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1 In tro duction

Planning with planning graphs [2] has receiv ed considerable atten tion b ecause

of the sp ectacular run time b eha vior rep orted for the graphplan system. The

underlying approac h splits the planning pro cess in to t w o phases: A forw ard-

searc h phase builds a compact data structure (a planning graph) that represen ts

all states that are reac hable from the initial state un til the goals are ac hiev ed.

The subsequen t bac kw ard-searc h phase extracts a subgraph out of the planning

graph that represen ts a v alid plan.

The impressiv e p erformance and in particular the theoretical prop erties suc h

as soundness, completeness, generation of shortest plans, and termination on un-

solv able problems motiv ated us to use the approac h as the k ernel algorithm for

our o wn planner IP2
that w e in tend to use as the high-lev el fron t-end of the Pio-

neer mobile rob ot platform [1 ].

1
But graphplan also has its limitations. First,

its p erformance can decrease dramatically if to o m uc h irrelev an t information is

con tained in the sp eci�cation of a planning task, see [10] for a detailed analysis.

Second, its simple represen tation language is restricted to pure STRIPS op erators

{ no conditional or univ ersally quan ti�ed e�ects are allo w ed and it w as unclear

whether the underlying planning algorithm could b e extended to more expressiv e

formalisms [3 , 6, 9].

In principle, sets of STRIPS op erators can b e used to enco de conditional

e�ects. F or example, the move op erator from the w ell-kno wn Briefcase domain

that sp eci�es that all ob jects whic h are inside a briefcase mo v e whenev er the

briefcase mo v es (Figure 1) can b e equiv alen tly translated in to a set of op erators

{ one op erator for eac h p ossible subset of ob jects, i.e., mo ving the empt y briefcase,

mo ving the briefcase with one ob ject inside, with t w o etc.

name: mo v e-briefcase

par: l1 :lo cation, l2 :lo cation

pre: at-b( l1 )

e�: ADD at-b( l2 ), DEL at-b( l1 )8x:ob ject [in( x) ) ADD at( x, l2 ), DEL at( x, l1 )].

Figure 1: Op erator with Conditional and Univ ersally Quan ti�ed E�ects

But suc h an enco ding leads to exp onen tially more op erators whic h can mak e

ev en small planning problems practically in tractable, see Section 7. These obser-

v ations motiv ated us to directly em b ed op erators with conditional and univ ersally

quan ti�ed e�ects in to planning graphs, while other features of ADL [11, 12 ] that

are for example a v ailable in UCPOP [13] can b e reasonably handled b y prepro-

cessing [6].1IP2 is an acronym for interference progression planner.
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In Section 2, w e in tro duce the basic notations and discuss a seman tics for

STRIPS op erators with conditional e�ects. Section 3 outlines the main di�erences

b et w een the planning graphs constructed b y graphplan and IP2
and de�nes the

algorithm to construct planning graphs for the ADL subset. Section 4 describ es

the planning algorithm and in Section 5, w e illustrate its b eha vior. Its main

theoretical prop erties are pro v en in Section 6 where w e also sho w that graphplan's

termination test remains complete under subset memoization { a question that

has previously remained unansw ered. Results of a detailed empirical ev aluation ofIP2
conclude the pap er in Section 7.

2
A description of the new subset memoization

algorithm that w e use is con tained in the App endix, Section 9.

2 A Seman tics for P arallel ADL Plans

One of the distinguished features of graphplan is its abilit y to pro duce shortest
plans in the sense that it exploits maximal parallelism of actions in the plan. F or

standard STRIPS op erators, it is relativ ely easy to de�ne when t w o op erators

can b e executed in parallel and what the result of the execution is, cf. [3]. In

the case of op erators with univ ersally quan ti�ed and conditional e�ects, sev eral

seman tics are p ossible of whic h w e discuss t w o in the follo wing.

De�nition 1 An op erator is a 4-tuple consisting of1. a name , which is a string,2. a parameter list of typed variables,3. the precondition '0, which is a conjunction of atoms, and4. the e�ect as a conjunction of possibly universally quanti�ed formulas thatare of the form 'i ) �i; �i where 'i is the so-called e�ect condition (limitedto a set of atoms) and �i; �i are the actual e�ects (also limited to sets ofatoms with �i being the Add e�ects and �i being the Del e�ects).
Note that as in graphplan no explicit atomic negation is a v ailable in our lan-

guage, instead w e mo del atomic negation b y in tro ducing an additional predicatenot-p(x) if :p( x) is needed and b y form ulating Add and Delete e�ects corresp ond-

ingly .

The univ ersal quan ti�er ma y b e absen t and in the case of an unconditional

e�ect 'i = ; holds. An example of a v alid op erator is sho wn in Figure 1. An

example of a non-v alid e�ect represen tation is 'i ) 8x : ADD p( x), b ecause the

e�ect condition lies outside the scop e of the univ ersal quan ti�er.2The system together with all benchmark problems that we used in the evaluation areavailable over the homepage of IP2, which is listed in the references.
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De�nition 2 The set of all ground atoms is denoted with P . As usual, a stateS 2 2

P is a set of ground atoms.
De�nition 3 An action o is a ground instance of an operator and has the form:3o : '0�0; �0'1 ) �1; �1...'n ) �n; �nThe 'i; �i; �i are sets of ground atoms with '0 denoting the preconditions of o, �0being the Add list and �0 being the so-called Delete list of o. A conditional e�ectcontains the e�ect condition 'i, Add list �i and Delete list �i.
Figure 2 sho ws a ground instance of the move op erator for DOM( object)= fletter,toyg and DOM( location) = fo�ce, homeg.

name: mo v e-briefcase

par: o�ce, home: lo cation

pre: at-b(o�ce)

e�: ; ) ADD at-b(home), DEL at-b(o�ce);

in(letter) ) ADD at(letter,home), DEL at(letter,o�ce);

in(to y) ) ADD at(to y ,home), DEL at(to y ,o�ce).

Figure 2: A p ossible Ground Instance of the Mo v e-Op erator

In the follo wing, w e de�ne the result of applying a single action to a giv en

state.

De�nition 4 Let O be the set of all ground instances of the operators in O, O�denote all sequences over O, and Res be a function from states and sequences ofactions to states.Res : 2

P � O� �! 2

PThe result of applying a sequence containing the single action o to a state S isde�ned as3The ground instance of a universally quanti�ed e�ect 8x ['

i

(x ) ) �

i

(x ); �

i

(x )] is the con-junction of ground instances Vn

k =0['

i

([x=a

k

])) �

i

([x=a

k

]); �

i

([x=a

k

])] if the domain D O M (x )of the typed quanti�ed variable x is fa 0 ; a 1 ; : : : ; a

n

g. [x=a

k

] denotes the instantiation of thevariable x with the object constant a

k

.
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Res( S; hoi) =

(�S [ A( S; o)

� nD ( S; o) if '0 � Sunde�ned otherwisewithA( S; o) =

['i�S;i�0�i and D ( S; o) =

['i�S;i�0 �iThe result of applying a sequence of more than one action to a state is de�ned asRes( S; ho1; : : : ; oni) = Res( Res( S; ho1; : : : ; on�1i) ; on )

F or a planning language of simple STRIPS actions, the de�nition of Res can b e

extended to a set of parallel actions in a straigh tforw ard w a y [3] suc h that the

resulting state is uniquely de�ned. Ho w ev er, when conditional e�ects are allo w ed,

it is v ery di�cult and ev en v ery restrictiv e to guaran tee the uniqueness prop ert y

of Res. In order to ac hiev e that a unique states results from the execution of a

parallel set of ADL actions, one could come up with the follo wing de�nition forRes? .

De�nition 5 Let Res? be a function from states and sequences of sets of actionsto statesRes? : 2

P � (2

O
)

� �! 2

PThe result of applying the empty sequence of actions to a state is de�ned asRes? ( S; hi) = S. In the case of a sequence containing one non-empty set weobtainRes? ( S; hfo1; : : : ; ongi) =

(�S [Sni=1A( S; oi )

� nSni=1D ( S; oi ) if (1) to (4) holdunde�ned otherwise
(1) 8 oi : '0 ( oi ) � S
(2) 8 oi; oj : A( S; oi ) \D ( S; oj ) = ;
(3) 8 oi; oj; i 6= j :

�'0 ( oi ) [S'l(oi)�S 'l ( oi )

� \D ( S; oj ) = ;
(4) 8'l ( oi ) : 'l ( oi ) 6� S ) 'l ( oi ) 6� Sj 6=iA( S; oj ) .The recursive case of a sequence Q = Q1; : : : ; Qn is de�ned asRes? ( S; hQi) =

8><>:Res? ( Res? ( S; hQ1; : : : ; Qn�1i) ; hQni) if Res? ( S; hQ1; : : : ; Qn�1i)is de�nedunde�ned otherwise
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Condition (1) requires that all preconditions of all actions in the set need to b e

satis�ed in the state S . Condition (2) mak es sure that all actions are indep enden t

of eac h other in the sense that for eac h pair of actions the unconditional and

the conditional Add and Delete lists with satis�ed e�ect conditions are disjoin t.

Condition (3) requires that no precondition or e�ect condition that w as v alid in

the state S is made in v alid b y an unconditional or conditional Delete e�ect, while

Condition (4) requires that no e�ect condition that w as in v alid in the state S is

made v alid b y the Add e�ects of an action.

On one hand, this de�nition of Res? leads to a unique resulting state similarly

to what w e obtain for simple STRIPS op erators. On the other hand, this def-

inition is far to o restrictiv e and unnecessarily complicates the planning pro cess

when trying to satisfy conditions (1) to (4) during action selection. In particuar,

to satisfy (2) one has to pro ceed o v er all e�ect conditions and decide if it has to b e

made true or false. As a simple example for the restrictiv eness of this seman tics,

consider the t w o actionso1 : ; o2 : ;a) ADD y , DEL c b) ADD x, ADD c
with goal fx; yg and initial state S = fa; bg. T rying to apply b oth actions to this

state leads to an unde�ned state. But since w e are not in terested in the v alue ofc (it is not a goal), w e w ould rather obtain a set of states as result, one in whic hc holds and another one in whic h c do es not hold. This can b e accomplished b y

the follo wing de�nition:

De�nition 6 Let S be a set of states and R be a function from sets of states andsequences of sets of actions to sets of states:R : 2

2P � (2

O
)

� �! 2

2PThe result of applying the empty sequence is de�ned asR ( S; hi) = SFor the sequence containing exactly one set set of parallel actions Q = fq1; : : : ; qngwe obtainR ( S; hQi) =

8><>:fT 2 2

P j S 2 S; q 2 Seq ( Q) ; T = Res( S; q ) g if Res( S; q ) de�ned8S 2 S; q 2 Seq ( Q)unde�ned otherwisewith Seq ( Q) denoting the set of all linearizations of the action set Q = fq1; : : : ; qng.The result of applying a sequence of several sets of parallel actions is de�ned as
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R ( S; hQ1; : : : ; Qni) =

8><>:R ( R ( S; hQ1; : : : ; Qn�1i) ; hQni) if R ( S; hQ1; : : : ; Qn�1i)is de�nedunde�ned otherwise
De�nition 6 will b e the formal basis to pro v e the planner sound and complete in

Section 6.

3 Planning Graphs for the ADL Subset

The algorithm to construct planning graphs for a giv en planning problem in

the ADL subset of op erators di�ers not v ery m uc h from the original algorithm

describ ed in [3].

De�nition 7 A planning problem P ( O; D; I; G) is a 4-tuple where O is the setof operators, D is the domain of discourse (a �nite set of typed objects), and I(the initial state) and G (the goal state) are sets of ground atoms.
Giv en O and D , the set of all actions O is the set of p ossible ground instances

of all op erators in O .

De�nition 8 As in graphplan, we de�ne a planning graph �( N;E ) as a di-rected leveled graph with the set of nodes N = NO [ NF where NO and NFcontain the sets of action nodes and ground atom (also called fact) nodes withNO \ NF = ;, respectively. The set of edges E = EP [ EA [ ED is split intothe three disjoint sets EP , the precondition edges (NF �NO) and EA, ED whichcontain the Add e�ect edges and Del e�ect edges (NO �NF �NF ).4
In a lev eled graph, action and fact no des are arranged in alternating lev els and

eac h lev el is asso ciated with a time step (a natural n um b er). The smallest lev elNF (0) comprises fact no des (one p er atom from the initial state I ) and is follo w ed

b y a lev el of action no des NO (0), follo w ed b y NF (1) ; NO (1) ; NF (2) ; : : : ; NF ( max),

i.e., the graph starts and ends with a fact lev el. Edges are restricted to link only

no des from t w o adjacen t lev els. All this is iden tical to graphplan.

