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io Vas
on
ellos Domini
 J.A. WelshLRI LaBRI Mathemati
al InstituteUniversit�e Paris-Sud Universit�e Bordeaux I University of OxfordAbstra
tWe 
onstru
t a Markov 
hain whose stationary distribution is uniformover all planar subgraphs of a graph. In the 
ase of the 
omplete graph ourexperiments suggest that the random simple planar graph on n verti
esis 
onne
ted but not 2-
onne
ted and has approximately 2n edges. Wepresent a �rst atta
k on the problem of des
ribing what the random planargraph looks like.1 Introdu
tionThe basi
 questions whi
h we will be 
onsidering are the following.Problem 1. How does one generate a random simple planar graph uniformlyat random from the set of simple planar graphs on n verti
es?Problem 2. What does this random planar graph look like?First we 
larify the issue. While there is a vast literature and long history ofmethods of generating random plane 
on�gurations su
h as Voronoi polygons,Delauney triangulations and the like, these are not random in the sense of beinguniformly at random over the set of all planar graphs and are just ad ho
, fast,appealing methods of generating random plane 
on�gurations.There is an intimate relationship between problems of 
ounting and uniformgeneration and there is 
onsiderable literature on the problems of 
ounting planegraphs and maps with a pres
ribed number of edges (see for example Tutte [13℄,Cori [2℄, Liskovets [7, 8℄, Cori and Vauquelin [3℄, Wormald [14, 15℄). On theother hand, a few works are devoted to the random generation of 
ertain typesof planar maps and graphs (see [4, pp 74{83℄, [11℄). However as far as we 
ansee there is very little known about the two fundamental questions raised above.*e-mail: denise�lri.fr, vas
on
e�labri.u-bordeaux.fr, dwelsh�maths.ox.a
.uk.1
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Figure 1: The (planar) graphs with 2, 3 and 4 verti
es.Consider �rst the 
olle
tion of unlabelled simple planar graphs on n verti
es.Call this set U(n) and denote its 
ardinality by u(n). For example u(2) = 2,u(3) = 4 and u(4) = 11. Similarly let L(n) and l(n) denote the set (respe
tivelynumber) of simple planar labelled graphs on n verti
es. Clearly l(n) � u(n),for example the members of U(3) shown above give rise to respe
tively 1; 3; 3; 1distin
t member of L(3) so that l(3) = 8. Figure 1 shows the set of unlabelledplanar graphs with 2, 3 and 4 verti
es. The number below ea
h graph 
ountsthe asso
iated labelled graphs.In general, it is the labelled stru
tures whi
h are easier to deal with and itis these on whi
h we shall be 
on
entrating here.In the re
ent book [10℄ the �rst terms of the sequen
e (u(n))n�1 are given:1, 2, 4, 11, 33, 142, 822, 6910. It is easy to �nd the very �rst terms of (l(n))n�1:1, 2, 8, 64, 1023.The pre
ise formulation of the question raised in problem 1 and to whi
h weshall devote most of our attention is the following.Problem 1(a). Does there exist an algorithm A whi
h outputs a randomplanar subgraph of Kn and runs in time bounded by some polynomial fun
tionof n (written in unary)? 2



We are doubtful whether su
h an algorithm exists. First 
onsider the ex-haustive algorithm of listing all planar subgraphs of Kn and 
hoosing one atrandom. There are 2(n2) subgraphs of Kn and l(n), the number of these whi
hare planar, is exponential (see se
tion 6 below) so this approa
h 
annot pro-vide an answer. We next 
onsider a randomised, slightly speeded up version ofthe above whi
h 
an be applied to any input graph G and a
tually works wellprovided G is \
lose to planar".(1) Generate a random subgraph of G by deleting ea
h edge independentlywith probability 12 . Call the resulting graph R.(2) If R is planar then Rp = R else repeat.(3) Output Rp.When G = Kn this randomised algorithm 
