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1 IntroductionModels, implicitly or explicitly stochastic, of coalescence (= coagulation,gelation, aggregation, agglomeration, accretion : : : ) have been studied inmany scienti�c disciplines, but have only tangentially appeared in the \ap-plied probability" literature. This is paradoxical, in that the \dual" processof splitting or fragmentation is, in an analogous mean-�eld model, very closeto the classical topic of branching processes in applied probability. The pur-pose of this survey is to bring the existence of this large body of scienti�cliterature to the attention of theoretical and applied probabilists. We shallprovide pointers to the science literature, outline some of the mathemati-cal results developed therein, comment on the duality between coalescenceand branching processes, and pose some mathematical problems. That anopportunity arises to outline recent work of the author and colleagues is, ofcourse, purely coincidental.1.1 Verbal description of basic modelClusters with di�erent masses move through space. When two clusters(masses x and y, say) are su�ciently close, there is some chance that theymerge into a single cluster of mass x+y. A completely detailed model wouldincorporate mass, position, velocity (or di�usive rates) of each cluster, to-gether with the exact rule for coalescence of two clusters. Such models seemfar too complicated for analysis, so a natural �rst approximation is the fol-lowing. We may regard mass x as discrete (x = 1; 2; 3; : : :, so the clusterconsists of x particles of unit mass) or continuous (0 < x < 1 a real num-ber). Imagine the process to be spatially-stationary in in�nite d-dimensionalspace, so that by stationarity there exist at time t densities n(x; t) de�nedby: n(x; t) = average number of clusters of mass x per unit volumein the discrete case; andn(x; t)dx = average number of clusters of mass 2 [x; x+ dx]per unit volumein the continuous case. Next, there is a rate kernel K(x; y) whose interpre-tation in the discrete setting is as follows. Consider a tagged cluster of massx. We assume that the instantaneous rate at which it merges with some2



cluster of mass y is proportional to the density n(y; t) of such clusters, andtake K(x; y) as the constant of proportionality. In other words, if we writea coalescence fx; yg ! x+ y as (x; y) ! x+ y or (y; x) ! x+ y with equalchance, thenaverage number of coalescences (x; y) ! x+y per unit time per unit volume= 12n(x; t)n(y; t) K(x; y): (1)The idea is that the details of the local motion and local coalescence rule,which arise from the physics of what is being modeled, are subsumed intothe rate function. In the continuous setting there is an obvious analog of(1): 12n(x; t)n(y; t) K(x; y) dx dy is the average number of coalescences withmasses in (x; x+dx) and (y; y+dy). Based on this story we can write downdi�erential equations (2,3) for the densities n(x; t), and this is the startingpoint of section 2. A physicist would call this the \in�nite-volume mean-�eldtheory".Some minor comments.(i) K(x; y) is not a \pure rate" because it has dimensions volume/timeinstead of 1=time.(ii) We may assume K to be symmetric: K(x; y) = K(y; x).(iii) By scaling time, we can eliminate a multiplicative constant from thekernel, so we talk about e.g. K(x; y) = xy instead of K(x; y) = cxy forconstant c.(iv) Throughout the paper, time t is always a continuous variable; discreteand continuous refer to cluster masses.Table 1 gives examples of kernels used in the physical chemistry litera-ture. The table is taken from [74], who cite references to each case. Mostof these examples, and others, are explained in Drake [26] section 4.3. Notethat we parametrize the \size" of clusters by mass x rather than length l;these kernels are often written in terms of l / x1=3 instead of x.
3



Table 1 [74] Some speci�c kernelsK(x; y) Comment(x1=3 + y1=3)(x�1=3 + y�1=3) Brownian motion (continuum regime)(x1=3 + y1=3)2(x�1 + y�1)1=2 Brownian motion (free molecular regime)(x1=3 + y1=3)3 Shear (linear velocity pro�le)(x1=3 + y1=3)7=3 Shear (non-linear velocity pro�le)(x1=3 + y1=3)2jx1=3� y1=3j Gravitational settling(x1=3 + y1=3)2jx2=3� y2=3j Inertia and gravitational settling(x� y)2(x+ y)�1 Analytic approximation of Berry's kernel(x+ c)(y + c) Condensation/ branched-chain polymerization(x1=3 + y1=3)(xy)1=2(x+ y)�3=2 Based on kinetic theory1.2 Why should probabilists care?Section 2 reviews the deterministic Smoluchowski coagulation equationswhich formalize (1): this is the aspect of coalescence which has been mostintensely studied in the scienti�c literature. This aspect is not \probabilis-tic", but the remainder of the survey is. Section 3 gives \probabilistic"interpretations of some deterministic results about the Smoluchowski co-agulation equations, using duality with branching-type processes. But ourmain focus (sections 4 and 5) is on the \�nite-volume mean-�eld theory" ofthe Marcus-Lushnikov process. This is a N -particle stochastic model, andwe seek to understand its large-N behavior. In section 4 we emphasize thethree simplest speci�c kernels K (constant, additive, and multiplicative), forwhich a rich and fairly explicit theory exists, with connections to other partsof mathematical probability (Kingman's coalescent, discrete and continuumrandom trees, random graphs). Section 5 discusses general kernels, whereopen problems outnumber rigorous results.1.3 Digression: TP and SM mathematicsTo ask \what is known" in this subject leads inexorably to philosophical is-sues concerning pure and applied mathematics. A typical paper [30, 35, 101]we cite from the scienti�c literature would be described by a layman as\mathematics" rather than \science": it is devoted to analysis of a mathe-matical model rather than description of experimental or observational re-sults, although some reference to the latter is made in motivation and con-clusion. I call this SM (scienti�c modeling) mathematics, as opposed to TP4



(theorem-proof) mathematics, which is the style of all \pure" and much ofwhat is called \applied" mathematics. In SM mathematics, models may beincompletely or inconsistently speci�ed; the focus is on obtaining conclusionsabout the model, allowing appeals to physical realism, unquanti�ed approx-imations, and arguments by analogy. In TP mathematics one is supposedto have explicit assumptions and conclusions, as well as a rigorous argumentlinking them. A lively recent debate on these matters can be found in thediscussion of [42]. Much of this survey deals with issues which have notbeen studied systematically as TP mathematics, and our \open problems"concern proofs of matters which mostly appear implicitly or explicitly in theSM literature.1.4 Fields of applicationWhere possible I cite papers giving an accessible overview of a �eld, ratherthan the seminal paper in a �eld.By far the largest application area is physical chemistry.� Aerosols [26, 69]. That is, solid or liquid particles suspended in a gas:such as smoke, smog, dust; water droplet or snow
ake formation inclouds.� Phase separation in liquid mixtures [1].� Polymerization [30].The kernels shown in table 1 arise in such areas. Other areas include� Astronomy: formation of large-scale structure in the universe [73];formation of protostellar clusters within galaxies [72, 14]; formation ofplanets within solar systems [101]� Biological entities, e.g. algae [2].� Bubble swarms [79].In all these settings, the clusters were physical entities in physical space,and have been studied as SM mathematics. A di�erent area of application,which has caught the attention of TP mathematicians, is� Mathematical population genetics [83].5



Here the entities are `lines of descent", i.e. number of ancestors in pastgenerations of a sample of genes in the current generation, and the speci�ckernel K(x; y) = 1 arises (section 4.2). An area of TP mathematics whichturns out to be related to our topic is� Random graph theory [18]where the speci�c kernel K(x; y) = xy has implicitly been studied in greatdetail: see section 4.4.In addition to the SM study of particular physical phenomena, there isa body of literature (e.g. [93, 87, 95] in J. Statistical Physics) devoted tomathematical study, with varying levels of rigor, of the kind of models wediscuss here. When we get to discussing detailed mathematical results, weshall most often be referring to that literature. Let us also mention thegraduate textbook of van Kampen [96] as a standard introduction to SMstochastic processes.1.5 One speci�c applicationIn some of the application areas mentioned above, the use of our mean-�eldmodel would be regarded as old-fashioned: current research focuses on morephysically realistic models. But to show this topic is not completely mori-bund, we mention recent experimental work of White and Wiltzius [103],recounted for laymen in The Economist [1]. Certain liquids (e.g. olive oiland alcohol) mix at high temperature but separate at low temperature; howin detail does separation occur as temperature is lowered very slowly throughthe critical point? At some point, microscopic droplets of one liquid form,but what then? One theory is that these droplets tend to form, and todissolve back into the mixture, very quickly, except that two droplets whichform adjacent to each other may merge into one. In this theory the processof pure droplets is rather like a branching process with immigration: abovethe critical temperature this is a subcritical process and the droplets staysmall, but below the critical temperature the process becomes supercriticaland a large component very rapidly forms. An alternative theory is thatcreation and dissolution of droplets occur comparatively slowly, and thatthe dominant mechanism is di�usion of droplets, which coalesce when theymeet, and repeated coalescence creates large drops comparatively slowly.This is the \Brownian motion { continuum regime" case of our model. And[103] give experimental results showing (at least for a certain very viscouspair of liquids) a better �t to the di�usion and coalescence model.6



