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tIt follows from a fundamental (1958) result of Tutte that a binarymatroid is representable over the rationals if and only if it 
an berepresented by a totally unimodular matrix, that is, by a matrix overthe rationals with the property that all subdeterminants belong tof0; 1;�1g. For an arbitrary �eld F , it is of interest to ask for a matrix
hara
terisation of those matroids representable over F and the ratio-nals. In this paper this question is answered when F is GF (3). It isshown that a ternary matroid is representable over the rationals if andonly if it 
an be represented over the rationals by a matrix A with theproperty that all subdeterminants of A belong to the set f0;�2i : ian integerg. While ternary matroids are uniquely representable overGF (3), this is not generally the 
ase for representations of ternarymatroids over other �elds. A 
hara
terisation is given of the 
lass ofternary matroids that are uniquely representable over the rationals.1



1 Introdu
tionIt follows from a 
elebrated (1958) theorem of Tutte [22℄ that a binary ma-troid is representable over the rationals if and only if it 
an be representedover the rationals by a totally unimodular matrix. A matrix U over therationals is totally unimodular if all subdeterminants of U belong to the setf0; 1;�1g. It is natural to ask if an analogous result holds for other �elds.In parti
ular, for a �eld F, one 
an ask for a matrix 
hara
terisation of thematroids representable over F and the rationals. In this paper we solve thisproblem when F is GF (3), that is, we give a matrix 
hara
terisation for the
lass of matroids that are representable over GF (3) and the rationals. Amatrix A over the rationals is dyadi
 if all non-zero subdeterminants of Abelong to the set f�2i : i 2 Zg. It is easily seen that the matroid representedby the 
olumns of a dyadi
 matrix is ternary. The main theorem of this paperproves the 
onverse. We show that ifM is representable over GF (3) and therationals, then M =M [A℄ for some dyadi
 matrix A.A major problem that presents itself in matroid representation theory isthe existen
e of inequivalent representations. Strong results are only knownto exist in 
ases where matroids are uniquely representable. All known proofsof the ex
luded-minor 
hara
terisations of the 
lasses of binary and ternarymatroids use the uniqueness of representations of these matroids in an essen-tial way [2, 6, 7, 19, 22℄. Also regular matroids are uniquely representableover any �eld. In 
ontrast to this, a ternary matroid may have inequiva-lent representations over the rationals. For example, it is easily seen thatthe whirl W3 has inequivalent representations over the rationals. Indeed, ofthe in�nite number of equivalen
e 
lasses of representations of W3, only six
ontain dyadi
 matri
es. This is strikingly di�erent from the 
ase of regularmatroids. Any representation of a regular matroid 
an be transformed to atotally unimodular representation by standard matrix operations.Loosely speaking, the reason why inequivalent representations 
ause dif-�
ulties is that one no longer has leverage for indu
tion. In trying to showthat a matroid M has a representation of a 
ertain type, it is natural totry to show that this property is inherited from a representation of a minorof that type. If we do not have unique representability, then not all repre-2



sentations of minors need extend to representations of M . This means thatwe 
annot guarantee that a representation of the desired type extends to arepresentation of M .Most of this paper is devoted to over
oming diÆ
ulties 
aused by theexisten
e of inequivalent representations. Essentially the te
hnique used isto show that when a 3{
onne
ted ternary matroid has inequivalent represen-tations over the rationals, the inequivalent representations 
orrespond to asingle equivalen
e 
lass of representations over an appropriate trans
endentalextension �eld of the rationals. I believe that it is of great interest to knowwhether the te
hniques of this paper 
an be generalised to assist in solv-ing any other of the many outstanding problems in matroid representationtheory.The paper is stru
tured as follows. Se
tion 2 outlines known results thatare used throughout the paper. Se
tion 3 presents a result for 3{
onne
tedmatroids. This result is essentially a te
hni
al lemma. The proof is an un-fortunately long 
ase analysis using standard te
hniques. It is re
ommendedthat the reader skip the proof on a �rst reading. It would be ni
e to see an el-egant proof of this theorem. Weak maps are standard matroid 
onstru
tionsthat are used frequently in this paper. Se
tion 4 outlines some basi
 fa
tson weak maps. A homomorphism of an integral domain indu
es a map onrepresentations of matroids over that integral domain. The image of a repre-sentation of a matroid under su
h a map is a representation of a weak-mapimage of the original matroid. The two main se
tions of the paper are Se
-tions 5 and 6. Se
tion 5 introdu
es a 
ertain 
lass of matroids that turn out tobe representable over all �elds ex
ept possibly GF (2). These matroids havenatural representations over a trans
endental extension �eld of the rationals.These are the so-
alled \near-regular" matroids. It is shown that membersof this 
lass, while not in general uniquely representable over the rationals,have well-behaved 
anoni
al representations over this trans
endental exten-sion �eld. It turns out to be easy to show that a near-regular matroid 
anbe represented over the rationals by a dyadi
 matrix, but while near-regularmatroids are representable over GF (3) and the rationals the 
onverse is notgenerally true. The main task of Se
tion 6 is to deal with the transition toternary matroids representable over the rationals that are not near-regular.Se
tion 7 presents the main results|the proofs essentially summarise infor-3



mation from previous se
tions. As well as showing that all matroids thatare representable over GF (3) and the rationals 
an be represented by dyadi
matri
es, it is also shown that a 3{
onne
ted ternary matroid has inequiv-alent representations over the rationals if and only if it is non-binary andnear-regular.Finally we note that in [26℄ the te
hniques of this paper are used togive matrix 
hara
terisations of those matroids that are representable overGF (3) and F for any given �eld F. This is a
heived by �nding appropriategeneralisations of Theorems 6.6 and 7.1.2 PreliminariesFamiliarity is assumed with the elements of matroid theory. Terminologyfollows Oxley [17℄ with a single ex
eption noted in the following paragraph.One aspe
t of matroid theory that we assume parti
ular familiarity with isthe theory of matroid representations. Essentially, it is assumed that thereader is familiar with the substan
e of [17, Chapter 6℄.Conne
tivity.For a good dis
ussion of the theory of matroid 
onne
tivity we again referthe reader to [17℄. Re
all that the simpli�
ation of a matroid M is obtainedby deleting all the loops of M and all but one element of ea
h parallel 
lassof M . Dually, the 
osimpli�
ation of M is obtained by 
ontra
ting all the
oloops of M and all but one element of ea
h series 
lass of M . We denotethe simpli�
ation and 
osimpli�
ation ofM by si(M) and 
o(M) respe
tively.This notation di�ers from [17℄. Note that, as de�ned here, si(M) and 
o(M)are minors of M , whi
h turns out to be 
onvenient in our arguments.Re
all that a matroid is not 3{
onne
ted if and only if it has a 2{separation. A 2{separation of M is a partition fX; Y g of E(M) with theproperty that jXj; jY j � 2, and r(X) + r(Y ) � r(M) + 1. We are frequentlyinterested in 
ases where M may not be 3{
onne
ted but where either si(M)or 
o(M) is 3{
onne
ted. The following elementary fa
ts on 2{separations4



are used in Se
tion 3.(2.1) If fX; Y g is a 2{separation of a 
onne
ted matroid M , then eitherf
l(X); Y � 
l(X)g is a 2{separation of M or Y is 
ontained in a non-trivialparallel 
lass of M . 2(2.2) ([20, (5.1)℄) If M is 
onne
ted and si(M) (respe
tively 
o(M)) is 3{
onne
ted, then any 2{separation fX; Y g of M has the property that eitherX or Y is 
ontained in a parallel (respe
tively series) 
lass. 2(2.3) IfM is a simple matroid with r(M) > 3, and 
o(M) is not 3{
onne
ted,then there exists a 2{separation fX; Y g of M with jXj; jY j > 2. 23{
onne
ted, non-binary matroids.Re
all that, for r > 2, the whirlWr is the matroid de�ned as follows. LetP = fp1; p2; : : : ; prg be the verti
es of an r{simplex. ThenWr is obtained bypla
ing a point freely on ea
h of the lines fp1; p2g; fp2; p3g; : : : ; fpr�1; prg andfpr; p1g. If r = 2, then W2 = U2;4. The following results are straightforward
onsequen
es of Seymour's Splitter Theorem [20℄. For a dis
ussion of thistheorem and its 
onsequen
es see [17, Chapter 11℄.(2.4) Let M and N be 3{
onne
ted matroids with the property that N is anon-binary minor ofM , jE(N)j � 4, and ifN is a whirl, thenM has no largerwhirl as a minor. Then there is a sequen
e M0;M1; : : : ;Mn of 3{
onne
tedmatroids su
h that M0 �= N , Mn �=M , and, for all i in f0; 1; : : : ; n� 1g, Miis a single-element deletion or a single-element 
ontra
tion of Mi+1. 2In parti
ular we have(2.5) Let M be a non-binary, 3{
onne
ted matroid. If M is not a whirl,then there exists x 2 E su
h that either Mnx or M=x is non-binary and3{
onne
ted. 2The following result is proved in [25℄. It is a straightforward 
onsequen
eof (2.5).(2.6) Let M be a 3{
onne
ted, non-binary matroid. If r(M) � 3, then there5



is an element x 2 E(M) with the property that si(M=x) is 3{
onne
ted andnon-binary. 2A result that is 
ru
ial in many arguments on non-binary, 3{
onne
tedmatroids is the following theorem of Seymour [21℄. A matroid N uses a setX if X � E(N).(2.7) If x1 and x2 are elements of a 3{
onne
ted, non-binary matroid M ,then M has a U2;4{minor using fx1; x2g. 2While, in general, a 3{
onne
ted, ternary, non-binary matroid may haveinequivalent representations over a �eld F , there are sharp 
onstraints onthese representations. The following result is a routine strengthening of [25,Lemma 2.6℄.(2.8) Let M be a 
onne
ted, ternary matroid representable over a �eld Fwith an element x su
h that Mnx is 
onne
ted and si(Mnx) is 3{
onne
tedand non-binary. Let A be a matrix representation ofMnx over F that extendsto a representation of M . If x and y are ve
tors su
h that [Ajx℄ and [Ajy℄both represent M over F, then x is a s
alar multiple of y. 23 A 3{
onne
tivity TheoremLet M be a 3{
onne
ted, non-binary matroid su
h that the rank of its dualM� is at least four. The triple (a; b; 
) of distin
t elements of M is a distin-guished triple if it is 
oindependent and it has the property that 
o(Mna),
o(Mnb), 
o(Mn
), 
o(Mna; b) and 
o(Mna; 
) are all 3{
onne
ted and non-binary.The purpose of this se
tion is to prove(3.1) Theorem. A 3{
onne
ted, non-binary matroid with r(M�) � 4 has adistinguished triple.In fa
t it is not Theorem 3.1 that is used in this paper but its dual, statedas Corollary 3.8. This 
orollary is used in the proofs of Theorems 5.9 and6.6.6



Proof of Theorem 3.1. ThroughoutM denotes a 3{
onne
ted, non-binarymatroid with r(M�) � 4 and ground set E. We pro
eed by indu
tion on therank of M . If r(M) = 2, the result 
learly holds, so assume that r(M) � 3.We �rst show that the theorem holds when r(M) = 3. In fa
t in this 
ase itturns out to be easier to establish a somewhat stronger 
on
lusion whi
h is
ertainly not generally true for higher ranks.(3.2) If r(M) = 3, then M has a distinguished triple (a; b; 
) with the prop-erty that Mna, Mnb, and Mn
 are all 3{
onne
ted.Proof. The proof of 3.2 is by indu
tion on jEj. Certainly jEj � 7. We �rstprove(3.2.1) If jEj = 7 then 3.2 holds.Proof. We have r(M) = 3 and jEj = 7. Assume that M has a four-pointline. It is easily 
he
ked that, up to isomorphism, there are just four su
hmatroids; these are illustrated in Figure 3.1.
t t t ttt t���������HHHHHHHa b 
 t t t ttt t���������a b 


t t t ttt t���������a b 
t t t tt tta b 
 Figure 3.1.Distinguished triples in matroids with a four point line.7