ertainly gives a random planargraph. However it is extremely slow.A more general version of problem 1 is the following:Problem 1(b). Does there exist a polynomial time algorithm whi
h for anyinput graph G will output a planar subgraph R = R(G) 
hosen uniformly atrandom from all planar subgraphs of G?We 
onje
ture not.2 A Markov 
hain algorithmLet G = (V;E) be any simple graph. We de�ne a Markov 
hain M(G) withstate spa
e all planar subgraphs of G and with transitions de�ned as follows.A position of G 
onsists of an unordered pair of distin
t verti
es of G. If Xtdenotes the state M(G), at time t, then Xt+1 is 
hosen as follows. A positionf of G is 
hosen uniformly at random.(a) If the position f 
ontains an edge e of Xt then Xt+1 = Xtne.(b) If the position f = (i; j) does not 
ontain an edge in Xt then Xt+1 isformed from Xt by adding an edge (i; j) provided this addition preservesplanarity,(
) otherwise Xt+1 = Xt.It is easy to verify that (Xt) is an irredu
ible aperiodi
 Markov 
hain whosetransition matrix is symmetri
. Thus, Xt has a limiting stationary distributionwhi
h is uniform over the set of planar subgraphs of G. In prin
iple thereforeit gives an easily implemented algorithm for generating a planar subgraph ofG whi
h will be approximately uniformly at random. The 
loseness of theapproximation will be governed by the mixing rate of the 
hain, and this willdepend on the graph G. In parti
ular, when G = Kn it gives what appears tobe a fairly e�e
tive way of generating a random planar graph.3
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al simulation. Number of edges versus time-steps.3 Experimental resultsWe present here the results of our experiments with this Markov Chain. Theprogram was written in C++ using the LEDA library [9℄.For pra
ti
al reasons, we have usually 
hosen the empty graph as the initialstate of the simulation. In ea
h simulation, given n the number of verti
es,we arbitrarily �x the number of time-steps to 3n2, whi
h from our earlier pilotstudies seems suÆ
iently large for the 
hain to settle down to what we believeis its equilibrium state.Figure 2 shows the evolution of the number of edges during one exe
utionof the program on a graph with 100 verti
es. The 
urve in
reases rapidly thenos
illates around a value near to 200. This 
an be seen more pre
isely in Figure3 whi
h presents average values of 50 simulations. The same experiment hasbeen repeated on graphs with a number of verti
es varying between 1 and 100.Figure 4 
learly suggests a linear relation between the number of verti
es andthe number of edges of a random planar graph. This result was obtained by
omputing the average number of edges of 10 graphs for ea
h value of n varyingfrom 1 to 100.The next questions whi
h we 
onsider are the probabilities of a randomplanar graph being 
onne
ted or bi
onne
ted. Figure 5 suggests that almost allplanar graphs are 
onne
ted: the probability of being 
onne
ted seems to tendto 1 or to a value very near to 1 when n goes to in�nity. On the 
ontrary, theproportion of bi
onne
ted graphs de
reases rapidly, as shown in Figure 6. Thesetwo experiments were done on 100 graphs for ea
h value of n.Finally we present in Figure 7 the distribution of the degrees of the verti
esof 50 random planar graphs with 100 verti
es. More pre
isely, in the random4
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ted versus number of ver-ti
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0Figure 7: Distribution of the degrees of verti
es.planar graph on 100 verti
es we would expe
t the values below:degree 0 1 2 3 4 5 6 7 8 9 10 11 > 11#verti
es 0 6 20 23 18 13 8 5 3 2 1 1 0In order to verify that our results do not depend on the initial state, otherexperiments were done with maximal planar graphs as initial states. Resultsseem to be equivalent. For instan
e, Figure 8 presents su
h a simulation for agraph with 100 verti