2 Deterministic models2.1 The Smoluchowski coagulation equationsEquation (1) and its continuous analog can be rewritten without words asthe di�erential equationsddtn(x; t) = 12 x�1Xy=1K(y; x� y)n(y; t)n(x� y; t) � n(x; t) 1Xy=1K(x; y)n(y; t)(discrete x) (2)ddtn(x; t) = 12 Z x0 K(y; x� y)n(y; t)n(x� y; t)dy � n(x; t) Z 10 K(x; y)n(y; t)dy:(continuous x) (3)We will refer to (2,3) jointly as the Smoluchowski coagulation equations.(Note that the phrase \Smoluchowski equation" is used in a di�erent con-text, di�usion under a potential). These equations have been studied ingreat detail in the SM community, and we outline some of their results.Note that from the verbal description of the model we expect solutions tohave the property that mass density is preserved:m1(t) � 1Xx=1xn(x; t) or Z 10 xn(x; t) dx is constant in t: (4)We shall also use the cluster density m0(t) and the second moment m2(t)de�ned in the continuous case asm0(t) = Z 10 n(x; t)dx:m2(t) = Z 10 x2n(x; t)dxClearly m0(t) is decreasing and m2(t) is increasing.The standard reference is the 1972 de facto monograph by Drake [26].This cites 250 papers from the SM literature, and provides a very clearexposition of both the science background and the (fairly unsophisticated)mathematics being used at that time. I have not found any similarly wide-ranging survey of subsequent research. The 1994 monograph by Dubovskii[27] focuses narrowly on mathematical issues of existence and uniqueness of7



solutions. Snapshots of recent research results and interests are provided bythe introductions to papers [70, 74, 85].We now give a quick overview of three aspects of the Smoluchowskicoagulation equations; exact solutions, gelation and self-similar solutions.2.2 Exact solutionsIt has long been recognized that three particular kernels K(x; y) are math-ematically tractable: 1, x+ y and xy. Table 2 gives, for each of these threekernels, a special solution to the equations (2,3). In the discrete case thisis the (\obviously unique") solution with the monodisperse initial con�gu-ration n(x; 0) = �1(x); in the continuous case it is a solution arising fromin�nitesimally small initial clusters (where uniqueness is hardly obvious).Some involve the Borel distribution ([23] sec. 2.7), which for our purposes isbest regarded as the total population size Z� in a Galton-Watson branchingprocess with one progenitor and Poisson(�) o�spring distribution. Explic-itly,B(�; x) � P (Z� = x) = (�x)x�1e��x=x!; x = 1; 2; 3; : : : ; 0 � � � 1: (5)table 2: formulas for n(x; t)K(x; y) 1 x+ y xydiscrete (1 + t2)�2( t2+t)x�1 e�tB(1� e�t; x) x�1B(t; x)0 � t <1 [76] 0 � t <1 [37] 0 � t � 1 [57]continuous 4t�2 exp(�2x=t) (2�)�1=2e�tx�3=2e�e�2tx=2 (2�)�1=2x�5=2e�t2x=20 < t <1 [67] �1 < t <1 �1 < t < 0We included the conventional attributions of 4 of these formulas, whichhave been rediscovered many times. The remaining two continuous solutionsarise by rescaling time in the corresponding discrete solutions and takinglimits as t!1 or t! 1. These continuous solutions are more implicit thanexplicit in the SM literature. The continuous x+ y solution has m1(t) � 18



but in�nite cluster density m0(t). The continuous xy solution has bothm0(t)and m1(t) in�nite, and is therefore often called \unphysical": see section 4.4for its interpretation.There has also been considerable attention paid to the general bilinearkernel K(x; y) = A + B(x + y) + Cxy, for which some more complicatedexplicit solutions are available [86, 90, 77, 78].2.3 GelationConsider the second moment of cluster mass m2(t) = R10 x2n(x; t)dx. Be-cause a coalescence fx; yg ! x + y increases the sum-of-squares-of-massesby 2xy, the continuous Smoluchowski coagulation equation impliesddtm2(t) = Z Z xy K(x; y) n(x; t)n(y; t) dx dy (6)and analogously in the discrete case. Now consider the assumptionK(x; y) � k0(1 + x+ y): (7)Inserting into (6), ddtm2(t) � k0(2m2(t)m1(t) +m21(t)):For an initial con�guration with m0(0) and m2(0) �nite, this becomes (sincem0(t) is decreasing and m1(t) is constant)ddtm2(t) � k0(2m2(t)m1(0) +m21(0))implying m2(t) <1 for all t <1.It is not di�cult to make this type of argument rigorous. See White [102]and Heilmann [39] for the discrete case, and chapters 3 and 4 of Dubovskii[27] for the continuous case (in the more general setting of coagulation andfragmentation), and extensive references to the literature. The exact re-sults are rather technical in the continuous case, but can be summarizedinformally asPrinciple 1 For a kernel K satisfying (7) and extra technical conditions inthe continuous case, and an initial con�guration n(x; 0) such thatm1(t) = 1; m0(t) <1; m2(t) <1 (8)holds for t = 0, the Smoluchowski coagulation equation has a unique solution,and this solution satis�es (8) for all 0 � t <1.9



In contrast, consider the case K(x; y) = xy. Here (6) reduces toddtm2(t) = (m2(t))2 (9)in both discrete and continuous cases. Thus in the monodisperse discretecase (n(1; 0) = 1) we havem2(t) = (1� t)�1; 0 � t < 1while in the continuous case we havem2(t) = � 1m2(0) � t��1 ; 0 � t < 1m2(0) :Note that the continuous case special solution in table 2 has m2(t) =1=jtj; �1 < t < 0, consistent with (9).As discussed by numerous authors, this kernel xy is the prototype exam-ple where the process exhibits a phase transition, typically called gelation inthe context of coalescence models. As the reader may know from a casualacquaintance with percolation theory, there is a tendency in the scienti�cliterature to de�ne such concepts via moment behavior. Thus one couldsay gelation occurs, or K is a gelling kernel, if the discrete model with themonodisperse initial condition has no solution withm2(t) <1; 0 � t <1: (10)Then one can de�ne a critical time tc as the largest time such thatm2(t) <1for all t < tc, and seek e.g.(i) proofs that, for discrete and continuous mass, no initial con�guration hasa solution satisfying (10);(ii) estimates of the critical time in terms of the initial con�guration.Mathematically, it is more natural to de�ne critical times in terms ofexistence of solutions of the Smoluchowski coagulation equations which havethe mass-conserving property (4): Tgel is the largest time such that thediscrete model with the monodisperse initial condition has a solution withm1(t) = 1 for all t < Tgel. The SM literature tends to assume these twode�nitions are equivalent. The physical interpretation of gelation is thatafter the critical time, a strictly positive proportion of mass lies in in�nite-mass clusters, the gel. One can model post-gelation behavior by explicitlymodeling [106] interaction between the gel and the sol (�nite-mass clusters),but in this survey we shall only consider pre-gelation behavior, except forbrief comments on the K(x; y) = xy case in section 4.4.10



For probabilists, the interpretation of gelation in terms of stochastic mod-els is a natural question, to be discussed in section 5.2.In discussing general kernels, we shall often assume the kernel K is ho-mogeneous with some exponent 
:K(cx; cy) = c
K(x; y); 0 < c; x; y <1: (11)In fact one could use a weaker notion of asymptotic homogeneity:limc!1 c�
K(cx; cy) = �K(x; y); 0 < x; y <1: (12)Note that all except one of the kernels in table 1 is homogeneous, withexponents �16 ; 0; 16 ; 79 ; 1; 43 . Principle 1 says that for 
 � 1 the kernel isnon-gelling. For some time it has been widely accepted in the SM literature[92, 95] that for 
 > 1 the kernel is gelling. The �rst general rigorous resultwas given only recently by Jeon [44, 45], who showed that Tgel <1 provided9
 > 1; 0 < c1; c2 <1 such that c1(xy)
=2 � K(x; y) � c2xy:Moreover it is believed that for 
 > 2 the kernel is instantaneously gelling,that is Tgel = 0. Precisely, an argument in [88] (rewritten rigorously in [22]in the discrete case) shows that Tgel = 0 provided9
 > 2� > 2 such that x� + y� � K(x; y) � (xy)
=2 8x; y:2.4 Self-similarityConsider the continuous setting, and as above suppose the kernel K is ho-mogeneous with some exponent 
. It is natural [35] to seek a solution whichis self-similar (also called self-preserving or scaling), in the following sense.n(x; t) = s�2(t) (x=s(t)) (13)where  (x) � 0 satis�es Z 10 x (x) dx = 1: (14)Here the \1" is a normalization convention. As at (4), we want the meandensity R xn(x; t) dx to be constant in time, which explains the s�2 term in(13). Of course, the interpretation of (13) is that clump mass scales withtime as s(t). 11



Following [95], here is a brief analysis of self-similarity. By substitutinginto (3), routine manipulations show that (13) is a solution provided12 Z x0 K(y; x� y) (y) (x� y) dy �  (x) Z 10 K(x; y) (y) dy= w(2 (x) + x 0(x)) (15)for some constant w 6= 0, and we may take s(t) as the solution ofs0(t) = ws
(t): (16)In fact the integrals may diverge at zero, in which case we simply replace(15) by its integrated version (the � = 2 case of (20) later). Solving (16),s(t) / t 11�
 ; �1 < 
 < 1 s(t) / ewt; 
 = 1: (17)The SM literature tends to take for granted the existence and uniqueness(up to scaling) of solutions of (15), and proceeds to speculations (see sectionA.1) on the asymptotic (x! 0; x!1) form of  (x). Apparently nothinghas rigorously been proved, outside the realm of the exact solutions. Thesolution in table 2 for K(x; y) = 1 (where 
 = 0) is of form (13,17), with (x) = e�x and s(t) = t=2. And the solution for K(x; y) = x+y, where 
 =1, is also of form (13,17), with  (x) = (2�)�1=2x�3=2e�x=2 and s(t) = e2t.In this connection, it has long been known that the two kernels x + y andmax(x; y) have no self-similar solution satisfying (14) and R10  (x)dx <1:see Drake [26] section 6.4 and Knight [48] respectively.If a unique self-similar solution exists, it is natural to expect convergenceto self-similarity from rather general initial con�gurations. See section 3.1for a simple proof for K(x; y) = 1.It has long been noted by numerical methods that certain of the kernelsarising in table 1 (e.g. K(x; y) = (x1=3 + y1=3)(x�1=3 + y�1=3) [35]) appearto have self-similar solutions which are roughly log-Normal. See [61, 98,49] for recent work. It is sometimes stated in the SM literature that thisis to be expected when large-small coalescences (rather than large-large)predominate. I haven't found any convincing mathematical elaboration ofthis assertion: see Appendix A.4 for further comments.For the record, let us state explicitly some open problems implicit in thisand previous sections.Open Problem 2 Consider a homogeneous kernel K with exponent 
 � 1.Give rigorous proofs, under explicitly stated extra hypotheses, that12