Routine 
he
king shows that, in ea
h matroid, (a; b; 
) is a distinguishedtriple where a, b, and 
 are the points labelled in the diagrams. It is alsoeasily 
he
ked that Mna, Mnb, and Mn
 are all 3{
onne
ted.Now say M has no 4{point lines. Assume that M is ternary. In this 
aseM is an extension ofW3 and it follows from [14, Lemma 2.2℄ thatM is eitherthe non-Fano matroid F�7 or the matroid P7 illustrated in Figure 3.2. Againit is routine to 
he
k that in ea
h matroid (a; b; 
) is a distinguished triplewhere a, b, and 
 are the points labelled in the diagrams. It is also easily
he
ked that Mna, Mnb, and Mn
 are all 3{
onne
ted.vv vv
v v v

a

b 
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�����

�������
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����������������
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v
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b P7�������
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Figure 3.2.Distinguished triples in F�7 and P7.Assume that M is not ternary. Then M has either a U2;5{ or a U3;5{minor. It follows by [15, Theorem 1.6℄ thatM has a U3;5{minor. It routinelyfollows that there exists a 2 E su
h that Mna is U3;6 or one of the matroidsP6 or Q6 illustrated in Figure 3.3. If Mna is U3;6, then it is 
lear that M has8



a distinguished triple (a; b; 
) with the property that Mna, Mnb, and Mn
are all 3{
onne
ted, so we may assume that Mna is either P6 or Q6.tt t
t t tb 
P6

tt tt t t

2
1 x

b Q6����������
�����

Figure 3.3The matroids P6 and Q6.It is easily seen that ifMna is P6, then (a; b; 
) is a distinguished triple ofM where b and 
 are as labelled in Figure 3.3. It is also 
lear thatMna, Mnband Mn
 are all 3{
onne
ted. Say Mna is Q6, and 
onsider the labellingindi
ated in Figure 3.3. Evidently, in M , either fa; 
1; xg or fa; 
2; xg is not
ollinear. Assume without loss of generality that fa; 
2; xg is not a 
ir
uit.Then one readily 
he
ks that (a; b; 
1) is a distinguished triple of M withMna, Mnb, and Mn
 all 3{
onne
ted. 2We now 
omplete the proof of (3.2). By (3.2.1), (3.2) holds if jEj = 7.Assume for indu
tion that jEj > 7 and that the 
on
lusion of (3.2) holdsfor all matroids satisfying the 
onditions of (3.2) whose ground sets have
ardinality less than jEj.Certainly there is a point p 2 E su
h that Mnp is non-binary. If Mnpis not 3{
onne
ted, then E � fpg is the union of two lines l1 and l2. Ifl1 \ l2 6= ;, then it is easily seen that Mn(l1 \ l2) is non-binary and 3{
onne
ted, so assume that l1 \ l2 = ;. If either l1 or l2 has more than fourpoints, then deleting a point from the line with more than four points 
learlyleaves a non-binary, 3{
onne
ted matroid. Assume then, that neither l1 nor9



l2 has more than four points. Without loss of generality we may assume thatjl1j = 4 and jl2j 2 f3; 4g. Let q be a point of l2. Clearly Mnq is non-binaryand 3{
onne
ted. We 
on
lude that there exists a point a 2 E su
h thatMna is 3{
onne
ted and non-binary. By the indu
tive hypothesis there existpoints b and 
 in E � a su
h that Mna; b and Mna; 
 are non-binary and3{
onne
ted. Clearly Mnb and Mn
 are also non-binary and 3{
onne
ted.This establishes 3.2. 2Now assume that r(M) � 4, and, for indu
tion, that any matroid sat-isfying the hypotheses of Theorem 3.1 whose rank is less than r(M) has adistinguished triple. By (2.6) there exists an element x 2 E with the prop-erty that si(M=x) is non-binary and 3{
onne
ted. We �rst show that thetheorem holds when M=x has no non-trivial parallel 
lasses.(3.3) If M=x is non-binary and 3{
onne
ted, then M has a distinguishedtriple.Proof. It follows from the indu
tive hypothesis that there exists a 
oin-dependent triple (a; b; 
) of distin
t elements of M=x for whi
h 
o(M=xna),
o(M=xnb), 
o(M=xn
), 
o(M=xna; b), and 
o(M=xna; 
) are all 3{
onne
tedand non-binary. We �rst prove(3.3.1) If N is a loopless matroid and y 2 E(N) has the property that
o(N=y) is 3{
onne
ted, then 
o(N) is 3{
onne
ted.Proof. We prove the dual whi
h seems more obvious intuitively. Now N�is 
oloop free, si(N�ny) is 3{
onne
ted and N� is an extension of N�ny. Ify is in a parallel 
lass or is a loop, then it is 
lear that si(N�ny) = si(N�),and hen
e si(N�) is 3{
onne
ted. Otherwise, si(N�) 
an be regarded as anextension of si(N�ny) in whi
h y is neither a loop, 
oloop, or parallel to anelement of si(N�ny). Again it follows that si(N�) is 3{
onne
ted. 2By (3.3.1), 
o(Mna), 
o(Mnb), 
o(Mn
), 
o(Mna; b), and 
o(Mna; 
) areall 3{
onne
ted. Moreover these matroids are all non-binary sin
e they 
on-tain non-binary minors. Sin
e fa; b; 
g is 
oindependent in M=x, this set is
ertainly 
oindependent inM . It follows that (a; b; 
) is a distinguished tripleof M , and (3.3) is established. 210



We may now assume that M=x has at least one non-trivial parallel 
lass,that is, thatM has at least one non-trivial line 
ontaining x. We �rst 
onsiderthe 
ase where there is su
h a line with at least four points.(3.4) If M has a line l 
ontaining x with jlj � 4, then M has a distinguishedtriple.Proof. Say l = fx; p1; p2; : : : ; png, where n � 3. First note that if fi; jg �f1; 2; : : : ; ng, then Mnpi; pj 
learly 
ontains a minor isomorphi
 to si(M=x),so that Mnpi; pj is non-binary. Also, if i, j, and k are distin
t elements off1; 2; : : : ; ng, then fpi; pj; pkg is 
oindependent in M , otherwise fpi; pj; pkgwould be a triangle and a triad of M , a situation that 
annot o

ur in a3{
onne
ted matroid with at least �ve elements. It follows that to showthat (pi; pj; pk) is a distinguished triple, it only has to be shown that the
osimpli�
ations of the appropriate deletions are 3{
onne
ted. It is wellknown, and easily seen, that if the element z of the 3{
onne
ted matroid Nis on a line with at least four points, then Mnz is 3{
onne
ted. It followsthat Mnp1, Mnp2, and Mnp3 are all 3{
onne
ted.Assume that jlj � 5, that is, n � 4. Then Mnp1; p2 and Mnp1; p3 are also3{
onne
ted, and (p1; p2; p3) is a distinguished triple.We may therefore assume that n = 3, so that l = fx; p1; p2; p3g. The twofollowing preliminary results will be used frequently throughout the rest ofthe proof.(3.4.1) Let N be a 
onne
ted matroid with an element z having the propertythat N=z is 
onne
ted. Say fZ; Y g is a 2{separation of N with z 2 Z, andjZj > 2. Then,(i) fZ � z; Y g is a 2{separation of N=z, and(ii) (N=z)jY = N jY .Proof. rN=z(Z � z) = rN(Z)� 1, and rN=z(Y ) � rN(Y ). It follows routinelyfrom this that fZ� z; Y g is a 1{separation of N=z or a 2{separation of N=z.Sin
e N=z is 
onne
ted, the former 
ase does not o

ur, so fZ � z; Y g is an11



exa
t 2{separation of N=z. But this 
ase only o

urs if rN=z(Y ) = rN (Y ).We 
on
lude that this is the 
ase. Thus r(Y [ z) = r(Y )+1, so z is a 
oloopof N j(Y [ z) and (N=z)jY = N jY . 2(3.4.2) Let N be a 3{
onne
ted matroid with rank at least three, and havingan element z with the property that si(N=z) is 3{
onne
ted. If fz; p; qg is a
ir
uit of N , then either 
o(Nnp) or 
o(Nnq) is 3{
onne
ted.Proof. Assume that neither 
o(Nnp) nor 
o(Nnq) is 3{
onne
ted. Thenneither Nnp nor Nnq is 3{
onne
ted. Thus by Tutte's Triangle Lemma ([24℄,see also [17, Lemma 8.4.9℄) N has a triad Tp 
ontaining exa
tly one of z andq. If Tp 
ontains q, then the 3{
onne
ted matroid N=znp has a 2{element
o
ir
uit; a 
ontradi
tion. Thus Tp 
ontains p and z but not q. Similarly, Nhas a triad 
ontaining q and z but not p. Now N=p has fq; zg as a 
ir
uitthat is in a 
o
ir
uit. Thus si(N=p) has a 2{element 
o
ir
uit and so is not3{
onne
ted. Thus, by a result of Bixby ([3℄, see also [17, Proposition 8.4.8℄),
o(Nnp) is 3{
onne
ted. 2Now return to the proof of (3.4). We have a line l = fx; p1; p2; p3g of M .Moreover, for i 2 f1; 2; 3g,Mnpi is 3{
onne
ted. ConsiderMnp1. By (3.4.2),either 
o(Mnp1; p2) or 
o(Mnp1; p3) is 3{
onne
ted. If both are 3{
onne
ted,then (p1; p2; p3) is a distinguished triple ofM . Say not; assume without loss ofgenerality that 
o(Mnp1; p2) is not 3{
onne
ted. ConsiderMnp2. By (3.4.2),either 
o(Mnp2; p1) or 
o(Mnp2; p3) is 3{
onne
ted. We 
on
lude that thelatter matroid is 3{
onne
ted, and that (p3; p2; p1) is a distinguished triple ofM . 2For the remainder of the proof we assume that all non-trivial lines of Mthat 
ontain x have at most three points.(3.5) If there is exa
tly one non-trivial line of M 
ontaining x, then M hasa distinguished triple.Proof. Let l = fx; p; qg be the non-trivial line of M 
ontaining x. Notethat si(M=x) �= Mnp=x �= Mnq=x. We use this fa
t frequently. We obtain adistinguished triple of M that 
ontains fp; qg.(3.5.1) 
o(Mnp) and 
o(Mnq) are 3{
onne
ted and non-binary.12



Proof. It 
learly suÆ
es to show that 
o(Mnp) is 3{
onne
ted and non-binary. Now si(M=x) �= Mnp=x, so Mnp is 
ertainly non-binary. It alsofollows that Mnp=x is 3{
onne
ted. Therefore Mnp is 3{
onne
ted unless ithas x in a 2{element 
o
ir
uit. In either 
ase 
o(Mnp) is 3{
onne
ted. 2Identify si(M=x) with Mnp=x. We now show(3.5.2) There exists a 3{element, 
oindependent subset fa; b; 
g of Mnp=xwith the property that 
o(Mnp=xna), 
o(Mnp=xnb), and 
o(Mnp=xn
) areall non-binary and 3{
onne
ted.Proof. If M has 
orank greater than four, then Mnp=x has 
orank greaterthat three. In this 
ase it follows from the indu
tive hypothesis that Mnp=xhas a distinguished triple (a; b; 
) and fa; b; 
g is the required set.Assume that M has 
orank four. Then Mnp=x has 
orank three. Now(Mnp=x)� is a 3{
onne
ted, non-binary, rank{3 matroid. It now follows by[16, Theorem 3.1℄, that (Mnp=x)� has a restri
tion isomorphi
 to one of U3;6,P6, Q6, orW3. (Re
all that the matroids P6 and Q6 are illustrated in Figure3.3.) One readily 
he
ks that ea
h of these matroids has an independent3{element set fa; b; 
g su
h that the simpli�
ation of the 
ontra
tion of anyone of these is 3{
onne
ted and non-binary. It follows that (Mnp=x)� hassu
h a set, and by duality, thatMnp=x has a 3{element set with the requiredproperties. 2Let fa; b; 
g be a 3{element, 
oindependent set ofMnp=x satisfying (3.5.2).We would like to guarantee that for some e 2 fa; b; 
g � fqg, 
o(Mne) is 3{
onne
ted. We �rst establish some preliminary fa
ts.(3.5.3) Let s be an element of the set E � fx; p; qg with the property that
o(M=xnp; s) is 3{
onne
ted but 
o(Mns) is not 3{
onne
ted. Then fl; E �(l [ fsg)g is a 2{separation of Mns, and l [ fsg 
ontains a 
o
ir
uit C� withs 2 C�.Proof. Sin
e 
o(Mns) is not 3{
onne
ted, there is a 2{separation fX; Y g ofMns with the property that neither X nor Y is 
ontained in a series 
lassof Mns. Re
all that l = fx; p; qg. One of X or Y 
ontains at least twopoints of l; say X does. One readily 
he
ks that fX [ l; Y � lg is also a13