F urthermore, w e k eep the original notion that t w o actions interfere if one

unconditionally deletes a precondition or an unconditional ADD e�ect of the

other, i.e., they cannot sim ultaneously b e executed in any w orld state considering

only their unconditional e�ects. This implies that conditional e�ects are ignored

when de�ning interference b et w een actions, b ecause whether t w o actions in terfere

based on their conditional e�ects cannot b e decided in adv ance, but dep ends on

the sp eci�c state in whic h the actions are to b e executed.4We write e�ect edges as triples N

O

� N

F

� 2N F where an edge is drawn between an actionnode o 2 N

O

and its e�ect (a fact node) f 2 N

F

that is labeled with a set of fact nodes, whichrepresents the (conjunctive) e�ect condition under which o achieves f .
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De�nition 9 Two actions o1 and o2 in terfere i� ��0 ( o1 ) [ '0 ( o1 )

� \ �0 ( o2 ) 6= ;.
W e also adopt graphplan's original notion of when t w o actions are m utually

exclusiv e of eac h other, namely , if they in terfere or if they ha v e comp eting needs.

F or simple STRIPS actions, b eing m utual exclusiv e means that there is no p os-

sible state of the w orld where b oth actions could b e executed. Under conditional

e�ects, the t w o notions do not exactly coincide an ymore. If t w o actions are m u-

tually exclusiv e then there is no state in whic h b oth actions could b e executed.

The opp osite, though, do es not need to hold. Actions can b e non-exclusiv e, but

their conditional e�ects can lead to unresolv able con
icts.

De�nition 10 Two actions are m utually exclusiv e of each other� at time step 0: i� they interfere;� at time step n � 1 : i� they interfere or the actions have competing needs.
De�nition 11 Two actions o1 and o2 at an action level NO ( n � 1) have com-

p eting needs i� there exist facts f1 2 '0 ( o1 ) and f2 2 '0 ( o2 ) that are mutuallyexclusive.
De�nition 12 Two facts f1; f2 2 NF ( n � 1) are m utually exclusiv e i� thereis no non-exclusive pair of actions o1; o2 2 NO ( n � 1) or no single action o 2NO ( n� 1) that conditionally or unconditionally adds f1 and f2.

In tuitiv ely , facts are exclusiv e if no p ossible state of the w orld can mak e b oth

true { considering only their unconditional e�ects.

De�nition 13 An action o is applicable in a fact lev el NF ( n) i� '0 ( o) � NF ( n)and all f 2 '0 ( o) are non-exclusive of each other.
Based on the previous de�nitions, IP2

is optimistic when building planning

graphs, i.e., analysis and resolution of con
icts b et w een actions caused b y con-

ditional e�ects are deferred to the planning phase.

5
Although, actions b ecome

not exclusiv e if p oten tial con
icts b et w een their conditional e�ects o ccur, w e

can sometimes propagate exclusivit y information from preconditions and e�ect

conditions to conditional e�ects.

De�nition 14 Two sets of facts F1; F2 are mutually exclusive (written mutex ( F1; F2 ))i� they contain facts f1 2 F1 and f2 2 F2 such that f1 and f2 are mutually ex-clusive in the sense of De�nition 12.5We also explored a more pessimistic approach with a di�erent notion of interference, butabandoned the idea in a very early stage of the project, since it complicated the algorithms.Similarly, we investigated how adding explicit atomic negation would change the de�nitions,but it makes them slightly more complicated.
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Lemma 1 Given a planning graph, two facts f1 and f2 are mutually exclusive atfact level NF ( n + 1) if for all possible pairs of actions ( o1; o2 ) in level NO ( n) withf1 2 �i ( o1 ) and f2 2 �j ( o2 ) (with i; j 6= 0 ,i.e., both are conditional Add e�ects)one of the following conditions holds1. o1 and o2 are mutually exclusive according to De�nition 10 (including thecase that the actions have competing needs, i.e., mutex( '0 ( o1 ) ; '0 ( o2 )) holds).2. mutex( 'i ( o1 ) ; 'j ( o2 )) , i.e., the conditional e�ects have competing e�ect con-ditions.63. mutex( 'i ( o1 ) ; '0 ( o2 )) or mutex ( '0 ( o1 ) ; 'j ( o2 )) , i.e., the e�ect conditions ofone action compete with the precondition of the other.7
Notice that the actions o1 and o2 are not mark ed as exclusiv e.

Pro of: Case 1 follo ws directly from De�nition 12. Case 2 and 3 follo w indirectly

from the same de�nition. F or Case 2, note that a pair of m utually exclusiv e e�ect

conditions means that there is no state in whic h b oth e�ect conditions can hold

sim ultaneously . Consequen tly , not b oth conditional e�ects can b e ac hiev ed in the

same state, b ecause alw a ys at least one e�ect condition will b e unsatis�ed. F or

Case 3, the argumen tation is similar, but here e�ect conditions of one action and

preconditions of the other action cannot b e made true sim ultaneously .

T ec hnically , planning graphs are constructed in the follo wing w a y: Giv en a

planning problem, the set of actions is determined as all p ossible ground instances

of all op erators. The atoms from the initial state form the �rst fact lev el NF (0).

Eac h action lev el NO ( n) con tains t w o kinds of action no des: so-called no-ops

(one p er atom in NF ( n)) and \ordinary" action no des (one p er action that is

applicable in NF ( n)). No-ops are graphplan's solution to the frame problem.

F or eac h fact f 2 NF ( n), a no-op nopf is added to NO ( n) with precondition'0 ( nopf ) = ffg and the only unconditional e�ect �0 ( nopf ) = ffg. F or eac h

\ordinary" action no de o, precondition edges b et w een eac h fact in NF ( n) that is

a precondition of o and the action no de are established. IP2
planning graphs di�er

from graphplan only wrt. the e�ect edges and ho w the next fact lev el NF ( n + 1)

is built. Giv en a conditional e�ect 'i ( o) ) �i ( o) ; �i ( o), IP2
�rst pro ceeds o v er

the individual Add facts f 2 �i ( o). They are added to NF ( i + 1) i� the follo wing

conditions are satis�ed:

1. 'i ( o) � NF ( n)

2. all facts in 'i ( o) are non-exclusiv e of eac h other in NF ( n)6This property was independently discovered in [7].7When adopting a more strict semantics such as the one in De�nition 5, one can alsomark two Add e�ects as exclusive if for all possible ways of achieving these e�ects holds that
�

i

(o 1) \ �

j

(o 2) 6= ; and vice versa.
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3. all facts in 'i ( o) are non-exclusiv e of the facts in '0 ( o) in NF ( n)

The �rst t w o conditions imply that the e�ect condition is applicable, similar

to De�nition 13. Condition 3 tests if precondition and e�ect condition can ev er

hold in the same state { although one can assume that an y \reasonable" op erator

de�nition will satisfy this condition. Only if all three conditions are satis�ed, the

e�ect f can p ossibly b e made true in the next fact lev el. If f is not already

con tained in NF ( n + 1), a new fact no de is added. Otherwise, only an Add edge

is established that is augmen ted with a p oin ter to all facts in NF ( n) that o ccur

in 'i ( o). Since one action can ac hiev e the same atomic e�ect f under di�eren t

e�ect conditions, more than one edge can exist b et w een an action no de and a

fact no de in the next lev el. F or eac h atomic Del e�ect f 2 �i ( o), the same

tests are p erformed on the e�ect condition 'i ( o) and a Del edge is established

if f 2 NF ( n + 1). After eac h lev el is completed, the m utual exclusiv e pairs of

facts in NF ( n + 1) and actions in NO ( n) are determined. The planning graph

construction terminates when all goal atoms o ccur in NF ( max) or if the goals are

unreac hable, see Theorem 1. The follo wing algorithm summarizes the pro cess of

graph expansion and goal test.input: a planning problem P(O ; D ; I ; G )output: �(N ; E ) /* the planning graph or ? */
max /* the number of fact levels generated */Mutex(n ) /* exclusive pairs at level n */initialization: n := 0
N

F

(0) := I /* initial state is level zero */
max := 0
N = N

F

:= N

F

(0)
N

O

:= ; /* no actions in the first invocation */
E = E

P

= E

A

= E

D

:= ; /* no edges */0. termination condition: if G � N

F

(n ) and G is non-exclusive in N

F

(n )return �(N ; E ), max , 8n Mutex(n ).1. Graph expansion:loopif the goals are unreachable at level N

F

(n ) (Theorem 1)then return ?else create a new fact level N

F

(n + 1) := ;create a new action level N

O

(n ) := ;call expand(n + 1)
n := n + 1, max := nendifendloop

10



expand(n + 1)1.1 add no-ops:for all facts f 2 N

F

(n )create a no-operator nop

f

N

O

(n ) := N

O

(n ) [ fnop

f

g /* add no-op to new action level */
E

P

(n ) := E

P

(n ) [ f(f ; nop

f

)g /* update set of precondition edges */
N

F

(n + 1) := N

F

(n + 1) [ ff g /* add atom as effect to new fact level */
E

A

(n ) := E

A

(n ) [ f(nop

f

; f ; ;)g /* update set of effect edges */endfor1.2. action level expansion and update of precondition edges:compute set �(n ) of all actions o that are applicable in level N

F

(n ) (De�nition 13)
N

O

(n ) := N

O

(n ) [ �(n ) /* update action nodes, one node per action in �(n ) */for all o 2 �(n )for all preconditions p 2 ' 0(o ) /* p 2 N

F

(n ) */
E

P

(n ) := E

P

(n ) [ f(p; o )g /* update precondition edges */endforendfor1.3. fact level expansion and update of e�ect edges:for all o 2 �(n ) /* only actions other than no-ops */for all '

i

(o )) �

i

(o ) and all atomic e�ects e 2 �

i

(o )if '

i

(o ) � N

F

(n ), all facts in '

i

(o ) � N

F

(n ) are non-exclusive, and
'

i

(o ) is non-exclusive of ' 0(o ) /* trivially satisfied for '

i

(o ) = ; */then N

F

(n + 1) := N

F

(n + 1) [ fe g if e 62 N

F

(n + 1)/* new nodes are only created for new facts */
E

A

(n ) := E

A

(n ) [ f(o; e; '

i

(o ))gelse nothing /* ignore effects with unsatisfied conditions */endifendforendforfor all o 2 �(n ) /* almost same loop to deal with DEL effects */for all '

i

(o )) �

i

(o ) and all atomic e�ects e 2 �

i

(o ) with e 2 N

F

(n + 1)if '

i

(o ) � N

F

(n ) and the same conditions as above holdthen E

D

(n ) := E

D

(n ) [ f(o; e; '

i

(o ))gelse nothingendifendforendforfor each action o 2 N

O

(n ) compute Mutex(n )for each fact f 2 N

F

(n + 1) compute Mutex(n + 1)
The Add e�ects are pro cessed �rst and added to the new fact lev el to mak e

sure that the planner kno ws the complete set of facts no des b efore the Del e�ects

are pro cessed b ecause Del edges can only b e established b et w een existing no des.

Giv en the follo wing sets of actions fOp1 ; Op2 ; Op3 g
11



Op1pre: d1e�: ADD a, DEL d1. Op2pre: d2e�: ADD b, DEL d2;y ) ADD x;x ) DEL a. Op3pre: d3e�: ADD c;y ) ADD x;z ) ADD y.
together with the initial state I = fd1 ; d2 ; d3 ; x; y; zg and goals G = fa; b; cg,

Figure 3 sho ws the planning graph that is generated un til the goals are reac hed

for the �rst time (no-ops are omitted).

F

O

F
N  (1)

N  (0)

N  (0)

Op1 Op2 Op3

d1 x d2 y d3 z

a d1 b d2 x c y

Figure 3: An Example Planning Graph. The delete edges are drawn with dashed linesand each conditional e�ect edge has a pointer to its e�ect condition. The three actionsare non-exclusive because they interfere only over their conditional e�ects.
Planning graphs for the ADL subset inherit all prop erties of the original plan-

ning graphs as describ ed in [2 ]: First, their size is p olynomially restricted in their

depths and the n um b er of actions and facts in the initial state. Second, fact lev els

gro w monotonically , i.e., if a fact f is con tained in a lev el NF ( n) it will also b e

con tained in all NF ( m) with m > n, whic h follo ws immediately from the use of

no-ops. W e state t w o more imp ortan t prop erties in the follo wing lemmas.

Lemma 2 If two facts f1 and f2 are non-exclusive at a level NF ( n) then theywill remain non-exclusive at all future levels NF ( m) with m > n.
Pro of: Tw o facts f1 and f2 are copied from a lev el to subsequen t lev els with

the help of t w o corresp onding no-ops. These no-ops are non-exclusiv e b ecause

their preconditions f1 and f2 are non-exclusiv e (assumption) and no-ops nev er

in terfere (De�nition 9). Th us there is at least one w a y of ac hieving b oth facts

with non-exclusiv e actions and therefore they remain non-exclusiv e.