(a) there exists a unique  satisfying (14) such that (13,17) is a solutionof the continuous Smoluchowski coagulation equation.(b) For 
 < 1 we have R10  (x)dx <1.(c) The solution n(x; t) of the discrete Smoluchowski coagulation equa-tion with monodisperse initial con�guration is asymptotically self-similar, inthe sense thatsupx js2(t)n(x; t� t0)�  (x=s(t))j ! 0 as t!1; for some t0: (18)(d) (18) remains true for initial con�gurations n(x; 0) satisfying speci�ed\not too spread out" conditions, in continuous and discrete space, assumingaperiodicity of n(x; 0) in the discrete case.In (18) we have asked for local (as in the local CLT) convergence of densities,but proving the weaker notion of convergence of distributions would be justas welcome.For gelling kernels, we can seek self-similarity as t " Tgel. The continuoussolution in table 2 for K(x; y) = xy can be written as the special case (x) = (2�)�1=2x�5=2e�x=2; s(t) = jtj�2; � = 5=2of the general formn(x; t) = s�� (t) (x=s(t)); �1 < t < 0 (19)In this case R x (x) = 1, that is the mass density is in�nite, so we cannot(as in the non-gelling case) use conservation of mass density to say � = 2.Substituting into the Smoluchowski coagulation equation shows that (19) isa solution provided it satis�es the analog of (15) with � in place of 2; butto avoid divergent integrals at zero we replace (15) by its integrated versionw Z 1x0 ��x (x) + x2 0(x)�dx = � Z x00 dx Z 1x0�x dy xK(x; y) (x) (y):(20)[95] give a non-rigorous analysis of the gelling case, and we incorporate theirconclusions into the following open problem.Open Problem 3 Consider a homogeneous kernel K with exponent 1 <
 � 2, and suppose 0 < Tgel < 1. Give rigorous proofs, under explicitlystated extra hypotheses, that(a) There is a unique (up to scaling) solution  of (20), and for thissolution � = (3 + 
)=2. And R10 x (x)dx = 1 while R10 x2 (x)dx <1.13



(b) The solution n(x; t) of the discrete Smoluchowski coagulation equa-tion with monodisperse initial con�guration is asymptotically self-similar ast " Tgel, in the sense that for some an(x; t) � a(Tgel � t) 3+
1�
  (x(Tgel � t) 2
�1 ) as t " Tgel; (21)uniformly on fx(Tgel � t) 2
�1 > x0g.(c) (21) remains true for initial con�gurations n(x; 0) satisfying speci�ed\not too spread out" conditions, in continuous and discrete space, assumingaperiodicity of n(x; 0) in the discrete case, and where Tgel now depends onthe initial con�guration.To connect (b) with (a), the conclusion of (a) implies (by setting up andsolving the equation analogous to (16)) thatn(x; t) = jtj 3+
1�
  (xjtj 2
�1 ) (22)is a self-similar solution of the Smoluchowski coagulation equation.2.5 Other aspects of the Smoluchowski coagulation equa-tions(a) For the record, we mention some other aspects of the Smoluchowskicoagulation equations which we shall not pursue in this review.� General polydisperse initial conditions. The solutions presented in ta-ble 2 are the special solutions. Much of the literature studies solutionsof the Smoluchowski coagulation equations from general (\polydis-perse") initial con�gurations. Some explicit solutions for the threespecial kernels in table 2 and the general bilinear kernel K(x; y) =A + B(x + y) + Cxy, under polydisperse initial conditions, are dis-cussed in [26] section 6.3., [17, 68, 71, 77, 78, 84]. Some discussionof physically reasonable or mathematically tractable initial con�gu-rations (e.g. in the continuous setting, the Gamma, log-Normal orn(x; 0) = x�� ; x � x0 densities) in the context of the \applied" ker-nels in table 1 can be found in [26] section 4.5.� Time to approach self-similarity [98].� Numerical methods. See [49] for references, and [66] for Monte Carloprocedures. 14



� The inverse problem. How to estimate the rate kernel K from experi-mental or observational data. [2, 59, 75].(b) This paper deals only with \pure coalescing" models. But much ofthe scienti�c literature considers coalescence together with other e�ects, inparticular� fragmentation (splitting) [27]� removal of clusters (sedimentation, condensation, crystalization) [41]� continuous addition of new particles. [74]In fact, much of the literature we cite relating to existence of solutions of theSmoluchowski coagulation equations deals with such more general settings.Whittle [104] provides a mathematical introduction to reversible mean-�eldmodels of coalescing and fragmentation, and Ernst [30] relates this topic tobroader topics in statistical physics.(c) There has been much study, mostly using Monte Carlo simulation,of fractal structure of cluster-cluster aggregation models, in the spirit of thewell known DLA model of cluster growth by adding single particles. SeeVicsek [99] Chapter 8 for a survey. In the setting of the Smoluchowski coag-ulation equations this possibility has classically been ignored (in specifyingrate kernels, it is often assumed that clusters are spherical), but an assumedfractal exponent could be built into the kernel.2.6 Hydrodynamic limits and reaction-di�usion processesFrom the viewpoint of TP mathematics, the verbal description of the Smolu-chowski coagulation equations in section 1.1 is just motivation: we can usethe Smoluchowski coagulation equations as starting point for mathemati-cal analysis, but we have not attempted to say that they arise as part ofa more detailed rigorous stochastic model. To establish these rigorouslyas a limit of the type of model in section 1.1 is a topic called hydrody-namics or propagation of chaos. Lang and Nguyen [52] study a model ofdiscrete particles performing Brownian motion in 3 dimensions, coalescingwhen they approach within a �xed distance, the di�usion rate of clustersbeing una�ected by cluster size. In an appropriate limit they justify that thecluster-size distribution does converge to the solution of the Smoluchowskicoagulation equation with K(x; y) = 1. Undoubtedly more general results ofthis type can be proved, though there is a conceptual problem. Derivation15



of speci�c rate kernels K often presupposes that physical parameters arewithin certain ranges, so taking mathematical limits may not make muchsense if we cannot preserve such constraints.Conversely, there is SM discussion [46, 85] of models in the spirit ofsection 1.1 where the Smoluchowski coagulation equations do not providesatisfactory solutions over time-intervals of interest.A more substantial body of recent mathematical literature concerns hy-drodynamic limits for reaction-di�usion processes, where several types ofparticle di�use and interact to produce new particles. But that work mostlyfocuses on equilibrium behavior and on �nite number of types (see section5.1 for elaboration), so has a di�erent 
avor from our size-asymptotics inirreversible coalescence.3 Stochastic structures encoding solutions of theSmoluchowski coagulation equationsOne answer to the question \what is the relationship between the deter-ministic Smoluchowski coagulation equations and stochastic models?" is toseek the type of limit theorems indicated in section 2.6. But we can posethe question di�erently: is there any rigorous stochastic model involvingcoalescence in which the exact solutions of the Smoluchowski coagulationequations appear as ergodic averages? It turns out that in 5 of the 6 casesin table 2 there are special constructions, to be described in section 3.1.Loosely, these involve replacing \physical space" of section 1.1 (in which weimagine particle clusters moving) with an \arti�cial" spatial structure. Insection 3.2 we discuss duality (via time-reversal) between the deterministicSmoluchowski coagulation equations and deterministic pure fragmentationequations, which can be interpreted as expectations within branching-typestochastic processes. This idea of coalescence as the time-reversal of splittingis implicit in the special constructions of section 3.1, and is used explicitlyin section 3.3 to give a general constructions for general kernels.3.1 Special constructionsConstruction 4 K(x; y) = 1; continuous.Take the line L = (�1;1) as \space". At each time t create a Poissonpoint process of marks on L, with rate r(t), where r(t) > 0 is decreasingwith t. Couple the point processes as t varies in the natural way: each16



point present at time t1 remains present at time t2 > t1 with probabilityr(t2)=r(t1), independently for di�erent points. t = 4t = 2-� 1 unitj j j j j jj j j j j j j j jj jFigure 1. Construction for K(x; y) = 1; continuousAt time t there is a process of line segments (between successive marks).Writing \mass" for \length" and \cluster" for \line segment", the probabilitydensity for mass x per cluster is �t(x) = r(t) exp(�xr(t)) and the density ofmass per unit length of L isn(x; t) = r2(t) exp(�xr(t)): (23)As t increases, a mark disappears at rate �r0(t)=r(t), so a tagged cluster ofmass x will merge with a neighboring cluster of some mass y with rate2�r0(t)r(t) �t(y) = 2�r0(t)r(t) n(y; t)r(t) :Here the \2" comes from the two endpoints, and we appeal to the factthat adjacent line segments have independent lengths, as a property of thePoisson process. Choosing r(t) = 2t�1 to solve r0(t) = �12r2(t) makesthis rate equal n(y; t). So the n(x; t) satisfy the continuous Smoluchowskicoagulation equation with K(x; y) = 1, and (23) is the density in table 2.Remarks. Here L = (�1;1) is our \arti�cial space". Construction 4describes a stochastic model with extra structure (an ordering of intervals)and incorporating this extra structure gives a coalescing model rather di�er-ent from the Smoluchowski coagulation equation. But the point is that the\ergodic densities" n(x; t) in the model do indeed satisfy the Smoluchowskicoagulation equation, even if this is not a priori obvious.Construction 5 K(x; y) = 1; discrete.This is the discrete analog of the previous construction. Put unit mass ateach integer �1 < i <1. Let an edge from i to i+ 1 appear at a random17



time T with P (T > t) = 2=(t+ 2) = G(t), say, independently for di�erentedges.
� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � � t = 1t = 4t = 2t = 0

Figure 2. Construction for K(x; y) = 1; discreteAt time t a connected clusters has mass x with probability �t(x) = (1 +t2)�1 � tt+2�x�1 and hence the density of mass-x clusters per unit length isn(x; t) = (1 + t2)�2� tt+ 2�x�1 ; x = 1; 2; 3; : : : : (24)Arguing as above, a tagged cluster of mass x will merge with a neighboringcluster of some mass y with rate2 � ddtP (T > t)P (T > t) �t(y) = n(y; t):So the n(x; t) satisfy the discrete Smoluchowski coagulation equation withK(x; y) = 1, and (24) is the density in table 2.The general solution for K(x; y) = 1. We can use the same methodto show that for any initial con�guration (discrete or continuous) with 0 <m1(0) <1 andm0(0) = 1 we have asymptotic self-similarity in the followingsense: t Z at0 n(x; t)dx! 1� e�a=m1(0) as t! 1; 0 < a <1: (25)Start at time t = 0 with a stationary renewal process of marks on L =(�1;1), with inter-renewal density n(x; 0). Let the marks disappear atindependent times T with P (T > t) = 2=(t+2) = G(t). At time t the marksform a renewal process with some inter-renewal distance Lt. Writing thedensity of Lt as n(x; t)=G(t), the analysis above shows that n(x; t) satis�es18