2{separation ofMns with the property that neither X[ l nor Y � l is a series
lass of Mns. Hen
e we may assume without loss of generality that fX; Y gis a 2{separation of Mns with l � X.By (3.4.1), fX � fxg; Y g is a 2{separation of Mns=x. It may be thatthis 2{separation is not exa
t, that is, the 2{separation may also be a 1{separation. Set A = X � l. Say A = ;. Then fl; Y g is a 2{separation ofMns. We now show that fl; E � (l [ fsg)g is also a 2{separation of Mns inthe 
ase that A 6= ;.Assume then, that A 6= ;. Now fs; p; qg is not a triad of M , otherwisethe 3{
onne
ted matroid Mnp=x has a 2{element 
o
ir
uit. Hen
erM=xns;p(Y [ A) = r(Mns)� 1:In the following equations, (2) follows from the submodularity of the rankfun
tion, (3) follows from (3.4.1), and (4) follows from the above equation.rMns(l) + rMns(Y [ A) (1)� 2 + rMns(Y ) + jAj (2)= 2 + rM=xns;p(Y ) + jAj (3)= 2 + r(Mns)� 1 (4)= r(Mns) + 1: (5)But Y [ A = E � (l [ fsg), so it follows that fl; E � (l [ fsg)g is a 2{separation of Mns. Sin
e rMns(l) = 2, E � (l [ fsg) spans a hyperplane Hof M . Moreover, s 62 H, otherwise fl; E � lg is a 2{separation of M . Hen
el [ fsg 
ontains a 
o
ir
uit C� that 
ontains s. 2(3.5.4) Let S be the set of all elements of E � fx; p; qg with the propertythat for s 2 S, 
o(M=xnp; s) is 3{
onne
ted, but 
o(Mns) is not 3{
onne
ted.Then the 
orank of S in M=xnp is less than or equal to 2.Proof. Order the elements of S, say S = fs1; s2; : : : ; sng. As before, setl = fx; p; qg. Say i 2 f1; 2; : : : ; ng and 
onsider si. By (3.5.3), l [ fsig
ontains a 
o
ir
uit C�i that 
ontains si. Set Hi = E � C�i . We now showthat rM( n\i=1Hi) = r(M)� n:14



Sin
e l 
annot 
ontain a 
o
ir
uit, r(Mnl) = r(M). Moreover, ea
h ofs1; s2; : : : ; sn is a 
oloop of Mnl. The assertion follows unless, for all i andsome �xed a and b, C�1 is fsi; a; bg. In the ex
eptional 
ase, n � 2 or fs1; s2; agis a 
o
ir
uit ofM meeting l is a single element. We 
on
lude that it is indeedthe 
ase that rM( n\i=1Hi) = r(M)� n:Now 
onsider M=xnp. By (3.4.1),rM=xnp( n\i=1Hi) = rM( n\i=1Hi):Hen
e rM=xnp( n\i=1Hi) = r(M=xnp)� n+ 1:But E(M=xnp)� n\i=1Hi = S [ fqg;so, using the formula for the rank fun
tion of the dual matroid, we haver(M=xnp)�(S [ fqg) = jS [ fqgj � r(M=xnp) + rM=xnp( n\i=1Hi)= n + 1� r(M=xnp) + r(M=xnp)� n+ 1= 2We 
on
lude that r(M=xnp)�(S) � 2. 2Return to the proof of (3.5). We �rst show that there exists an elemente 2 E � fx; p; qg su
h that 
o(Mne) is 3{
onne
ted and non-binary. Re
allthat fa; b; 
g is a 
oindependent, 3{element set of elements of Mnp=x withthe property that 
o(Mnp=xna), 
o(Mnp=xnb), and 
o(Mnp=xn
) are all non-binary and 3{
onne
ted. We 
onsider two 
ases. For the �rst assume that q 62fa; b; 
g. Sin
e fa; b; 
g is 
oindependent, by (3.5.4), there exists an elemente 2 fa; b; 
g su
h that 
o(Mna) is 3{
onne
ted. Consider the se
ond 
ase.Here we may assume that q = 
. Assume that neither 
o(Mna) nor 
o(Mnb)is 3{
onne
ted. Then, by (3.5.3), fx; p; q; ag and fx; p; q; bg 
ontain 
o
ir
uits15



that 
ontain a and b respe
tively. We dedu
e that fp; q; a; bg 
ontains a
o
ir
uit of M=x. It follows easily that fq; a; bg is a triad of M=xnp. This
ontradi
ts the assumption that fa; b; qg is 
oindependent in M=xnp. Itfollows that, for some e 2 fa; bg, 
o(Mne) is 3{
onne
ted. In both of theabove 
ases it is 
lear that Mne is non-binary.Arguing as in (3.5.1) we see that 
o(
o(Mne)np) is 3{
onne
ted. It is eas-ily seen that 
o(
o(Mne)np) = 
o(Mne; p), so 
o(Mne; p) is 3{
onne
ted. ButM=xne; q �=M=xne; p, so again arguing as in (3.5.1), we see that 
o(Mne; q)is 3{
onne
ted. Evidently both Mne; p and Mne; q are non-binary. To es-tablish that (e; p; q) is a distinguished triple, all that remains is to show thatfe; p; qg is 
oindependent. Now, in M=x, fe; p; qg is a parallel extension offe; pg, and this set is 
ertainly 
oindependent. But a parallel extension of a
oindependent set is 
oindependent. Therefore fe; p; qg is 
oindependent inM=x and 
onsequently in M . 2We may now assume thatM has at least two non-trivial three point lines
ontaining x.(3.6) If M has exa
tly two non-trivial lines 
ontaining x, then M has adistinguished triple.Proof. Say fx; p1; p2g and fx; q1; q2g are the non-trivial lines 
ontainingx. Assume that 
o(Mnp1) and 
o(Mnp2) are 3{
onne
ted. By (3.4.2), ei-ther 
o(Mnq1) or 
o(Mnq2) is 3{
onne
ted. Assume that 
o(Mnq1) is 3{
onne
ted. Say i 2 f1; 2g, and 
onsider Mnq1; pi. Evidently Mnq1; pi=x �=si(M=x), a 3{
onne
ted matroid. It may be that x is a 
oloop ofMnq1; pi. Inthis 
ase 
o(Mnq1; pi) �= si(M=x), a 3{
onne
ted matroid. If x is not a 
oloop,then, sin
e Mnq1; pi=x is 3{
onne
ted, Mnq1; pi is 
ertainly 
onne
ted. SayfX; Y g is a 2{separation of Mnq1; pi, where x 2 X. Assume without lossof generality that X is a 
at of Mnq1; pi. Evidently, either fX � x; Y g isa 2{separation of Mnq1; pi=x, or jXj = 2. We 
on
lude that jXj = 2. ButX is also a 
at. Clearly a trivial line whi
h is part of a 2{separation is aseries pair. We 
on
lude that 
o(Mnq1; pi) is 3{
onne
ted. It is 
lear thatMnq1; pi is non-binary. Moreover an argument identi
al to that at the endof (3.5) shows that fq1; p1; p2g is 
oindependent in M . Therefore (q1; p1; p2)is a distinguished triple of M . 16



It now follows that we may assume without loss of generality that neither
o(Mnp1) nor 
o(Mnq1) is 3{
onne
ted. Sin
e 
o(Mnp1) is not 3{
onne
ted,there exists a 2{separation fX; Y g of Mnp1 with x 2 X, and jXj > 2. By(3.4.1), fX � x; Y g is a 2{separation of Mnp1=x. But, apart from the par-allel pair fq1; q2g, this matroid is isomorphi
 to si(M=x). We 
on
lude thatX = fq1; q2; xg, and that fx; q1; q2; p1g 
ontains a 
o
ir
uit of M . Similarly,fx; p1; p2; q1g 
ontains a 
o
ir
uit. Assume that these 
o
ir
uits are distin
t.Then r(E � fx; p1; p2; q1; q2g) = r(M)� 2. But r(fx; p1; p2; q1; q2g) = 3, andit follows that M is not 3{
onne
ted. It follows that the 
o
ir
uits are notdistin
t. We 
on
lude that fx; p1; q1g is a triad of M .We seek a distinguished triple of M . By (3.4.2), both 
o(Mnp2) and
o(Mnq2) are 3{
onne
ted. Also they are 
ertainly non-binary. Let H =E�fx; p1; q1g. It is evident thatM jH �= si(M=x). We �rst 
onsider the 
asewhen M has 
orank four.(3.6.1) If r�(M) = 4, then M has a distinguished triple.Proof. Sin
e M jH �= si(M=x), M jH is 3{
onne
ted and non-binary. Sin
er�(M) = 4, r�(M jH) = 2. It follows that M jH is uniform; indeed, M jH �=Ur�1;r+1. But r(M) > 3, so r(M jH) > 2, and therefore M jH has no 3{
ir
uits.We now show that 
o(Mnx) is 3{
onne
ted and non-binary. Sin
e M jHhas no 3{
ir
uits, there is no other point on the line ofM spanned by fp2; q2g.This means that 
lM(fp1; q1g) \H = ;. But M jH only di�ers from Mnx inthe series pair fp1; q1g. Hen
e 
o(Mnx) is an extension of M jH in whi
h thepoint of extension is neither a loop, 
oloop, nor parallel to any element ofM jH. It follows that 
o(Mnx) is indeed 3{
onne
ted and non-binary.We now show that there exists a pair fb; 
g of elements ofH�fp2; q2g withthe property that (x; b; 
) is a distinguished triple ofM . We begin by showingthat there exists a unique 
ir
uit ofM 
ontaining fp1; q1g and otherwise onlyelements of H � fp2; q2g. An easy argument shows that there is at least one
ir
uit with this property, say C is su
h a 
ir
uit. Now fp1; q1; p2; q2g is a
ir
uit of M . Hen
e (C [ fp1; q1; p2; q2g) � fp1g 
ontains a 
ir
uit C 0. Butq1 is a 
oloop of M j((C [ fp1; q1; p2; q2g) � fp1g), so C 0 is 
ontained in H.17



Sin
e M jH �= Ur�1;r+1, this 
ir
uit 
ontains all but one element of H. Itfollows that there is at most one element of H � fp2; q2g that is not in C. IfC 
ontains all of H � fp2; q2g, it is 
lear that C is unique. Say C 
ontainsall but one element of H � fp2; q2g. In this 
ase C spans a hyperplane ofM . Now assume that C 00 is another 
ir
uit 
ontaining fp1; q1g and otherwiseonly elements of H � fp2; q2g. Then jC 00j = jCj, and jC 00 \ Cj = jCj � 1. Soboth C and C 00 are spanned by C \ C 00. It follows that C [ C 00 is 
ontainedin a hyperplane of M . But it is easily seen that C [ C 00 
ontains a basis ofM . This 
ontradi
tion establishes that C is unique.Let t be an element of C \H, and 
onsider 
o(Mnt). It is routinely seenthat H � fp2; q2; tg is a series 
lass of Mnt, and that 
o(Mnt) is obtainedby 
ontra
ting all but one element (say s) of this series 
lass. In 
o(Mnt),s is on the line spanned by fp2; q2g. Neither fs; p2g, nor fs; q2g is a parallelpair, otherwise M jH would have an (r � 1){element 
ir
uit, 
ontradi
tingthe fa
t that M jH �= Ur�1;r+1. It is now straightforward to see that 
o(Mnt)is either isomorphi
 to M(K4) or W3, the latter 
ase o

uring if fp1; q1; sgis independent in 
o(Mnt). But (H � fp2; q2; tg) [ fp1; q1g does not 
on-tain C, and sin
e C is unique it follows that (H � fp2; q2; tg) [ fp1; q1g isindependent in M . Hen
e fp1; q1; sg is independent in 
o(Mnt). We 
on-
lude that 
o(Mnt) �=W3 and that 
o(Mnt) is 3{
onne
ted and non-binary.Furthermore, it is easily seen that x is a spoke element of 
o(Mnt), so that
o(
o(Mnt)nx) �= U2;4. But 
o(
o(Mnt)nx) = 
o(Mnt; x), so 
o(Mnt; x) is3{
onne
ted and non-binary.Clearly jC \ Hj � 2. It now follows that if b and 
 are any distin
telements of C \H, then (x; b; 
) is a distinguished triple of M . 2For the remainder of the proof of (3.6) we assume that r�(M) � 5. Theproof of (3.6.2) below is just the same as that for (3.5.2).(3.6.2) There exists a 3{element, 
oindependent set fa; b; 
g of M jH withthe property that 
o((M jH)na), 
o((M jH)nb), and 
o((M jH)n
) are all 3{
onne
ted and non-binary. 2Let fa; b; 
g be a triple satisfying (3.6.2). We now show, that for somez 2 fa; b; 
g, (z; p2; q2) is a distinguished triple of M . We �rst prove18