As a consequence of this lemma, it follo ws that the n um b er of m utual exclusion

relationships can only decrease, but nev er increase if t w o fact lev els con tain the

same fact no des. This allo ws us to incorp orate the original \lev el-o� " test in to IP2
that de�nes a simple and su�cien t, but not necessary criterion that a planning

problem has no solution.
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De�nition 15 Let Mutex( n) be the set of all exclusive pairs at fact level n. Wesay that the planning graph has lev eled o� at level n i� jNF ( n) j = jNF ( n + 1) jand jMutex( n) j = jMutex( n + 1) j.
Lemma 3 Every planning graph levels o� after a �nite number of expansions.
Pro of: F act lev els gro w monotonically in the n um b er of facts and m utual ex-

clusion relationships cannot increase for iden tical fact lev els. F urthermore, the

actions w e consider are deterministic (De�nition 4) and eac h op erator can only

cause a �nite n um b er of e�ects. This is also v alid for univ ersally quan ti�ed e�ects

since w e assume a �nite domain of discourse. F urthermore, ev ery action that w as

applicable at a lev el n will also b e applicable at lev el n + 1. Th us, the n um b er of

facts that can b e ac hiev ed with a �xed set of actions is �nite. Consequen tly , since

lev els gro w monotonically , the fact lev els of eac h planning graph will con v erge to

this �nite set and after a �nite n um b er of iden tical fact lev els, the n um b er of

m utual exclusion relationships cannot decrease an y further and will reac h a �xed

p oin t as w ell.

Corollary 1 If the graph has leveled o� at time step n then the set of applicableactions has reached a �xed point, i.e., 8m � n + 1 : NO ( m) = NO ( n) .
Pro of: The set of applicable actions in a state is uniquely de�ned, i.e., the same

set of actions is applicable in iden tical states. If jNF ( n) j = jNF ( n + 1) j and

the m utual exclusion relationships ha v e not c hanged at b oth lev els, the same

sets of actions can b e applied to b oth fact lev els, i.e., the action lev els NO ( n)

and NO ( n + 1) con tain iden tical no des. Th us NF ( n + 2) = NF ( n + 1) and with

induction o v er the action lev els it follo ws that a �xed p oin t has b een reac hed.

Theorem 1 [Blum & Furst 95] A planning problem P ( O; D; I; G) has no solu-tion if its planning graph has leveled o� at time step n and either1. one atomic goal is not contained in NF ( n) or2. at least two goal atoms are marked as mutually exclusive.
Pro of: If the graph has lev eled o� at n it follo ws with Corollary 1 that all

subsequen t fact and action lev els will con tain iden tical no des. No new atoms

are added to future fact lev els and the exclusion relationships b et w een facts ha v e

already reac hed a �xed p oin t, i.e., a missing goal atom will nev er b e added and

t w o exclusiv e goal atoms can nev er b e made non-exclusiv e.

13



4 Finding a V alid Plan in Planning Graphs

The �rst part of the planning algorithm is iden tical to graphplan: The planning

graph is built un til the goals are reac hed for the �rst time or the graph has lev eled

o� and it turns out that the goal state is not reac hable. Note that the planning

graph con tains only the initial fact lev el NF (0) if G � I , i.e., if the goal state

holds already in the initial state. If the goals are unreac hable, ? (\no solution

exists") is returned. If they are already satis�ed in the initial state, hi (\empt y

plan") is returned.

A. initial creation of planning graph

call the planning graph generation algorithm

returns �( N;E ) or ? /* shortest graph containing goals */max /* the number of proposition levels generated */Mutex( n) /* all exclusive pairs at level n */
if max = 0 then return hi and stop planning.

if �( N;E ) = ? then return ? and stop planning.

If none of the sp ecial cases applies, a recursiv e searc h algorithm search(n) o v er

the planning graph is initialized that starts at the last fact lev el ( n = max) and

terminates when actions from lev el NO ( n� 1) ha v e b een successfully selected to

ac hiev e the goals at fact lev el NF ( n) for all lev els 1 � n � max. The searc h

algorithm di�ers in three p oin ts from its graphplan predecessor:

1. the input, whic h is a pair of sets,

2. the selection pro cedure for actions at eac h lev el, whic h tak es in to considera-

tion that an action can p ossibly ac hiev e the same goal atom under di�eren t

e�ect conditions, and

3. the resolution of con
icts caused b y conditional e�ects.

The input consists of t w o sets of facts instead of only one: (1) the goals Gn that

ha v e to b e ac hiev ed at lev el n b y selecting actions at NO ( n� 1) and (2) so-callednegative goals Cn that the selected actions ha v e to a v oid, i.e., no state in whic h Gn
is established m ust en tail Cn .

8
If one of the negativ e goal atoms w ere established

b y the selected actions, e�ect conditions of undesired conditional e�ects w ould

b e made true leading to harmful in teraction among actions that w ere selected to

ac hiev e the goals at lev el n + 1.8Note that the input is G
max

= G and C
max

= ; for the initial call search(max ).
14



B. lev el-guided expansion and searc h

lo op/* initialization of search parameters /*n := max /* current level */Gmax := G /* fixed goal set at max level */8G1�n�max�1 := ; /* variable goal set at all other levels */8 C1�n�max := ; /* negative goals at level n, Cmax remains ; */8 � n := ; /* set of selected edges at each level */
call search(n) /* find plan in given planning graph */
if FAILURE

then if Gmax is unsolv able (Theorem 3)

then return ? and stop planning

else call expand(n + 1 ) /* expand planning graph by one level */
endif

else plan found: return set of used actions at eac h lev el

endif

endlo op

Giv en a set of goal atoms Gn � NF ( n) and a set of negativ e goals Cn � NF ( n),

action selection pro ceeds as follo ws: First, a set of Add edges � n�1 � EA ( n� 1)

is selected at action lev el NO ( n� 1) that enable the atoms in the goal set Gn . In

con trast to graphplan that selects an action, IP2
selects a particular Add edge

that is link ed to the goal, b ecause the same action can ac hiev e a goal atom under

di�eren t t yp es of e�ects (conditional or not) or under di�eren t e�ect conditions.

By selecting an edge, an action is c hosen indirectly (mark ed as \used").

1. c hoice p oin t : select set of Add edges � n�1
for eac h goal atom g 2 Gn

if a \used" action o 2 NO ( n� 1) has an unconditional Add edge to g
then � n�1 := � n�1 [ f( o; g; ;) g and Gn := Gn n g/* skip goals that are already unconditionally achieved */
else select edge ( o; g; 'i ( o)) of an action o suc h that

a) already \used" actions at lev el n and o are non-exclusiv e of eac h other

b) o do es not unconditionally

- delete a goal g 2 Gn or e�ect condition of another selected edge

- add a negativ e goal c 2 Cn
c) no already \used" action unconditionally deletes an atom in 'i ( o)

endif

endfor

The conditions a) to c) guaran tee that the \used" actions are indep enden t

of eac h other wrt. their preconditions, unconditional e�ects, e�ect conditions of

used conditional e�ects, and that no negativ e goal is unconditionally added.
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Giv en the example in Figure 3 and the goals G1 = fa; b; cg and C1 = ;, the

planner has as its only c hoice the edges ( Op1 ; a; ;), ( Op2 ; b; ;), and ( Op3 ; c; ;). All

conditions are satis�ed, i.e., the actions are non-exclusiv e and no unconditional

Del e�ects o ccur.

As a next step, IP2
computes the goals at lev el n� 1 based on the preconditions

and e�ect conditions of the selected Add edges. If the resulting set Gn�1 is

m utually exclusiv e, the planner bac ktrac ks to a new c hoice of edges, b ecause

m utually exclusiv e goals can nev er b e ac hiev ed in the same state.

2. compute goal set Gn�1 :Gn�1 :=

Sk '0 ( ok ) [Sk 'i ( ok ) with ( ok; g; 'i ( ok )) 2 � n�1/* note that 'i ( ok ) = ; for an unconditional effect */
if Gn�1 con tains m utually exclusiv e facts

then bac ktrac k to Step 1

else con tin ue with Step 3

endif

In the small example from Figure 3, this step is trivial, b ecause all selected

edges are unconditional and the new goals G0 are obtained as the preconditionsfd1 ; d2 ; d3 g of the actions.

No w, the action set can b e tested for minimalit y b ecause the test requires

that the new goals Gn�1 ha v e to b e kno wn in order to determine all the atoms

that are made true b y a selected action. F or eac h used action, all unconditional

Add edges and all conditional Add edges are collected, whose e�ect conditions are

completely con tained in the new goals Gn�1 . This means, the planner considers all

e�ects that will necessarily b e made true when the new goals are ac hiev ed. The

original test b y Blum and F urst is applied to the used actions wrt. the collected

set of edges: The action set is minimal if eac h action (whic h can also b e a no-op)

ac hiev es at least one goal fact that is not ac hiev ed b y an y other action considering

the collected edges. If the action set is non-minimal, the planner bac ktrac ks and

the next c hoice of edges and actions is computed.

No w, the planner can determine the new negativ e goals Cn�1 . This pro cess is

quite complex and comprises t w o main tasks:

1. The planner has to decide if negativ e goals from the set Cn are explicitly

destro y ed b y actions at lev el n� 1 or progressed through the set Cn�1 .

2. The selected actions at lev el n � 1 are tested for in terference caused b y

conditional e�ects. T o prev en t harmful conditional e�ects, atoms from the

corresp onding e�ect conditions are added to the new negativ e goals.

F or the �rst task, the planner c hec ks if there is a negativ e goal c in the set Cn
that is non-exclusiv e of the new goals Gn�1 and that is added b y a no-op. This

means that c could p oten tially hold in the state where Gn�1 is ac hiev ed and that
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it could \surviv e" the execution of the selected actions at time step n� 1 if the

no-op is non-exclusiv e of the selected actions, i.e., there is no action in the set

� n�1 that deletes c. The planner can deal with this p oten tial con
ict in t w o

w a ys: either b y adding c to the set of new negativ e goals Cn�1 or b y selecting a

Del edge from a new or already used action to destro y c. In the �rst case, w e

obtain the �rst en try for the new negativ e goals. In the second case, the new goals

ha v e to b e augmen ted b y the preconditions (and p ossibly e�ect conditions) of the

selected action. Note that this action needs to b e a v alid c hoice wrt. in terference

with already used actions as tested in P art1 of the searc h algorithm. T o a v oid

the generation of non-optimal plans, progression is tried �rst and in the second

case, Del edges of used actions are preferred.

9
3. deal with negativ e goals Cn :

determine the set C�n of negativ e goals in Cn that are non-exclusiv e of Gn�1C = ;/* initialization */
for all c 2 C�n

if c is Add e�ect of a no-op

then C := C [ fcg
else nothing

endif

endfor

for all c 2 C c hoice p oin t :

progress c as a new negativ e goal: Cn�1 := Cn�1 [ fcg
or

select a Del edge from ED ( n� 1)

� n�1 := � n�1 [ f( o; c; 'i ( o)) gGn�1 := Gn�1 [ 'i ( o) [ '0 ( o)

endfor

F or the second task, the planner has to deal with conditional in terference

among actions that w as totally ignored un til no w. The di�erence b et w een the

t w o t yp es of e�ects is that unconditional e�ects alw a ys o ccur when an action

is selected, while conditional e�ects additionally require the e�ect condition to

hold. This giv es the planner the p ossibilit y to prev en t an undesired conditional

e�ect b y making sure that its e�ect conditions do not hold in the state in whic h

the action is executed. But IP2
do es not kno w whic h sp eci�c linearization will b e

c hosen for execution b ecause it selects a set of \parallel" actions. Therefore, it

has to address t w o tasks:9One could also imagine to select an action that makes c exclusive because this action haspreconditions which are exclusive of c . However, this is the same as forwarding c as a newnegative goal.
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1. By forming a set of negativ e goals at lev el n � 1 it guaran tees that the

undesired e�ect condition do es not hold in the state in whic h the \parallel"

action set is executed.

10
2. By testing that no action in the parallel set adds the undesired e�ect condi-

tion it guaran tees that all linearizations lead to a v alid execution sequence.

F our di�eren t p ossibilities for conditional in terference ha v e to b e tested: A

selected action is not allo w ed to conditionally delete a goal (an atom from the

set Gn ), a precondition of another selected action (an atom from the set Gn�1 ),

an e�ect condition of a desired conditional e�ect (also an atom from Gn�1 ), or to

conditionally add a negativ e goal from the set Cn .