the Smoluchowski coagulation equation. But classical (and easy) resultson thinning of renewal processes (see e.g. [24] Prop. 9.3.1) imply thatG(t)Lt converges in distribution to the exponential(1=m1(0)) distribution,establishing (25).Without this easy probability argument, rather tedious analysis [50]seems needed to prove (25).Remark. The key feature of these two constructions is that there is an\invariance" property (stationarity under shifts of the line) which enablesus to de�ne the deterministic quantities n(x; t) as ergodic averages. Thenext constructions have more sophisticated invariance properties, which wewill not attempt to say precisely, but which enable the n(x; t) to be de�nedrigorously as ergodic averages.Construction 6 K(x; y) = x+ y; discrete.Take unit mass at positions 0; 1; 2; : : : and connect with edges (i; i + 1).Make each of these atoms the progenitor of a Galton-Watson branchingprocess with Poisson(1) o�spring distribution, and draw the individuals asunit masses and the parent-child relationships as edges. This constructiongives a random in�nite tree, with root ? at position 0, illustrated in thebottom part of �gure 3. Grimmett [38] �rst described this tree, and showedthat it arises as a n ! 1 limit of uniform random n-vertex trees. The�nite-n property that \the tree has the same distribution relative to eachvertex" extends to the limit in�nite tree: see [3] for one statement of thisinvariance property. Now regard each edge as appearing at a random time Twith exponential(1) distribution, independently for di�erent edges. At times0 < t < 1 we see a con�guration of \clusters" (�nite trees), rooted at thevertex nearest the path-to-in�nity. By invariance, the distribution of clustersize at time t is the distribution of the cluster rooted at ?, given that ? isthe root of a cluster, and this is just the size of total population in a Galton-Watson branching process with Poisson(1�e�t) o�spring distribution. Thistotal population has mean et, and so the density of clusters of size x isn(x; t) = e�tB(1� e�t; x); x = 1; 2; 3; : : : : (26)A computation ([10] Lemma 3.2(b)) shows that the way clusters merge inthis example follows the Smoluchowski coagulation equation with K(x; y) =x+ y. Section 4.3 elaborates this construction.19
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l? l l l l l l l l l l l l ll l l ll lAA ��llAA ��AA ��l l l lAA ����lAA ��l llll��llt = 1 Figure 3. Construction for K(x; y) = x+ y; discreteConstruction 7 K(x; y) = x+ y; continuous.It is natural to regard Construction 4 as the continuous limit of Construction5. It is true, but less obvious, that we can take an analogous continuouslimit in Construction 6. Recall the t = 1 random graph in Construction6. We viewed each vertex as having mass 1, and each edge as having length1. It turns out that the number of vertices withing distance d of a speci�edvertex grows as order d2. So if we rescale by taking each vertex to have mass1=n and each edge to have length 1=n1=2, then the mass of the region withindistance 1 of a speci�ed point is bounded away from 0 and 1, and we cantake a n ! 1 limit. The limit is called the self-similar continuum randomtree (SSCRT), and is described rigorously in [4], [5] section 2.5. Figure4 illustrates the SSCRT: of course, by (statistical) self-similarity there are20



smaller and smaller branches not shown. The lines in �gure 4 are part ofthe \skeleton" of the SSCRT; all the mass is on the \leaves".
�root

Figure 4. The SSCRTFor our purposes here, the SSCRT plays the role that the line L = (�1;1)plays in Construction 4. Take time interval �1 < t < 0. At each time t,construct a Poisson process of marks on the skeleton, with rate jtj per unitlength, coupled in the natural way as t varies. Cutting the SSCRT at thesemarks splits it into subtrees of �nite mass; write n(x; t) for the density ofmass-x subtrees. For �xed t, this is the rescaled limit of Construction 6 witht0 de�ned via e�t0 = e�tn�1=2. Taking limits in (26) givesn(x; t) = (2�)�1=2e�tx�3=2e�e�2tx=2the formula we recorded in table 2. 21



Construction 8 K(x; y) = xy; discrete.This construction, illustrated in �gure 5, was used for di�erent purposes in[6].
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Figure 5. An in�nitary treeStart with a distinguished edge between vertices � and �̂. Let 0 < ��1 <��2 < : : : be the points of a Poisson (rate 1) point process on R+, create newvertices 1; 2; : : : and create edges (�; i) with edge-weights ��i . Recursively, foreach created vertex v let 0 < �v1 < �v2 < : : : be the points of a Poisson (rate1) point process on R+, create new vertices v1; v2; : : : and create edges (v; vi)with edge-weights �vi . (Figure 5 shows only the �rst 3 children and earlygenerations.) Repeat for descendants of �̂. Finally, give the distinguishededge a weight chosen from the uniform (Lebesgue) measure on (0;1). Thisconstruction yields a �-�nite measure on the space of all edge-weights. Asexplained rigorously in [6], we can view this random object as a n!1 limitof a process of i.i.d. random edge-weights on the complete bipartite graph22



on 2n vertices, and the �nite-n invariance property extends to an invarianceproperty for the limit object: \the tree has the same distribution relative toeach vertex".At each time t > 0 we may consider the subgraph consisting of onlythose edges with weight � t, and let the clusters at time t be the connectedcomponents of this subgraph. Figure 6 illustrates t = 0:75.�̂ � @@@@@ @@@@HHHH123 1112@@@���13212223���� ���� 1̂̂2̂31̂1̂12̂13̂21̂22̂23���@@@
Figure 6. Construction for K(x; y) = xy; discreteThe cluster containing a speci�ed vertex at time t � 1 is a Galton-Watsonbranching process with Poisson(t) o�spring, and so has size distributionB(t; x) given by (5). This is the size-biasing of the cluster-size density n(x; t),and so n(x; t) = x�1B(t; x):For a cluster of size x at time t, as t increases each vertex grows a new edgeat rate 1, and so the rate of merging with some size-y cluster isxB(t; y) = xyn(y; t):So the n(x; t) satisfy the discrete Smoluchowski coagulation equation withK(x; y) = xy,Remark. In contrast to the previous constructions, there seems no easyway to take limits to obtain a construction for the continuous case K(x; y) =23



xy. Rather sophisticated ideas are needed { see section 4.4.Remark. There is a long history, going back to Flory [34], of usingbranching process models in the theory of polymerization. The idea thatcertain such models were equivalent to the Smoluchowski coagulation equa-tion with certain kernels seems to have emerged slowly: a clear discussion isgiven by Zi� [106]. Our three discrete constructions are in the same spiritas the discussion in [106], but that paper has in mind some imprecise notionof \ensemble of clusters", while our point is that by using the constructionswith �-�nite invariant measures we can rigorously de�ne stochastic modelswhere ergodic averages evolve as the Smoluchowski coagulation equation.3.2 Dual splitting modelsIn the spirit of the Smoluchowski coagulation equations for pure coalescence,one can write down deterministic equations for pure fragmentation. Weadopt the continuous setting (the discrete case is analogous). Consider asplitting kernel S(l; x); 0 < x < l. Assume that a cluster of mass l splits atrate S(l; x) into two fragments of masses x and l� x, where the ordering offx; l�xg is random, so S(l; x) = S(l; l�x). Write as usual n(x; t)dx for theaverage number of clusters of mass 2 [x; x+ dx] per unit volume. Then thedeterministic pure fragmentation equation isddtn(l; t) = �n(l; t) Z l0 St(l; x) dx + 2 Z 10 n(l + y; t)St(l+ y; l) dy (27)where we have more generally allowed time-dependence in the splitting ker-nel.Consider now the duality formulan(x; t)n(y; t)Kt(x; y) = 2n(x+ y; t)St(x+ y; x): (28)The duality relationship is as follows. If n(x; t) is a solution of the Smolu-chowski coagulation equation with time-dependent kernel Kt, then (revers-ing the direction of time) n(x; t) is a solution of (27) for St de�ned at (28);and conversely. As we shall see, duality typically changes a time-independentkernel to a time-dependent kernel, Table 3 gives the dual splitting kernelsfor the special solutions in table 2. In these examples, the dual splittingkernel has the form St(l; x) = a(t)S(l; x) and so the time-dependence canbe removed by a deterministic time-change.Write b(i) = ii�2=i!. 24



table 3: the dual splitting kernel St(l; x)K(x; y) 1 x+ y xydiscrete 2t(t+2) e�t2(1�e�t) x(l�x)b(x)b(l�x)b(l) 12t x(l�x)b(x)b(l�x)b(l)0 � t <1 0 � t <1 0 � t � 1continuous 2t�2 (8�)�1=2e�tl5=2x�3=2(l � x)�3=2 (8�)�1=2l5=2x�3=2(l� x)�3=20 � t <1 �1 < t <1 �1 < t < 0Given a splitting kernel S, there is a natural stochastic model of frag-mentation, the Markovian branching-type process where di�erent clustersfragment independently according to the rate kernel S. There is a simpleconnection between the stochastic process and the deterministic equations(27): the mean frequency of cluster-masses in the stochastic model evolvesexactly as (27). (We mention this because the analogous assertion for purecoalescence is false { cf. section 4.1). The issue of self-similar solutions(clearly analogous to stable type structure [60] for supercritical branchingprocesses) for pure fragmentation was studied by Brennan and Durrett [19].We summarize their results in Appendix A.3. An initially promising ideais to use branching process theory with tractable special splitting kernels toobtain, via the duality relation (28), explicit solutions of the Smoluchowskicoagulation equation for further kernels K, but unfortunately (53) this leadsto time-dependent kernels. Appendix A.4 explores this idea further.3.3 General constructionsIn this section we outline one approach to the problem of de�ning abstractprobabilistic structures which encode the solutions of the Smoluchowski co-agulation equation for a general kernel K. This approach is closely analogousto the theory [3] of asymptotic fringe distributions. We consider the discretecase, and abstract the idea of Construction 5. Figure 7 illustrates the con-struction, where we imagine the initial t = 0 con�guration having a singlemass-1 particle at each integer position �1 < x < 1. At a typical time twe see clusters, each cluster being an interval of particles (pictured as theparticles between successive vertical lines). Mathematically, such a process25



is succinctly represented by a sequence (�i;�1 < i < 1), where �i > 0indicates the time at which the cluster ending with particle i coalesces withthe cluster beginning with particle i+ 1.
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Figure 7. A general constructionIt can be shown that such a construction is possible, for 0 � t < Tgel, withthe property:(*) at each time t the left endpoints of clusters form a stationaryergodic process with cluster-size distribution m1(t)n(x; t).In other words, the chance that particle 0 is the �rst particle in a size-xcluster is n(x; t). To outline the construction, �x t0 and create at time t0a stationary renewal process with inter-renewal distribution m1(t0)n(x; t0).Then run time backwards from t0 to 0, and split each cluster according tothe dual splitting kernel (28), independently for each cluster. This de�nesa process with property (*) on 0 � t � t0, representable as (�(t0)i ), where�(t0)i = 1 if i is the �nal particle in a time-t0 cluster, and otherwise is thetime at which particles i and i + 1 are split into distinct clusters. We nowlet t0 !1 and de�ne (�i) as a subsequential weak limit of the (�(t0)i ). It isnot hard to check that property (*) remains true in the limit.One might hope that we could arrange that the left endpoints of theclusters formed a renewal process at each time t, but the following argumentshows this is impossible in general. Consider the kernel with K(1; 2) > 0and K(x; y) = 0 otherwise. Take an initial con�guration with clusters ofmasses 1 and 2. Suppose this process was represented as a renewal processat time 0 and at time 1. Then at time 1 there would be clusters of masses1; 2 and 3, but there could be no successive clusters of masses (1; 2), so itcould not be a renewal process. 26