(3.6.3) There is an element z 2 (fa; b; 
g � fp2; q2g) su
h that fz; p2; q2g is
oindependent in M jH.Proof. Evidently a 3{element subset of M jH is 
oindependent if and onlyif it is not a triad. Assume without loss of generality that a 62 fp2; q2g. Iffa; p2; q2g is not a triad we are done, so assume that this set is a triad. Sin
efa; b; 
g is not a triad, it follows that fp2; q2g 6= fb; 
g. Say b 62 fp2; q2g.If fb; p2; q2g is not a triad we are done, so assume that this set is also atriad. Now, in (M jH)�, both fa; p2; q2g and fb; p2; q2g are triangles. Aneasy argument shows that either fa; b; p2; q2g is a 4-point line, or p2 andq2 are parallel. The latter 
annot happen in a 3{
onne
ted matroid, sofa; b; p2; q2g is a 4{point line. Hen
e every 3{element subset of this set is atriangle. It follows that fa; b; p2g and fa; b; q2g are both triads ofM jH. Hen
e
 62 fp2; q2g. Again we are either done, or we may assume that f
; p2; q2g isa triad. In this 
ase, arguing as before, we 
on
lude that fa; b; 
; p2; q2gis a 5{point line of (M jH)�. But then, fa; b; 
g is a triad of M jH. This
ontradi
tion establishes the result. 2Consider (z; p2; q2), where z 2 fa; b; 
g and fz; p2; q2g is not a triad ofM jH. Evidently this set is not a triad of M . Certainly Mnz, Mnp2, andMnq2 are non-binary. It is easily seen thatMnz; p2=x has a minor isomorphi
to (M jH)nz, a non-binary matroid. Hen
e Mnz; p2 is non-binary. SimilarlyMnz; q2 is non-binary. We now show that 
o(Mnz) is 3{
onne
ted.Assume that 
o(Mnz) is not 3{
onne
ted. Then there is a 2{separationfX; Y g of Mnz su
h that x 2 X and neither X nor Y is 
ontained in aseries 
lass of Mnz. We may also assume that X is a 
at of Mnz. It followsthat jXj; jY j > 2. Now assume that fx; p1; q1g 6� X. By submodularityr(X \ H) < r(X) and r(Y \ H) < r(Y ). Also both X \ H and Y \ Hare non-empty. But this implies that fX \ H; Y \ Hg is a 1{separation of(M jH)nz, a 
onne
ted matroid. Therefore, fx; p1; q1g � X, and, sin
e X is a
at, fp2; q2g � X. It now follows routinely that fX\H; Y g is a 2{separationof (M jH)nz. But 
o((M jH)nz) is 3{
onne
ted. Hen
e either X \H or Y is
ontained in a series 
lass of (M jH)nz. But fz; p2; q2g is not a triad of M jHso fp2; q2g is not a series pair of (M jH)nz. Therefore X \H is not in a series
lass. We 
on
lude that Y is 
ontained in a series 
lass of (M jH)nz. Butthe members of Y are also in series in M=xnz, sin
e this matroid is obtained19



from (M jH)nz by adding p1 and q1 in parallel to p2 and q2 respe
tively. Butthen the members of Y must be in series in Mnz. From this 
ontradi
tionwe 
on
lude that 
o(Mnz) is 3{
onne
ted.We now show that 
o(Mnz; p2) is 3{
onne
ted. Consider 
o(Mnz). Thismatroid 
an be obtained from Mnz by 
ontra
ting all but one member ofea
h series 
lass. It is 
lear that no pair of the set fx; p1; p2; q1; q2g belongsto a series 
lass, so it follows that we 
an assume without loss of general-ity that this set belongs to the ground set of 
o(Mnz). In this matroid,fx; p1; p2g and fx; q1; q2g are lines, and furthermore fx; p1; q1g is a triad. Butthen, 
o(
o(Mnz)np1) is not 3{
onne
ted, so by (3.4.2), 
o(
o(Mnz)np2) is3{
onne
ted. It is routine to show that this matroid is equal to 
o(Mnz; p2).An identi
al argument shows that 
o(Mnz; q2) is also 3{
onne
ted. We 
on-
lude that (z; p2; q2) is a distinguished triple of M . 2Finally we prove(3.7) If M has at least three non-trivial lines 
ontaining x, then M has adistinguished triple.Proof. Say fx; p1; p2g is a line ofM . Assume thatMnp1 is not 3{
onne
ted.Then there is a 2{separation fX; Y g of Mnp1 with x 2 X. If jXj = 2, thenX is a 2{
o
ir
uit of M , and X [ fp1g is a triad of M . But a 
o
ir
uit ofM 
ontaining x must 
ontain at least one other point of ea
h non-trivial line
ontaining x. Sin
e there are at least three su
h lines, there are no triads ofM 
ontaining x. Therefore jXj > 2. It follows by (3.4.1) that fX � x; Y g isa 2-separation of Mnp1=x where Y 
ontains no parallel pairs of M=x. Sin
esi(Mnp1=x) is 3{
onne
ted, X�x must be 
ontained in a single parallel 
lassof Mnp1=x. But this matroid has at least two distin
t parallel 
lasses. We
on
lude that Mnp1 is 3{
onne
ted.Now say that fx; q1; q2g and fx; r1; r2g are also lines of M . By theabove argument, if z 2 fq1; q2; r1; r2g, then Mnz is 3{
onne
ted. Now 
on-sider Mnp1. By (3.4.2), either 
o(Mnp1; q1) or 
o(Mnp1; q2) is 3{
onne
ted.Assume the former is 3{
onne
ted. Similarly, we may also assume that
o(Mnp1; r1) is 3{
onne
ted. It is easily seen that these matroids are non-binary. 20



To show that (p1; q1; r1) is a distinguished triple of M all that remains isto show that fp1; q1; r1g is not a triad ofM . But this is 
lear sin
e any hyper-plane ofM that does not meet fp1; q1; r1g 
annot 
ontain all of fx; p2; q2; r2g,so fp1; q1; r1g is a proper subset of a 
o
ir
uit. 2Sin
e (3.3)|(3.7) 
over all 
ases, (3.1) follows. 2By invoking duality, we immediately obtain(3.8) Corollary. LetM be a 3{
onne
ted, non-binary matroid with r(M) �4. Then there exists an independent triple (a; b; 
) with the property thatsi(M=a), si(M=b), si(M=
), si(M=a; b) and si(M=a; 
) are all 3{
onne
ted andnon-binary. 24 Weak Maps and HomomorphismsLet M and N be matroids on a 
ommon ground set E. The identity mapon E is a weak map from M to N if every independent set in N is alsoindependent in M . In this 
ase, N is a weak-map image of M . If M 6= N ,then the weak map is proper. If, moreover, M and N have the same rank,N is a rank-preserving weak-map image of M . A good survey of the theoryof weak maps is given in Kung and Nguyen [9℄.Weak maps are very general 
onstru
tions, and it is not surprising thatthere are few strong results des
ribing their behaviour. A striking ex
eptionis Lu
as's [13℄ 
hara
terisation of weak maps of binary matroids. For ternarymatroids, weak maps are not as well behaved, but something 
an still besaid. In [18℄, Oxley and Whittle prove(4.1) ([18, Theorem 1.1℄) Let M and N be ternary matroids su
h that Nis a rank-preserving weak-map image of M . If M is 3{
onne
ted, and N is
onne
ted and non-binary, then M = N . 2We use 4.1 frequently in later se
tions.It is possible to determine whether one matroid is a weak-map image of21



another by 
omparing representations of the two matroids. Let A and B bematri
es of the same size, so that their rows and 
olumns are indexed by thesame sets. Submatri
es A0 and B0 of A and B respe
tively are 
orrespondingsubmatri
es if their rows and 
olumns are indexed by the same subsets ofthe index sets of the rows and 
olumns of A and B respe
tively. Lu
as [13℄proves(4.2) Let M1 and M2 be matroids on a 
ommon ground set E representedover �elds F1 and F2 by the r � n matri
es [IjA1℄ and [IjA2℄ respe
tively,where 
orresponding 
olumns of [IjA1℄ and [IjA2℄ represent the same elementsof E. Then M2 is a weak-map image of M1 if and only if the followingproperty holds. If D is a square submatrix of [IjA1℄ with jDj = 0, and D0 isthe 
orresponding submatrix of [IjA2℄, then jD0j = 0. 2In parti
ular we have(4.3) M1 = M2 if and only if the following property holds. For ea
h squaresubmatrix D of [IjA1℄ and 
orresponding submatrix D0 of [IjA2℄, we havejDj = 0 if and only if jD0j = 0. 2It is usual to dis
uss matroid representation in terms of �elds, although,in fa
t matroids are often represented over integral domains. This 
ausesno diÆ
ulty; every integral domain is a subring of its �eld of quotients,so a representation of a matroid over an integral domain is e�e
tively arepresentation over a �eld. In the following dis
ussion we are interested inhomomorphisms. In this 
ase we do need to 
onsider integral domains, sin
ea non-trivial homomorphism de�ned on an integral domain need not extendto its �eld of quotients.It has often been noted that while the well-understood 
lass of strongmaps between matroids is geometri
 in nature|strong maps generalise lineartransformations|weak maps seem more algebrai
. The following result is ina

ord with this perspe
tive. Let I1 and I2 be integral domains and 
onsidera fun
tion ' : I1 ! I2. If A is a matrix over I1, then '(A) denotes the matrixover I2 whose (i; j){th entry is '(aij). In this 
ase, if D is a submatrix of A,then '(D) denotes the 
orresponding submatrix of '(A).(4.4)([9, Exer
ise 9.2℄) Let M1 be represented over the integral domain I122



by the matrix [IjA℄, let ' : I1 ! I2 be a homomorphism from I1 into I2, andlet M2 denote the matroid represented over I2 by '([IjA1℄). Then M2 is aweak-map image of M1.Proof. Let D be a square submatrix of [IjA℄. It follows immediately fromthe de�nitions of determinants and homomorphisms that j'(D)j = '(jDj).Therefore, if jDj = 0, then also j'(D)j = 0. The result now follows by (4.2).2 Certain homomorphisms will be of parti
ular interest. We �rst re
all someterminology. Let F be a �eld, and � be a trans
endental over F. Then F[�℄denotes the integral domain of polynomials in � over F, and F(�) denotesthe extension �eld obtained by extending F by the trans
endental �. Re
allalso that F(�) is the �eld of quotients of F[�℄, that is, the elements of F(�)are rational fun
tions in � with 
oeÆ
ients in F. If a 2 F, then the fun
tion' : F[�℄ ! F de�ned by evaluating the elements of F[�℄ at a is known tobe a homomorphism. Be
ause we apply this homomorphism frequently inthe following se
tions we standardise some terminology. If A is a matrix overF[�℄, then A(a) denotes the matrix obtained by evaluating ea
h entry of A ata. If D is a submatrix of A, then D(a) denotes the 
orresponding submatrixof A(a), and of 
ourse, if the polynomial p is an entry of A, then p(a) denotesthe 
orresponding entry of A(a).5 Near-regular MatroidsLet Q denote the �eld of rational numbers, and let � be a trans
endentalover Q. We 
onsider matri
es over the trans
endental extension �eld Q(�).Let A denote the set f��i(� � 1)j : i; j 2 Zg. A matrix A over Q(�)is near-unimodular in � if all non-zero subdeterminants of A are in A. Ifthe parti
ular trans
endental is 
lear from the 
ontext we just say that Ais near-unimodular. A matroid M is near-regular if M = M [A℄ for somenear-unimodular matrix A. In this 
ase we say that A is a near-unimodularrepresentation of M .It 
ould be argued that near-unimodular matri
es should be 
alled \to-23