If the planner disco v ers conditional in terference, it c hec ks if the e�ect condi-

tions 'i ( o) of a harmful conditional e�ect are con tained in the set Gn�1 . In this

case, bac ktrac king to c ho ose a new � n�1 is necessary , b ecause 'i ( o) is causally

link ed to the new goals Gn�1 , i.e., whenev er they are ac hiev ed, the con text for the

harmful side e�ect is established as w ell. If actions at lev el NO (0) ha v e harmful

conditional e�ects, bac ktrac king is also necessary b ecause the e�ect conditions

hold in the initial state, whic h cannot b e altered b y IP2
. On all lev els n � 1, the

set 'i ( o) nGn�1 of e�ect condition atoms that are not in the new goal set is added

to a set of sets S and a (not necessarily smallest) hitting set for S forms the set of

new negativ e goals Cn�1 . This means, one elemen t out of eac h set in S is selected

to form Cn�1 , b ecause a conditional e�ect is only ac hiev ed if the e�ect condition

as a whole (set) is established, i.e., prev en ting one single atom p er e�ect condition

already a v oids the undesired e�ect. Considering the set di�erence 'i ( o) n Gn�1
a v oids that goals and negativ e goals o v erlap.

T o illustrate wh y the set of new negativ e goals is a hitting set of the e�ect

conditions let us consider the follo wing abstract example where the planner has

to prev en t the conditional e�ects b elo w:x ^ y ^ z ) ADD a , ADD bu ^ w ) ADD ax ^ v ) ADD b
None of the conditional e�ects a ^ b, a, and b can b e ac hiev ed if at least

one fact out of eac h conjunctiv e e�ect condition x ^ y ^ z , u ^ w , and x ^ v is

prev en ted. This leads to 12 di�eren t alternativ es that ha v e to b e explored b y

the planner to ac hiev e completeness: fx; ug, fx; wg, fx; u; vg, fx; w; vg, fy; u; xg,fy; u; vg, fy; w; xg, fy; w; vg, fz; u; xg, fz; w; vg, fz; w; xg, fz; u; vg. W e do not

fo cus on computing smallest hitting sets, b ecause this w ould mak e the planner10Notice that a separate set of negative goals is necessary because we do not have explicitatomic negation. With negation, one would simply add the negated goal atom to the set ofgoals. The reasoning tasks to deal with negated goals, however, will be the same as for thenegative goals.
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incomplete. F or example, if fa; bg and fo; p; qg are t w o p ossible hitting sets, then

also the larger second set needs to b e considered, b ecause the planner could fail

in prev en ting the �rst. But the planner memoizes all negativ e goal sets that

ha v e b een unsuccessful at a giv en lev el n, i.e., that could not b e prev en ted when

selecting actions at step lev el NO ( n� 1). Clearly , an y sup erset of an unsuccessful

negativ e goal set do es not need to b e considered during bac ktrac king and can b e

skipp ed immediately . F or example, if the planner cannot prev en t the negativ e

goals fx; ug, then it will not b e able to prev en t the negativ e goals fx; u; vg,fy; u; xg, or fz; u; xg.

In the example from Figure 3, the planner �nds out that Op2 deletes the goala under condition x, whic h b ecomes the �rst new negativ e goal, i.e., C0 = fxg.

No w the planner has to resolv e the \linearization problem" b y making sure that

no selected action adds an y of the new negativ e goals in C0 . The planner c hec ks

if an y used actions other than Op2 add x, whic h is the case for Op3 that adds x
under condition y . This means, if Op3 is executed b efore Op2 in a state in whic hy holds, the condition x b ecomes true and Op2 will delete the goal a. Therefore,y m ust b e added as a new negativ e goal to mak e sure that this e�ect is prev en ted

as w ell. It do es not matter that Op2 adds x under condition y , b ecause the e�ectx of Op2 will alw a ys hold in the next state after the condition x for the delete

e�ect x ) DEL a of Op2 has b een ev aluated. If the e�ect conditions w ere a

set of atoms instead of a singleton, one of the atoms w ould b e selected as a new

negativ e goal, i.e., the planner has a c hoice p oin t. Since C0 has b een extended,

the whole test is rep eated with C0 = fx; yg. F ortunately , only Op3 can add the

e�ect condition y of its o wn harmful conditional e�ect and this do es not matter.

Th us, a �xed p oin t is reac hed and all e�ect conditions of e�ects that p oten tially

add new negativ e goals are already prev en ted b y C0 .

11
4. compute negativ e goals Cn�1

for all actions o mark ed as \used" in NO ( n� 1)

if exists an edge ( o; g; 'i ( o)) 2 ED ( n� 1) with g 2 Gn or g 2 Gn�1/* goal, precondition, or effect condition threatend */
or ( o; g; 'i ( o)) 2 EA ( n� 1) and g 2 Cn/* negative goal could be made true */
then add 'i ( o) n Gn�1 to the set of sets S
else nothing

endif

endfor

if ; 2 S (exists 'i ( o) � Gn�1 ) or [ n = 1 and S 6= f;g] (actions at lev el NO (0))

then bac ktrac k

else c hoice p oin t : c ho ose Cn�1 as a hitting set for S
endif11Since C0 6= ;, the planner would fail on extracting a valid plan from this graph, becausenegative goals cannot be eliminated from the �xed initial state.
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Fixp oin t Iteration: complete Cn�1 b y e�ect conditions

of used actions that add atoms in Cn�1
if Gn�1 and Cn�1 are disjoin t

then in v ok e search( n� 1)

else bac ktrac k

endif

The completion pro cess fails if an e�ect condition is completely con tained inGn�1 , b ecause this w ould mak e Gn�1 and Cn�1 o v erlap (a relev an t fact had to

b e made true and false at the same time), or if an action unconditionally adds

a new negativ e goal. This is in fact the same bac ktrac king condition as on the

set S, i.e., the planner will not b e able to prev en t the e�ect condition, whic h

means that under certain linearizations of the action set, a "cascade"-lik e c hain

of harmful side e�ects will o ccur that is enabled b y the e�ect condition. During

bac ktrac king, all c hoices of new negativ e goals (i.e., hitting sets) are tried b efore

a di�eren t c hoice of � n�1 b ecomes necessary .

If all p ossible c hoices of actions to ac hiev e the goals at lev el n ha v e failed,

the planner has to bac ktrac k to fact lev el n + 1 to c hange one of the sets Gn ,Cn b y selecting di�eren t actions at lev el n b ecause it has pro v en the pair to b e

unsolv able. The pair hGn; Cni is memoized as unsuccessful at fact lev el n, see the

App endix, Section 9..

Bac ktrac king at the maxim um lev el of the graph is not p ossible and leads to a

failure of search(n) on the planning graph, i.e., no v alid plan could b e extracted.

The planning graph is extended b y another action and fact lev el and the planner

searc hes again on the extended graph. This pro cess of in terlea v ed graph expan-

sion and searc h terminates if either a set � n w as successfully selected at eac h

lev el of the graph { the plan is the set of all actions that are mark ed as \used" {

or the problem turns out to b e unsolv able, cf. Theorem 3 in Section 6.

5 An Example

Giv en the 3 op erators from the Briefcase domain as sho wn in Figure 4, the planner

has to ac hiev e the goal at(o,l) and at-b(m) starting in the initial stateI = f in(o), at(o,l), at-b(l) g.

Figure 5 sho ws the complete planning graph that is generated for the ex-

ample.

12
In action lev el NO (0) of the graph, the t w o actions take-out(o) andmove(l,m) are applicable, but they are m utual exclusiv e b ecause move(l,m) deletes

the precondition at-b(l) of the take-out action. The move action also deletes the12Delete edges are marked with dashed (red) lines, goals have a light gray (green) frame andnegative goals have a dark gray (red) frame.
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move:v ?m ?l location:p at-b(?m):e ADD at-b(?l) DEL at-b(?m);ALL ?o object in(?o) => ADD at(?o ?l) DEL at(?o ?m).take-out:v ?o object ?l location:p in(?o) at-b(?l):e ADD not-in(?o) DEL in(?o).put-in:v ?o object ?l location:p not-in(?o) at(?o ?l) at-b(?l):e ADD in(?o) DEL not-in(?o).
Figure 4: Briefcase Op erators in IP2

Input Syn tax

subgoal at(o,l) b ecause the ob ject o is in the briefcase in the initial state, i.e., the

t w o subgoals are exclusiv e at lev el NF (1). Therefore, IP2
adds another action and

fact lev el and tries to ac hiev e the goals at fact lev el NF (2).

move(l,m)move(m,l)

FN  (1)

FN  (2)

FN  (0)

not-in(o)in(o)

in(o) not-in(o) at(o,l) at(o,m) at-b(m) at-b(l)

at(o,l)in(o)

at(o,l) at(o,m) at-b(m) at-b(l)

nop

nop take-out(o) nop move(l,m) nop

nopnopnopnoptake-out(o)nopput-in(o)

at-b(l)

N  (0)

N  (1)

O

O

Figure 5: Planning Graph for the Briefcase Example

Giv en the goals at(o,l) and at-b(m) at lev el NF (2), IP2
has sev eral c hoices

to ac hiev e them. The �rst subgoal can b e ac hiev ed using the take-out action,

a no-op, or the action move(m,l). The second subgoal can b e ac hiev ed using

either move(l,m) or a no-op. W e only consider the c hoice that will lead to a

v alid plan, i.e., the no-op nopat(o;l) and the action move(l,m). The selected action

set is minimal. After c hec king that no unconditional in terference o ccurs b et w een
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the selected actions, the planner determines the preconditions of b oth actions

with at(o,l) from the no-op and is-at(l) from the mo v e-action as the new goalsG1 . Finally , IP2
c hec ks for conditional in terference and �nds out that move(l,m)

deletes the subgoal at(o,l) b ecause of the e�ect condition in(o) in lev el NF (1).

This condition b ecomes the negativ e goal C1 = fin( o) g.

Figure 6: The Plan in the Example Planning Graph

T o ac hiev e the goals G1 , only t w o no-ops can b e selected at NO (0), b ecause

there are no other actions at this lev el that add the goals. No w, IP2
tests if the

negativ e goal in(o) is non-exclusiv e from the goals and if it is an Add e�ect of a

no-op. This is indeed the case and the planner has to mak e this no-op exclusiv e.

Progressing the negativ e goal to the initial state is imp ossible, th us IP2
selectstake-out(o) as the only p ossible action, whic h deletes the condition in(o) and

guaran tees that mo ving the briefcase in the next time step do es not delete the

goal at(o,l).
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Figure 6 sho ws the plan that is extracted from the planning graph as it is

generated for the example and dra wn in the graphical in terface XGV [14]. No-ops

are not sho wn to reduce the width of action lev els.

6 T ermination, Soundness, Completeness, and

Optimalit y

T o sp eed up searc h, the original graphplan system memoizes at eac h prop osi-

tion lev el goal sets that could not b e ac hiev ed. If suc h a memoized goal set is tried

again, one kno ws immediately that the goal set cannot b e ac hiev ed. In addition

to making the searc h more e�cien t, memoizing enables us to detect unsolv abilit y

of a planning problem [3, Theorem 3], i.e., it guaran tees termination.

Of course, also a goal set Gn that is a sup erset of a memoized unsuccessful

goal set G cannot b e ac hiev ed, and one can immediately bac ktrac k at this p oin t.

Although this ob vious extension is not men tioned in the pap er describing graph-plan [3], the system con tains an option that enables suc h subset memoization (in

a limited w a y). Unfortunately , with subset memoization, the termination c hec k

ma y not b e sound an y longer b ecause the pro of of Blum and F urst's [3] Theorem 3

do es not apply to subset memoization. F or this reason, the termination c hec k ingraphplan is disabled when the subset-memoization option is enabled.

W e b egin our pro ofs of theoretical prop erties of IP2
with the pro of that ev en

with subset memoization it is p ossible to detect unsolv abilit y of a planning prob-

lem. Moreo v er the same termination c hec k as used with plain memoization re-

mains v alid. In other w ords, it is safe to enable graphplan's termination c hec k

ev en if subset memoization is enabled.

In the pro of, w e consider goal sets, but the results immediately apply to the

pairs of goals/negativ e goals used b y IP2
.

Let Umaxn b e the set of unsuccessful goal sets at lev el n after an unsuccessful

stage max. Under the plain memoization strategy w e ha v e for all lev els n with

0 � n � max Umaxn � Umaxn+1 ; (1)

since graphplan tries to ac hiev e a goal with no-ops �rst. F urther, if m denotes

the lev el where the graph has leveled o�, then w e kno w that Umaxm+1 = Umax�1m .

Finally , if w e detect that Umax�1m = Umaxm , w e can conclude that the goals are

unac hiev able [3, Theorem 3].

Let Tmaxn b e the unsuccessful goal sets memoized under the subset memoiza-tion strategy . Since some unsuccessful goal sets are not memoized under this

strategy , it follo ws immediately that Tmaxn � Umaxn (2)

23



after an unsuccessful stage max for all lev els n � max.

