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CHAPTER 1

Introduction

1.1 Fractional Diffusion Equations

Fractional diffusion equations are partial differential equations that involve frac-
tional derivatives in space, time, or both. Fractional derivatives provide an exellent
instrument for the description of memory and hereditary of various materials and
processes. This is the main advantage of fractional derivatives in comparison with
classical derivatives, in which such effects are in fact neglected.

The advantages of fractional derivatives become apparent in modelling me-
chanical and electrical properties of real materials, as well as in the description
of rheological properties of rocks, fluid flow, dynamical processes in self-similar
and porous structures, electrical networks, probability and statistics, viscoelas-
ticity, chemical physics, optics and signal processing, and in many other fields.
Fractional derivatives also appear in the theory of control of dynamical systems

when the controlled system is described by a fractional differential equation, see



[20, 28, 29, 37] and the references therein.

Fractional diffusion equations, in particular anomalous diffusion, have been
observed in various physical fields such as tracer transfer in underground water
and dispersive transports in amorphous semiconductors, see [6, 28, 49] and the

references therein.

1.2 Mathematical Problem

Our work is concerned with the following problem

D'u(x,t) + Au(x,t) = f(z,t), in Q x (0,77, (1.1)
u =0, on 982 x (0,71,
ul—o = g(z), on {1,

where A is an operator that has a complete orthonormal eigensystems. For exam-
ple A = —A is the laplacian operator. € is a convex bounded polyhedral domain
of R"” with n =1,2,3 and 0 < o < 1. The functions f and ¢ are given.

Several authors have proposed a variety of low-order numerical methods for model
problem (1.1). For example, Zhao et al. [48] considered the initial-boundary value
problem for the time fractional differential equation (1.1) for n = 1with Neu-
mann boundary conditions in the domain 2 = (0, L). They studied the system
by combining an order reduction approach and L; discretization of the fractional

derivative considered by Oldham and Spanier [36], and constructed a box-type



scheme. Also they proved that the global convergence order in maximum norm is
O(t*~> + h?).

Jin et al. [18] considered the initial boundary value problem for the homoge-
neous time-fractional diffusion equation (1.1). They studied the Galerkin Finite
Element Method (FEM) and lumped mass Galerkin FEM, by using piecewise
linear functions. They established optimal error with respect to the regularity
error estimates, including the cases of smooth and nonsmooth initial data, i.e.,
ve H Q)N H; () and v € Ly(Q), respectively. For the lumped mass method,
the optimal Lo—norm error estimate is valid only under an additional assump-
tion on the mesh, which in two dimensions is known to be satisfied for symmetric
meshes.

Sweilam et al. [44] developed a Crank-Nicolson finite difference method for
solving the initial boundary value problem for the time-fractional diffusion equa-
tion (1.1) and studied the stability of the discrete solution. Moreover, they proved
that the global convergence order in maximum norm is O(k + h?).

Cui [11] considered the initial boundary value problem for the time fractional
diffusion equation (1.1) for n =2 with A = aaa—;u(x, y,t) —i—bg—;gu(x, y,t), where a
and b are positive constants. He solved this fractional diffusion equation by means
of High-order compact finite difference method with operator-splitting technique
(The Caputo derivative is evaluated by the L; approximation, and the second
order derivatives with respect to the space variables are approximated by the

compact finite differences to obtain fully discrete implicit schemes) and he stud-



ied the stability of the discrete solution. Moreover, he proved that the global
convergence order in maximum norm is O(k™int+a2=e) 4 pd)

Mainardi et al. [24] considered the initial boundary value problem for the time
fractional diffusion equation (1.1) for n = 1. By using the Fourier transform (in
space) and the Laplace transform (in time), the fundamental solutions (Green
functions) are shown to be high transcendental functions of the Wright-type that
can be interpreted as spatial probability density functions evolving in time with
similarity properties.

Lin and Xu [45] considered the initial boundary value problem for the time
fractional diffusion equation (1.1) for n = 1. The proposed method is based
on a finite difference scheme in time and Legendre spectral methods in space.
Stability and convergence of the method are established. They proved that the
full discretization is unconditionally stable, and they proved the convergence of
order O(k*~®+ N~™) where k, N and m are the time step size, polynomial degree
and regularity of the exact solution, respectively.