We pictured the clusters as linear chains, but it is perhaps more naturalto regard them as trees, by specifying that when two clusters merge wepick at random (uniformly) one vertex from each cluster, and join these twovertices by an edge. Thus the cluster containing vertex 0 in �gure 7 mergesjust after time t with the cluster shown on its left, and this merger mightcreate a new edge $ as follows.-5 -4 -6-7-8 -3 10-1 -2-�Figure 8. The general construction, pictured as a treeWe may de�ne the stochastic process (T (t); t � 0) where T (t) is the treecontaining vertex 0 at time t. This provides a rigorous formalization of thenotion of \the history of coalescences containing a typical particle in theSmoluchowski coagulation equation". Detailed study of the cases K(x; y) =x+ y and xy is in [13].The construction extends without essential change to the continuoussetting. Here property (*) becomesat each time t there is a stationary ergodic point process on theline, in which the inter-point distances have density m1(t)n(x; t).And the tree-process (T (t)) becomes a process of \continuum trees" in thespirit of Construction 7.
27



4 Stochastic Models: the �nite-volume setting4.1 The stochastic coalescentThe Smoluchowski coagulation equations provide an in�nite-volume mean-�eld description of coalescence in terms of deterministic equations. Thecorresponding �nite-volume mean-�eld description is intrinsically stochas-tic. In the discrete setting, �x N and consider a state-space consisting ofunordered (multi)-sets x = fx1; : : : ; xmg where the xi are positive integerssumming to N . So x represents a con�guration with clusters of massesx1; : : : ; xm. We can now de�ne a continuous-time �nite-state Markov chainby declaringeach pair fxi; xjg; j 6= i coalesces into a cluster of mass xi + xjat rate K(xi; xj)=N: (29)The elementary way to formalize this idea is by taking the state-space asn = (n1; n2; : : : ; nN), where nx represents the number of mass-x clustersand Px nx = N . Then the transitions are of the form(n1; : : : ; nN) !(n1; : : : ; ni�1; ni�1; ni+1; : : : ; nj�1; nj�1; nj+1; : : : ; ni+j�1; ni+j+1; ni+j+1; : : :)with rateK(i; j)ninj=N . This model was perhaps �rst introduced by Marcus[56], and re-introduced by several authors [36, 81], in particular by Lush-nikov [54] as a model of gelation. We call it the Marcus-Lushnikov pro-cess ML(N)(t). The state of this process at time t may be written in twoequivalent ways. We may write ML(N)(x; t) for the (random) number ofmass-x clusters. Alternatively, we may write ML(N)i (t) for the mass of thei'th largest cluster. The Marcus-Lushnikov process is the natural stochasticanalog of the discrete Smoluchowski coagulation equation, when we studyonly �nite-sized clusters (see section 5.1).For developing a mathematical theory, a slightly di�erent formulationis often more convenient. For any model of coalescence with �nite totalmass, the total mass is conserved over time, so we may rescale and assumethe total mass equals 1. So consider the state space consisting of �nite orin�nite con�gurations x = fxig with x1 � x2 � : : : > 0 and Pi xi = 1.De�ne the stochastic coalescent with kernel K to be the Markov process28



X(t) = (Xi(t); i � 1) on this state space whose time-dynamics are describedinformally byeach pair fxi; xjg; j 6= i coalesces into a cluster of mass xi + xjat rate K(xi; xj): (30)This di�ers from (29) in that the coalescence rate is does not depend on N .But note that for a homogeneous kernel, i.e.K(cx; cy) = c
K(x; y); 0 < c; x; y <1;the Marcus-Lushnikov process and the stochastic coalescent are the sameprocess up to time-space rescaling:Xi(t) = N�1ML(N)i (tN1�
): (31)Thus for a homogeneous kernel, whereas the Marcus-Lushnikov process isformally a di�erent process with di�erent state-space for di�erent N , (31)permits rephrasing in terms of a single process with a single state-space,the stochastic coalescent. In particular, the stochastic coalescent provides anatural setting for studying N !1 asymptotics of Marcus-Lushnikov typeprocesses. Our discussion deals with homogeneous kernels for simplicity, butone expects the same asymptotic behavior to hold for asymptotically homo-geneous (12) kernels, using the limit �K to specify the stochastic coalescent.We defer to section 5.4 technical issues in making precise the de�nitionof stochastic coalescent. In the following three sections we discuss, from themodern theoretical stochastic processes viewpoint, the standard stochasticcoalescent for the three special kernels 1, x + y and xy (Standard as in\standard Brownian motion", i.e. a scaling convention). These standardstochastic coalescents have constructions closely related to those of section3, and appear naturally asN !1 limits of the Marcus-Lushnikov processes.The SM literature on Marcus-Lushnikov processes emphasizes combinatorialmethods, brie
y reviewed in section 4.5.4.2 Kingman's coalescentWe start by giving a construction. Take independent exponential, rate �k2�,r.v.'s (�k; k � 2). Since EP1k=2 �k = P1k=2 1=�k2� = 2 we can de�ne randomtimes 0 < : : : < �3 < �2 < �1 < 1 by �j = P1k=j+1 �k . Take (Uj ; j � 1)29



independent uniform on (0; 1). For each j, draw a vertical line from (Uj ; �j)down to (Uj ; 0). See �gure 9.
0 1

�1�2�3�5�10t = 0.5 - - - - -Figure 9. Kingman's coalescentThe vertical axis shows time. At time t the construction splits the unitinterval (0; 1) into j subintervals, where j is de�ned by �j < t < �j�1, andwhere the endpoints of the subintervals are f0; 1; U1; : : : ; Uj�1g. Figure 9illustrates t = 0:5, with 5 subintervals. Writing X(t) for the lengths ofthese subintervals, the process X is a version of the stochastic coalescentwith K(x; y) = 1, and this version is called Kingman's coalescent. Theconstruction goes back to Kingman [47]. Kingman's coalescent has been usedextensively in mathematical population genetics [83], where the emphasisis of the number of \lines of descent" (clusters, in our terminology) andmutations along lines of descent. This emphasis is rather di�erent from ouremphasis on masses of clusters.It is easy to show (see Appendix A.5) that Kingman's coalescent is theunique version of the K(x; y) = 1 stochastic coalescent such thatX1(t) = maxi Xi(t) ! 0 a.s. as t # 0: (32)In our terminology, (32) singles out X as the standardK(x; y) = 1 stochasticcoalescent. The connection with the K(x; y) = 1 Marcus-Lushnikov processis that, if the initial distributions satisfyN�1ML(N)1 (0) d! 0 as N !1 (33)30



then (N�1ML(N)(Nt); 0 < t <1) d! (X(t); 0 < t <1) (34)in the natural sense of weak convergence of l1-valued processes on the time-interval (0;1).Note thatE�j = 1Xk=j+1 1= k2! = 2j ; var �j = 1Xk=j+1 1= k2!2 � 43j3 ;and that �j satis�es the assumptions of the (non-identically-distributed)central limit theorem for independent sums. As in the CLT for renewalprocesses, it follows that N(t), the number of clusters at time t, is asymp-totically Normal(2t ; 23t) as t # 0. From this, and standard results about i.i.d.uniform order statistics, it is routine to derive various t # 0 asymptotics forKingman's coalescent. Writing C(x; t) for the number of clusters of mass� x at time t, sup0�x<1 jC(xt; t)� 2t (1� e�2x)j ! 0 a.s. : (35)The �rst-order N ! 1 asymptotics of the K(x; y) = 1 Marcus-Lushnikovprocess under initial assumption (33) are now rather clear. For �xed t > 0,(34) implies that for large N the Marcus-Lushnikov process at time Nt hasa �nite number of clusters with masses distributed approximately as NX(t).And (35) implies that, if tN # 0 su�ciently slowly, then ML(N)(NtN ) con-sists of about 2=tN clusters with empirical mass distribution approximatelyexponential (mean NtN=2). How fast can tN decrease, for this to remaintrue? It is not hard to see that the following natural condition is su�cient:the proportion of mass initially in mass 
(NtN) clusters is negligible, thatis N�1 Xx>"NtN ML(N)(x; 0) p! 0; each " > 0:It is interesting to observe that a Gaussian limit for 
uctuations of clusterfrequencies of X(t) as t # 0 follows from classical results. Recall that Brow-nian bridge B0(�) appears as a limit of empirical distributions for i.i.d.r.v.'s(�i) with continuous distribution function F :N�1=2 NXi=1 1(�i�x) �NF (x); x � 0! d! (B0(F (x)); x � 0):31