tally near-unimodular" keeping a parallel with totally unimodular matri
es.The reason for not doing this is that the terminology is somewhat 
lumsy.Also, our interest is always in the 
ase where the 
ondition that subdetermi-nants belong to f��i(� � 1)j : i; j 2 Zg applies to all subdeterminants of amatrix A. Indeed I know of no situation where it is of interest that just jAjsatis�es the 
ondition.Let A be a near-unimodular matrix. If B is obtained from A by multi-plying ea
h entry of a given row or 
olumn by a �xed element of A, then Bis obtained from A by a proper s
aling of A.(5.1) Proposition. Let A be a near-unimodular matrix, and B be a matrixover Q[�℄.(i) If B is obtained from A by a sequen
e of proper s
alings, then B isnear-unimodular.(ii) If B is obtained from A by a sequen
e of pivots, then B is near-unimodular.Proof. It is evident that (i) holds. To show that (ii) holds we may assumethat B is obtained from A by a single pivot. Say B is obtained from A by piv-oting on the non-zero entry xst of the latter. Let A0 and B0 be 
orrespondingsubmatri
es of A and B respe
tively, ea
h having their rows indexed by thesets JR and JC , respe
tively. We want to show that jB0j 2 A. If s 2 JR, thenit follows from elementary fa
ts of determinants that jB0j = x�1st jA0j. ButjA0j 2 A and xst 2 A so it follows that jB0j 2 A. Hen
e we may assume thats 62 JR. In this 
ase, if t 2 JC , then B0 has a zero 
olumn, so jB0j = 0. Thuswe may also assume that t 62 JC . Now let A00 and B00 be the submatri
es of Aand B whose rows and 
olumns are indexed by JR[fsg and JC [ftg. As theonly non-zero entry in the 
olumn of Y 00 indexed by t is a 1, jB00j = �jB0j.But as above, jB00j = xjA00j for some x 2 A. Again it follows that jB0j 2 A,and the proposition is proved. 2With very minor modi�
ations, the above proof is an unashamed lift ofthe proof of the analogous result for unimodular matri
es given by Oxley[17, Theorem 2.2.20℄. A proof has been give here be
ause Proposition 5.124



is vital in what follows. The next proposition is a routine 
onsequen
e ofProposition 5.1.(5.2) Proposition. The 
lass of near-regular matroids is minor 
losed andis 
losed under duality. 2A property of near-regular matroids that is straightforward to prove is(5.3) Proposition. Dire
t sums and 2-sums of near-regular matroids arenear-regular. 2It is a 
onsequen
e of Proposition 5.3 that, in dealing with the 
lass ofnear-regular matroids, one 
an fo
us on 3{
onne
ted members of this 
lass.Sin
e whirls are basi
 building blo
ks for non-binary, 3{
onne
ted matroids itis of interest to examine near-unimodular matri
es that represent whirls. Twonear-unimodular matri
es are equivalent if they are equivalent representationsof the same matroid.(5.4) Proposition. Up to equivalen
e, all near-unimodular representationsof Wr, r � 2, are of the form [IjA℄, where
A = 2666666666664

1 0 0 11 1 0 00 1 0 0... ... � � � ... ...0 0 0 00 0 1 00 0 1 (�1)rx
3777777777775 ;and x 2 f�;�(� � 1); �=(� � 1);�1=(� � 1); 1=�; (�� 1)=�g. Proof. Saythe near-unimodular matrix B represents M . Then B 
an be transformedby a sequen
e of pivots and proper s
alings into a matrix [IjC℄, where the
olumns of I 
orrespond to the spokes of Wr. Moreover, by reordering the
olumns of C if ne
essary, we 
an assume that an entry 
ij of C is non-zero ifand only if the 
orresponding entry aij of A is non-zero. Furthermore, we 
analso assume that the leading entry of ea
h row and 
olumn of C is non-zero.Hen
e, for fi; jg � f1; 2; : : : ; rg, and (i; j) 6= (r; r), aij = 
ij. In other words,any near-unimodular matrix that represents Wr is equivalent to one of the25



form [IjA℄ for some 
hoi
e of x.We now examine possible values for x. The only subdeterminant of Athat is not in f0;�1;�xg is jAj, and jAj = �(x � 1). Now [IjA℄ is a repre-sentation of Wr if and only if x 62 f0; 1g. Thus [IjA℄ is a near-unimodularrepresentation ofWr if and only if both x and x�1 are inA�f0; 1g. Routine
he
king shows that this only happens when x belongs to the set spe
i�ed inthe statement of the proposition. 2(5.5) Proposition. Let the matrix A be near-unimodular in �, and say� 2 f�;�(� � 1); �=(� � 1);�1=(� � 1); 1=�; (� � 1)=�g. Then A is near-unimodular in �.Proof. Note that, regarded as fun
tions, ea
h member of f�;�(��1); �=(��1);�1=(� � 1); 1=�; (� � 1)=�g is equal to its inverse. It follows that if �belongs to this set, then � is in f�;�(��1); �=(��1);�1=(��1); 1=�; (��1)=�g. If any one of these values is substituted into an element of Q[�℄ of theform �i(� � 1)j it is 
lear that one obtains an element of Q[�℄ of the form�i0(� � 1)j0. This proves the proposition. 2We now 
onsider the representability of near-regular matroids. Let F bea �eld, b be an element of F � f0; 1g, and A be a near-unimodular matrix.We extend the notation de�ned in Se
tion 4 and de�ne A(b) to be the matrixover F obtained by letting � = b. Although A is a matrix over Q(�) it iseasily seen that A(b) is well-de�ned for any �eld F. This de�nition holdsif A is 1 � 1. In parti
ular, if A0 is a submatrix of A, then jA0j is a 1 � 1near-unimodular matrix. Hen
e jA0j(b) is obtained by evaluating jA0j at b.(5.6) Lemma. Let A be a near-unimodular matrix, F be a �eld, and b 2F� f0; 1g. If A0 is a square submatrix of A, then jA0(b)j = jA0j(b).Proof. Consider the subdomain I = h�i(��1)j : i; j 2 Zi ofQ(�). Membersof I have the form Pnk=1 ak�ik(� � 1)jk , where, for 1 � k � n, ak, ik and jkare integers. De�ne the fun
tion ' : I! F by'( nXk=1 ak�ik(�� 1)jk) = nXk=1 akbik(b� 1)jk :26



Here, of 
ourse, as an element of F, ak is interpreted to mean�(1 + 1 + � � �+ 1| {z }jakj terms )depending on whether ak is positive or negative. It is routinely 
he
kedthat ' is a homomorphism. Sin
e A is near-unimodular, A is a matrixover I. Moreover, A(b) = '(A). It now follows from the fa
t that ' is ahomomorphism that, for any submatrix A0 of A, j'(A0)j = 'jA0j. Hen
ejA0(b)j = jA0j(b). 2(5.7) Corollary. Let [IjA℄ be a near-unimodular matrix, F be a �eld, andb be an element of F� f0; 1g. Then M [IjA℄ =M [[IjA℄(b)℄.Proof. Sin
e br(b� 1)s = 0 if and only if b 2 f0; 1g, it follows from Lemma5.6 that a subdeterminant of A is non-zero if and only if the 
orrespondingsubdeterminant of A(b) is non-zero. But then, by (4.3), we have M [IjA℄ =M [[IjA℄(b)℄. 2(5.8) Corollary. If M is a near-regular matroid then M is representableover every �eld ex
ept possibly GF (2).Proof. Let A be a near-unimodular matrix that represents M , and F be a�eld other than GF (2). Then F�f0; 1g 6= ;, so by Corollary 5.7, there existsa matrix B over F with the property that M [B℄ = M [A℄, in other words,M [B℄ =M . 2Of 
ourse, it follows immediately from Corollary 5.8 that near-regularmatroids are representable over both GF (3) and Q. However the 
onverse isnot true, for example it will soon be seen that the non-Fano matroid is notnear-regular. It will transpire that the 3{
onne
ted, non-binary near-regularmatroids are exa
tly the 3{
onne
ted ternary matroids that are not uniquelyrepresentable over Q. Note also that it is shown in [26℄ that near-regularmatroids are exa
tly the 
lass of matroids representable over all �elds ex
eptpossible GF (2). The importan
e of the remaining results in this se
tion isthat they show that near-unimodular representations are well behaved inthe sense that one 
an always extend a near-unimodular representation ofa 3-
onne
ted matroid M to a near-unimodular representation of any near-regular, single-element extension of M .27



(5.9) Theorem. Let M be a ternary, non-binary, 3{
onne
ted matroidwith an element x 2 E(M) with the property that Mnx is non-binary, 3{
onne
ted and near-regular. If a near-unimodular representation of Mnxextends to a representation of M over Q[�℄, then, up to a s
aling of theve
tor that represents x, that representation is near-unimodular, and M isnear-regular.Proof. Consider a representation ofM over Q[�℄ that is obtained by extend-ing a near-unimodular representation ofMnx. Using pivoting, proper s
alingand Proposition 5.2, we may assume, without loss of generality, that M isrepresented by B = [IjAjx℄, where [IjA℄ is a near-unimodular representationof Mnx.The proof of the theorem is in two parts. In the �rst part we show that allnon-zero subdeterminants of B are of the form k�i(�� 1)j for some k 2 Q.In the se
ond we show that if x is appropriately s
aled, then k 2 f1;�1g.(5.9.1) Ea
h non-zero subdeterminant of B is of the form k�i(� � 1)j forsome k 2 Q.Proof. Let C denote the �eld of 
omplex numbers. Certainly B is wellde�ned as a matrix over C(�) that is, as a matrix whose entries are rationalfun
tions in � over the 
omplex numbers. Sin
e the 
omplex numbers arealgebrai
ally 
losed, any numerator or denominator of a non-zero entry of Bthat has degree greater than 0 splits into linear fa
tors over C. (Of 
ourse,for entries in [IjA℄ the only possible fa
tors are � � 1 and �, but for entriesin x it is 
on
eivable that other fa
tors o

ur.) Multiply ea
h 
olumn of Bby the lowest 
ommon denominator of the entries in that 
olumn. For the
olumns of [IjA℄, this is a proper s
aling. Finally divide the last 
olumn ofthe resulting matrix by the greatest 
ommon divisor of the entries in that
olumn.The upshot of the above dis
ussion is that we may assume without lossof generality that M is represented over C(�) by B = [IjAjx℄, where [IjA℄ isnear-unimodular as a matrix over Q(�), all the entries of B are polynomials,and the greatest 
ommon divisor of the entries of x has degree 0.Assume that some subdeterminant of B is not of the form k�i(� � 1)j.28



Sin
e the 
omplex numbers are algebrai
ally 
losed, this subdeterminant hasa root 
 2 C, where 
 62 f0; 1g. Re
all from Se
tion 4 that B(
) is the matrixobtained by evaluating ea
h entry of B at 
. Consider B(
). By (4.4),M [B(
)℄ is a weak-map image of M . Moreover, by (4.3), M [B℄ 6= M [B(
)℄,so this weak map is proper. Now M [B(
)℄nx = M [[IjA℄(
)℄. But [IjA℄ isnear-unimodular, and 
 62 f0; 1g, so by Corollary 5.7, M [[IjA℄(
)℄ = Mnx,and this is a 3-
onne
ted, non-binary matroid whose rank is equal to r(M).Moreover, the greatest 
ommon divisor of the entries in x has degree 0, so� � 
 is not a fa
tor of all entries of x. It follows that x(
) has at least onenon-zero entry. This shows that x is not a loop ofM [B(
)℄, so this matroid is
onne
ted. In other words, M [B(
)℄ is a 
onne
ted, non-binary matroid thatis a rank-preserving, weak-map image of M . An easy argument shows thatif M has no U2;5{ or U3;5{minor, then no rank-preserving, weak-map imageof M has a U2;5{ or U3;5{minor. Hen
e M [B(
)℄ has no U2;5{ or U3;5{minor.Also, sin
e M [B(
)℄ is representable over C, it has no F7{ or F �7 {minor. Itnow follows from the ex
luded-minor 
hara
terisation of ternary matroids [19℄that M [B(
)℄ is ternary. But then, by (4.1), M [B(
)℄ =M , a 
ontradi
tion.Therefore the only roots over C of any subdeterminant of B are in f0; 1g,and it follows that ea
h subdeterminant is of the form k�i(�� 1)j. 2Now assume that x is s
aled so that the leading 
oeÆ
ients of the poly-nomials that are non-zero entries of x are integers, and the greatest 
ommondivisor of these 
oeÆ
ients is one. It follows that the leading 
oeÆ
ients ofall the polynomials 
orresponding to non-zero subdeterminants of B are in-tegers. We 
omplete the proof of the theorem by showing that these integersare all in f1;�1g. The proof is by indu
tion on the rank of M . The result
ertainly holds if M has rank 2. Assume that M has rank 3. We �rst note(5.9.2) No near-unimodular representation ofW3 extends to a representationof F�7 over Q(�). Moreover, F�7 is not near-regular.Proof. Consider the following near-unimodular representation of W3:264 1 0 0 1 0 10 1 0 1 1 00 0 1 0 1 �� 375 :It follows from Propositions 5.4 and 5.5 that if this representation of W329



