, the better is the control performance of
the system. The best design relative to first objective function is noted at the upper
bounds of design variables, B, = 0.0008 m and W, = 0.1 m, and the worst design
at the lower bounds, Bgs = 0.0002 m and W, = 0.01 m. The best design relative to
second objective function is noted at the upper bounds of design variables, B, =
0.0008 m and W, = 0.01 m, and the worst design at the lower bounds, B,, = 0.0002
m and W, = 0.1 m. The superiority of the best design over the worst design with
respect to the first objective function is evident in the closed-loop system responses
as shown in Fig. 5.10.

In this case also for first objective function higher dimensions of B,, and W, give

better control performance whereas for second objective function higher dimensions
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of B, and lower dimensions of W; give better control performance.

5.5 Case 3

The piezoelectric control system in this case consists of the main structure as
before and two piezoelectric actuator pairs as shown in Case 3 of Fig. 5.4. The
length, height and width of the structure (L, h;, and W) are fixed at 0.5 m, 0.01 m
and 0.01 m, and those of the actuators are held constant at % = 0.125 m, 0.0005
m and 0.01 m, respectively. The distances of the actuators pairs from the fixed end
(Z, and Z) are taken as design variables. The design variables assume three levels
as listed in Table 5.10. The levels are so chosen to ensure reasonable finite element
sizes.

The Lg OA, objective function and SNR values are listed in Table 5.11, and the
effects of parameters are shown in Tables 5.11 through 5.13, and Figs. 5.11 and 5.12.
It is apparent from the listed and plotted data that the distance of the first actuator
from the fixed end (Z;) has a major effect on the control performance. Overall, the
actuators closer to the fixed end function better than those further away from the
fixed end for the first objective function whereas for the second objective function
it is observed that for obtaining best control performance the first actuator should
be away from the fixed end while the second actuator must be close to the fixed

end. The best and worst design variable settings with respect to the first objective
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function are noted at : Z; = 0.005 m and Z3 =0.32m, and Z; = 0.1l m and Z5 =
0.23 m, respectively. The best and worst design variable settings with respect to the
second objective function are noted at : Z; =0.1 m and Z5 =0.23 m, and Z; = 0.05
m and Z = 0.32 m, respectively. The closed-loop system response plots shown in
Fig. 5.13 clearly indicate the improvement on the response when the first actuator
is placed near the fixed end. Response between best and worse design does not
show much variation because only the effect of location of actuators on the control

performance is studied for given dimensions of the actuators.

5.6 Optimization Results

A constrained optimzation problem is formulated for Case 3 using the first ob-
jective function and design variables. The constraints are imposed to ensure the
finite elements of reasonable dimensions. The problem is solved by an optimization
algorithm based on sequential quadratic programming [37].

The initial and final values of design variables and objective function are listed
in Table 5.14. It is observed that a great reduction in objective function value is
achieved at the final design which corresponds to the closest location of the first
actuator to the fixed end within the feasible region. This trend is in agreement
with the best design found by Taguchi methodology for the first actuator pair with
respect to the first objective function and similar conclusions were made in some

references using other techniques [22, 38, 39]
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Table 5.1: Properties of Materials

PVDF 300 K 325 K
Cu(Pa) 3.8 x 10° 2.6 x 10°
831(C / mz) 0.046 0.047
P3(C/m2K) 4 x 107 4.5 x 1073
K11 (W/mK) 0.52 0.52
Kip(W/mK) 0.12 0.12
en(F/m) | 1.026 x 10719 | 1.026 x 10~1°
ex(F/m) | 1.026 x 10710 | 1.026 x 10~10
a(1/K) 1.5 x 10~ 1.75 x 10~
plkg/m?) 1800 1800
cp(F) 3.8 x 1076 3.8 x10°6
Beam
c11(Pa) 7.3 x 10'°
a(1/K) 2.4 x107°
p(kg/m3) 2750




Table 5.2: Levels of Design Variables for Case 1

Bss (m) | Ws(m) [ Z (m) | d (m)
0.0002 0.01 0.05 0.2

0.0005 0.05 0.12 | 0.23
0.0008 0.1 0.2 0.26

Table 5.3: Lg Orthogonal Array, Objective Function and SNR Values for Case 1

Exp No. |Bss | Ws | Z|d f[ SNR[ f[[ S]VR”
1 1 1 |1|1]0.1064 | 19.46 | 4.533E+11 | -233.13
2 1 2 |122}0.0993 | 20.06 | 3.44E+12 | -250.72
3 1 3 |3]3|0.0705| 23.03 | 9.86E+12 | -259.88
4 2 1 [{2]3]0.0538| 25.38 | 1.42E+12 | -243.03
) 2 2 |3]|1]0.0649 | 23.75 | 2.26E+12 | -247.09
6 2 3 [1]2]0.0369| 28.65 | 5.89E+12 | -255.41
7 3 1 [3]2]0.0465| 26.65 | 1.80E+10 | -205.09
8 3 2 |13 0026 | 31.70 | 1.30E+11 | -222.28
9 3 3 |2]1]0.0295| 30.60 | 1.22E+11 | -221.71
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Table 5.6: Levels of Design Variables for Case 2