es.4 Properties of the random planar graphWe will denote by R(G) the random planar subgraph of G, and when G = Kn,will abbreviate R(Kn) to Rn.If e(Rn) denotes the expe
ted number of edges in Rn, then our experimentaleviden
e suggests that limn!1 n�1e(Rn) = Cexists and that C is a 
onstant fairly 
lose to 2.There is also a heuristi
 but wrong argument in support of the 
onstantC being exa
tly 2. It runs as follows: the expe
ted number of verti
es of aplanar map (as de�ned in [13℄) with k edges is k2 + 1 (by duality and Euler'sformula). Also, the expe
ted number of verti
es of a 3-
onne
ted unlabelledplanar graph with k edges is k2 + 1 (be
ause 3-
onne
ted planar graphs are in1-to-1 
orresponden
e with 3-
onne
ted planar maps, and the set of 3-
onne
tedplanar maps is 
losed under duality). 7
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0Figure 8: A typi
al simulation with a maximal planar graph as initial state.It is obvious that e(Rn) � 3n� 6 but better upper bounds seem diÆ
ult to�nd. What we 
an prove is:Theorem 1 The expe
ted number of edges in Rn is at least (3n� 6)=2.The proof is an almost immediate 
onsequen
e of a more general result.Theorem 2 Let E be a �nite set, and D a family of subsets of E su
h that1. X 2 D ; Y � X ) Y 2 D,2. all maximal members of D have same 
ardinality m.Then the expe
ted number of elements of a random member of D is at least m=2.Proof of Theorem 2. Let A = (A1; :::; Ak) be the 
olle
tion of maximalmembers of D. We will prove the theorem by indu
tion on k. Clearly, sin
eea
h Ai has 
ardinality m, the theorem is true (with equality) when k = 1. Nowassume it is true for families with k or fewer maximal members and 
onsiderthe family D having A1; :::; Ak+1 as maximal members (all of 
ardinality m).Let D0 be the family de�ned byX 2 D0 , fX � Ai : 1 � i � kg:Then if R(D) denotes a random member of D, the expe
ted size of R, writtenhR(D)i, is given byhR(D)i = XX2D jX j=jDj= PX2D0 jX j+PX2DnD0 jX jjD0j+ jDnD0j :8



We say that a 
olle
tion of subsets U is 
losed above or monotone in
reasingif X 2 U ; Y � X ) Y 2 U . We now use the following easy appli
ation of theFKG inequality [6℄.Lemma 3 Let E be any �nite set, U any 
olle
tion of subsets of E 
losed above,then  XX2U jX j! =jUj � 12 jEj:Proof. De�ne f; g on 2E byf(Y ) = jY j Y � E;g(Y ) = � 1 Y 2 U0 otherwise:Then the FKG inequality gives for any positively 
orrelated measure � : 2E !R+ ��(Y )�f(Y )g(Y )�(Y ) � �f(Y )�(Y )�g(Y )�(Y )where in all 
ases the sum is over all subsets of E. Taking �(Y ) = 1 forall Ygives 2jEj XY 2U jY j �  XY�E jY j! jUjas required. 2Applying the lemma with E = Ak+1 givesPX2DnD0 jX jjDnD0j � jAk+1j2 = m2 :Now, by the indu
tion hypothesis,XX2D0 jX jjD0j = 
d � m2 :But if 
=d � m=2 and u=v � m=2 then
+ ud+ v � m2whi
h 
ompletes the proof of Theorem 2. 2Proof of Theorem 1 Take E to be the edge set of Kn in Theorem 2 and leta subset X 2 U i� X is the edge set of a planar subgraph of Kn. 29



We now turn to the relationship between Rn, the random planar graph, andthe well understood random graph G(n; p), (see Bollob�as [1℄).First an elementary result whi
h may be intuitively obvious but whi
h wefeel is worth spelling out. If � is any property of graphs, then we write G 2 �to signify that G has �. In other words we are identifying a property � with a
lass of graphs 
losed under isomorphism.Lemma 4 For any graph property �,PrfRn 2 �g = PrfG(n; 12) 2 � j G(n; 12) is planargProof. Let us 
all �(n) the set of graphs with n verti
es having property �.Then PrfG(n; 12) 2 � j G(n; 12) is planarg= PrfG(n; 12 ) 2 � and G(n; 12 ) is planargPrfG(n; 12 ) is planarg= j�(n) \ L(n)j2(n2) :2(n2)l(n)= PrfRn 2 �g 2An immediate 
onsequen
e of this is the following.We say that a property � is monotone in
reasing (respe
tively de
reasing)if for any graph G 2 � any supergraph (respe