does not extend to a representation of F�7 , then no near-unimodular repre-sentation of W3 extends to a representation of F�7 . The unique extension ofthe above representation of W3 that is isomorphi
 to F�7 o

urs when theextension element y is on ea
h of the lines spanned by f(1; 0; 0)t; (0; 1; 1)tg,f(0; 0; 1)t; (1; 1; 0)tg and f(0; 1; 0)t; (1; 0;��)tg. If y is on the �rst two ofthese lines, then, up to s
aling, y = (1; 1; 1)t. But������� 0 1 11 0 10 �� 1 ������� = � + 1;and � + 1 is 
ertainly not zero as an element of Q(�). It follows that yis not on the line spanned by f(0; 1; 0)t; (1; 0;��)tg. We 
on
lude that nonear-unimodular representation of F�7 nx extends to a representation of F�7 .It also follows that F�7 has no near-unimodular representation, so F�7 is notnear-regular. 2With (5.9.2) in hand it 
an be 
he
ked that every 3{
onne
ted, near{regular, rank{3 matroid is a restri
tion of the matroid M3 illustrated inFigure 5.1. We omit the details of this 
he
k. It is quite straightforward ifone uses fa
ts on rank{3, 3{
onne
ted, ternary matroids established in, forexample [8, 10, 14℄ and the fa
t that the matroid AG(2; 3)np, obtained bydeleting a point from the ternary aÆne plane, is not near regular. This latterfa
t follows from [4, Exer
ise 24.14℄ or [17, Exer
ise 6.4.9℄.
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����������������Figure 5.1The maximum rank{3 near-regular matroid.It is easily 
he
ked that the matrixa b 
 d e f g h264 1 0 0 1 0 1 1 10 1 0 1 1 0 0 1� �0 0 1 0 1 �� �1 �� 375is a near-unimodular representation of M3, so that M3 is near-regular. Any
ounterexample to the theorem must then 
ome from a 3{
onne
ted, non-binary minor N3 of M3 with the property that a near-unimodular represen-tation of N3 extends to a Q(�){representation of a matroid N 03 that is nota minor of M3. We show that no su
h matroid exists. First note that W3extends to the non-Fano matroid F�7 .Another routine 
he
k shows that every 3{
onne
ted, ternary, non-binary,rank{3 matroid that is also representable over Q(�) is either a minor of M3or has an F�7 {minor. An easy argument then shows that the theorem holdsif M has rank 3. 31



Therefore we may assume that r(M) � 4, and, for indu
tion, assumethat the result holds for all matroids satisfying the hypotheses of the the-orem whose rank is less that r(M). By Corollary 3.8, there exists an in-dependent triple fa; b; 
g of distin
t elements of E(Mnx) with the propertythat si(Mnx=a), si(Mnx=b), si(Mnx=
), si(Mnx=a; b), and si(Mnx=a; 
) areall 3{
onne
ted and non-binary. It is 
lear that if fa; 
; xg is 
ollinear, thenfa; b; xg is not. Hen
e we may assume without loss of generality that fa; b; xgis not 
ollinear. By pivoting if ne
essary, we may also assume that in therepresentation [IjAjx℄, a and b are represented by the last two 
olumns of I.By dividing ea
h entry of x by its leading non-zero entry if ne
essary, we mayalso assume that the leading non-zero entry of x is 1. Sin
e fa; b; xg is not
ollinear, this leading non-zero entry is not in the se
ond-to-last or last rowof [IjAjx℄. Say x = (x1; x2; : : : ; xr), and set xa = (x1; x2; : : : ; xr�1). Thenxa is a ve
tor that extends a representation of Mnx=a to a representation ofM=a. But si(Mnx=a) is 3{
onne
ted and non-binary. Therefore, by (2.8),the 
oordinates of xa are uniquely determined given that the leading entryof xa is a 1. It now follows by indu
tion that the leading 
oeÆ
ients of all ofthe non-zero entries of xa are all in f1;�1g. The same argument applied toM=b shows that the leading 
oeÆ
ients of all non-zero entries of x are all inf1;�1g.Now assume that some square submatrix of [IjAjx℄ has a non-zero deter-minant that does not have a leading 
oeÆ
ient in f1;�1g. Let D be su
ha submatrix having minimum size. It follows from the above that D mustbe at least 2 � 2. In fa
t, sin
e the representations of M=a and M=b ob-tained by deleting the last and se
ond-to-last rows of [IjAjx℄ are 
ertainlynear-unimodular, D must meet both of these rows. Say D is n � n wheren > 2. An elementary matrix-theoreti
 argument shows that the repre-sentation of M obtained after pivoting on a non-zero element d of D has an(n�1)�(n�1) submatrixD0 with the property that jD0j = jDj=d. Evidently,the leading 
oeÆ
ient of jD0j 62 f1;�1g if and only if the leading 
oeÆ
ientof jDj 62 f1;�1g. Moreover, if d is not in the last or se
ond-to-last row of[IjAjx℄, then all entries of D0 
orrespond to entries of a matrix obtained by apivot on a near-unimodular matrix. It follows that all entries of D0 are of theform ��i(�� 1)j. We dedu
e that, by performing a sequen
e of su
h pivotson entries not in the se
ond or se
ond-to-last row, we obtain a 2� 2 matrixD00 with the property that the leading 
oeÆ
ient of jD00j 62 f1;�1g, and the32



property that all of its entries are of the form ��i(� � 1)j. It is 
lear thatno entry of D00 is zero. It is also 
lear that, after performing proper s
alingsif ne
essary, we 
an assume without loss of generality thatD00 = " 1 11 ��r(�� 1)s #for some integers r and s. But we know that jD00j = k�i(� � 1)j for someinteger k 62 f0; 1;�1g. A routine 
omputation shows that the only solutionto ��r(�� 1)s � 1 = k�i(�� 1)jo

urs when (r; s) = (0; 0), that is whenD = " 1 11 �1 # :The upshot of the above dis
ussion is that a sequen
e of pivots and propers
alings 
an be performed on [IjAjx℄ to obtain a matrix [IjC℄ representingM over Q(�) with the property that ea
h entry of [IjC℄ is in ��r(� � 1)s,and the property that C 
ontains a 2� 2 submatrix equal to" 1 11 �1 # :By performing an appropriate permutation of the rows and 
olumns of C,we may assume that " 
11 
12
21 
22 # = " 1 11 �1 # :Say that C is r � n. For 3 � i � n multiply 
olumn i of C by the lowest
ommon denominator of the entries in that 
olumn, and for 3 � i � rmultiply row i of the resulting matrix by the greatest 
ommon divisor ofthe entries in that row. After these s
alings we obtain a matrix that hasthe abovementioned properties of C, but has the additional property thatea
h entry is a polynomial. In other words, we may assume without lossof generality that ea
h entry of C is a polynomial. This means that C(0)33



and C(1), the matri
es obtained by evaluating ea
h entry of C at 0 and 1respe
tively are both well-de�ned. Certainly both M [C(0)℄ and M [C(1)℄ arerank-preserving, weak-map images of M , but it may be that be that at leastone ofM [C(0)℄ andM [C(1)℄ is not 
onne
ted, so that we 
annot apply (4.1).We remedy this situation now. For a matrix Z, there is a natural bipartitegraph asso
iated with Z. The verti
es are the index sets of the rows and
olumns of Z, and fri; 
jg is an edge if and only if zij 6= 0. It is known[5, Proposition 2.4℄ that the matroid M [IjZ℄ is 
onne
ted if and only if thebipartite graph asso
iated with Z is 
onne
ted. We now s
ale C to obtain amatrix C 0 with the property that the bipartite graphs asso
iated with C 0(0)and C 0(1) are both 
onne
ted.Let C
 denote the following set of 
olumns of C. The i{th 
olumn of C isin C
 if and only if i > 2, and at least one of 
1i and 
2i is non-zero. Similarly,Cr denotes the following set of rows of C. The i{th row of C is in Cr if andonly if i > 2, and at least one of 
i1 and 
i2 is non-zero. At least one of C
and Cr is non-empty, otherwise M is not 
onne
ted. Assume without lossof generality that the set of 
olumns is non-empty. Take a 
olumn in theset. Consider the non-zero entries in the �rst two 
oordinates of this 
olumn.Divide ea
h entry of the 
olumn by the greatest 
ommon divisor of theseentries. It is easily seen that in the �rst two entries of the resulting 
olumnthere is an element of the form ��i, for some non-negative integer i, and anelement of the form �(� � 1)j, for some non-negative integer j. (Note that�1 has both forms.) Repeat the pro
ess for ea
h 
olumn in the set. Not allentries of the resulting matrix are guaranteed to be polynomials. Fix thissituation by an appropriate s
aling of all but the �rst two rows. Inter
hange
olumns so that the 
olumns that have a non-zero entry in one of the �rsttwo 
oordinates form the �rst s 
olumns. Let P denote the matrix we nowhave. Consider the submatrixP 0 = " p11 � � � p1sp21 � � � p2s # :It is evident that the bipartite graphs asso
iated with both P 0(0) and P 0(1)are 
onne
ted.Now 
onsider the following set Pr of rows of P . The �rst two rows of Pare not in Pr. Otherwise a row is in the set if and only if it has a non-zero34



entry in one of its �rst s 
oordinates. Thus Pr 
annot be empty, for otherwiseM would not be 
onne
ted. It is 
lear that we 
an repeat the above pro
esson this set of rows to obtain a res
aling of P . It now follows by an obviousindu
tive pro
ess that C 
an be s
aled to produ
e the desired matrix C 0 withthe properties that the bipartite graphs asso
iated with C 0(0) and C 0(1) areboth 
onne
ted. Moreover, at no stage have either the �rst two rows or
olumns of any matrix been s
aled. Therefore" 
011 
012
021 
022 # = " 1 11 �1 # :One of the 
olumns of C 0 represents x, the matrix obtained by deletingthis 
olumn is, when the identity is adjoined, a near-unimodular represen-tation of Mnx, a non-binary matroid. If all entries of this matrix were inf0; 1;�1g, then the matrix would be unimodular, and would never representa non-binary matroid. It follows that at least one entry of this matrix haseither � or � � 1 as a fa
tor. Hen
e we may assume that one of M [C 0(0)℄and M [C 0(1)℄ is a proper weak-map image of M . Assume without loss ofgenerality that M [C 0(0)℄ is. But M [C 0(0)℄ is 
onne
ted, so by (4.1) this ma-troid is binary. Moreover, C 0(0) is a matrix over Q, so M [C 0(0)℄ is regular.Now all entries of M [C 0(0)℄ are in f0; 1;�1g, and this matrix represents aregular matroid. It follows by the fa
t that binary matroids are uniquelyrepresentable over Q, that C 0(0) is unimodular. But C 0(0) has a subdetermi-nant equal to -2. This 
ontradi
tion shows that the leading 
oeÆ
ients of allnon-zero determinants of submatri
es of [IjAjx℄ are indeed in f1;�1g, andthe theorem is proved. 2(5.10) Corollary. Let M be a 3{
onne
ted, ternary, non-binary matroidwith largest whirl minor Wr. If a near-unimodular representation of Wrextends to a representation of M over Q(�), then M is near-regular.Proof. By (2.4) there exists a sequen
e Wr �= M0;M1; : : : ;Mn = M of3{
onne
ted matroids with the property that for 1 � i � n, Mi is a single-element extension or 
oextension of Mi�1. The 
orollary now follows fromthis fa
t, Theorem 5.9, and an easy duality argument. 2Say M is ternary, and Mnx is non-binary, 3{
onne
ted and near-regular.Theorem 5.9 tells us that if a near-unimodular representation of Mnx does35



extend to a representation of M , then M is near-regular. We now showthat ifM is near-regular, then a near-unimodular representation ofMnx willalways extend to a representation of M .(5.11) Theorem. Let M be a 3{
onne
ted, non-binary, near-regular ma-troid, and x be an element of E(M) with the property that Mnx is 3{
onne
ted and non-binary. Let [IjA℄ be a near-unimodular representation ofMnx. Then there exists a ve
tor x with the property that [IjAjx℄ representsM .Proof. Let [IjBjx0℄ be a near-unimodular representation of M . Call anoperation on a near-unimodular matrix good if the matrix that results fromthe operation is both near-unimodular and represents the same matroid.We prove by indu
tion that there exists a sequen
e of good operations thattransforms [IjBjx0℄ into a matrix that is, apart from the last 
olumn, equal to[IjA℄. This last 
olumn is the desired x. It is 
ertainly the 
ase that row and
olumn permutations, pivots and s
alings are good operations. Moreover,these operations are invertible so we may assume without loss of generalitythat a 
olumn of [IjA℄ represents the same element of the ground set ofMnxas the 
orresponding 
olumn of [IjB℄. Assume thatMnx is a whirl. It followsby Proposition 5.4 that| again after appropriate s
alings, permutations andpivots|we 
an assume that
A = 2666666666664