Now the N spacings obtained from N � 1 independent uniform pointson [0; 1] are distributed as (�1S ; : : : ; �NS ), where the (�i) are independentexponential(1) and S = PNi=1 �i. It follows thatA(x;N) = number of spacings of length � xsatis�es N�1=2 �A(x=N;N)�N(1� e�x)� d! B0(1� e�x):This is classical, e.g. [65] Theorem 6.4. Since C(x; t) = A(x;N(t)), we �nd(t=2)1=2 �C(xt; t)� 2t (1� e�2x)� d! B0(1�e�2x)+q2=3(1�e�2x)Z (36)where Z is standard Normal, independent of B0.Variance calculations of this type for the constant-rate stochastic coales-cent can be found in [87, 25], only the latter making the explicit connectionwith Kingman's coalescent.There is a simple connection between Kingman's coalescent and Con-struction 4 (which exhibited the solution of the continuous Smoluchowskicoagulation equation for K(x; y) = 1 via a process of coalescing intervals onthe in�nite line). Given Kingman's construction, rescale the unit interval[0; 1] to the interval [�m2 ; m2 ] and rescale the times (�j) to (m�j). Then them!1 limit is the process in construction 5. Of course, the appearance ofthe exponential distribution in (35) �ts in with its appearance as the self-similar solution of the continuous Smoluchowski coagulation equation. See(49) for the corresponding conjecture for general non-gelling kernels.4.3 The additive coalescent and the continuum random treeCayley's formula (see e.g. [97] Chapter 2) says there are NN�2 trees onN labeled vertices. Pick such a tree T1 at random. To the edges e ofT1 attach independent exponential(1) r.v.'s �e. Write F (t) for the forestobtained from T1 by retaining only the edges e with �e � t. Write Y(N)(t)for the vector of sizes of the trees comprising F (t). It can be shown that(Y(N)(t); 0 � t < 1) is the Marcus-Lushnikov process associated with theadditive kernel K(x; y) = x + y, with monodisperse initial conditions. Thisconstruction was apparently �rst explicitly given by Pitman [63], althoughvarious formulas associated with it had previously been developed in the32



combinatorial literature [62, 105] and the SM literature [40]. Here are twoexamples of simple formulas. The number D(N)(t) of clusters satis�esD(N)(t)� 1 d= Binomial(N � 1; e�t)The cluster-sizes (in random order) of Y(N)(t), given D(N)(t) =d, are distributed as (�i; 1 � i � djPdi=1 �i = N), where the (�i)are i.i.d. Borel(1).Construction 6 was the discrete N ! 1 limit of this construction, and wesaw in (26) how the solution of the discrete Smoluchowski coagulation equa-tion for K(x; y) = x+y arises in this limit. We can make a continuous-spaceconstruction analogous to Construction 7. That is, take the constructionabove and rescale by taking each vertex to have mass 1=N and each edge tohave length 1=N1=2. The N !1 limit is called the continuum random tree(CRT), and is described rigorously in [5, 7]. (In the SSCRT of Construction7 the root is attached to an in�nite baseline; the CRT here is compact, withtotal mass 1). Now similarly to Construction 7, at each time �1 < t <1construct a Poisson process of marks on the skeleton, with rate e�t per unitlength, coupled in the natural way as t varies. Figure 10 illustrates the CRTand the marks, for some �xed t. Cutting the CRT at these marks splitsit into subtrees of �nite mass; write X(t) for the vector of masses of thesesubtrees at time t. Then (as we expect by analogy with the discrete caseabove) the process (X(t);�1 < t <1) evolves as the stochastic coalescentfor K(x; y) = x+y. This process, the standard additive coalescent, is studiedin detail in [12].
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Figure 10. The CRT and the additive coalescent34



4.4 Random graphs and the multiplicative coalescentIn the random graph model G(N; p), there are N vertices, and each of the�N2 � possible edges is present with probability p, independently for di�erentedges. Study of this model goes back to Erd}os and R�enyi [28, 29], and themonograph Bollob�as [18] surveys results up to 1984. Sizes of the connectedcomponents have been a classical topic of study. A moment's thought showsthat for the kernel K(x; y) = xy the Marcus-Lushnikov process ML(N)(t)with monodisperse initial con�guration is exactly the process of componentsizes in G(N; 1� e�t=N). Recall from table 2 that n(x; t) = x�1B(t; x) is thesolution of the Smoluchowski coagulation equation for K(x; y) = xy in thediscrete setting. The fact that expectations behave like the deterministicsolution in the pre-gelation interval, i.e. thatN�1EML(N)(x; t)(t) ! n(x; t) as N !1 for �xed x � 1; t < 1 (37)is classical [28] and easy (relative to a given vertex, the random graph lookslocally like a Galton-Watson branching process). Barbour [15] proved thecentral limit theorem: for �xed x,N�1=2(ML(N)(x; t)(t)�Nn(x; t)) d! Normal(0; n(x; t)(1+(t�1)x2n(x; t)))(38)and Pittel [64] established joint convergence to the mean-zero Gaussian pro-cess with covariances (t� 1)xyn(x; t)n(y; t); y 6= x: (39)(Note that these results are stated in the literature for tree-components,but for t < 1 only O(1) vertices are outside tree-components: [18] p. 97).Remarkably, van Dongen and Ernst [93] had previously given formula (39)and its extension to two times (t1; t2), in the context of the multiplicativeMarcus-Lushnikov process.It is interesting to probe more deeply into the behavior of the stochas-tic model around the \critical time" corresponding to the gelation timeTgel = 1 in the deterministic model. Rather detailed rigorous results areknown: see [43] for recent exhaustive analysis. We give a probabilistic dis-cussion, following [9]. Recall ML(N)1 (t) is the mass of the largest cluster inthe Marcus-Lushnikov process, that is the size of the largest component ofG(N; 1� e�t=N ). It is classical [28, 18] thatML(N)1 (t) = �(logN) ; t < 135



= �(N2=3) ; t = 1= �(N) ; t > 1:The next step is the idea that the giant component emerges over the timeinterval 1 � �(N�1=3). That is, for large s, at time t = 1 � s=N1=3 thereare numerous components whose sizes are small constants times N2=3, andno larger components, whereas at time t = 1 + s=N1=3 there is a uniquecomponent whose size is a large multiple of N2=3, and other componentswhose sizes are small constants times N2=3. Bollob�as [18] Chapter 6 developssome aspects of this idea, via s ! 1 asymptotics. It was subsequentlyrealized that it is natural to study emergence of the giant component bystudying the process (ZN(t) : �1 < t < 1), where ZN (t) is de�ned to beN�2=3 times the vector of component sizes of G(N;N�1 + tN�4=3). Asidefrom a negligible time-change, ZN(t) evolves as the stochastic coalescent,started at time �N�1=3 with N clusters of masses N�2=3 each. We can nowlet N !1, and it turns out [9] thatZN d! Z (40)where the limit process (Z(t);�1 < t < 1) is de�ned to be the standardmultiplicative coalescent. The novel feature is that the total mass Pi Z(t; i)is in�nite. As shown in [9], the natural state space is the space l2 of con�g-urations x = (xi) with Pi x2i < 1. As remarked in section 3.1, we do nothave any simple \process" explanation of the special solution in table 2 forthe continuous kernel K(x; y) = xyn(x; t) = (2�)�1=2x�5=2 exp(�t2x=2): (41)So it is surprising that there is a process description of the standard mul-tiplicative coalescent Z, or at least of its distribution Z(t) at �xed timet. Take (B(s); 0 � s < 1) to be inhomogeneous re
ecting Brownian mo-tion on [0;1) with drift rate t � s at time s, and with B(0) = 0. Thenthe vector of lengths of excursions of B from 0 is distributed as Z(t) [9].One simple corollary of this representation applies when t is large and pos-itive. There, the process B(s) initially stays close to the deterministic pathb(s) = ts � 12s2, over 0 < s < 2t, implying that the \giant component"of Z(t) has mass approximately 2t. The connection between the standardmultiplicative coalescent and the special solution (41) is as follows. Write~n(x; t)dx = E( number of clusters of Z(t) with mass 2 [x; x+ dx]):36



Then as t ! �1, the function ~n(�; t) approaches n(�; t) in the followingsense: if xa(t) is de�ned by Z 1xa(t)n(x; t)dx = athen Z 1xa(t) ~n(x; t)dx! a: (42)In particular, maxi Zi(t) ! 0 a.s. as t! �1: (43)It is natural to guess that the standard multiplicative coalescent is in somesense the \essentially unique" version of the multiplicative coalescent on�1 < t <1 satisfying (43): the precise result is proved in [11].The convergence (40) extends to polydisperse Marcus-Lushnikov pro-cesses as follows. For r = 2; 3 write �r(N) = Pi(ML(N)i (0))r, and writec(N) = (�3(N))2=3=(�2(N))2. The appropriate scaling isZN (t) = c1=2(N)ML(N)(N(c(N)t+ 1�2(N)))and Proposition 4 of [9] shows that the conclusionZN d! Zremains valid provided ML(N)1 (0) = o(�1=33 (N)): (44)Note that in the case where ML(N)(x; 0) � N�(x) for some �(x) not de-pending on N , with �(x) = x��+o(1) as x ! 1, the condition � > 4 isenough to imply (44).Turning to the SM literature, the solution (41) of the Smoluchowskicoagulation equation is usually called \unphysical" because the total massdensity m1(t) is in�nite. The description of the multiplicative coalescentilluminates what's going on: we are measuring mass relative to the size oflarge clusters at the critical time, rather than in absolute terms.The Smoluchowski coagulation equations with K(x; y) = xy have beenstudied many times in the SM literature. In particular, Zi� et al [107, 31]observe (41) arising as a \scaling limit" as t " 1 for the monodisperse initialconditions, and discuss the extent to which this remains true for more general37



initial conditions, and also discuss di�erent models of post-gelation behavior.McLeod [58] showed that with the initial con�guration n(x; 0) = �e��x thecontinuous Smoluchowski coagulation equation has explicit solutionn(x; t) = �e�(t+�)xI1(2x�1=2x1=2)x2t1=2on 0 � t � �, where I1 is the modi�ed Bessel function. In the stochastic set-ting, van Dongen and Ernst [93] gave a detailed study of the multiplicativeMarcus-Lushnikov process. They derived the variance-covariance formulas(38,39), and also (p. 911) give a heuristic discussion of the 1 � �(N�1=3)transition, from the viewpoint of the breakdown in the Gaussian approxima-tion. It is not clear exactly when the explicit connection with random graphtheory was made in the SM literature: [21] is one account from 1991. Con-versely, even present-day accounts of random graphs [43] make no mentionof the Smoluchowski coagulation equation connection.Let us brie
y discuss post-gelation behavior. For t > 1, the deterministicquantities n(x; t) derived as the limit (37) densities of size-x componentsin the random graph model are no longer solutions of the Smoluchowskicoagulation equation, because in the random graph model the gel and thesol are interacting. In physics terminology, these n(x; t) arise in a Florymodel of gelation. The Smoluchowski coagulation equation itself representsthe Stockmayer model in which sol and gel do not interact, and in this casethe post-gelation solution has the surprisingly simple formn(x; t) = n(x; 1)t�1; t � 1which goes back to [80]. This hasn't been studied in the random graphsliterature, but a probabilistic elaboration will be given in [10] section 3.7.4.5 Combinatorial approachesA di�erent approach to the monodisperse Marcus-Lushnikov process is toseek to write down and exploit a combinatorial expression for the exactdistribution p(n; t) = P (ML(N)(x; t) = nx; x � 1). For the multiplicativekernel (i.e. the classical random graph process) this is easy because G(N; 1�e�t=N ) has an intrinsic description which does not involve analyzing time-evolution, and we obtainp(n; t) = N ! Yk 1nk !  q(k; 1� e�t=N )e�tk(N�k)=Nk! !nk38