tively subgraph) of G having thesame set of verti
es also has �. Then using the FKG inequality we get:Proposition 5 Let � be any monotone property of graphs then(a) PrfRn 2 �g � PrfG(n; 12 ) 2 �g if � is de
reasing(b) PrfRn 2 �g � PrfG(n; 12 ) 2 �g if � is in
reasing.For example, taking � to be the property of being 
onne
ted, all it tells usis the intuitively obvious result thatPrfRn is 
onne
tedg � PrfG(n; 12) is 
onne
tedgand it is well known that the right hand side tends to 1 as n!1.A more interesting 
omparison is between the behaviour of Rn, whi
h webelieve typi
ally has about 2n edges, and the random graph G(n; p(n)), wherep(n) � 4=n is 
hosen so that the number of edges agree.10
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0Figure 9: Distribution of the degrees of verti
es in G(n; 4=n).Elementary results from random graph theory, see Bollobas [1, p.57℄, showthat the number of verti
es of degree k in G(n; p) is asymptoti
ally Poisson withparameter �k, and that�k = n� n� 1k � pk(1� p)n�1�k:Thus the expe
ted number of verti
es of degree k in G(n; 4=n) isDk(n) � n4kk! e�4 as n!1:It is interesting to 
ompare these, as shown in Figure 9, with our experimentalresults on degrees of Rn (Figure 7).A more striking di�eren
e between Rn and G(n; 4n ) is that almost 
ertainlyG(n; 4n ) is dis
onne
ted for large n, whereas our simulations suggest Rn is 
on-ne
ted. Intuitively this 
an be explained as follows, with about 2n edges todistribute, they have to be far more \spread out" in Rn than in G(n; 4n ). Thishelps 
onne
tivity.5 Conne
tivity propertiesFirst we 
onsider the probability i(n) that a spe
i�
 vertex of Rn, say vertex 1,is isolated. This is given by i(n) = l(n� 1)l(n) :11



We believe that i(n) is monotone de
reasing but note that showing this isequivalent to showing that l(n)2 � l(n+ 1)l(n� 1);in other words that the sequen
e l(n) is log 
on
ave. Proving su
h inequalitiestends to be extremely diÆ
ult.Elementary 
omputations for small n indi
ate also thatpI(n) = PrfRn has an isolated vertexgde
reases fairly rapidly. For example we haven 1 2 3 4 5pI(n) 1 1=2 1=2 23=64 256=1023We believe that limn!1pI(n) = 0 but have only been able to show:Theorem 6 The probability that Rn has an isolated vertex is 
(n�10).Proof Suppose that (Xt) the Markov 
hain on n-vertex planar graphs is inequilibrium. Let (Zt) be the Markov pro
ess de�ned byZt = � 1 if Xt has an isolated vertex0 otherwise:There must be at least one vertex of degree� 5 inXt. Let it be v and let i1; :::; ikbe the neighbours of v. Then Zt+5 = 1 if the random me
hanism governing Xt
hooses, in some order, the positions (v; i1):::(v; ik) in its next k transitions andavoids them in the remaining 5 � k transitions. The probability of this is atleast Cn�10. 2We now 
onsider the probability that Rn, the random planar graph, is 
on-ne
ted. If we denote this probability by p
(n) then 
learlyp
(n) = l
(n)=l(n);where l
(n) denotes the number of 
onne
ted members of L(n), and for small nwe get n 2 3 4 5p
(n) 1/2 1/2 19/32 727/1023From Theorem 6 p
(n) � 1�Cn�10 as n!1 but we believe that, as withthe general random graph, limn!1 p
(n) = 1:We are unable to prove this but the following result indi
ates a 
ertain drifttowards there being only one 
onne
ted 
omponent in Rn:12



Proposition 7 Let (Zt) be the Markov pro
ess whi
h 
ounts the number of
onne
ted 
omponents in the graph Xt (having n verti
es). Let us denote, forany t � 0 and for any 1 � i; j � n � 1, Ptfi ! jg = PrfZt+1 = jjZt = ig.Then, for t � 0 and 1 � k � n� 1,Ptfk ! k + 1g � n� k�n2� ;Ptfk + 1! kg � k(n� k) + k(k�1)2�n2�and, for 1 � i; j � n and ji� jj > 1,Ptfi! jg = 0:Proof. Suppose that Xt has k 
onne
ted 
omponents and let i be the numberof isthmi in Xt. Then obviously Ptfk ! k + 1g = i=�n2�. Now the number ofisthmi in a graph with n verti
es and k 
onne
ted 