Bss (m) | Ws (m)
0.0002 0.01
0.0005 0.05
0.0008 0.1

Table 5.7: Ly Orthogonal Array, Objective Function and SNR Values for Case 2

&
@

3

Bss x Ws

Bss xWs | f

SNR;

frr

SNRy,

0.724

2.80

5.59E+12

-254.95

0.707

3.01

8.53E+12

-258.62

0.487

6.24

1.07E+13

-260.55

0.284

10.93

3.39E+11

-230.61

0.279

11.08

4.63E+11

-233.32

0.266

11.50

6.25E+11

-235.92

0.177

15.04

7.48E+10

-217.48

0.173

15.23

1.10E+11

-220.80
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-224.29
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Table 5.10: Levels of Design Variables for Case 3

Z1 (m) | Z2 (m)
0.005 | 023
0.05 0.28

01 | 032

Table 5.11: Lg Orthogonal Array, Objective Function and SNR Values for Case 3

ExpNo. | Z1|22|2Z1x22|7Z1x22 fr SNR, fr SNRy
1 111 1 1 0.1238 | 18.14 | 1.52E+10 | -203.64
2 1 ]2 2 2 0.1125 | 18.97 | 2.298E+10 | -207.21
3 1] 3 3 3 0.1032 | 19.72 | 1.72E+10 | -204.68
4 2 11 2 3 0.1421 | 16.94 | 2.04E+10 | -206.20
5] 2 | 2 3 1 0.1318 | 17.6 | 2.08E+10 | -206.38
6 2 | 3 1 2 0.1212 | 18.32 | 3.17E+10 | -210.03
7 311 3 2 0.1659 | 15.60 | 1.21E+10 | -201.67
8 3 | 2 1 3 0.1572 | 16.07 | 1.83E+10 | -205.24
9 3 | 3 2 1 0.1473 | 16.63 | 1.64E410 | -204.31
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Table 5.14: Optimization Results for Case 3

Design Variables | Objective Function
(21, 25) (m) (f7) (m)
Initial Design (0.15, 0.37) 0.1656
Final Design | (0.0055, 0.3784) 0.09
Taguchi Design | (0.005, 0.32) 0.1032
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Chapter 6

Case Studies for

Thermopiezoelectric Systems

Two cantilever beam-like structures (master structures) mounted with piezoelec-
tric actuator pairs are considered in case studies. The two different configurations
are the Case 1 and Case 2 of Fig. 6.1. The configurations of the master structure
and piezoelectric actuator pairs are same as before for both the cases. Two types
of steady-state thermal fields are imposed on the systems. A uniform temperature
increase of 25 K for all the systems is first assumed. Then, a heat flux of 500 W /m?
directed upward is imposed on the bottom side of the systems as shown by arrows
in Fig. 6.1. Since the systems are much larger in size in longitudinal directions,
the temperature variations due to the heat flux take place mostly in cross-sectional

plane. Hence four distinct temperature increases are noted. These are 6, 6, §; and

7



04 which respectively represent the temperature increases along the bottom and top
sides of the beam, and along the bottom and top sides of the bottom and top actua-
tors. The temperature increases with the variation in dimensions are given in Table
6.1. The controlled structures (closed-loop systems) are simulated for step forces
applied at the tip in vertical direction and the vertical displacements (deflections) of
the tip are computed. The absolute values of tip deflections in the total simulation
time are summed to obtain the first objective function of the thermopiezoelectrical
systems for both the cases. The second objective function is defined same as that
in the previous Chapter. In the tables which follow, the subscripts 1 and 2 refer to
the simulations where thermal fields of the first and second type are imposed.
After the design variables are chosen and the objective functions are computed,
Taguchi methodology is applied as before to both the cases following the procedure
given in the previous Chapter. As before, the designs at which the SNR of Taguchi
methodology attains the highest and lowest values are named as best and worst
design, respectively. The closed-loop systems are simulated at these designs for the

tip deflections in response to vertical step forces at the tip.

6.1 Casel

The piezoelectric actuator pairs in Case 1 of Fig. 6.1 covers only certain portions

of the top and bottom surfaces of the structure. Thus the design variables affecting
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the control performance, which is measured by objective functions, are thickness
and width of the actuators (B,s and W,), the distance of the actuators from the
fixed end of the structure (Z) and the length of the actuators (d). The configuration
of the structure is as before in the earlier chapter and three levels are assumed for
each design variable as listed in Table 6.2.