where q(k; p) is the chance that G(k; p) is connected. And q(k; p) is deter-mined by an elementary recurrence formula ([18] exercise 7.1).Similarly, there is a discrete reformulation of the construction of King-man's coalescent which enables one to write down a partition function [16].In the additive case, such results go back to Lushnikov [55], and have twosomewhat di�erent extensions. Hendricks et al. [40] give an expression forthe partition function for the kernel K(x; y) = A +B(x + y). And implicitin [55] (see [40, 20] for clearer expositions) is the following result.Lemma 9 Consider the Marcus-Lushnikov process with K(x; y) = xf(y) +yf(x) for some f , with monodisperse initial con�guration. Thenp(n; t) = N !Yk (bk(t))nknk !where (bk(t)) are the solutions of the di�erential equationsddtbk(t) = k�1Xi=1 if(k � i)bi(t)bk�i(t)� (N � k)f(k)bk(t)with bk(0) = 1(k=1).van Dongen and Ernst [93, 87] give the most detailed SM treatment ofthe special cases of the stochastic coalescent: see also Tanaka and Nagazawa[81, 82].5 Stochastic coalescence with general kernelsIn sections 4.2 - 4.4 we saw that the behavior of the Marcus-Lushnikovprocess and the stochastic coalescent for the three special kernels is mostlywell understood. In contrast, very little is rigorously known about generalkernels. Our main purpose in this section is to pose explicit open problemsfor general kernels.5.1 The WLLN for the Marcus-Lushnikov processIn looking at the SM literature from a TP viewpoint, perhaps the most strik-ing feature is the lack of attention paid to the fundamental \weak law oflarge numbers" issue: does the discrete Smoluchowski coagulation equationreally represent a limit in the Marcus-Lushnikov process? We state this in39



the simplest setting of monodisperse initial con�gurations, though there areparallel problems in the polydisperse and the continuous-space settings. Tosee why the problem arises at all, note that (in contrast to the setting ofpure fragmentation { section 3.2) the mean frequencies N�1 EML(N)(x; t)in the Marcus-Lushnikov process do not evolve exactly as the discrete Smolu-chowski coagulation equation.Open Problem 10 For a general kernel K, let n(x; t) be the solution of thediscrete Smoluchowski coagulation equation and letML(N)(t) be the Marcus-Lushnikov process, each with monodisperse initial conditions. Prove that, asN !1 for �xed t,N�1 ML(N)(x; t) p! n(x; t); x � 1 (45)provided either of the following hold.(a) K(x; y) = o(xy).(b) t < Tgel.This problem is closely related to the question of uniqueness of the solutionn(x; t), which in section 2 we implicitly assumed, but in fact the only generalresult [39] proving uniqueness assumes K(x; y) = O(x + y), which impliesnon-gelling. In case (a), recent results of Jeon [44, 45] imply (45), assuminguniqueness. Tom Kurtz (personal communication) outlines similar results.Note that in the multiplicative case (45) fails for t > Tgel = 1, so that thehypothesis \(a) or (b)" is about as weak as possible.Open Problem 10 is related to standard results on density-dependentpopulation processes ([32] Chapter 11). Roughly, such a process has a �nitenumber of types of \molecules" which react in some �nite number of ways,the total number N of \atoms" being constant in time. For such a processone has not only a weak law of large numbers but also Gaussian approx-imations (see section 5.5). But the \�nite number of types" condition isessential, and hence in our setting (interpret a cluster of mass x as a type-xmolecule) these standard results can seldom be applied. The recent resultsmentioned above rely on truncation arguments to approximate by the �nitecase. Note that the kernel K(x; y) = xy has the special property that theevolution of (ML(N)(x; t); 1 � x � x0) is itself Markov (in other words, wecan lump together clusters of mass > x0), so that the standard results doimply Gaussian asymptotics of form (38,39) for �xed x; y as noted in [93].40



5.2 Gelling kernelsPerhaps the most interesting aspect of the subject is the general interpre-tation of gelation in terms of stochastic models of coalescence. The naturalcounterpart to Open Problem 10, dealing with post-gelation behavior, is asfollows.Open Problem 11 In the setting of Open Problem 10, prove that for �xedt > Tgel there exists "(t) > 0 such thatlimx0"1 lim supN!1 P  N�1 Xx>x0 xML(N)(x; t) > "(t)! = 1:In words, after gelation some non-vanishing proportion of the total mass isin clusters whose size is not O(1).Open Problem 11 is one weak interpretation of gelation, but further con-jectures are pure speculation concerning how much of the well-understoodqualitative behavior for the multiplicative coalescent extends to more gen-eral gelling kernels. Consider the following three known properties of theMarcus-Lushnikov process for K(x; y) = xy.(a) At time t > Tgel the giant component has mass 
(N).(b) At time t > Tgel the WLLN assertion of Open Problem 10 no longerholds.(c) The times TN (resp. T 0N) at which N�1ML(N)1 (t) �rst exceeds "(resp. 1� ") satisfy (T 0N � TN )=TN p! 0.Property (c) is too weak to use as a criterion for gelation, because it holdsfor K(x; y) = x+y. I conjecture that (a) and (b) are too strong, in that theydo not hold for gelling kernels with exponent 1 < 
 < 2. A more plausiblestochastic interpretation of gelation isa unique \giant cluster" of ML(N)(t) can be identi�ed while itsmass is still o(N).More precisely:Open Problem 12 If Tgel < 1, prove there exist random times TN p!Tgel such that supt�TN ML(N)2 (t)=ML(N)1 (t) p! 0N�1 ML(N)1 (TN) p! 0:41



Lemma 9 suggests one approach to studying the issues in Open Problems11 and 12 for kernels of the special form K(x; y) = xf(y) + yf(x). Analternative special form of kernel (noted in [106]) isK(x; y) = 2f(x)f(y)f(x+ y)� f(x)� f(y) (46)where f(1) = 1 and f(x + y) > f(x) + f(y). Consider the solution n(x; t)of the discrete Smoluchowski coagulation equation for such a kernel withmonodisperse initial con�guration, and considers(t) = Xx f(x)n(x; t):It is easy to check ddts(t) = s2(t) and hence s(t) = (1� t)�1; 0 � t < 1. Thissuggests (but does not quite prove) that Tgel = 1. It is shown in [8] that forkernels of this special form (46) one can use stochastic calculus to analyzethe Marcus-Lusnikov process and prove the conclusion of Open Problem 12.5.3 Dynamical scaling and entrance boundariesWe digress to mention an issue of mathematical formulation. When study-ing stochastic processes, a natural way to take limits is as time increases toin�nity or to a critical point, as in Open Problems 2 and 3, which in the lan-guage of statistical physics assert dynamical scaling under the monodisperseinitial distribution, and assert universality when the same behavior holds inthe polydisperse setting. In the context of a �nite-volume stochastic modelsuch as the Marcus-Lushnikov process, as t!1 the mass ultimately formsa single cluster; the interesting question to study is how this happens. Fora N ! 1 limit stochastic coalescent process, this question asks for thebehavior at small time rather than at large time. We saw in sections 4.2- 4.4 the existence of a standard stochastic coalescent for the three specialkernels 1, x + y and xy, which originates with the mass in in�nitesimallysmall clusters. Parts of Open Problems 14 and 15 below seek generalizationsof this behavior. In the language of theoretical stochastic processes, we areseeking the entrance boundary for the general stochastic coalescent. Phys-ically, the underlying story from section 1.1 will typically make sense onlywhen cluster-masses are in some �nite range [x0; x1], so neither of the limitprocedures (x0 # 0 or x1 " 1) corresponding to small-time and large-timelimits seems more natural than the other.42



5.4 Open problems for the general stochastic coalescentIntuitively, the state space for the stochastic coalescent X(t) speci�ed at (30)consists of unordered sets fxig of cluster-masses, with xi > 0 and Pi xi = 1.We can formalize this in several ways, e.g.(i) by taking the decreasing ordering x1 � x2 � : : : of cluster-masses, so thestate space becomes the in�nite-dimensional simplex;(ii) identifying fxig with the measure Pxi�xi(�).Evans and Pitman [33] give a careful account of the \technical bookkeeping"issues involved in formalization (e.g. one wishes to track the previous historyof mergers of a particular cluster at time t). The details are not importantfor us: we shall just write l1 for the state space. To use general theory ofcontinuous-space Markov processes we desire some regularity property, andit seems natural to expect the Feller property: the distribution at a �xedtime t varies continuously with the initial distribution. Evans and Pitman[33] prove the Feller property under the conditionsK(0; 0) = 0; jK(x1; y1)�K(x2; y2)j � k0(jx2�x1j+jy2�y1j) 80 � xi; yi � 1:This condition holds for 6 of the 9 kernels in table 1. A natural minimalassumption, satis�ed by all 9 kernels, isK(x; y) is a symmetric, continuous function (0; 1)2 ! [0;1): (47)Open Problem 13 Prove that, under assumption (47), the stochastic co-alescent exists as a Feller process on l1.This is conceptually just a technical issue: of more substance are the follow-ing open problems, representing the stochastic analogs of Open Problems 2and 3. Write F(x; t) = Xi Xi(t)1(Xi(t)>x)for the total mass in clusters of mass > x, in some version X(t) of thestochastic coalescent. Write X(N) for the stochastic coalescent started withN clusters of mass 1=N each, i.e. the rescaling (31) of the monodisperseMarcus-Lushnikov process. As usual, we also seek analogs of convergenceassertions for suitable polydisperse initial distributions.Open Problem 14 Consider a homogeneous kernel K with exponent 
 �1. Suppose there exists a unique  satisfying (14) such that n(x; t) =s�2(t) (x=s(t)) is a solution of the continuous Smoluchowski coagulation43



equation, for s(t) satisfying (17). Write Tinit = 0 if 
 < 1, Tinit = �1 if
 = 1. Give rigorous proofs, under explicitly stated extra hypotheses, that(a) there exists a version (X(t); Tinit < t < 1) of the stochastic coales-cent such thatsupx jF(xs(t); t)� Z 1x y (y)dyj ! 0 a.s. as t # Tinit;and so in particular maxi Xi(t) ! 0 a.s. as t # Tinit: (48)(b) If 
 < 1 then the version in (a) is the unique version satisfying (48).(c) As N !1,(X(N)(�s�1( 1N ) + t); s�1( 1N ) < t <1) d! (X(t);Tinit < t <1)for some t0, where s�1 is the inverse function of s(t).For Kingman's coalescent, these results are straightforward, and indeedcontained (in slightly di�erent form) in our section 4.2 discussion. For theadditive coalescent see [12].Note that Open Problems 10 and 14 involve the behavior of the Marcus-Lushnikov process for non-gelling kernels over di�erent time-regimes. Specif-ically, for a homogeneous kernel with 
 < 1, Open Problem 10 involvest = 
(1) whereas Open Problem 14 involves t = 
(N1�
). The cor-responding conjecture for intermediate times, that is for tN ! 1 withtN = o(N1�
), is thatsupx jN�1 Xx0>xs(t)x0ML(N)(x0; tN)� Z 1x y (y)dyj p! 0 as N ! 1: (49)The next Open Problem seeks to generalize deeper structure of the mul-tiplicative coalescent. Recall that the multiplicative coalescent took valuesin l2.Open Problem 15 Consider a homogeneous kernel K with exponent 1 <
 � 2. Suppose 0 < Tgel < 1, and suppose the conclusions (a,b) of OpenProblem 3 hold. Give rigorous proofs, under explicitly stated extra hypothe-ses, that there exists a version (X(t);�1 < t <1) of the l2-valued stochas-tic coalescent with the following properties.44