omponents is at most n� k(this value 
an be rea
hed only if the graph is a forest of trees). This gives the�rst inequality of the proposition.On the other hand, if Xt has k + 1 
onne
ted 
omponents with respe
tive
ardinalities 
1; 
2; : : : ; 
k+1, then the number of ways to add an edge in orderthat Xt+1 has k 
onne
ted 
omponents isXi=1:::k+1j<i 
i
jThe minimum of this expression is rea
hed when 
1 = 
2 = : : : = 
k = 1 and
k+1 = n�k subje
t to the obvious 
onstraints that 1 � 
i and �
i = n or somepermutation of these values. To see this write2Xi<j 
i
j = (�
i)2 ��
21 = n2 ��
2i :Hen
e the problem redu
es to maximising �
2i subje
t to the same 
onstraints.The result follows by standard dynami
 programming arguments. ThenXi=1:::k+1j<i 
i
j � k(n� k) + k(k � 1)2and this gives the se
ond inequality. 2We dedu
e immediately the 
orollary:13



Corollary 8 Ptfk ! k + 1gPt0fk + 1! kg � 1k 81 � k � n� 1; t; t0 � 0:Proposition 9 Let (Yt) be an ergodi
 Markov 
hain having state spa
e f1; : : : ; ngand transition probabilities as in Proposition 7. Then, at equilibrium,PrfYt = 1g � 1e :Proof. Let � = (�1; �2; : : : �n) denote the stationary distribution of (Yt), andM = (aij) its transition matrix. Then � satis�es the following system of equa-tions: 8>>>>>><>>>>>>: �1 = a11�1 + a21�2�2 = a12�1 + a22�2 + a32�3: : :�k = ak�1;k�k�1 + ak;k�k + ak+1;k�k+1 (2 � k � n� 1): : :�n = an�1;n�n�1 + an;n�nMoreover, we know that M is sto
hasti
, that is ai;i�1 + ai;i + ai;i+1 = 1 8i.Then by indu
tion we 
an prove that�k+1 = ak;k+1ak+1;k �k 1 � k � n� 1;and we dedu
e from Corollary 8 that�k+1 � �kk 1 � k � n� 1:Sin
e Pni=1 �i = 1, we get, as required,1 � �1 nXi=1 1(i� 1)!� �1e: 26 Asso
iated 
ounting problemsIn order to be more pre
ise in our estimates above we need to understand betterthe behaviour of quantities su
h as l
(n) and l(n). Crude 
ounting argumentsshow that log l(n) = �(n logn) as n ! 1 and similarly for l
(n). Greaterpre
ision seems diÆ
ult. What we 
an prove is:14



Lemma 10 l
(n) � (6n� 16)l
(n� 1).Proof. Let G be a graph of L
(n�1). First, suppose that G is maximal planar.Let us 
ount the number of ways to 
reate a graph of L
(n) by adding the vertexn. We 
an� atta
h n to one vertex of G : there are n� 1 possibilities;� or atta
h n to the two extremities of one edge of G : there are 3n � 9possibilities;� or atta
h n to the three verti
es of one fa
e (in the unique planar repre-sentation of G): there are 2n� 6 possibilities if n > 4.There are no more possibilities. This gives 6n�16 ways of 
onstru
ting a graphof L
(n) from a maximal member of L
(n� 1).If G is not maximal, then add some \virtual" edges to obtain a maximalgraph G0 whi
h 
ontains G, and then apply the previous 
onstru
tions.So the formula is true for n > 4. It is true too for n � 4 sin
e l
(1) = 1,l
(2) = 1, l
(3) = 4 and l
(4) = 38. 2Corollary 11 l(n) � (6n� 15)l(n� 1).Proof. It suÆ
es to add the 
ase where n is 
onne
ted to none of the otherverti
es. 2More generally, we 
an proveLemma 12 If n is large enough that s exists satisfying the equation�n� 1s� 1�(n�1s�1�2) � 6s� 16:then l
(n) � (6s� 16)l(n� 1).For example this gives l
(n) � 20l(n� 1) provided n � 26.Proof. Let G 2 L(n � 1). First, �x s > 1 and suppose that there exists in Ga 
onne
ted 
omponent with at least s verti
es. We 
an 
onstru
t a graph ofL
(n) by atta
hing the vertex n to ea
h 
onne
ted 
omponent of G, using themethod given in the proof of lemma 10. This gives at least 6s � 16 ways to
onstru
t the new graph.Now suppose that all 
onne
ted 
omponents of G have less than s verti
es.We 
onstru
t a graph of L
(n) as follows: atta
h n to one vertex of ea
h 
om-ponent of G, then atta
h together the neighbours of n in a way su
h that thesubgraph 
ontaining only the neighbours of n is a tree. Let k be the number15



of 
onne
ted 