F urthermore, w e do not necessarily ha v e Tmaxn � Tmaxn+1 ,i.e., for the subset-

memoization strategy , Relation (1) do es not hold. In order to see this, assume

that w e ha v e a memoized goal set G on lev el n + 1, i.e., G 2 Tmaxn+1 . One w a y to

ac hiev e this goal could b e to select no-op actions, whic h leads to the goal set G
on lev el n. Under the plain memoization strategy , G w ould b e memoized on lev eln, from whic h one can deduce that Umaxn � Umaxn+1 . Under the subset memoization

strategy , ho w ev er, it ma y b e the case that G is not memoized on lev el n b ecause

there is already a smaller set F 2 Tmaxn suc h that F � G .

Since Relation (1) do es not hold for the subset-memoization strategy , the

condition Tmax�1m = Tmaxm , where m is the lev el-o� index, do es not guaran tee that

the planning problem is unsolv able. Changing p ersp ectiv e, w e will analyze the

set of excluded goal sets generated b y the plain memoization metho d

^Umaxn , whic h

is de�ned as:

^Umaxn = fU � P j U � G;G 2 Umaxn g (3)

Similar to the set of excluded goal sets generated b y the plain memoization

metho d, w e de�ne the set of excluded goal sets generated b y the subset-memoization

strategy:

^Tmaxn = fU � P j U � G;G 2 Tmaxn g (4)

F rom those de�nitions it follo ws immediately that the set of excluded goal sets

generated b y plain memoization is alw a ys a sup erset of the set of excluded goal

sets generated b y subset memoization.

Prop osition 1 After all unsuccessful stages max and for all levels n � max, wehave ^Tmaxn � ^Umaxn .
W e no w sho w that the subset memoization strategy computes the same sets

of excluded goal sets as the plain memoization strategy , i.e.,

^Tmaxn =

^Umaxn . In

order to do so, w e �rst need to de�ne the notion of generated goal sets. W e writegenn ( G ) for the set of goal sets graphplan generates in lev el n� 1 from the goal

set G on lev el n. It is ob vious that goal-set creation has a monotonicit y prop ert y

as sp elled out b elo w.

Prop osition 2 Let F and G be goal sets on level n such that F � G. Then foreach G 0 2 genn ( G ) there exists a goal set F 0 2 genn ( f ) such that F 0 � G 0.
Theorem 2 For all unsuccessful stages max and for all levels n � max, we have

^Umaxn =

^Tmaxn .
24



Pro of sk etc h:

\ �": follo ws from Prop osition 1.

\ �": Pro of b y induction o v er n with v alues ranging from max do wn to 0 for

arbitrary max.Base step: F or n = max the claim is trivially true b ecause Umaxmax = Tmaxmax = fGg
with G b eing the original goals of the planning problem.Induction step: Assume the claim is true for all n suc h that 0 < n0 � n � max.

W e will sho w that it also holds for n = n0 � 1.

Supp ose that

^Umaxn0�1 6� ^Tmaxn0�1 . This implies that there is a goal set G 2 Umaxn0�1
suc h that there is no F 2 Tmaxn0�1 with F � G . On the other hand, for all H 2 Umaxn0
there exists a goal set H0 2 Tmaxn0 suc h that H0 � H b ecause of the induction

h yp othesis

^Umaxn0 � ^Tmaxn0 . Since G w as pro duced b y some goal set H 2 Umaxn0 ,

i.e., G 2 genn0 ( H ), there m ust b e a goal set H0 2 Tmaxn0 suc h that H0 � H .

By Prop osition 2 it follo ws that there exists a goal set G 0 with G 0 � G andG 0 2 genn0 ( H0
).

No w it could b e the case that G 0 2 Tmaxn0�1 . In this case w e w ould ha v e G 0 2
^Tmaxn0�1 and therefore G 2 ^Tmaxn0�1 , whic h is a con tradiction. If G 0 62 Tmaxn0�1 , then the

reason m ust b e that there is already a goal set G 00 2 Tmaxn0�1 with G 00 � G 0 and G 0
w as ignored b ecause of subset memoization. Ho w ev er, b ecause G 00 � G , w e also

ha v e G 2 ^Tmaxn0�1 , whic h is again a con tradiction. F or this reason, it is imp ossible

that

^Umaxn0�1 6� ^Tmaxn0�1 and the claim holds for n0 � 1 as w ell, whic h pro v es the

theorem.

The argumen ts in the pro of of Theorem 3 in [3] are all v alid for the sets of

excluded goal sets, whic h w e sp ell out b elo w.

Lemma 4 A planning problem is unsolvable if the graph has leveled o� on levelm and ^Umaxm =

^Umax+1m .
Of course, detecting this migh t b e computationally di�cult. Ho w ev er, w e

can, of course, use the \represen tation" of the excluded sets in terms of Umaxm orTmaxm and test those for equalit y .

Theorem 3 Let the planning graph for a planning problem P ( O; D; I; G) be lev-eled o� at some level m. Let max � m be the current maximum fact level. Theproblem P ( O; D; I; G) is unsolvable if and only if extending the planning graphto level max + 1 and searching the extended graph leads to the same number ofunsuccessful goals at level m under the subset memoization strategy, i.e.,jTmaxm j = jTmax+1m j:T is represen ting pairs of goal/negativ e goal sets for IP2
.
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W e con tin ue with pro ving the soundness of IP2
.

Theorem 4 (Soundness) Let P ( O; D; I; G) be a planning problem. If IP2 re-turns a parallel plan P = hQ1; Q2; : : : Qni then\R ( I; hQ1; Q2; : : : ; Qni) � Gholds, i.e., P is a solution.
Pro of:

T o pro v e soundness w e rely on the seman tics as dev elop ed in De�nition 6 and

pro ceed b y induction o v er the length of the sequence of action sets.

base case : P = hi
W e ha v e to sho w that R ( I; hi) is de�ned and that the goals G hold in all p ossible

resulting w orld states. With De�nition 6 w e obtain R ( I; hi) = I , i.e., I � G.

Indeed, in P art A of the planning algorithm, P = hi is returned only in this case,

since otherwise a non-empt y set of actions will alw a ys b e selected.

induction step : P = hQ1; Q2; : : : Qni
With De�nition 6 w e obtain for the recursiv e case\R ( R ( I; hQ1; Q2; : : : ; Qn�1i) ; hQni) � G (5)

with the induction h yp othesis b eing that R ( I; hQ1; Q2; : : : ; Qn�1i) = S is de�ned

and that

1. Gn , i.e., the goals at time step n hold in all resulting states S 2 S ,

2. Cn , i.e., the negativ e goals at time step n do not hold in an y of the resulting

states S 2 S .

Simplifying (5) to R ( S; hQni) and applying De�nition 6 to it, w e obtainR ( S; hQni) =

8><>:fT � P j S 2 S; q 2 Seq ( Qn ) ; T = Res( S; q ) g if Res( S; q ) de�ned8S 2 S; q 2 Seq ( Qn )

unde�ned otherwise : (6)

According to the induction h yp othesis w e kno w for an y S 2 S that Gn � S andCn 6� S hold. Let us consider an arbitrary suc h S and q = hq1; : : : ; qni in the

follo wing. T o Res( S; q ) in (6) w e can apply De�nition 4 and obtainRes( S; hq1; : : : ; qni) = Res( Res( S; hq1; : : : ; qn�1i) ; hqni) (7)
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with the base case de�ned asRes( S; hqi) =

(�S [ A( S; q )

� nD ( S; q ) if'0 � S
unde�ned otherwise

(8)

where A( S; q ) =

['i�S;i�0�i and D ( S; q ) =

['i�S;i�0 �i
W e con tin ue b y induction o v er the length of q . F or the base case, let us assume

that q con tains only the single action q0 .

13
According to the graph construction

algorithm, the planner c ho oses q0 suc h that all goal atoms in Gn+1 = G are added

b y this action. G � A( S; q0 ) (9)

holds, b ecause Gn � S (induction h yp othesis) and Gn is build from the precondi-

tions '0 ( q0 ) and all e�ect conditions of selected conditional e�ects 'i ( q0 ) of the

action q0 . W e ha v e to sho w thatG � �S [ A( S; q0 )

� nD ( S; q0 ) (10)

whic h requires to pro v e that G \ D ( S; q0 ) = ; b ecause of (9). W e pro ceed

indirectly and assume that G\D ( S; q0 ) 6= ; , i.e., one of the follo wing conditions

has to hold:

1. q0 unconditionally deletes a goal from G: 9 g 2 G : g 2 �0 ( q0 ) or

2. q0 conditionally deletes a goal from G and the e�ect condition is satis�ed:9 g 2 G : g 2 �i ( q0 ) and 'i ( q0 ) � S
Both cases lead to a con tradiction. Case 1 is imp ossible b ecause of the action

selection in P art 1 of searc h algorithm (test condition b), i.e., q0 w ould nev er b e

a c hoice b y the planner. Case 2 is imp ossible b ecause of P art 4 of the searc h

algorithm, where 'i ( q0 ) w ould b e added to S and used to construct the set Cn .

Since Cn do es not hold in S (induction h yp othesis), 'i ( q0 ) cannot hold either.

Th us, w e ha v e G \D ( S; q0 ) = ; and with that Res( S; q0 ) � G.

No w let us consider the general case that q = hq1; q2; : : : ; qni as an arbitrary ,

but �xed linearization of Qn . With Gn � S , w e kno w that for all oi holds'0 ( qi ) � S , whic h follo ws from the construction of Gn . F urthermore, w e ha v eG � Sni=1A( S; qi ). It remains to sho w that13Assuming the empty set as base case does not make sense, since the planner returns onlynon-empty sets of actions at each time step.
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1. Gn holds after execution of eac h action qi , i.e., the preconditions and e�ect

conditions remain v alid after eac h action,

2. Cn remains in v alid after eac h action,

3. no goal in G is made in v alid b y an y of the actions in the sequence.

Eac h of the conditions is explicitly tested b y the planner. Unconditional

deletion of a goal or new goal and unconditional addition of a negativ e goal discard

an action from the c hoice. Conditional deletion/addition lead to an extension of

the set Cn with the planner rep eating the test on the extended Cn (�xed p oin t

iteration of the planner on negativ e goals in P art 4 of the algorithm).

Th us, w e can conclude that G � Res( S; q ) for all linearizations q and all

states S 2 S satisfying the conditions from the induction h yp othesis. It follo ws

that

TR ( I; hQ1; Q2; : : : ; Qni) � G holds.

Completeness follo ws from soundness and the fact that IP2
terminates on

unsolv able planning problems under the subset memoization strategy .

Theorem 5 If IP2 returns ? then P ( O; D; I; G) has no solution.
Pro of: F ollo ws from the pro ofs of Theorems 3, 1, and 4.

Unfortunately , w e cannot pro v e that IP2
generates shortest plans in all cases

according to our execution seman tics. The follo wing coun ter example illustrates

a subtle in terference among conditional e�ects that is in terpreted as a con
ict b y

the planner. Giv en the t w o actionso1 o2
pre: ; pre: ;
e�: ADD b e�: ADD dc) ADD e, DEL c. c) ADD e, DEL c.

together with the initial state I = fcg and goal G = fb; d; eg, IP2
decides that

b oth actions cannot b e executed in parallel, b ecause one action deletes an e�ect

condition of the other. Ho w ev er, in this sp ecial case, eac h of the actions can add

the desired goal e and in fact, one could ignore this in terference and generate

the parallel plan hfo1; o2gi. Although testing for suc h sp ecial cases is p ossible in

principle, w e argue that trading optimalit y for e�ciency is a reasonable decision

in suc h situations.
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7 Empirical Ev aluation

During the empirical ev aluation of IP2
w e �rst in v estigated if the extension to a

more expressiv e op erator language causes an y computational o v erhead. There-

fore, w e tested the system on the examples that are a v ailable in the graphplan
test suite.