First, Taguchi methodology is applied to the system which is subjected to a
thermal disturbance of 25 K temperature increase and is acted upon a unit vertical
step force at the tip. The Lg OA, objective function and SNR values are given in
Table 6.3. The design variables given in Tables 6.2 have considerable effects on the
objective functions as shown in Tables 6.3 through 6.5 and Figs. 6.2 and 6.3. The
results based on Taguchi methodology within the levels of design variables reveal
that the width of the actuators (W) has the biggest effect on the control performance
with respect to the first objective function and the thickness of the actuators (B,s)
is the dominant factor with regard to the second objective function. The highest
magnitudes of W, and B,, result in better control performance characteristics for the
first objective function whereas for the second objective function highest magnitude
of B, and lower magnitude of W, result in better control performance. The effects
of the actuator distance (Z) and actuator length (d) appear to be negligible within
the bounds considered. The best design with respect to the first objective function
is noted from Table 6.3 to be at : By, =0.0008 m, W, =0.1m,Z =0.12mand d

= 0.2 m and the worst design is observed at : By, = 0.0002 m, W, = 0.0l m, Z =
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0.05mandd =02morat By, =00005m, W, =001 m,Z =0.12mandd =
0.26 m. The best design with respect to the second objective function is noted from
Table 6.3 to be at : By, = 0.0008 m, W, =0.0lm,Z=0.2m and d = 0.23 m and
the worst design is observed at : B,; = 0.0002m, W, =0.1m,Z=02m andd =
0.26 m. Tip deflection plots of the closed-loop system are shown in Fig. 6.4 for the
best and worst designs with respect to the first objective function. The plots clearly
indicate that the system at the best design performs much better.

Taguchi methodology is further applied to the system with the second type
of thermal field while the mechanical disturbance is kept the same. The Ly OA
with the same design variables and levels are considered. SNR values are given in
Table 6.3. The results based on Taguchi methodology reveal that the width of the
actuators (W,) has the most predominant effect with respect to the first objective
function and the thickness of the actuators (B,,) is the most influential with regard
to the second objective function as shown in Tables 6.6 and 6.7 and in Figs. 6.5
and 6.6. The higher magnitudes of W, and B,, result in better control performance
characteristics. The effects of the actuator distance (Z), thickness (B,s) and actuator
length (d) appear to be negligible within the bounds considered when compared to
the width and thickness in this case. The best design with respect to first objective
function is noted from Tables 6.3 to be at : B,s = 0.0005 m, W, = 0.1 m, Z = 0.05
m and d = 0.23 m and the worst design is observed at : B,, = 0.0005 m, W, = 0.01

m,Z =0.12m and d = 0.26 m. The best design with respect to the second objective
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function is noted from Table 6.3 to be at : B,; = 0.0008 m, W, =001 m,Z=02m
and d = 0.23 m and the worst design is observed at : By, = 0.0002 m, W, = 0.1 m,
Z = 0.2 m and d = 0.26 m. Tip deflection plots of the closed-loop system are shown
in Fig. 6.7 for the best and worst designs with respect to first objective function.

The plots clearly indicate that the system at the best design performs much better.

6.2 Case 2

The master structure with a pair of piezoelectric actuators bonded to the whole
top and bottom surfaces is shown in Case 2 of Fig. 6.1. The length and height
of the structure, and the variation in the width of the structure and actuators are
same as in the previous case, but the actuators which have only covered part of the
structure now cover the whole length of the structure. The length of the actuators
is same as that of the structure and the thickness of the actuators varies as before.
The width and thickness of the actuator pairs (W, and B,,) are taken as the design
variables affecting the control performance. The levels of design variables are listed
in Table 6.8.

Taguchi methodology is applied to the system which is acted upon by step force
and first type thermal disturbances. The Lg OA, values of the objective functions
and SNR are given in Table 6.9. The first two columns of the OA reflect the variation

of the thickness and width of the actuators while the remaining two columns show



the effect of the interaction between the thickness and the width of the actuators.
The effects of different parameters (design variables and interactions together) are
shown in Tables 6.9 through 6.11, and Figs. 6.8 and 6.9. It can be seen easily
that with regard to the first objective function the width of the actuators (W;)
has a predominant effect on the control performance within the specified range.
The thickness of the actuators (B,,) has the similar dominant effect on the control
performance of the system with respect to second objective function. The best
design relative to first objective function is noted when B,; = 0.0008 m and W, =
0.1 m, and the worst design at the lower bounds, B,; = 0.0002 m and W, = 0.01 m.
The best design relative to second objective function is noted when B,; = 0.0008 m
and W, = 0.01 m, and the worst design at the lower bounds, By, = 0.0002 m and
W, = 0.1 m. The superiority of the best design over the worst design with respect to
the first objective function is evident in the closed-loop system responses as shown
in Fig. 6.10.