omponents of G: k � n�1s�1 . The number of labelled trees (Cayleytrees) with k nodes is equal to kk�2.So, we have l
(n) � (6s�16)l(n�1), provided that (n�1s�1 )(n�1s�1�2) � 6s�16.2 We believe that limn!1 l
(n)l(n) = 1but 
annot prove it. However, it would not be surprising if, for large n, therandom planar graph had very few automorphisms, see for example the remark[13, page 138℄. If this is the 
ase it would be useful to have better understandingof the unlabelled 
ounting problem. For this we obtain the following results:Theorem 13 There exists � > 0 su
h thatlimn!1 (u
(n)) 1n = �and 25627 � � � 825627 :Proof. Let M be the set of maximal planar (unlabelled) graphs. Given aninteger n, any graph of U(n) 
an be 
onstru
ted from some graph of M(n) bydeleting some edges. Thus, sin
e there are 3n � 6 edges in a maximal planargraph, u(n) � 23n�6m(n).Tutte [12℄ has given the number of planar triangulations with n verti
es. Letus 
onsider the triangulations whose external fa
e has degree 3. Their numberis (using Tutte's notation) n�3;0 = 2(4n� 11)!(n� 2)!(3n� 7)! � 729p2p32097152p�n5=2 �25627 �n :Su
h a triangulation 
an be 
onsidered as a maximal planar graph in whi
hone fa
e1 is distinguished (the external one), and the three verti
es of this fa
eare labelled a, b and 
 (see [12℄). Thenu
(n) � u(n) � 23n�6m(n) � 23n�6 n�3;0and �nally we get u
(n) = O�n� 52 �825627 �n� :Now let B Be the set of 
onne
ted birooted graphs 
onstru
ted as follows:take a graph whi
h is not maximal planar in U
, 
hoose two non adja
ent verti
es1The fa
es are well de�ned here be
ause there exists only one planar representation on thesphere of any maximal planar graph. 16
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Figure 10: The operation �.whi
h lie in the same fa
e in a planar representation of the graph and distinguishthem as the �rst root r1 and the se
ond root r2. Then 
reate an edge betweenr1 and r2. It is easy to see thatb(n) = O��825627 �n� : (1)Now we de�ne a binary operation in B, as illustrated in Figure 10. Let G1and G2 be in B. The graph G = G1 �G2 is de�ned as follows: 
reate an edgebetween the �rst root of G1 and the se
ond root of G2 and an edge between the�rst root of G2 and the se
ond root of G1. The �rst root of G1 be
omes the�rst root of G while the se
ond root of G2 be
omes the se
ond root of G.We easily see that G belongs to B: indeed, if we remove the edge betweenthe two roots and forget the rooting, the resulting graph belongs to U
. On theother hand, G1 �G2 = G01 �G02 ) G1 = G01 and G2 = G02. To see this, observethat, given G = G1 �G2, we �nd G1 and G2 by deleting the edge between thetwo roots of G and then, in the resulting graph, deleting the unique isthmus
rossed by any path between the two roots of G. The se
ond root of G1 and the�rst root of G2 are the extremities of this isthmus. Now noti
e that if G1 andG2 belong respe
tively to B(n1) and B(n2), then G1 �G2 belongs to B(n1+n2).Thus b(n1 + n2) � b(n1)b(n2) 8n1; n2: (2)From expressions (1) and (2) and the fundamental theorem of supermultipli
a-tive fun
tions we dedu
e that there exists � su
h that limn!1 (b(n))1=n = �.Sin
e the number of maximal planar graphs is su
h that limn!1 (m(n))1=n =25627 we get limn!1 (u
(n))1=n = �: 2We dedu
e the following 
orollary by standard asymptoti
 
onsiderations(see for example [5℄): 17



Corollary 14 limn!1u(n)1=n = �:This lends greater 
reden
e to our belief that as n!1 the probability thatRn is 
onne
ted tends to 1.7 Con
lusionOf the many problems left open in the above the most pressing is de
idingwhether or not the Markov 
hain we propose is indeed rapidly mixing. Settlingthis would be greatly helped by a better knowledge of the random planar graph.However this seems a diÆ
ult 
ombinatorial problem, and even a good upperbound on its number of edges is elusive.A
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