14
The test suite ranges o v er sev eral arti�cial and natural domains and

the only domains that w e did not enco de for IP2
are the arti�cial test domains

b y Barrett and W eld, b ecause it w as rather tedious and w e did not exp ect an y

results di�eren t from those obtained for the other domains. The results for the

example suite are sho wn in Figure 7. The last column sho ws the run time of IP2
in p er cen t relativ e to graphplan's run time when set to 100.graphplan IP2Problem Graph Planning Total Graph Planning Total %tyre-�xit 0.07 0.03 0.10 0.06 0.04 0.10 100blocks-shu�e 0.31 0.18 0.49 0.25 0.17 0.42 86 *blocks-impossible 0.05 0 0.05 0.04 0 0.04 80mblocks 0.41 0.26 0.67 0.37 0.24 0.61 91 *rocket-8 0.08 0 0.08 0.07 0 0.07 88rocket-10 0.10 0 0.10 0.08 0 0.08 80monkey-1 0.06 0 0.06 0.05 0 0.05 83monkey-2 0.16 0.06 0.22 0.15 0.08 0.23 105monkey-3 0.21 0 0.21 0.19 0 0.19 90TSP-complete 0.04 3.27 3.31 0.05 2.93 2.98 90 *TSP-peterson 0.03 0.21 0.24 0.05 0.26 0.31 129 *fridge-1 0.41 0 0.41 0.15 0 0.15 37fridge-2 0.87 0.26 1.13 0.23 0.05 0.28 25 *link-10 0.03 0 0.03 0.03 0 0.03 100link30 0.22 0 0.22 0.24 0.02 0.26 118logistics 0.33 0 0.33 0.38 0 0.38 115logistics-4 0.41 0 0.41 0.42 0 0.42 102logistics-4pp 0.41 0 0.41 0.38 0 0.38 93logistics-6 0.59 0 0.59 0.61 0 0.61 103logistics-6pp 0.59 0 0.59 0.54 0 0.54 92logistics-6h 0.58 2.84 3.42 0.57 2.93 3.50 102 *logistics-8 0.81 0 0.81 0.72 0 0.72 89

Figure 7: IP2
v ersus graphplan in simple STRIPS domains

F or b oth systems, w e measured the e�ort for the initial graph creation un til

the goals are reac hed for the �rst time and the e�ort for in terlea v ed searc h and14IP2 is implemented in C and available at http://www.informatik.uni-freiburg/~koehler/ipp.html. The current distribution also includes an improved graphical interface toanalyse planning graphs. All runtimes are given in seconds of CPU time on a SPARC Ultra1/170 if not indicated otherwise and were obtained by 5 runs of each system, i.e., we showthe average runtime for each planning task. We added a CPU time measuring function tographplan to obtain comparable measures and used IP2 2.0 in the tests.
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graph expansion with activ ated subset memoization. It turned out that most

of the examples in graphplan's test suite do not require signi�can t searc h.

W e mark ed those examples in the table with * that required some searc h e�ort

during planning and in whic h w e exp ected to �nd a computational o v erhead. As

it turned out, IP2
is ev en faster on these examples with the exception of TSP-

p eterson, whic h migh t b e caused b y the represen tational tric k that graphplan
uses to enco de the graph structure, cf. the sample distribution of graphplan.

The reason wh y IP2
can outp erform graphplan lies in implemen tational

details of b oth systems. W e ha v e not simply extended graphplan's co de, but

made signi�can t c hanges where w e though t to ha v e a more e�cien t solution.

First, w e use a di�eren t algorithm for subset memoization, cf. the App endix.

Second, when building planning graphs, graphplan determines the op erators

that are applicable at a giv en lev el and then computes their ground instances

(actions) on \demand". In ternally , this requires v ery costly t yp e con v ersions

b et w een the atoms in fact lev els and the preconditions of actions b ecause of

di�eren t data t yp es. IP2
reads in op erators and the planning problem, \pre"-

computes all p ossible ground instances and uses the same data t yp e for fact

lev els and preconditions in the actions in order to a v oid the con v ersion o v erhead,

but it migh t compute actions that are nev er applicable. F or most of the examples

in the test suite, this di�erence seems to pa y o� during the initial graph expansion

phase. Finally , with subset memoization graphplan switc hes the termination

test o�, while IP2
alw a ys p erforms the test, i.e., it do es more computations, whic h

could also explain wh y IP2
is slo w er on some examples.

In general, the test suite did not deliv er a clear picture and w e argue that

the examples are to o small to deliv er clear evidence of a computational o v erhead.

It seems lik ely that on small examples an o v erhead in searc h is comp ensated b y

sa vings during subset memoization. T o get a clearer picture, w e ran b oth systems

on SA TPLAN examples tak en from [8] with and without subset memoization

yielding the follo wing results, cf. T able 8.Problem GP GP+PartialSubset IP2 IP2+UBTreebw large.a 2.00 1.68 1.62 1.56bw large.b 322.93 243.71 244.02 128.92logistics.a 1700.98 1465.75 2179.83 1701.97logistics.b 656.67 601.82 1088.73 858.38rocket ext.a 114.35 120.45 195.90 281.98rocket ext.b 355.08 650.23 564.11 700.03
Figure 8: IP2

v ersus graphplan in SA TPLAN domains

The Satplan examples indicate a computational o v erhead on large examples,

i.e., IP2
is alw a ys slo w er than graphplan with or without subset memoization

except in the blo c ks w orld. In terestingly , in the ro c k et domain, b oth planners

sho w decreasing p erformance under subset memoization, whic h can b e explained
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b y the ratio b et w een the e�ort to memoize goal sets and the utilit y that a goal

set is eliminated b y relating it to a previously unsolv able subset. F or example, in

b w large.b IP2
inserts 15,777 memo en tries and has 6,681 successful memo lo okups

(a ratio of 2.4 to 1). In the ro c k et domain on example ro c k et ext.a, m uc h more

e�ort is sp en t in inserting memo en tries (583,151), but only a small n um b er of

them leads to successfull lo ok-ups (15,912), whic h results in a ratio of 36.6 to 1.

F or example ro c k et ext.b, a ratio of 39.4 to 1 is obtained.

W e also in v estigated the in
uence of the di�eren t memoization algorithms b y

running IP2
with the original graphplan algorithms and the UBTree algorithm.

The test examples sho w that UBTree is b etter than graphplans complete subset

c hec k. It is, although not to suc h a great exten t, b etter than the partial subset

lo okup tec hnique implemen ted in graphplan, cf. Figure 9.domain IP2 with UBTree IP2 with GPcomplete IP2 with GPpartialtyre-�xit 0.11 0.11 0.11blocks-shu�e 0.50 0.50 0.50blocks-large-b 125.86 - 133.49brief-shu�e4 1.03 1.27 1.10brief-t4 1.41 2.82 1.76brief-shu�e5 12.46 91.93 14.34brief-t5 106.68 - 209.75
Figure 9: Run times in seconds on a SUN Ultra 1/170 station for some standard

examples with di�eren t memoizing tec hniques. GPcomplete is short for graph-plan's complete subset c hec k and GPpartial is short for graphplan's partial

subset c hec k, i.e., pairs hG 0n; C 0ni : G 0n � Gn; C 0n � Cn with jG 0nj = jGnj � 1.

Exp erience in running IP2
on problems from di�eren t domains sho ws that theUBTree memoization strategy is as fast as graphplan's partial one on examples

when there are not man y subsets to �nd; the more often memoized subset pairs

are found and the bigger the examples gro w, the b etter UBTree memoization

p erforms compared to graphplan's partial lo ok up tec hnique. Figure 10 sho ws

the n um b er of memoizing hits for b oth strategies on the test examples.IP2 with UBTree IP2 with GPpartialdomain simple subset simple subsettyre-�xit 54 1 55 0blocks-shu�e 19 2 21 0blocks-large-b ca. 16,000 ca. 7,000 ca. 18,000 ca. 6,500brief-shu�e4 1,760 812 2,280 946brief-t4 4,541 1,791 6,817 1,331brief-shu�e5 ca. 20,000 ca. 14,000 ca. 27,000 ca. 16,000brief-t5 ca. 340,000 ca. 170,000 ca. 630,000 ca. 220,000
Figure 10: Num b er of memoizing hits for some standard examples
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Simple means the n um b er of times the planner found that a pair hGn; Cni had

b een memoized already , subset means the n um b er of times the planner found that

a pair hG 0n; C 0ni : G 0n � Gn; C 0n � Cn had b een memoized already . In the case of the

GPpartial tec hnique, jG 0nj = jGnj � 1 m ust hold.

The next in teresting question is ho w IP2
compares to other planners that

supp ort univ ersally quan ti�ed and conditional e�ects. W e used the Briefcase

domain to compare IP2
to UCPOP [13], Pro digy [5], and graphplan using the

equiv alen t translation of op erators in to sets. W e lo ok ed at the simple task of

initially ha ving the briefcase at home and sev eral ob jects in di�eren t lo cations

with the goal of �nding a roundtrip to bring all ob jects home. Figure 11 sho ws

the planning task and a plan for 4 ob jects.

Plan: move(home,loc1)put-in(block)move(loc1,loc2)put-in(
ower)move(loc2,loc3)put-in(letter)move(loc3,loc4)put-in(hat)move(loc4,home)
Figure 11: Planning for 4 Ob jects in the Briefcase domain

A comparison to UCPOP turned out to b e v ery di�cult, b ecause the system

is v ery sensitiv e to subgoal p erm utations. F or example, run time v aried from 5.6 s

(with the \righ t" subgoal ordering) and 398 s under the zlifo strategy to generate

a plan con taining 12 actions. Since there is no w a y of �nding the \righ t" subgoal

ordering in adv ance, w e tested all of them and decided to sho w the w orst-case

p erformance of the systems on eac h planning task. This made not a v ery big

di�erence for Pro digy and almost no di�erence for graphplan and IP2
.

15graphplan sho ws a dramatic loss in p erformance b ecause of the explosion

in the n um b er of ground instances of op erators. F or 4 ob jects and 5 lo cations,graphplan has 2

4
= 16 di�eren t move op erators, whic h can tak e 5 di�eren t

lo cations as start and end destination, i.e., graphplan is faced with 16 � 5 � 5 =

400 di�eren t p ossible ground instances of the move-op erator plus 40 p ossible put-in and take-out actions. The a v erage e�ort to expand the planning graph w as

ab out 4 s and most of the time w as sp en t on searc h. Problems in v olving 5

ob jects w ere unsolv able, since the system w as faced with 840 ground instances,15Runtimes were measured on a SPARC 4, since UCPOP/LISP caused a segmentation faulton SUN Ultras.
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whic h made the searc h of planning graphs b ey ond time step 8 imp ossible b ecause

of the h uge n um b er of p ossible goals.Objects Time Steps Actions graphplan UCPOP Prodigy IP21 3 3 0.02 0.04 0.24 0.012 5 5 0.11 0.14 0.71 0.073 7 7 1.14 0.58 0.55 0.264 9 9 173.48 24.80 0.89 3.835 11 11 - - 1.1 285.14
Figure 12: graphplan, UCPOP , Pro digy , and IP2

in the Briefcase domain

Pro digy is v ery fast on this test set, but it did not generate the roundtrip w e

had in mind and that w as generated b y all other planners. Instead, the system

generates non-optimal plans with unnecessary move actions, see Figure 13. This

b eha vior is probably explained with the lac k of domain-sp eci�c con trol that w e

did not pro vide to an y of the planners, but on whic h Pro digy's system philosoph y

puts a v ery strong emphasis.

(mo v e home lo c1) (put-in lo c1 blo c k) (mo v e lo c1 home)

(mo v e home lo c2) (put-in lo c2 
o w er) (mo v e lo c2 home)

(mo v e home lo c3) (put-in lo c3 letter) (mo v e lo c3 home)

(mo v e home lo c4) (put-in lo c4 hat) (mo v e lo c4 home)

Figure 13: Pro digy's Plan for 4 Ob jects in the Briefcase domainIP2
has no problems in quic kly solving small examples (and some larger ones

if action parallelism can b e exploited), but for 5 ob jects run time explo des. The

reason is not the large n um b er of ground actions (whic h is 65 for 4 ob jects and 96

for 5)

16
, but the h uge increase in searc h. First, nothing can b e done in parallel in

this test set, whic h mak es the graph's depth gro w v ery quic kly . Second, m utual

exclusion relations do not help v ery m uc h in solving the tasks. Tw o subgoals suc h

as at(letter,home) and at(letter,o�ce) are non-exclusiv e b ecause they are added

b y conditional e�ects and propagating m utex information o v er conditional e�ects

according to Lemma 1 is not su�cien t to rule out inconsisten t goal sets { it can

only reduce them signi�can tly . This forces IP2
to exhaustiv ely tra v erse the whole

searc h space and pro v e that no plan exists that can mak e b oth subgoals true

sim ultaneously , b ecause this prop ert y of the domain follo ws from the in terpla y

of the op erator set with the initial state. As Blum and F urst p oin ted out in [3]16The reader should also notice the fact proven by Blum and Furst that planning graphsare polynomially restricted in size of the planning problem, i.e., IP2 is searching a �nite searchspace of polynomial size.
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already , if an ob ject starts b eing in t w o di�eren t lo cations in the initial state it

can con tin ue to do so in all future w orld states. But although the basic ph ysical

la w that no ob ject can b e in t w o di�eren t lo cations at the same time holds

in all "normal" domains, a planning system has no explicit kno wledge of it.