Lastly, Taguchi methodology is implemented on the system to which step force
and second type thermal disturbances are imposed. The Lg OA, design variables
and levels are shown in Table 6.8 and the values of the objective function and SNR
are given in Table 6.9. The effects of different parameters (design variables and
interactions together) are shown in Tables 6.9, 6.12 and 6.13, and Figs. 6.11 and
6.12. It can be seen easily that the width of the actuators (W;) has a predominant

effect on the control performance within the specified range with respect to the first
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objective function. The thickness of the actuators (B,s) has the similar dominant
effect on the control performance with respect to the second objective function. The
best design with respect to the first objective function is noted at the upper bounds,
namely, B,; = 0.0008 m and W, = 0.1 m, and the worst design at the lower bounds,
Bss = 0.0002 m and W, = 0.01 m. Same optimum design levels are obtained for the
second objective function as in the previous case. The superiority of the best design
over the worst design with respect to the first objective function is evident in the

closed-loop system responses as shown in Fig. 6.13.
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Table 6.1: Temperature Increase with Change in Dimensions of the Structure

0.0008 0.05 16.4 16.2 17.8 15
0.0008 0.1 184 | 18.35 | 21.2 15.5

NO. | Bss (m) | Ws (m) | 6; (K) | 62 (K) | 65 (K) | 64 (K)
1 [00002 [ 001 | 56 | 55 | 74 | 5.3
2 100002 | 005 | 145 | 145 | 158 | 139
3 [ 00002 ] 01 | 175 | 172 | 18 | 163
4 00005 001 | 65 | 63 | 10 6

5 | 0.0005 | 0.05 15 | 148 | 17 | 134
6 | 00005 | 01 | 178 | 176 | 20 16

7 100008 | 001 [ 63 | 627 | 89 5

8

9
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Table 6.2: Levels of Design Variables for Case 1 with Step Force and Thermal
Disturbances

Bss (m) | Ws (m) | Z (m) | d (m)
0.0002 0.01 0.05 | 0.2

0.0005 0.05 0.12 | 0.23
0.0008 0.1 0.2 | 0.26
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Table 6.8: Levels of Design Variables for Case 2 with Step Force and Thermal
Disturbances

Bss (m) [ Ws (m)
0.0002 0.01
0.0005 0.05
0.0008 0.1
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Chapter 7

Conclusions and

Recommendations

7.1 Conclusions

Finite Element modelling of piezoelectric materials is presented using the quasi-
static piezoelectric equations in Hamilton’s principle. Taguchi robust design of piezo-
electric actuators is carried out on three different configurations of piezoelectric con-
trol systems and two configurations of thermopiezoelectric control systems in order
to determine the parameters affecting the control performance and their levels of
influence. A novel optimization scheme is designed to compare the results with those
of Taguchi methodology.

Based on Taguchi robust design methodology, it is concluded that the thickness
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and width of the piezoelectric actuator pairs have varying effects on the control
performance of cantilever beam-like structures subjected to vibratory and thermal
disturbances.
¢ The thickness appears to have greater impact when compared to the width
when subjected to impulse as the input, on the other hand when subjected to

step as input the width has the most predominant effect.

o As evident from the results of Taguchi methodology and optimization scheme,

the actuator locations also influence the control performance.

e [t can be concluded from the simulations that for the first objective function
highest dimensions of thickness and width results in better control performance
while for the second objective function the system performs best for highest

dimension of thickness and lowest dimension of width.

e As for location and length of the actuators the system performs best when the
actuators are close to the fixed end and the length of the actuators is small for
the first objective function whereas the control performance increases when
the actuators are away from the fixed end and length of the actuators is large
for second objective function.

Within the specified ranges taken in this study, it can be concluded in general

that depending on the objective funtion one has to select suitable dimensions to

acheive better control performance. As far as minimization of deflections is con-
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cerned highest dimensions of thickness and width are preferred whereas if the objec-
tive is to minimize the effective damping time then highest dimesions of thickness
and lowest dimension of width helps in attenuating structural and thermal distur-

bances.

7.2 Recommedations

e It will be helpful to study the magnetic effects in piezoelectric media.

o Other objective functions can be defined in Taguchi methodology for the ex-

tension of this research.
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APPENDIX

Matlab Program for Case 1

function [f,t,y]=piezt(obj,form,b2,w1,z,d,th)

v=250;
1=0.5;ndof=28;ndofpa=28;nnodfa=6;nelem=8;nelema=4;
ass(1)=z/2;ass(2)=d [4;ass(3)=d/4;ass(4)=(l-d-z)/2;
ass(5)=d/4;ass(6)=d/4;ass(7)=d /4;ass(8)=d/4;
bss(1)=0.005;bss(2)=0.005;bss(3)=0.005;bss(4)=0.005;
bss(5)=b2/2;bss(6)=b2/2;bss(7)=b2/2;bss(8)=b2/2;
ws=wl;
rhosn=[2750,2750,2750,2750,1800,1800,1800,1800];
ifth ==0