Joaquin and Santos [38] considered the initial boundary value problem for
the time fractional diffusion equation (1.1) for n = 1. The stability analysis was
carried out by means of a kind of fractional von Neumann method. Partial con-
vergence analyses (truncation error of order O(k + h?)) were provided assuming
that u is sufficiently regular.

Zhang and Sun [47] considered a standard initial boundary value problem for

the time fractional diffusion equation (1.1) for n = 2. The proposed method is



based on central difference approximation for the spatial discretization, and, for
the time stepping, two new alternating direction implicit (ADI) schemes based on
the L; approximation and backward FEuler method. They proved the convergence
of order O(k™n(+e2=a) 4+ b2 (for the first scheme) and O(k™r(+a2=e) 1 p2) (for
the second scheme) assuming that u is smooth.

Furthermore, various numerical methods have been applied for the fractional

subdiffusion problem

u'(z,t) + D'V Au(x,t) = f(o,t)  inQx(0,7],0<a<1. (1.2)

This equation is closely related to, but different from (1.1). For example, Mclean
and Thomee [27] developed a numerical method based on spatial finite element
discretization and Laplace transformation with quadrature in time for (1.2) with
a homogeneous Dirichlet boundary data. They proved that the maximum-norm
error estimate is of order O(¢t~1=*h%12),1l;, = |In h.

Mustapha and Mclean[26] employed a piecewise-constant, discontinuous
Galerkin method for the time discretization of a sub-diffusion equation. They
proved a priori error bound of order k under realistic assumptions on the regu-
larity of the solution. They also showed that a spatial discretization using con-
tinuous, piecewise-linear finite elements leads to an additional error term of order
h?*max(1,log k7).

Mustapha and Mclean [33] used a piecewise-linear, discontinuous Galerkin

method for the time discretization of a fractional diffusion equation. Their anal-



ysis showed that, for a time interval (0,T) and a spatial domain (2, the error
in Lo ((0,T); Ly(2)) is of order k***. They employed a non-uniform mesh based
on concentrating the cells near the singularity. In the limiting case, a = 0, they
recovered the known O(k?) convergence for the classical diffusion (heat) equation.
They also considered a fully-discrete scheme that employs standard (continuous)
piecewise-linear finite elements in space, and showed that the additional error is of
order h*log(1/k). Mustapha [31] studied a semidiscrete in time and fully discrete
schemes, Crank-Nicolson in time and finite elements in space, and derived error
bounds for smooth initial data.

Yuste and Acedo [46] proposed an explicit finite difference (FD) method for
solving fractional diffusion equation (1.2) for n = 1. An O(k+h?) truncation error
was shown assuming that v is sufficiently smooth at t = 0. Chen et al. [7]considered
problem (1.2) for n = 2 and solved it by using the Grunwald—Letnikov expansion
for time and finite difference method for space and he proved the convergence of
order O(k + h?).

Cui [9] proposed high-order compact finite difference scheme (After approxi-
mating the second-order derivative with respect to space by the compact finite dif-
ference, they used the Grunwald-Letnikov discretization of the Riemann-Liouville
derivative to obtain a fully discrete implicit scheme) and he proved the method
has accuracy of four in the spatial grid size and one in the fractional time step,
provided wu is sufficiently smooth.

Mustapha [31] studied an implicit finite-difference Crank-Nicolson method



in time combined with spatial piecewise-linear finite elements(FEs) scheme for
solving fractional diffusion equation (1.2) . Convergence of order O(h? + k*™*) was
proven. A time-space FD scheme was studied recently in [32] where convergence
of order O(h? + k***) was achieved.

A compact ADI scheme was studied recently in [10]. This method is used
to split the original problem into two separate one-dimensional problems. The
local truncation error was analyzed and the stability was discussed by the Fourier

method.