In terestingly , as Figure 14 sho ws, subset memoization is able to eliminate most

of the inconsisten t goal sets, but not the explosion in the consisten t goal sets. The

�gure sho ws IP2
on a roundtrip and a p erm utation task in the briefcase w orld

in v olving 5 ob jects and 6 di�eren t lo cations. The p erm utation task requires to

transp ort the 5 ob jects from di�eren t lo cations in the initial state to di�eren t

lo cations in the goal state. W e sho w the n um b er of consisten t and inconsisten t

goal sets that are constructed at eac h time step.roundtrip permutationtime step cons. incons. cons. incons.5 0 0 0 06 161 0 6 07 2,337 0 47 08 25,382 0 338 09 296,576 0 1,849 8510 2,464,470 1,044,330 8,965 1,52911 - - 37,691 24,70012 146,659 225,01513 539,198 1,774,951roundtrip+subset permutation+subsettime step cons. incons. cons. incons.5 0 0 0 06 161 0 6 07 2,337 0 47 08 25,345 0 123 09 187,218 0 449 010 866,291 0 1,529 011 6,124 012 19,459 24013 68,424 1,980
Figure 14: Inconsisten t and Consisten t Goal Sets in the Briefcase W orld

With subset memoization, the n um b er of actions tried for solving the p erm uta-

tion problem decreases from 14,211,487 (without subset memoization) to 502,047.

The total n um b er of inconsisten t goals is reduced from 2,171.234 to 4,689, while

the total n um b er of consisten t goals can only b e reduced from 790,163 to 106,491.

Nev ertheless, run time decreases from 11.1 min utes to 20.9 seconds.

W e also constructed more di�cult planning tasks in the Briefcase domain and

tried to �nd the largest problem instances the systems could still handle. The

problems 4i to 5c are con tained in the co de distribution of IP2
. In con trast to

the ab o v e roundtrip tasks, these planning problems require to put-in and take-
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out ob jects, whic h can often b e done in parallel. F or eac h problem, w e giv e the

n um b er of di�eren t ob jects and lo cations in the initial state together with the

n um b er of di�eren t lo cations in the goal state, and the n um b er of time steps and

actions necessary for the shortest solution plan, see Figure 15. Run times w ere

measured on a SUN SP AR C 4. F or UCPOP , w e sho w the a v erage run time for

eac h p ossible subgoal ordering. F or Pro digy , the n um b er of di�eren t lo cations in

the goal state seemed to b e esp ecially critical, since it solv ed only one example

in whic h all ob jects ha v e to b e transp orted to the same goal destination.Problem # Objects/ Time Steps graphplan UCPOP IP2 Prodigy# Loc-I/Loc-G Actions4i 4/5/5 9/11 41.39 144 0.64 -4j 4/5/4 9/12 51.47 308 0.67 -4f 4/5/3 11/13 868.96 211 2.75 -5a 5/6/1 11/11 - 190 337.25 0.325b 5/6/2 11/12 - 210 124.15 -5c 5/6/3 11/13 - 312 35.9 -
Figure 15: graphplan, UCPOP , IP2

Pro digy in the Briefcase domaingraphplan's explosion in run time in example 4f is caused again b y the h uge

n um b er of ground instances of op erators and the critical depth limit of 11, i.e., to

solv e the example, the system tried 158,761 di�eren t actions b efore a solution

w as found.

W e also compared IP2
to UCPOP and Pro digy in an extended v ersion of the

sc heduling domain, originally dev elop ed for UCPOP . The domain con tains 11

op erators and man y op erators ha v e quite complex conditional e�ects, see as an

example the roll op erator in Figure 16.

The planning tasks in this test suite require to pro cess di�eren t ob jects b y

rolling, lathing, drilling, and pain ting in a shop. T o pain t an ob ject, the righ t

supply of pain t of the righ t color has to b e a v ailable, whic h sometimes means to

go to a store and buy pain t.IP2
and UCPOP generated the same plans to solv e the planning tasks, but

Pro digy's plans again con tained sup er
uous paint and move actions. It had to

repain t the ob jects sev eral times, whic h also required to go to the store, get the

righ t amoun t of pain t, return to the shop, and prepare the pain t for spra ying.

This mak es its solution plans m uc h longer than necessary . Ho w ev er, it has to b e

p oin ted out that w e did not pro vide the system (as an y other system) with ad-

ditional domain-sp eci�c con trol kno wledge. IP2
w as able to outp erform UCPOP

and Pro digy , b ecause action parallelism and exclusivit y constrain ts can b e b etter

exploited in this domain than in the Briefcase domain, see Figure 17. Surpris-

ingly , subset memoization w as useless since no goal set is constructed more than

once.
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roll:v ?x object:p is-at(sched):e ADD temperature(?x hot)shape(?x cylindrical)surface-condition(?x smooth);ALL ?old paint-cond n-e(?old nil)) DEL painted(?x ?old);ALL ?old shape-cond n-e(?old cylindrical)) DEL shape(?x ?old);ALL ?old temp-cond n-e(?old hot)) DEL temperature(?x ?old);ALL ?old surf-cond n-e(?old smooth)) DEL surface-condition(?x ?old);ALL ?old-width width ?old-orient orientADD no-hole(?x ?old-width ?old-orient)DEL has-hole(?x ?old-width ?old-orient).
Figure 16: Roll op erator from the Sc heduling domain in IP2

Input Syn taxProblem time steps actions UCPOP Prodigy IP2 Graph IP2 Plan IP2 Totalsched1 3 6 0.94 2.07 0.94 0.01 0.95sched2 5 8 4.20 10.27 0.93 0.36 1.29sched3 6 9 4.80 56.71 0.93 0.64 1.57sched4 7 11 103.00 2.42 1.41 0.22 1.63sched5 9 16 - 78.28 1.43 3.58 5.01sched6 9 17 - 37.8 1.41 4.78 6.19
Figure 17: IP2

, Pro digy , and UCPOP in the Sc heduling domain

8 Conclusion

W e ha v e presen ted an extension of planning graphs to deal with conditional and

univ ersally quan ti�ed e�ects in STRIPS op erators. The resulting algorithm is

sound and complete and terminates on unsolv able problems. It is fast when

compared to other planners, although no sophisticated con trol strategies ha v e

b een added y et and it relies on blind exhaustiv e searc h. The description in this

rep ort co v ers the functionalit y of v ersion 2.0. In the mean while, v ersion 3.0 has

extended the system in four directions that w ere not describ ed in this pap er:

First, w e ha v e incorp orated tec hniques that ha v e b een dev elop ed in our group

to eliminate irrelev an t facts and ground instances in simple STRIPS represen ta-

tions [10]. Based on a bac k c haining tec hnique that w orks from the goal to w ards

the initial state, di�eren t heuristics w ere dev elop ed that turned out to b e v ery
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p o w erful. Extending this approac h to deal with op erators con taining conditional

and univ ersally quan ti�ed e�ects has lead to the RIF O prepro cessing heuristic

that can b e used with IP2
.

Second, w e ha v e added a more sophisticated instan tiation of op erators in to

ground actions that generates only those instances that satisfy static facts (in-

ertia) from the initial state. F or example, in T ra v eling Sales P erson, only thosemove actions are generated for whic h the corresp onding connected relation is

giv en. This reduces signi�can tly the size of planning graphs. W e ha v e also exp er-

imen ted with an approac h to em b ed a bac kground domain theory in to the planner

to add integrity constraints in order to detect inconsisten t goal sets. Ho w ev er,

�rst tests in the Briefcase domain sho w ed that testing eac h goal set for inconsis-

tency leads to a computational o v erhead that is not comp ensated b y the gainings

in searc h. Ho w ev er, it seems to b e useful to use in tegrit y constrain ts for a more

extensiv e propagation of m utual exclusiv eness relations o v er facts.

Third, w e extended goal sp eci�cations to conditional and univ ersally quan-

ti�ed goals suc h as \carry all blue ob jects that are in Ro om A to Ro om B".

Suc h planning tasks o ccur frequen tly in the rob ot domain that w e are mainly

fo cusing on and w e w an t to pro vide a sp eci�cation language that supp orts a

natural form ulation of rob ot instructions. This extension comes almost for free,

b ecause suc h goal sp eci�cations can simply transformed in to sets of ground goals

b y prepro cessing.

Finally , w e ha v e exp erimen ted with heuristics that estimate the branc hing

factor in the searc h space and prefer most or least constrained actions. W e

obtained mixed results that will b e describ ed in a forthcoming pap er.

Curren tly , w e are w orking on a meta planning approac h to split complex

planning problems in to reasonable subproblems and w e are planning to in v estigate

further language extensions.
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9 App endix: Subset Memoization

In an e�cien t implemen tation, w e are facing the follo wing problem: T rying to

solv e a goal and negativ e goal set hGn; Cni at time n, ho w do w e �nd out if one

of the (exp onen tially man y) subset pairs hG 0n; C 0ni : G 0n � Gn; C 0n � Cn has b een

memoized y et? While in graphplan the memoizing algorithms only ha v e to

handle goal sets Gn , IP2
's memoizing routines m ust deal with pairs of suc h sets,

i.e., matters b ecome more complicated.

Nev ertheless, graphplan's solution to the problem is ine�ectiv e. All goal

sets that ha v e b een pro v en unsolv able at a certain time n are stored in a hash

table memo table as w ell as in a list unsolvable[n]. The routine to �nd out if a

goal set Gn at time n has b een memoized y et, is a simple hash table lo okup,

whic h is reasonably fast. F or doing the subset test, ho w ev er, the planner has to

go through all en tries at unsolvable[n] and c hec k if the goal set is a subset of the

curren t set. There can b e an almost unlimited n um b er (2

m
, where m is the total

n um b er of facts at time n) of en tries in suc h a list. Therefore, this approac h will

b ecome practically in tractable ev en for small sets of facts, or rather { b ecause the

time complexit y of this algorithm do es not directly dep end on the size of the goal

set { for an y reasonably big planning task with usually thousands of memoized

goal sets Gn at an y time n. Being a w are of this problem, Blum and F urst ha v e

dev elop ed the partial subset test, i.e., graphplan tries to lo ok up all subsetsG0n � Gn with jG0nj = jGnj � 1 from memo table. Ob viously , this can b e done in

linear time, i.e., O ( jGnj), but it is lik ely to result in more searc h e�ort.

T o come up with an e�cien t solution to the complete subset test, w e re-

placed b oth the hash table memo table and the list unsolvable[n] b y the UBTree
( Unlimited Branc hing Tree) memoization pro cedure whic h uses the follo wing com-

plex tree data structure:

goal branches a "end of branch" marker

negative goal branches

name

Figure 18: Represen tation of a single No de

A no de N (see Figure 18) in the UBTree data structure consists of four com-

p onen ts:� N.name: the name, i.e., the fact it is represen ting;
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� N.G: the goal branc hes, a set of other tree no des;� N.C: similarly the negativ e goal branc hes;� N.eob : the end-of-branc h mark er.

A t eac h lev el of the graph w e ha v e a set R[n] of suc h no des. The follo wing

functions need to b e de�ned for this tree:� memoize ( n;Gn; Cn ) inserts an unsolv able pair hGn; Cni in to UBTree. It is

called eac h time after a pair has b een pro v en to b e unsolv able.� Bo olean memoized ( n;Gn; Cn ) tries to lo ok up hGn; Cni from UBTree, i.e., it

returns TRUE i� hGn; Cni has already b een memoized. It is called eac h time

b efore the planner tries to solv e a new pair of goal sets.� Bo olean subset memoized ( n;Gn; Cn ) do es the complete subset c hec k, i.e., it

returns TRUE i� an y subset pair hG 0n; C 0ni with G 0n � Gn; C 0n � Cn has already

b een memoized. It is called when memoized has returned FALSE.

As their input, all functions tak e the time n as w ell as the goal set Gn and

the negativ e goal set Cn . Let k = jGnj with Gn = fg0 : : : gk�1g, and m = jCnj
with Cn = fc0 : : : cm�1g. Let us assume that hGn; Cni is unsolv able at time n. Thememoize algorithm mak es use of the function insert, whic h is de�ned in Figure 19

and tak es a single goal g and a set of tree no des S as argumen ts and returns a

no de N. Note that S is a V AR parameter, i.e., its v alue can b e c hanged b y theinsert function. The memoize algorithm pro ceeds as de�ned in Figure 20.do if 9N 2 S : N:name = g:namereturn Nelsecreate a new node N : N:name = g:nameS := S [ Nreturn Nend
Figure 19: insert( g , S)

It is our in ten tion to ha v e exactly one branch in the tree corresp onding to

eac h pair hGn; Cni the planner memoizes. So let us �rst de�ne what w e mean b ybranch:

De�nition 16 Let Gn = fg0 : : : gk�1g and Cn = fc0 : : : cm�1g be ordered sets ofgoals. A branch � ( n;Gn; Cn ) at time n corresponding to hGn; Cni in UBTree is atuple of tree nodes N0 : : :Nk+m�1 such that
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1. N0 2 R[ n] and N0:name = g0:name2. 8j 2 1 : : : k � 1 : Nj 2 Nj�1:G and Nj:name = gj:name3. 8j 2 k : : :m + k � 1 : Nj 2 Nj�1:C and Nj:name = cj�k:name4. Nk+m�1:eob = TRUEdo sort(Gn)sort(Cn)/* in arbitrary, i.e., alphabetical order */N := insert(g0, R[n])for j := 1 to N doN := insert(gj, N.G)for j := 0 to m doN := insert(cj, N.C)N.eob := TRUEend
Figure 20: memoize( n;Gn; Cn )

W e need a w a y of ordering the goal sets to mak e sure that there is exactly

one branc h for eac h pair hGn; Cni. The easiest w a y to ac hiev e a total ordering, of

course, is to arrange the goal names in alphab etical order. T o insert a goal pair,memoize starts at the ro ot of the tree. Note that w e assume Gn 6= ;, whic h seems

to b e a quite natural assumption. Then it follo ws the already existing branc hes

in the tree, creating a new branc h only when the curren t goal/negativ e goal is

not in N.G/ N.C. The end of eac h branc h is mark ed with TRUE = � . This w a y ,

the created branc h is exactly � ( n;Gn; Cn ) as de�ned ab o v e.