1 0 0 11 1 0 00 1 0 0... ... � � � ... ...0 0 0 00 0 1 00 0 1 (�1)ru
3777777777775 ;where u 2 f�;�(�� 1); �=(�� 1);�1=(�� 1); 1=�; (�� 1)=�g, and that
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B = 2666666666664
1 0 0 11 1 0 00 1 0 0... ... � � � ... ...0 0 0 00 0 1 00 0 1 (�1)rv

3777777777775 ;where v 2 f�;�(��1); �=(��1);�1=(��1); 1=�; (��1)=�g. Now make thesubstitution � = u in ea
h entry of [IjBjx0℄. By Proposition 5.5, the resultingmatrix is near-unimodular as a matrix over Q(�). This matrix 
ertainlyrepresents M . Next, make the substitution v = � for all the entries of thisnear-unimodular matrix over Q(�). Again by Proposition 5.5, we obtain anear-unimodular matrix, and one that represents M . But this matrix is,apart from the last 
olumn, equal to [IjA℄.Assume that Mnx is not a whirl, and assume, for indu
tion, that thetheorem holds for all matroids satisfying the hypotheses whose ground setshave 
ardinality less than jE(M)j. By (2.5), there exists an element y 2E(Mnx) with the property that either Mnx; y or Mnx=y is 3{
onne
ted andnon-binary. Assume the former. By pivoting if ne
essary, we may assumethat [IjA℄ = [IjA0jy℄. By the indu
tion assumption, one 
an perform asequen
e of good operations on [IjBjx℄ to obtain the matrix [IjA0jy0jx00℄.But M [IjA0℄ is 3{
onne
ted and non-binary, and Mnx is ternary. So, by(2.8) there is, up to s
aling, a unique ve
tor that 
an be added to [IjA0℄to obtain a representation of Mnx. In other words y0 is a s
alar multipleof y and we 
on
lude that [IjAjx00℄ represents M . Moreover, this matrix isobtained from [IjBjx0℄ by a sequen
e of good operations. A similar argumentholds in the 
ase when Mnx=y is 3{
onne
ted. 26 Dyadi
 matroidsRe
all that a matrix A over Q is dyadi
 if every non-zero subdeterminant ofA is a signed integral power of 2. A matroid M is dyadi
 if M = M [A℄ for37



some dyadi
 matrix A. If the matrix B is obtained from the dyadi
 matrix Aby multiplying ea
h entry of a given row or 
olumn of A by a �xed integralpower of 2, then B is obtained from A by a proper s
aling of A.The term \dyadi
 matrix" was introdu
ed by Zaslavsky (see [11, 12℄).I have not 
ompletely followed Zaslavsky's terminology: the 
lass of matri-
es that we 
all \dyadi
", Zaslavsky 
alls \totally dyadi
", and the 
lass ofmatroids that we 
all \dyadi
", Zaslavsky 
alls \subregular". The reasonfor 
hanging the latter terminology is be
ause of the danger of 
onfusing\subregular" with \near-regular".Dyadi
 matri
es are spe
ial 
ases of matri
es studied by Lee [11, 12℄,although Lee's interest is more in problems arising from linear programmingthan matroid representation theory. The following three propositions areroutine. They also follow from more general results in [11, 12℄.(6.1) Proposition. Let A be a dyadi
 matrix, and B be a matrix over Q.(i) If B is obtained from A by a sequen
e of proper s
alings, then B is adyadi
 matrix.(ii) If B is obtained from A by a sequen
e of pivots, then B is also a dyadi
matrix. 2(6.2) Proposition. The 
lass of dyadi
 matroids is minor 
losed and is
losed under duality. 2(6.3) Proposition. Dire
t sums and 2{sums of dyadi
 matroids are alsodyadi
 matroids. 2We aim to show that a matroid is representable over GF (3) and Q ifand only if it is dyadi
. In one dire
tion this is very easy. The followingproposition follows from [12, Proposition 3.1℄. Nonetheless a proof is givenhere.(6.4) Proposition. If M is a dyadi
 matroid and F is a �eld whose 
har-a
teristi
 is not 2, then M is representable over F.38



Proof. Say M = M [A℄ where A is a dyadi
 matrix. By s
aling if ne
-essary we may assume without loss of generality that the entries in A areintegers. Let ' : Z! F be the natural homomorphism, that is, '(a) =�(1 + 1 + � � �+ 1| {z }jaj terms ) depending on whether a is positive or negative. It followsby (4.2) that M ['(A)℄ is a weak-map image of M . Say B is a square sub-matrix of A, and jBj 6= 0. Then jBj 2 f�2i : i 2 Zg. But j'(B)j = '(jBj),and hen
e j'(B)j 6= 0. Therefore M is a weak-map image of M ['(A)℄. We
on
lude that M =M ['(A)℄, and hen
e that M is representable over F. 2In parti
ular, it follows from Proposition 6.4 that a dyadi
 matroid isrepresentable over both GF (3) and Q. We now work towards the 
onverseof this fa
t. We �rst note(6.5) Proposition. Near-regular matroids are dyadi
 matroids.Proof. If M is near-regular, then M has a near-unimodular representation[IjA℄. Consider [IjA℄(2), the matrix obtained by making the substitution� = 2 in [IjA℄. This matrix is 
learly a dyadi
 matrix. It now follows fromCorollary 5.7 that M [[IjA℄(2)℄ =M . 2(6.6) Theorem. Let M be a 3{
onne
ted matroid that is representableover both GF (3) and Q. Assume that M is not near-regular, but all 3{
onne
ted minors of M are near-regular. Then M is a dyadi
 matroid, andM is uniquely representable over Q.The method of proof is as follows. We begin by showing that the theoremholds if r(M) = 3. If r(M) � 4 we pro
eed by �rst 
onstru
ting a matrix[Ajx℄ over Q(�) that purports to represent M . We then show that thereexists a unique evaluation of the entries of this matrix having the propertythat the resulting matrix over Q is in fa
t a representation of M . It is thenshown that this matrix is dyadi
.Proof of Theorem 6.6. Clearly M is non-binary and r(M) > 2. Assumethat M has rank 3. It is a straightforward exer
ise to 
he
k that the onlyminor-minimal rank-3 matroid that is both GF (3){ andQ{representable andis not near-unimodular is the non-Fano matroid F�7 . It follows from the proof39



of (5.9.2) that the matrixA = 264 1 0 0 1 0 1 10 1 0 1 1 0 10 0 1 0 1 1 1 375 :uniquely represents F�7 over Q. One routinely 
he
ks that A is a dyadi
matrix. This fa
t is also essentially well known.Assume that M has rank r, where r > 3. If r(M�) = 3, then by theabove, M� is a dyadi
 matroid. It then follows from Proposition 6.2 thatM is also dyadi
. Therefore we may assume that both M and M� haverank at least 4. Sin
e whirls are near-regular, M is not a whirl. By (2.5)there exists an element x in the ground set E of M with the property thateither Mnx or M=x is 3{
onne
ted and non-binary. It is routinely seen thatunder the 
urrent assumptions no generality is lost in assuming that Mnxis 3{
onne
ted and non-binary. By Corollary 3.8, there exists an indepen-dent triple fa; b; 
g of distin
t elements of E � fxg with the property thatsi(Mnx=a), si(Mnx=b), si(Mnx=
), si(Mnx=a; b), and si(Mnx=a; 
) are allnon-binary and 3{
onne
ted. If fx; a; 
g is 
ollinear, then 
learly fx; a; bg isnot 
ollinear. Assume without loss of generality that fx; a; bg is not 
ollinear.We now fo
us on a parti
ular representation of Mnx. Sin
e Mnx is a 3{
onne
ted minor ofM , it is near-regular and therefore has a near-unimodularrepresentation. Sin
e one 
an s
ale and pivot on a near-unimodular matrixit follows that Mnx 
an be represented by a near-unimodular matrix [IjA℄where the last two 
olumns of I represent a and b respe
tively. Followingstandard pra
ti
e we say that Mnx is represented by A, the identity matrixbeing impli
it. Let Aa, Ab, and Aab denote the matri
es obtained by deletingthe se
ond-last, the last, and the last two rows of A respe
tively. Under the
urrent 
onvention, Aa, Ab and Aab represent Mnx=a, Mnx=b, and Mnx=a; brespe
tively. Say s 2 fa; b; fa; bgg. Certainly x is not a loop ofM=s. We nowshow that a near-unimodular representation of Mnx=s extends uniquely toa near-unimodular representation of M=s where the ve
tor representing x is
hosen to have leading non-zero 
oeÆ
ient 1. If x is in a non-trivial parallel
lass ofM=s this is 
lear, so assume that x is not in su
h a parallel 
lass. Thensi(M=s) is a 3{
onne
ted extension of si(Mnx=s). By Theorem 5.11, anynear-unimodular representation of si(Mnx=s) does extend to a representation40



of si(M=s), and by (2.8) this extension is unique. The fa
t that a near-unimodular representation ofMnx=s extends uniquely to a near-unimodularrepresentation ofM=s now follows routinely. It follows that a unique 
olumn
an be added to ea
h of Aa, Ab, and Aab to obtain representations of M=a,M=b and M=a; b respe
tively. Clearly the �rst r � 2 entries of these 
olumnve
tors agree.Let x = (x1; x2; : : : ; xr) be de�ned as follows: (x1; x2; : : : ; xr�2) is theve
tor that 
an be added to Aab to represent M=a; b, while xr�1 and xr arethe last entries of the ve
tors that 
an be added to Ab and Aa to representM=bandM=a respe
tively. LetM 0 be the matroid on E(M) that is represented bythe matrix [Ajx℄, where, of 
ourse, x represents x. It now follows thatM 0 is aQ(�){representable matroid on E(M) with the property that M 0nx =Mnx,M 0=a = M=a and M 0=b = M=b. (Note that this 
on
lusion would not holdif x was a loop of M=a; b, that is, if fx; a; bg was 
ollinear in M .) CertainlyM 6=M 0, for otherwise, by Theorem 5.9, M would be near-regular. We nowshow that, for some q 2 Q, the matrix obtained by evaluating ea
h entry of[Ajx℄ at q represents M . We �rst prove a lemma.(6.7) Lemma. Let N be a 3{
onne
ted, near-regular matroid that is rep-resented by the near-unimodular matrix [IjB℄. If the matrix [IjC℄ over Qalso represents N , then there exists q 2 Q with the property that [IjC℄ isequivalent to a matrix obtained by evaluating the entries of [IjB℄ at q.Proof. If N is binary, then the result 
ertainly holds, so assume that Nis not binary. Assume that N is a whirl. On
e more we note that afterappropriate s
aling, pivoting and 
olumn permutations we 
an assume that
B = 2666666666664

1 0 0 11 1 0 00 1 0 0... ... � � � ... ...0 0 0 00 0 1 00 0 1 (�1)ru
3777777777775 ;
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where u 2 f�;�(�� 1); �=(�� 1);�1=(�� 1); 1=�; (�� 1)=�g, and that
C = 2666666666664