(a) Writing X(t) = (X(1)(t); X(2)(t); : : :) in decreasing order of cluster-masses, X(1)(t) ! 0 a.s. as t # �1X(1)(t) !1 and X(2)(t) ! 0 a.s. as t " 1:(b) There is a self-similar solution (22) of the Smoluchowski coagulationequation n(x; t) = jtj 3+
1�
  (xjtj 2
�1 )which satis�es the analog of (42).(c) As N !1���1=
N X(N)(tN + �N t); � tN�N � t <1� d! (X(t);�1 < t <1)for certain constants tN ; �N .One expects the constants tN ; �N in (c) to grow as powers of N , with ex-ponents depending on 
, but it is not clear (even heuristically) whetherthese exponents can be obtained from the exponent in Open Problem 3which relates only to the behavior near the critical point. Uniqueness of thestochastic coalescent is a subtle issue even in the multiplicative and additivecases [11, 12], so we hesitate to speculate about general kernels.5.5 Gaussian 
uctuationsThe weak law of large numbers (Open Problem 10) asserts that the solutionof the Smoluchowski coagulation equation gives the �rst-order approxima-tion of the Marcus-Lushnikov process for large N . It is natural to seek asecond-order approximation involving Gaussian 
uctuations of order N1=2.As noted in section 5.1, in the restricted case where there are only a �nitenumber of di�erent cluster-sizes (so the limit Gaussian process takes valuesin some Rd), such a result is part of the general weak convergence theory of[32] Chapter 11. But presumably the conclusions continue to hold withoutthat restriction, at least under mild extra assumptions.Open Problem 16 In the setting of Open Problem 10 (with perhaps extraregularity hypotheses), show thatN�1=2(ML(N)(x; t)�Nn(x; t)) d! Z(x; t)45



in the sense of weak convergence of R1-valued processes, where (Z(x; t); x =1; 2; : : : ; 0 � t < Tgel) is the mean-zero R1-valued Gaussian di�usion speci-�ed by dZ(x; t) = �Xy K(x; y)Z(x; t)n(y; t) dt+Xy qK(x; y)n(x; t)n(y; t) dBfx;yg(t) (50)where the Bfx;yg(t) are independent standard Brownian motions.See van Dongen [87] for SM discussion of approximations in the spirit ofOpen Problem 16.Another way to think about Gaussian approximations is in the contextof the (continuous-space) stochastic coalescent at small times { cf. (36) forthe case of the constant kernel.Open Problem 17 Suppose, as in Open Problem 14(a), that (X(t); Tinit <t < 1) is the standard version of the stochastic coalescent for a kernel Kwhich is homogeneous with exponent 
 � 1. Prove that as t # Tinit,( 1s1=2(t) �F(xs(t); t)� Z 1x y (y)dy� ; 0 < x <1) d! (Z(x); 0 < x <1)where Z(x) is a certain mean-zero Gaussian process.As stated, this involves looking at single times, but there is a natural exten-sion to a time-indexed Gaussian process (Z(x; t0)). Finally, is the spirit ofthe intermediate-time empirical WLLN (49) there is a corresponding Gaus-sian approximation conjecture, featuring the same limit Gaussian process(Z(x)) as in Open Problem 17. Ways of seeking to calculate the covariancestructure of Z(x) are mentioned in section A.6.6 EnvoiWith gross oversimpli�cation, we can point to two waves of interest in ourtopic. The �rst was the deterministic theory developed by physical chemistsin the 1960s and surveyed by Drake [26]. The second was the stochastictheory developed by statistical physicists in the early 1980s, culminating inthe work of van Dongen, Ernst, Hendriks and others. Perhaps the open46
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is not possible for ! 6= 1.It is generally believed that these \large deviation" results re
ect x !0 or 1 behavior of the presumed self-similar solution  (x). This is far fromclear from the TP viewpoint.See [51] for numerical results for the kernels (x+ y)
 and (xy)
=2.A.2 Synthesizing self-similar solutionsA way of synthesizing self-similar solutions is described in [26] section 6.4and attributed to Wang [100]. WriteK(x; y) = F (x; y) (x) (y) (51)and substitute into (15). Then (15) becomes12 Z x0 F (y; x� y)dy � Z 10 F (x; y)dy = w(2 (x) + x 0(x)): (52)Thus if we start with some arbitrary positive kernel function F , and if wecan solve (52) for  which can be normalized to (14), then  is a self-similarsolution to the Smoluchowski coagulation equation with kernel K de�ned at(51).A.3 Self-similar solutions for the pure fragmentation equa-tionWe summarize results in Brennan and Durrett [19], promised from section3.2. Consider a splitting kernel which is homogeneousS(cl; cx) = c��1S(l; x)for some � > 0. Then the pure fragmentation equation (27) has a self-similarsolution n(x; t) = t2=� (xt1=�)where  is de�ned as follows. Let : : : < V�1 < 0 < V0 < V1 < : : : be therenewal times of a stationary renewal process with inter-renewal densityP (Vi+1 � Vi 2 dv) = e�vS(1; e�v):56



Let � be the probability density function of the random variableY = 1Xm=0 �m exp(��Vm)where the (�m) are independent exponential(1) r.v.'s. Then (x) = �x��2�(x�):Moreover in the special case S(l; x) = l��1 we have (x) = � exp(�x�)=�(2=�):This looks promising, suggesting that by duality we can get coalescing ker-nels K with these  as self-similar solutions. Unfortunately, applying theduality formula (28) givesKt(x; y) = 2�(2=�)(x+ y)��1�t2=� exp ((x� + y� � (x+ y)�)t) (53)and we cannot time-change to a time-independent kernel, except in the case� = 1 which corresponds to the familiar kernel K(x; y) = constant.A.4 Constant-rate interval-splittingRecall from section 3.2 the notion of dual splitting kernel St(l; x). Hereis another example. Take [0; 1] as our \arti�cial space". At time t = 0we see the unit interval; as t increases, the interval is split into subintervalsaccording to the rule: each interval [a; b] splits at rate 1 at a uniform randomposition. Thus the splitting kernel isSt(l; x) = l�1: (54)Write Lt for the size-biased interval length density at time t, so that thedensity of Lt is ft(l) = ln(l; t)=a(t) (55)where a(t) = R ln(l; t) dl. It is easy to see that logLt has exactly the dis-tribution of QQti=1 log �i, where Qt has Poisson(t) distribution and �i has the\size-biased uniform" density 2x on 0 < x < 1. So for large t the distribu-tion of logLt is approximately Normal(��t; �2t) for certain constants �; �.Combining with (55) gives an approximationn(x; t) � a(t)x�2�p2�t exp �(�t + log x)22�2t ! :57



Combining with (54) and substituting into (28) shows that the dual coales-cence rate kernel is approximately of the form b(t)K(x; y) forK(x; y) = x2y2(x+ y)�3: (56)This calculation suggests that kernel (56) may have a self-similar densitywhich is approximately log-Normal.A.5 Embedding the K(x; y) = 1 coalescentA special feature of the K(x; y) = 1 setting is that asymptotics for theMarcus-Lushnikov process can be obtained by embedding into Kingman'scoalescent. More exactly, let us consider the standard stochastic coales-cent (X(t); t � 0) constructed in section 4.2, and let X(k) be the stochasticcoalescent started with con�guration (x(k)i ; 1 � i � k), whereXi x(k)i = 1: (57)Recall the de�nition of �k. At time �k we attach the weights (x(k)i ) to the kclusters of X(�k), in random order, and then de�ne X(k)(t) to be the weightsof the clusters of X(�k+t). This provides an embedding of X(k) into X. Nowrecall the functional WLLN for sampling without replacement.Lemma 18 Suppose (x(k)i ) satis�es (57) and maxi x(k)i ! 0 as k ! 1.Let S(k)(t) = Pi�kt x(k)�(i), where � is a uniform random permutation off1; : : : ; kg. Then sup0<t<1 jS(k)(t)� tj p! 0.Applying the lemma to the embedding, we deduce (34) and the uniquenessproperty (32) of Kingman's coalescent.A.6 Variance calculationsOpen Problem 17 involves a Gaussian process (Z(x); 0 < x <1) intended torepresent 
uctuations of cluster-size counts in the intermediate-time regime.For the three special kernels, explicit description of this process is mosteasily done by exploiting special structure (36,39). For a general K, a di-rect approach is to write down the di�erential equations implied by (50) forEZ(x; t)Z(y; t), pass to the continuous-space limit, and then use the pre-sumed scaling invariance to derive an equation in the spirit of (15) for thecovariance function of Z(x). 58



A di�erent approach to variance calculations is to use the general con-struction in section 3.3, in which cluster sizes at time t in a certain model arerepresented as a stationary one-dimensional process. Perhaps one can usea suitable CLT for stationary processes to obtain a rigorous Gaussian limitin this model, and then relate this model to the Marcus-Lushnikov processfeatured in Open Problem 16.A.7 What was new in this paper?As be�ts a survey, little in this paper is new. In the big picture, the generalviewpoint of section 3 does seem rather novel, as does the sketched generalconstruction in section 3.3. In details, the sketched \slick proofs" of (25)and (36) seem novel.
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