Figure 21 sho ws an example with the four pairs hfb; ag; fd; cgi, hfbg; fgi,hfa; bg; fcgi and hfc; ag; fdgi that are one b y one inserted in to R [ n] at some timen. Remem b er that the goal sets are ordered alphab etically b efore memoization.
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R[n]R[n]R[n]R[n]

<{b},{}> <{a,b},{c}> <{a,c},{d}><{a,b},{c,d}>

Figure 21: Iterativ e Memoization of 4 Goal P airs

T o test if a goal pair (or a corresp onding pair of subgoals) has already b een

inserted in to the UBTree data structure, the memoized and subset memoized pro-

cedures are used b y IP2
.

The memoized functions mak e use of a simple function look up, whic h tak es a

goal g , a set of tree no des S as w ell as a V AR P arameter no de N. It returns TRUE
i� there is a no de N' in S that corresp onds to g . In this case, N' is assigned to N,

cf. the de�nition of look up in Figure 22.do if 9N0 2 S : N0:name = g:nameN := N'return TRUEelsereturn FALSEend
Figure 22: look up ( g; S;N)

T o test if a pair hGn; Cni at time n has already b een memoized, the function
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memoized ( n;Gn; Cn ) simply follo ws the branc h � ( n;Gn; Cn ) in the tree whic h rep-

resen ts hGn; Cni un til it either �nds that � do es not exist or all goals g0 : : : gk�1
and c0 : : : cm�1 ha v e b een pro cessed. It returns TRUE i� it comes across a no deN with N.eob = TRUE, see Figure 23.do sort(Gn)sort(Cn)if not(look up(n, R[n], N)) return FALSEif N.eob return TRUEfor j := 1 to k doif not(look up(n, N.G, N)) return FALSEif N.eob return TRUEfor j := 0 to m doif not(look up(n, N.C, N)) return FALSEif N.eob return TRUEreturn FALSEend

Figure 23: memoized ( n;Gn; Cn )

Note that this routine already do es some just-b y-c hance subset c hec king: if

it comes across a no de N with N.eob = TRUE without ha ving c hec k ed all the

goals and negativ e goals, it found a branc h � that lies completely within the

curren t branc h and therefore represen ts an unsolv able subset pair hG 0n; C 0ni withG 0n � Gn; C 0n � Cn that has already b een memoized. T o mak e this more clear, let

us de�ne what w e mean b y a sub branch � 0 :

De�nition 17 Let G = fg1 : : : gk�1g and C = fc0 : : : cm�1g be ordered sets ofgoals and N0 a node in UBTree. A sub branch � 0 ( N0;G; C ) corresponding to N0,G, and C is a tuple of tree nodes N1 : : :Nk such that:9 h 2 0 : : : k and ordered subsets G � G 0 = fgl1 : : : glhg; C � C 0 = fclh+1 : : : clkg:1. 8j 2 1 : : : h : Nj 2 Nj�1:G and Nj:name = glj :name)2. 8j 2 h + 1 : : : k : ( Nj 2 Nj�1:C and Nj:name = clj :name)3. Nk:eob = TRUE
T o do the complete subset c hec k, the planner has to lo okup all branc hes� ( n;G 0n; C 0n ) in the tree that represen t a pair hG 0n; C 0ni with G 0n � Gn and C 0n � Cn

and return TRUE i� one of those has b een memoized already . This is w orst case

exp onen tial in the size of the giv en goal sets. T o b e more precise, there are

exactly (2

jGnj � 1) � 2

jCnj
suc h branc hes: the n um b er of p ossible subsets except
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the empt y set jfG 0njG 0n � Gngn;j m ultiplied with the n um b er of p ossible negativ e

goal subsets jfC 0njC 0n � Cngj. Since man y branc hes can b e excluded v ery early

during searc h due to the total ordering of the goals, the algorithm turns out to

b e m uc h faster in the a v erage case, though.

W e no w state a lemma that is the k ey to the subset memoized algorithm.

Lemma 5 Let Gn = fg0 : : : gk�1g and Cn = fc0 : : : cm�1g be ordered sets ofgoals at time n and let G 0n � Gn; C 0n � Cn be ordered subsets of them. Thegoal pair hG 0n; C 0ni has been memoized already if and only if there exists a goalgj 2 Gn and a node N0 2 R[ n] ;N0:name = gj:name such that there is a sub-branch� 0 ( N0; fgj+1 : : : gk�1g; Cn ) corresponding to N0; fgj+1 : : : gk�1g and Cn in UBTree.
Pro of: ) : If hG 0n; C 0ni is memoized, there is a branc h � ( n;G 0n; C 0n ) = N0 : : :Nk0 +m0 �1
in the tree, where N0 corresp onds to one of the goals gj 2 Gn . Ob viouslyN1 : : :Nk0 +m0 �1 satis�es the conditions for a sub-branc h corresp onding to N0 , Gn ,

and Cn . F urthermore, G 0k \fg0 : : : gj�1g = ; . Otherwise, � ( n;G 0n; C 0n ) w ould start

with the goal g 2 G 0n \ fg0 : : : gj�1g due to the total ordering of the goals.( : Giv en a sub-branc h � 0 = N1 : : :Nk0 +m0 �1 corresp onding to a no de N0 2R[ n] with N0:name = gj:name and goal sets as de�ned ab o v e, w e kno w from the

de�nition of sub branch that N0 : : :Nk0 +m0 �1 m ust b e the branc h � ( n;G 0n; C 0n ) for

some goal sets G 0n and C 0n . It is easy to see that these goal sets m ust b e subsets

of Gn and Cn , i.e., G 0n � Gn and C 0n � Cn .

Considering this result, the complete subset test consists of t w o functions:� the main function, subset memoized ( n;Gn; Cn ), whic h just pro vides some

sort of setup for the other function,� exists sub branch( N0;G; C ), whic h is recursiv e and tak es a tree no de N0 as

w ell as t w o goal sets G and C as input; it returns TRUE i� there is a

sub branc h � 0 ( N0;G; C ) corresp onding to the input.do sort(Gn)sort(Cn)for j := 0 to n doif look up(gj , R[n], N)if exists sub branch(N, fgj+1 : : : gk�1g, Cn) return TRUEreturn FALSEend
Figure 24: subset memoized ( n;Gn; Cn )
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Let us �rst ha v e a lo ok at subset memoized, as sho wn in Figure 24. This

pro cedure initializes the exists sub branch routine with all p ossible starting p oin ts

for a subset branc h, i.e., with the trees that ha v e one of the goals gj 2 Gn as

ro ots. Note that if, for example, the �rst goal g0 happ ens to b e not in R[n]
(i.e., there is no corresp onding N 2 R[ n]), the n um b er of branc hes to b e examined

is immediately reduced to (2

jGnj�1 � 1) � 2

jCij
, whic h is only ab out half of all

p ossible subset branc hes in the tree. T o store the curren t starting no de in the

recursion pattern, exists sub branch needs a lo cal v ariable N, cf. Figure 25.do if G 6= ;/* see if we can find a negative goal subset here */if exists sub branch(N0; ;; C) return TRUEif N0:G = ; return FALSE/* no possible ways to go */for j:=0 to k doif look up(gj ;N0:G;N)/* found an existing branch; see if we have success here */if exists sub branch(N; fgj+1 : : : gng; C) return TRUE;/* all the goals have failed */return FALSEelseif N.eob return TRUE/* we can stop here */if N0:C = ; return FALSEfor j:=0 to m doif look up(gj ;N0:C;N)if exists sub branch(N; ;; fcj+1 : : : cmg) return TRUEreturn FALSEend
Figure 25: exists sub branch( N0;G; C )

F rom a formal p oin t of view, exists sub branch mak es use of the follo wing

lemma:

Lemma 6 Given ordered sets of goals G = fg0 : : : gk�1g and C = fc0 : : : cm�1g aswell as a starting point N0 in the tree, there exists a sub branch � 0 ( N0;G; C ) i� atleast one of the following conditions holds:1. N0:eob = TRUE2. there is a goal gj 2 G and a node N 2 N0:G corresponding to this goal suchthat there exists a sub-branch � 0 ( N; fgj+1 : : : gk�1g; C ) in UBTree.3. there is a goal cj 2 C and a node N 2 N0:C corresponding to this goal suchthat there exists a sub-branch � 0 ( N; ;; fcj+1 : : : cm�1g) in UBTree.
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Pro of: ): Let N1 : : :Nk b e a sub-branc h corresp onding to N0 , G , and C . One of

the follo wing three cases m ust hold:

1. k = 0: N0:eob = TRUE follo ws directly from the de�nition of sub branch.

2. k > 0 and N1 corresp onds to a goal gj 2 G : Let � 0 := N2 : : :Nk . Ob viously ,� 0 is a sub-branc h corresp onding to N, G , and C . F urthermore, no no de in� 0 can corresp ond to a goal g 2 fg0 : : : gjg due to the total ordering of the

goals.

3. k > 0 and N1 corresp onds to a goal cj 2 C : similar to 2.(:

1. If N0:eob = TRUE, the empt y tuple of no des is a legal sub branc h: let h = 0

in De�nition 17.

2. If N1 : : :Nk is a sub-branc h corresp onding to N, fgj+1 : : : gn�1g, and C withN.name = gj:name, then N;N1 : : :Nk ob viously is a sub branc h corresp ond-

ing to N0 , G , and C .

3. similar to 2.

Th us exists sub branch do es the follo wing: First, it c hec ks if a negativ e goal

subset starts at no de N0 . If this fails, it tries to look up all the goals gj 2 G fromN0:G. Once exists sub branch found suc h a goal gj , it calls itself on the new no deN and fgj+1 : : : gk�1g with C remaining the original set. T rying to �nd a negativ e

goal subset pro ceeds in the same w a y , except that exists sub branch can stop and

return TRUE (whic h is propagated bac k through the recursion pattern) if N0:eob
= TRUE, see Lemma 6.

T o mak e this more explicit, consider the example in Figure 26, where sub-set memoized tries to lo ok up an y subset of the pair hfa; bg; fdgi in the tree

resulting from the memoization pro cess illustrated in Figure 21.

First, there is the initial call to subset memoized( n; fa; bg; fdg), whic h lo oks

up node1 in R[n] and calls exists sub branch( node1; fbg; fdg). exists sub branch
�rst calls itself on ( node1, ;, fdg) (i.e., it tries to �nd a negativ e goal subset

here) and �nds that node1.eob = FALSE and node1.C = ;. It returns FALSE
and lo oks up a no de corresp onding to b in node1.G, whic h is node4. Th us the

next call is exists sub branch( node4, ;, fdg). There are no more goals to exam-

ine, so this instance of exists sub branch only do es the negativ e goal subset test.

Since node4.eob = FALSE, it tries to lo okup a no de corresp onding to the negativ e

goal d in node4.C, whic h fails. This causes con trol to return to the instance of ex-ists sub branch that w as called on ( node1, fbg, fdg). This instance tries to lo okup
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the next goal in node1.G. As there are no more goals ( b w as the only one and it has

already b een lo ok ed up), this fails to o, and FALSE is returned whic h terminates

the recursion. No w subset memoized tries to get the next goal, whic h is b, in the

ro ot set R[n]. It �nds a matc hing no de, namely node2 and calls exists sub branch
on node2, G = ; and C = fcg. exists sub branch �nds that node2.eob = TRUE,

whic h leads to a success: TRUE is returned to subset memoized, and, in turn,subset memoized returns TRUE to the planner.

a

node1 node2

node3

node5 node6

node7

b

b

c

d c

d

node4

R[i]

Figure 26: Lo oking up hfa; bg; fdgi in this T ree leads to a Success
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