econ=3.8e9;

else

econ=2.6e9;

end
e=[7.3e10,7.3e10,7.3e10,7.3e10,econ,econ,econ,econ];
anu=(0.33,0.33,0.33,0.33,0.29,0.29,0.29,0.29)];

ifth ==20

el3lcon=0.046;

else

el31lcon=0.047;

end
el31n=[-el31con,-el31con,el31con,el31con]|;
all=0;

if th ==

alp3con=1.5e-4;

else alp3con=1.75e-4;

end

alp3=[2.4e-5,2.4e-3,2.4e-5,2.4e-5,alp3con,alp3con|;
alp3=[alp3,alp3con,alp3con]|;
ap=d/4;bp=b2/2;wp=w1;rhop=1800;el15=0;el33=0;al13=0;
epsl1=0;nelcaf=[1,2,13,13;2,3,13,13;13,13,5,4;13,13,6,5];
nnodta=16;cp=3.8e-6;theta0=300;

if th ==

p3con=4e-3;

eps33con=1.026e-10;

else

p3con=4.5e-3;
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epsd3con=1.026e-10;

end

p3n=[p3con,p3con,p3con,p3con];
eps33n=[eps33con,eps33con,eps33con,eps33con];
ak11=0.52;ak33=0.12;
nelcat=[1,2,7,6;2,3,8,7;3,4,9,8;4,5,10,9;
11,12,3,2;12,13,4,3;7,8,15,14;8,9,16,15];
iden=[50,50,1,2,9,10,50,50;1,2,3,4,11,12,9,10;3 ,4,5,6,13,14,11,12;
5,6,7,8,15,16,13,14;17,18,19,20,3,4,1,2;19,20,21,22,5,6,3 4;
9,10,11,12,25,26,23,24;11,12,13,14,27,28,25,26};
idenpa={17,18,19,20,3,4,1,2;19,20,21,22 5,6,3 4;
9,10,11,12,25,26,23,24;11,12,13,14,27,28,25,26];
af=[-v,-v,-v,v,v,v]’;
at=[th,th,th,th,th,th,th,th,th,th,th,th,th th,th,th]’;
i=1;

while i< nelem

epss(i)=e(i)/(1-anu(i) xanu(i));pss1(i)=0.5x (1-anu(i));
epst(i)=e(i)/(1+anu(i))/(1-2xanu(i));
pstl(i)=1-anu(i);pst2(i)=0.5x(1-2xanu(i));el1n(i)=epss(i);
e22n(i)=epss(i);al3n(i)=alp3(i) xe22n(i);
el2n(i)=epss(i) xanu(i);e33n(i)=epss(i) x pss1(i);
i=i+1;

end

i=1;

while i < ndof

=1

while j < ndof

akuu(i,j)=0;

amuu(i,j)=0;

j=itL

end

i=i+1;

end

i=1;

while i < ndofpa

=L

while j < nnodfa

akufa(i,j)=0;

j=j+

end

i=i+1;
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end

i=1;

while i < ndofpa
=1

while j < nnodta
akuta(i,j)=0;
j=ij+1;

end

i=i+1;

end

i=1;

while i < nnodta
=1

while j < ndofpa
actua(i,j)=0;
=it

end

i=i+1;

end

i=1;

while 1 < nnodfa
=1

while j < nnodfa
akffa(i,j)=0;
i=j+1;

end

=L

while j < nnodta
akfta(i,j)=0;
=i+

end

i=i+1;

end

i=1;

while i < nnodta
=1

while j < nnodfa
actfa(i,j)=0;
=i+

end

i=i+1;
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end

i=1;

while i < nnodta
=1

while j < nnodta
aktta(i,j)=0;
j=j+1;

end

i=i+1;

end

n=1;

while n < nelem
as=ass(n);
bs=bss(n);
rhos=rhosn(n);
ell=elln(n);
e22=e22n(n);
el2=el2n(n);
e33=e33n(n);

[akuuel, amuuel] = elems(as, bs, ws, rhos, ell, 22, e12,e33);

1=1;

whilei < 8

il=iden(n,i);

while i1 < ndof

=L

while j < 8

jl=iden(n,j);

while j1 < ndof
akuu(il,j1)=akuu(il,jl)+akuuel(i,j);
amuu(il,jl)=amuu(il,j1)+amuuel(i,j);
jl=ndof+1;

end

=i+l

end

il=ndof+1;

end

i=i+1;

end

n=n+1;

end
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n=l1;

while n < nelema
el31=el31n(n);
p3=p3n(n);
eps33=eps33n(n);

[akufel,akf fel,ak ftel, act fel] = elempf(ap, bp, wp,rhop, ell5,el31, el33,epsll,
eps33, p3, thetal);

i=1;

whilei < 8
il=idenpa(n,i);
while i1 < ndofpa
=1

while j < 4
jaf=nelcaf(n,j);
while jaf < nnodfa
akufa(il jaf )=akufa(il,jaf)+akufel(i,j);
jaf=nnodfa+1;
end