1.3 Discontinuous Petrov Galerkin Method

Petrov Galerkin (PG) is a class of finite elements (FEs) introduced initially by
Hulme [17] for systems of nonlinear first-order ordinary differential equations. The
PG method allows the trial and the test function spaces to be different. If the
test space is discontinuous, (PG) is called Discontinuous Petrov Galerkin (DPG).
In the last fifteen years, DPG has been applied to different class of problems.
For instance, DPG was used to solve a dvective- diffusive problem [4], transport
equation [13], optimal test function [14], the elliptic problem [3] —div(vVu) =
f in Q C R? with u =g in 0, where 0f is the boundary of the set 2 and the
functions f, g and v are given. DPG method was used for sloving linear volterra
integro differential equations [23, 30] and fredholm equation of the second kind
8, 19].

In [13] optimal error estimates for the aproximate solution were proven in



both the element size h and polynomial degree p. In [3] the discontinuous nature
of the test functions at the element interfaces allows to introduce new boundary
unknowns that on one hand enforce the weak continuity of the trial functions, and
on the other avoid the need to define a priori algorithmic fluxes as in standard
discontinuous Galerkin methods.

In [8, 19] one of the advantages of the Petrov-Galerkin method is that it al-
lows us to achieve the same order of convergence as the Galerkin method with
much less computational cost by choosing the test spaces to be spaces of piecewise
polynomials of lower degree. In [23, 30] the DPG method can produce numerical
solutions with optimal/superconvergence rates in the involved spaces. Practi-
cally, the number of unknowns in the DPG method is fewer than the number of

unknowns in the discontinuous Galerkin method with respect to time.

1.4 Our work

In this thesis we propose and analyze a time-stepping discontinuous Petrov-
Galerkin method combined with a standard continous, conforming finite element
method in space for the numerical solution of time-fractional diffusion model (1.1).
We prove the existence, uniqueness and stability of approximate solutions, and
derive error estimates. The time mesh is graded appropriately near ¢ = 0 to com-
pensate the singular (temporal) behavior of the exact solution near ¢t = 0 caused
by the weakly singular kernel, but the spatial mesh is quasi-uniform.

In the Lo(0,7T, Ly(€2))-norm((0; T) is the time domain and 2 is the spatial



domain), for sufficiently graded time meshes, a global convergence of order
kmte/2 ¢ pr+l is shown, where k is the maximum time step, h is the maximum
diameter of the spatial finite elements, and m and r are the degrees of approxi-
mate solutions in time and spatial variables, respectively. Numerical experiments
indicate that our theoretical error bound is pessimistic. We observe that the error

is of order k™*! + ™1 that is, optimal in both variables.

1.5 Thesis Outline

In the next chapter, we will introduce some basic notations, definitions and theo-
rems that will be used throughout the dissertation.

In the third chapter, we will consider (1.1) with A = —A,

D u(x,t) — Au(z,t) = f(z,1), in Q2 x (0,71, (1.3)
u =0, on 02 x (0,77,
uli=o = g(z), on 2.

In chapter three, we use the positivity, coercivity and continuity properties of
the fractional time derivative operator that we showed in chapter two. This will
be the key to establish the existence, uniqueness and stability of the approximate
solution of problem (1.3). In Section 3.1 we show some stability properties of
the continuous solution of problem (1.3). In Section 3.2, we introduce the time-

stepping DPG method. In Section 3.3, we prove our main results regarding the



well-posedness of the approximate solution. In Sections 3.5, we work on the error
analysis of the method and convergence of order k' will be proved, where k is
the maximum time step. In Section 3.6, we present the implementation of DPG
scheme of (1.3).

In chapter four we extend the discontinuous petrov-galerkin method to high
order. The techniques that we used in chapter three are not valid to high order
to prove the stability of the approximate solution of problem (1.3) and deriving
the error estimate.

In this chapter, we will use techniques which are different from the techniques
that we used in chapter three to prove the stability and the order of convergence
and derive error estimate, which are completely explicit in the local step sizes,
the local polynomial degrees, and the local regularity of the analytical solution.
We show that DPG schemes based on appropriate refined time-steps (towards
t = 0) achieve convergence of order k™+%/2 where m is the degree of approximate
solutions in time.