1 0 0 11 1 0 00 1 0 0... ... � � � ... ...0 0 0 00 0 1 00 0 1 (�1)rp
3777777777775 ;for some p 2 Q � f0; 1g. But, regarded as fun
tions, ea
h of the possiblevalues of u is a permutation of Q� f0; 1g. It follows that in ea
h 
ase thereexist q 2 Q with the property that u(q) = p.We may therefore assume that N is not a whirl. Say N has a largest whirlminorWr. Then by (2.4), there exists a sequen
e Wr �= N0; N1; : : : ; Nk = Nof 3{
onne
ted matroids with the property that for 1 � i � k, Ni is a single-element extension or 
oextension of its prede
essor. We 
an assume thatappropriate pivots have been performed so that both B and C have 
orre-sponding submatri
es B0 and C 0 that represent Wr. We have shown thatthere exists q 2 Q with the property that C 0 is equivalent to the matrixobtained from B0 by evaluating its entries at q. The extensions and 
oex-tensions used to build N from Wr 
orrespond to building B and C from B0and C 0 by adding 
olumns and rows respe
tively. But by (2.8) these 
olumnsand rows are unique up to s
alar multiples. It follows routinely that C isequivalent to the matrix obtained from B by evaluating ea
h of its entries atq. 2It follows from Lemma 6.7 that every Q{representation of Mnx is ob-tained from A by evaluating its entries at an appropriate rational number.But some Q{representation of Mnx extends to a Q{representation of M .Therefore there exists a rational number q with the property that the repre-sentation A(q) ofMnx obtained by evaluating the entries of A at q extends toa representation of M . Say [A(q)jq℄ represents M where q = (q1; q2; : : : ; qr)and the leading non-zero 
oeÆ
ient of q is 1. Evidently(q1; q2; : : : ; qr�1) = (x1(q); x2(q); : : : ; xr�1(q));42



and (q1; q2; : : : ; qr�2; qr) = (x1(q); x2(q); : : : ; xr�2(q); xr(q)):It follows that q = x(q). In other words, the matrix [Ajx℄(q) obtained byevaluating ea
h entry of [Ajx℄ at q represents M .If q is not a zero of any non-zero subdeterminant of [Ajx℄, then it is easilyseen that M [[Ajx℄(q)℄ = M [Ajx℄. It follows that there exists a submatrixD of [Ajx℄ with the property that jDj is non-zero over Q(�), and jDj hasq as a fa
tor. Certainly D meets the rows indexed by a and b, so D is atleast 2 � 2. Say D is n � n where n > 2. Consider the entries of D thatare in neither of the rows indexed by a or b, nor in the 
olumn x. If theseentries are all zero, then it follows from elementary fa
ts on matri
es that Dis 3�3, and, up to a fa
tor of ��i(��1)j, jDj is equal to jD0j for some 2�2submatrix D0 of D. Assume that at least one entry is non-zero. It is easilyseen that the matrix obtained by pivoting on this entry has all the desiredfeatures of [Ajx℄. Moreover it follows, again by elementary matrix theory,that this matrix has an (n � 1) � (n � 1) submatrix D0 with the propertythat jD0j = ��i(�� 1)jjDj for some integers i and j. A 
onsequen
e of thisdis
ussion is that we may assume without loss of generality that D is 2� 2.Consider the entries ofD. If an entry ofD is in the row indexed by a, thenthat entry is an entry of the near-unimodular matrix that represents M=b. Ifit is not in that row, then it is an entry of the near-unimodular matrix thatrepresents M=a. It follows that ea
h entry is of the form ��i(�� 1)j. Thisimposes 
onstraints on the possibilities for jDj, and hen
e q. We now show(6.6.1) q is the only fa
tor of jDj in Q� f0; 1g; moreover q 2 f�1; 1=2; 2g.Proof. It is 
lear that we 
an properly s
ale D to ensure that all entries ofD are polynomials. Then the only fa
tor of jDj that is not a power of � or�� 1 is one that has either the form(�� 1)i � �jor the form (�� 1)i�j � 1for some non-negative integers i and j. We examine the possible rational43



roots of these polynomials. Assume that q = m=n is a root where m and nare relatively prime.Certainly (i; j) 6= (0; 0). Assume that j = 0. Then we have eitherqi + 1 = 0 or qi � 1 = 0. A routine 
he
k shows that in 
ases where eitherof these polynomials has a root in Q� f0; 1g, then that root is unique. It isalso readily 
he
ked that for some 
ases q = 2 and for the remainder q = �1.The 
ase i = 0 is identi
al. Therefore we may assume that i; j � 1. Weexamine the two polynomials in turn. If q is a root of the �rst we have(q � 1)i � qj = �m� nn �i � �mn �j = 0:If i = j, then q = 1=2 is the unique root in Q � f0; 1g. Assume that i 6= j.Then (� � 1)i � �j is, up to sign, moni
. It is well known (see for example[1, Proposition V.3.8℄) that any rational root of su
h a polynomial must bean integer, that is, we may assume that n = 1. We then have(m� 1)i �mj = 0:An obvious parity argument shows that this 
ase does not o

ur.A similar argument shows that for i; j > 1, the polynomial (�� 1)i�j� 1has no rational roots and the lemma is proved. 2By (6.6.1), if p is any rational number in Q � f0; 1; qg then the matrixobtained by evaluating the entries of [Ajx℄ at p does not represent M , for thesubmatrix 
orresponding to D has a non-zero determinant. But, by Lemma6.7, every representation of M over Q 
an be obtained, up to equivalen
e,by su
h an evaluation. We 
on
lude that M is uniquely representable overQ. It remains to show that [Ajx℄(q) is a dyadi
 matrix.If q 2 f�1; 1=2; 2g, then any rational number of the form qi(q � 1)j is
ertainly a signed integral power of 2. It follows that every entry of [Ajx℄(q) isa signed integral power of q. To 
he
k that [Ajx℄(q) is a dyadi
 matrix we needonly show that every subdeterminant is a signed power of 2. Assume not. Bys
aling if ne
essary we may assume that every non-zero entry of [Ajx℄(q) isa signed non-negative power of 2. Sin
e we are assuming that [Ajx℄(q) is nota dyadi
 matrix, there exists a subdeterminant that has an odd prime p as a44



fa
tor. Consider the matrix A(GF (p)) obtained by interpreting the entries ofA as elements of GF (p). By arguments that must by now be very familiar wededu
e that M [A(GF (p)℄ is a 
onne
ted, ternary, non-binary matroid thatis a proper, rank-preserving, weak-map image of the 3{
onne
ted, ternarymatroid M . By (4.1) this 
annot o

ur. It follows that [Ajx℄(q) is indeed adyadi
 matrix, so that M is a dyadi
 matroid and the theorem is proved. 2(6.8) Corollary. LetM be a 3{
onne
ted, ternary matroid that is not near-regular. If M is representable over Q, then M is uniquely representable overQ.Proof.The proof is by indu
tion on the number of 3{
onne
ted minors thatare not near-regular. If all 3{
onne
ted minors of M are near-regular, thenthe 
orollary follows by Theorem 6.7. Hen
e we may assume that M hasat least one 3{
onne
ted minor that is not near-regular. By the obviousindu
tion assumption we may also assume that all 3{
onne
ted minors ofM that are not near-regular are uniquely representable over Q. By (2.4),there exists an element x in E(M) with the property that Mnx or M=xis 3{
onne
ted and is not near-regular. Assume without loss of generalitythat Mnx is 3{
onne
ted and is not near-regular. Then, Mnx has a uniqueQ{representation. Evidently this Q{representation of Mnx extends to arepresentation of M . But by (2.8) a representation of Mnx that extends toa representation of M does so uniquely. We 
on
lude that M is uniquelyrepresentable over Q. 27 Main ResultsAt last we are able to prove(7.1) Theorem. A matroid M is representable over both GF (3) and Q ifand only if it is a dyadi
 matroid.Proof. If M is a dyadi
 matroid, then it follows from Proposition 6.4 thatM is representable over GF (3) and Q. Consider the 
onverse.45



Assume that M is 3{
onne
ted. If M is binary or a whirl, the result
ertainly holds, so assume that M is neither binary nor a whirl. Assume,for indu
tion, that all proper 3{
onne
ted minors of M are dyadi
 matroids.Consider M . If every 3{
onne
ted minor of M is near-regular then M isdyadi
 by Theorem 6.6. Otherwise M has a 3{
onne
ted minor that is notnear-regular. Arguing as in Corollary 6.8, we 
an now assume without lossof generality that there exists an element x 2 E(M) with the property thatMnx is 3{
onne
ted and not near-regular. By Corollary 6.8, M is uniquelyrepresentable over Q. Say the matrix [IjAjx℄ represents M , where x repre-sents x. It follows from the indu
tion assumption that we may assume (afterpivoting and s
aling [IjAjx℄ if ne
essary) that A is a dyadi
 matrix. We mayfurther assume (after a sequen
e of proper s
alings if ne
essary) that all en-tries of A are integers. We may �nally assume (in this 
ase by appropriatelys
aling x if ne
essary) that the entries of x are integers and that the greatest
ommon divisor of the non-zero entries of x is 1.We now invoke the standard weak-map argument. Assume that [IjAjx℄is not a dyadi
 matrix. Then it has a subdeterminant that is divisible by anodd prime p. Let P = [IjAjx℄p, that is, the matrix over GF (p) whose entriesare the entries of [IjAjx℄ treated as integers modulo p. Certainly M [P ℄ isa weak-map image of M . But, arguing as in Proposition 6.4, one dedu
esthat M [P ℄nx = Mnx. Therefore M [P ℄ is a non-binary, rank-preserving,weak-map image of M . But at least one entry of x is not divisible by p.Hen
e x is not a loop of M [P ℄ and it follows that M [P ℄ is 
onne
ted. Itis also 
lear that M [P ℄ is ternary. It now follows by (4.1) that M [P ℄ = M .Sin
e [IjAjx℄ has a subdeterminant divisible by p, there exists a submatrix of[IjAjx℄ with a non-zero determinant and the property that the determinant ofthe 
orresponding submatrix of P is zero. It follows by (4.3) thatM 6=M [P ℄.This 
ontradi
tion establishes that [Ajx℄ is indeed a dyadi
 matrix and we
on
lude that M is a dyadi
 matroid.Assume that M is not 3{
onne
ted. Then M 
an be obtained by taking2{sums and dire
t sums of 3{
onne
ted matroids that are representable overGF (3) and Q, that is by taking 2{sums and dire
t sums of dyadi
 matroids.It follows by Proposition 6.3 that M is a dyadi
 matroid. 2We are now also in a position to 
hara
terise when a 3{
onne
ted matroid46



is uniquely representable over Q.(7.2) Theorem. Let M be a 3{
onne
ted matroid that is ternary, rep-resentable over Q, and has rank greater than 2. Then M is not uniquelyrepresentable over Q if and only if it is a non-binary, near-regular matroid.Proof. If M is not near-regular, then M is uniquely representable over Qby Corollary 6.8. If M is binary, then M is 
ertainly uniquely representableover Q. Assume that M is non-binary and near-regular. Let A be a near-unimodular matrix that represents M . Assume that A is s
aled so thatits entries are polynomials and the greatest 
ommon divisor of any row or
olumn has degree zero. It is easily seen that in this 
ase, A represents a non-binary matroid if and only if at least one entry of A has degree greater that0. By Lemma 5.6, if fq1; q2g � Q� f0; 1g, then M [A(q1)℄ =M [A(q2)℄ =M .A routine argument now shows that if q1 6= q2, then A(q1) and A(q2) areinequivalent representations of M . 2The reason for insisting that M have rank at least three in Theorem7.2 is to ex
lude U2;4. This matroid is non-binary and near-regular and isoften regarded as being uniquely representable over Q sin
e, regarded as amatroid, the automorphism group of PG(1;Q) is the symmetri
 group. It isnot 
lear to me that this is the 
orre
t notion of equivalen
e. Indeed there
ertainly exist representations of U2;4 in PG(2;Q) with the property thatno automorphism of this proje
tive spa
e takes one to the other. In whatfollows we adopt the 
onvention that U2;4 is not uniquely Q{representable.One routinely 
he
ks that a 2{sum or a dire
t sum of Q{representablematroids is uniquely Q{representable if and only if both the summands are.The following 
orollary follows straightforwardly from this fa
t and Theorem7.2.(7.3) Corollary. Let M be a 
onne
ted ternary matroid representable overQ. Then M is uniquely representable over Q if and only if whenever M isde
omposed as a 2{sum of 3{
onne
ted matroids, none of the summands isa non-binary, near-regular matroid.A
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