=it

end

il=ndofpa+1;

end

i=i+1;

end

i=1;

whilei < 4
iat=nelcat(n,i);
while i1 < nnodta
=1

while j < 4
jaf=nelcaf(n,j);
while jaf < nnodfa
actfa(iat,jaf)=actfa(iat,jaf)+actfel(i,j);
jaf=nnodfa+1;
end

=i+l

end
iat=nnodta+1;
end



i=i+1;

end

i=1;

whilei < 4
iaf=nelcaf(n,i);
while iaf < nnodfa
=1

while j < 4
jaf=nelcaf(n,j);
while jaf < nnodfa
akffa(iaf,jaf )=akffa(iaf jaf )+akffel(i,j);
jaf=nnodfa+1;
end

j=j+1;

end

=1L

while j < 4
jat=nelcat(n,j);
while jat < nnodta
akfta(iaf jat)=akfta(iaf,jat)+akftel(i,j);
jat=nnodta+1;
end

i=j+1;

end
iaf=nnodfa+1;
end

i=i+1;

end

n=n+1;

end

n=]1;

while n < nelem
as=ass(n);
bs=bss(n);
al3=al3n(n);

[akutel, actuel, akttel] = elemt(as,bs, ws,all,al3, all3, thetal,akll, ak33);
1=1;
whilei < 8

il=iden(n,i);
while i1 < ndof
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=1

while j < 4
jat=nelcat(n,j);
while jat < nnodta
akuta(il,jat)=akuta(il jat)+akutel(ij);
jat=nnodta+1;
end

=i+l

end

il=ndof+1;

end

i=i+1;

end

i=1;

whilei < 4
iat=nelcat(n,i);
while i1 < nnodta
=L

while j < 4
jat=nelcat(n,j);
while jat < nnodta

aktta(iat,jat)=aktta(iat jat)+akttel(i,j);

jat=nnodta+1;
end

=i+l

end

=1

while j < 8
jl=iden(n,j);
while j1 < ndof
actua(iat,jl)=actua(iat,jl)+actuel(i,j);
jl=ndof+1;
end

I=j+1;

end
iat=nnodta+1;
end

i=i+1;

end

n=n+1;

end
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u=inv(akuu)x (-akufa x af+akutaxat);
force=akutaxat;
phi=inv(akffa+akufa’xinv(akuu)x akufa) x (akfta+akufa’xinv(akuu)x akuta) x at;
akl=akuu+akufaxinv(akffa) xakufa’;
=cp X akufa xinv(akffa);
ccl=10;cc2=10"11;
acuu=ccl xamuu+cc2 xakuu;

a = [zeros(ndof), eye(ndof); ~inv(amuu) x akl, zeros(ndof)];

b=[0xd;inv(amuu)xd];
q=100xeye(2xndofpa);r=eye(nnodfa);

[k,s] = lgr(a,b,q,r);

acl=a-bxk;

df=[zeros(1,15),-1,zeros(1,12)]’;bf=[0 xdf;inv(amuu) x df];
dtte=akutaxat;dtpy=-akufaxinv(akffa) x akftaxat;dt=dtte+dtpy;
bt=[0xdt;inv(amuu)xdt];

b=bf+Dbt;

c=(zeros(1,15),1,zeros(1,40)];d=0;

t=0:0.001:1;

a=(zeros(ndof),eye(ndof);-inv(amuu) x akl,-inv(amuu) x acuul;
ifform <1

y=step(acl,b,c,d,1,t);

else

y=0.01 ximpulse(acl,b,c,d,1,t);

end

ysste=inv(akl) xdtte;ysspy=inv(akl) xdtpy;
yss=inv(akl)xdf;

if obj<1

i=1;f=0;

while 1 < 1001

f=f+abs(y(i));

i=i+1;

end

else

f=trace(s)/trace(q);

end

end
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Function Elems for Case 1