In Chapter five we show the stability, uniqueness and the existence of the
approximate solution in space for our problem (1.3). Also we will combine the
Petrov-Galerkin scheme with respect to time with a standard finite elements dis-
cretization in space and obtain a fully discrete scheme of our problem (1.3) and
we work on the error analysis of the method and show the convergence of order
kmte/2 4 pr+1 where m and r are the degrees of approximate solutions in time

and spatial variables, respectively. Finally we implement the fully discrete discon-

10



tinuous petrov galerkin finite element (DPGFE) scheme defined on rectangular
polygons.
In chapter six, we present a series of numerical examples and compare the

theoretical results with numerical results.
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CHAPTER 2

Preliminaries

In this chapter we introduce some basic notations, definitions and theorems that

will be used throughout the dissertation.

2.1 Spaces

Definition 2.1 ([20]) We denote by Lo(£2) the space of all Lebesgue real-valued
measurable functions v defined on a bounded, convex domain € C R™ for

which ||v|| < oo, where

o]l = [Jvllz, = (/Q v*(z) da:) 1/2.

The space Ly(2) can be equipped with the inner product

12



Definition 2.2 ([21, 43]) Given an integer k& > 1, the distributional derivative

of order k of f € Lj . is the linear functional,
D"u(@) = (~1)" [ w(@)D"o(a)dz, V6 € CX(), |l <7
Q
If there exists a locally integrable function g such that D™v(¢) = g(¢), namely

/Q g(2)b(x) dr = (—1)" / o(@)D"G(x) dr, Vg € C2(Q),

then we say that g is the weak derivative of order k of f, where C2° denotes the
space of continuous functions with compact support, having continuous derivatives
of every order and m = (myq,--- ,m,) is a n-vector where the m; are non-negative

integers, |[m| =" m; and D¢ = - s

T N T -
1 Qg

Definition 2.3 ([21]) We define H"(€2),r > 0, to be the space of all functions

whose weak derivatives of order < r belong to Ls(£2), i.e.,
H"(Q) = {v € Ly(Q) : D™ € Lo(Q2) for |m| <r}.

The space H"(€2) can be equipped with the norm and seminorm

1/2

loll, := llollar = | D ID™l]

Im|<r

1/2

ol == Jolsr = | D ID™0l? ],

[m|=r

13



respectively.

where R is the set of real numbers and D™wv is the weak derivative of order k
of v.

Also we introduce the space,

H} = {v e H' :v|pq =0},
where 0f2 is the boundary of the set (.

Remark 2.4 If v is a sufficiently smooth function, say v € C¥(Q), then its

weak derivative D™v of order |m| < k coincides with the corresponding partial

almly

derivative (in the classical pointwise sense); D™v 1= ot —lomr.
1 n

Definition 2.5 ([15]) A function f : [a,b] — R is absolutely continuous on [a, b]
if for every € > 0 there exists a & > 0 such that 32, [f(b;) — f(a;)| < € for any
finite collection {[a;, b;] : 1 < i < N} of non-overlapping subintervals [ai, bi] of

[a, 0] with S=N b — a;| < 6.

2.2 Fractional Calculus

In this section, we will define Riemann—Liouville fractional integral and derivative

and Caputo derivative, follows by some properties.

Definition 2.6 ([20]) (i) The Riemann-Liouville fractional integral opera-

14



tor 1% is defined by

ta—l

T'(a)

where w, (t) := and I'(«) is the standard gamma function.

(77) The Riemann-Liouville fractional derivative D% « > 0, is defined by

Da’l}(t) = DnInia'U(t) = %

t
/ Wn—alt — s)v(s)ds where n = [a] +1,
0
if it exists, where [a] is the greatest integer of a.
(#i) The Caputo fractional derivative D*, a > 0, is defined by

t dn
D(t) :=1"""D"v(t) = /0 Wn—a(t — ) dq;gf) ds, where n=—[—q],

if it exists.