function [akels,amuuel]=elems(a,b,t,rho,el1,e22,e12,e33)
sl=txbxell/6./a;
s2=txaxe22/6./b;
s3=txel2/4.;
s4=txaxe33/6./b;
sd=txbxe33/6./a;
sb=txe33/4.;
akel(1,1)=2.x(sl+s4);
akel(2,1)=s3+s6;
akel(2,2)=2.x(s2+s5);
akel(3,1)=s4-2.xsl;
akel(3,2)=s6-s3;
akel(3,3)=2.x(sl+s4);
akel(4,1)=s3-s6;
akel(4,2)=s2-2.xs5;
akel(4,3)=-s3-s6;
akel(4,4)=2.x(s2+s5);
akel(5,1)=-sl-s4;
akel(5,2)=-s3-s6;
akel(5,3)=s1-2.xs4;
akel(5,4)=s6-s3;
akel(5,5)=2.x(sl+s4);
akel(6,1)=-s3-s6;
akel(6,2)=-s2-s5;
akel(6,3)=s3-s6;
akel(6,4)=s5-2.%s2;
akel(6,5)=s3+s6;
akel(6,6)=2.x(s2+s5);
akel(7,1)=s1-2.xs4;
akel(7,2)=s3-s6;
akel(7,3)=-sl-s4;
akel(7,4)=s3+s6;
akel(7,5)=s4-2.xsl;
akel(7,6)=s6-s3;
akel(7,7)=2.x(s1+s4);
akel(8,1)=s6-s3;
akel(8,2)=s5-2.xs2;
akel(8,3)=s3+s6;
akel(8,4)=-s2-s5;
akel(8,5)=s3-s6;
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akel(8,6)=s2-2.xs3;
akel(8,7)=-s3-s6;
akel(8,8)=2.x(s2+s5);
i=1;

whilei < 8

=1

whilej < 8
ifigj
akel(j,i)=akel(i,j);
end

=i+

end

i=i+1;

end

i=1;

whilei < 8

=1

while j < 8
akeln(i,j)=0;
i=i+1

end

i=i+1;

end
akeln(1,1)=1;
akeln(3,1)=-1;
akeln(5,1)=1;
akeln(7,1)=-1;
akeln(1,3)=-1;
akeln(3,3)=1;
akeln(5,3)=-1;
akeln(7,3)=1;
akeln(1,5)=1;
akeln(3,5)=-1;
akeln(5,5)=1;
akeln(7,5)=-1;
akeln(1,7)=-1;
akeln(3,7)=1;
akeln(3,7)=-1;
akeln(7,7)=1;
say=tx(e33xaxa+el2xel2xbxb/e22)/12./a/b;
i=1;
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whilei < 8

=L

while j < 8
akeln(i,j)=say x akeln(i,j);
=i+

end

i=i+1;

end

i=1;

whilei < 8

=L

while j < 8
akels(i,j)=akel(i,j)-akeln(i,j};
=it

end

i=i+1;

end

i=1;

whilei < 8

=L

while j < 8
amuuel(i,j)=0;
=it

end

i=i+1;

end

i=1;

while1 < 8
amuuel(i,i)=4;
i=i+1;

end

i=1;

while1 < 6
amuuel(i+2,i)=2;
amuuel(i,i+2)=2;
i=i+1;

end

i=i;

whilei < 4
amuuel(i+4,i)=1;
amuuel(i,i+4)=1;
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i=i+1;

end

i=1;

whilei < 2
amuuel(i+6,i)=2;
amuuel(i,i+6)=2;
i=i+1;

end
amass=rhoxaxbxt/9;
i=l1;

whilei < 8

=L

whilej < 8
amuuel(i,j)=amass xamuuel(i,j);
=it

end

i=i+1;

end

end
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Function Elempf for Case 1

function [akufel akffel akftel actfel]=elempf(a,b,t,rhop,ell5,el31,el33,epsl1,eps33,p3,thetal)
cl=b/a/3;

c2=a/b/3;

c3=cl/2;

cd=c2/2;

akftel(1,1)=-2;

akftel(1,2)=-1;

akftel(1,3)=-1;

akftel(1,4)=-2;

akftel(2,1)=-1;

akftel(2,2)=-2;

akftel(2,3)=-2;

akftel(2,4)=-1;

i=1;

while1 < 4
akftel(3,i)=-akftel(2,i);
akftel(4,1)=-akftel(1,i);

i=i+1;

end

cft=t xaxp3/6;

i=1;

whilei < 4

=1

while j < 4

akftel(i,j)=cft xakftel(i,j);
=+

i=i+1;

end

actfel=theta0 x akftel’;
cl=b/a/3;

c2=a/b/3;

c3=b/a/6;

cd=a/b/6;

akufel(1,1)=0.25x (ell5+el31);
akufel(1,2)=0.25x (-el15+€l31);
akufel(1,3)=-0.25x (elL5+el31):
akufel(1,4)=0.25x(el15-el31);
akufel(2,1)=cl xel15+c2xel33;
akufel(2,2)=-cl xel15+c4 xel33;
akufel(2,3)=-c3 xell15-c4 xel33;
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akufel(2,4)=c3 xel15-c2xel33;
akufel(3,1)=0.25x (el15-el31);
akufel(3,2)=-0.25x(el15+el31);
akufel(3,3)=0.25 x (-el15+el31);
akufel(3,4)=0.25 x (el15+-el31);
akufel(4,1)=-cl xell5+c4xel33;
akufel(4,2)=cl xel15+c2xel33;
akufel(4,3)=c3 xel15-c2xel33;
akufel(4,4)=-c3 xel15-c4 xel33;
akufel(5,1)=-0.25x(ell5+el31);
akufel(3,2)=0.25x (el15-el31);
akufel(5,3)=0.25 x (el15+el31);
akufel(5,4)=0.25x (-el15+el31);
akufel(6,1)=-c3 xel15-c4 xel33;
akufel(6,2)=c3 xel15-c2xel33;
akufel(6,3)=cl xel15+c2xel33;
akufel(6,4)=-cl xel15+c4 xel33;
akufel(7,1)=0.25x (-el15+el31);
akufel(7,2)=0.25x (el15+el31);
akufel(7,3)=0.25x (el15-el31);
akufel(7,4)=-0.25x (el15+el31);
akufel(8,1)=c3 xel15-c2xel33;
akufel(8,2)=-c3 xell5-c4 xel33;
akufel(8,3)=-cl xel15+c4 xel33;
akufel(8,4)=cl xel15+c2xel33;
i=1;

whilei < 8

=L

while j < 4

akufel(i,j)=t x akufel(i,j);
=it

end

i=i+1;

end

con=cl xepsll+c2xeps33;

i=1;

whilei < 4

akffel(i,i)=con;

i=i+1;

end

akffel(1,2)=-cl xepsl1l+c4xeps33;
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akffel(1,3)=-c3 xepsll-c4xeps33;
akffel(1,4)=c3 xepsl1-c2xeps33;
akffel(2,3)=c3 xepsl1-c2xeps33;
akffel(2,4)=-c3 xepsl1-c4xeps33;
akffel(3,4)=-cl xeps11+c4 xeps33;
akffel(2,1)=akffel(1,2);
akffel(3,1)=akffel(1,3);
akffel(4,1)=akffel(1,4);
akffel(3,2)=akffel(2,3);
akffel(4,2)=akffel(2,4);
akffel(4,3)=akffel(3,4);

1=1;

whilei < 4

=L

while j < 4

akffel(i,j)=t x akffel(i,j);

=i+

end

i=1+1;

end

end



Function Elemt for Case 1

function [akutel,actuel,akttel|=elemt(a,b,t,all,al3,al13,theta0,ak11,ak33)
cl=b/a/3;

c2=a/b/3;

c3=cl/2;

cd=c2/2;

con=clx akll+c2x ak33;

i=1;

while i j= 4

akttel(i,i)=con;

i=i+1;

end

akttel(1,2)=-cl1 x akll+c4x ak33;
akttel(1,3)=-c3x akll-c4x ak33;
akttel(1,4)=c3x akl1l-c2x ak33;
akttel(2,3)=c3x akll-c2x ak33;
akttel(2,4)=-c3x akll-c4x ak33;
akttel(3,4)=-cl1x akll+cdx ak33;
akttel(2,1)=akttel(1,2);
akttel(3,1)=akttel(1,3);
akttel(4,1)=akttel(1,4);
akttel(3,2)=akttel(2,3);
akttel(4,2)=akttel(2,4);
akttel(4,3)=akttel(3,4);

akttel=t x akttel;
akutel(1,1)=-2x all x b-2x all3x
akutel(2,1)=-2x all3x b-2x al3x a;
akutel(3,1)=2x allx b-all3x a;
akutel(4,1)=2x all3x b-al3x a;
akutel(5,1)=all x b+all3x a;
akutel(6,1)=all3x b+al3x a;
akutel(7,1)=-allx b+2x all3x a;
akutel(8,1)=-al13x b+2x al3x a;
akutel(1,2)=-2x allx b-all3x a;
akutel(2,2)=-2x all3x b-al3x a;
akutel(3,2)=2x allx b-2x all3x a;
akutel(4,2)=2x ali3x b-2x al3x a;
akutel(5,2)=all x b+2x all3x a;
akutel(6,2)=all13x b+2x al3x a;
akutel(7,2)=-all x b+all3x a;
akutel(8,2)=-al13x b+al3x a;

8
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akutel(1,3)=-all x b-all3x a;
akutel(2,3)=-al13x b-al3x a;
akutel(3,3)=all x b-2x all3x a;
akutel(4,3)=all3x b-2x al3x a;
akutel(5,3)=2x all x b+2x all3x a;
akutel(6,3)=2x all3x b+2x al3x a;
akutel(7,3)=-2x all x b+all3x a;
akutel(8,3)=-2x all3x b+al3x a;
akutel(1,4)=-all x b-2x all3x a;
akutel(2,4)=-al13x b-2x al3x a;
akutel(3,4)=all x b-al13x a;
akutel(4,4)=all3x b-al3x a;
akutel(5,4)=2x all x b+all3x a;
akutel(6,4)=2x all3x b+al3x a;
akutel(7,4)=-2x all x b+2x all3x a;
akutel(8,4)=-2x all3x b+2x al3x a;
cut=t/6;

akutel=cut x akutel;

actuel=thetaOx akutel’;

end
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