Properties 2.7 (i) ([22]) Assume that 0 < a < 1, f € Ly(0,7), then

we have
Ta

« 2
11 fll 7001 < Tla+D)

1“ .
oy Mllomn

(i) ([16, 20]) Let « > 0, n = [a] + 1 and v € ACI0,T], then D exists

15



almost everywhere and has the representation

v(0)t=®

D%(t) :== T1—a)

+ D%v(t).
(iii) ([20], Semi Group Inequality) If « > 0 and 5 > 0, then

198y = 1°7P0,

is satisfied at almost every point in [0, 7] for v € L,(0,7),1 < p < 0.

2.3 Classical Inequalities

In this section, we display some inequalities that we will use in the next chapters.

Inequalities 2.8 (i) ([43], Cauchy-Schwarz Inequality) If v,w €

Ly(0,T), then vw € Ly(0,T) and

[ (v, W) < fJoff{|w]]-

(ii) ([21], Poincare’s Inequality) If Q is a bounded domain in R", then

there exists a constant C' such that

Jolls < CIIVoll, Vo € H,

16



(iii) (Geometric Arithmetic Mean Inequality) If a,b € R, then for any

e >0,

Lemma 2.9 ([40], Discrete Gronwall’s Inequality) Let {a;}7_; and {b;}7_,
be sequences of non-negative numbers with b, < by <,...,< b,. Assume that,
for C' > 0 and weights (kq,...,k,—1) € R’fl, ar < by, a; < b+ C’Zf;ll(kz a;),

7 =2,...,n. Then

j—1
a; < b; exp(Cz ki), j=2,...,n,

where R s the set of positive real numbers.

Lemma 2.10 ([40],Lemma 3.1, Inverse Inequality) If ¢ is a polynomial of

degree r on the interval I = (a,b), then we have

b
6l < Clog(r+1) [ 160t~ e+ Clo(e)

We end this section with the Generalized Minkowski Inequality.

Lemma 2.11 ([39]:page 9, Generalized Minkowski Inequality) For

Li=[a,b], Ir=[c,d] and 1 < p < oo. Let f(x,y) be a measurable function on

17



I, x I, then

P e 1/p
(/ dff) < /( If(:v,y)lpda:) dy.

2.4 Additional Results

fz,y)dy

P

Definition 2.12 ([5]) Let A = (a;;) be an n X mmatrix and B be a p x ¢

matrix, then the kronecker product of A and B, A ® B, is a np X mgmatrix

defined by i i
a1,1B Cl1,QB T Cll,mB
az,lB Gz,zB s a2,mB

A®B =
Cln,llg an,2B T ammB

Definition 2.13 ([1, 42]) A set {z;}%2, in a Hilbert space V' is orthonormal if

(i, ;) = 6; j, where ¢, ; defined by

1, for i =7,
51'0' =

0, for i #j.

Definition 2.14 ([1, 42]) A set {z;}32, is said to be a basis for a Hilbert space

V if every y in V' can be expressed uniquely in the form y = >"°, ¢ ;.

Remark 2.15 ([1, 42]) A set {z;}32, is said to be a complete orthonormal set

for a Hilbert space V' or orthonormal basis for a Hilbert space V' if it is orthonormal

18



in V and is a basis for V.

Theorem 2.16 ([15],[20]:page 2, Fundamental Theorem of Calculus)
Let f : [a,b] — R be a continuous function. Then f is differentiable almost
everywhere with integrable derivative such that f(t) = fat f'(x)dz + f(a) holds

if and only if f is absolutely continuous.

Lemma 2.17 ([12], Bramble Hilbert Lemma) Let 2 be a convex domain of
diameter h and let g € H™, m € N. Then there exists a polynomial P of degree

m — 1 for which |g — Pl < Ch™ *|g|pm, k=0,1,....m — 1.

Theorem 2.18 ([1], Plancherel’s Theorem) If f € Ly(R") and g € Ly(R™),

then

R -~ —_——

. f(z)g(x)dx = (¥)g(y)dy

R
where f and g are the fourier transforms of f and g defined by

f = [ T e (e)r,

[e.9]

gly) = /_ ) e Vg(t)dt,

[e.9]

respectively.

Remark 2.19 ([21], Green’s Formula) Let u € C? and v € C', then

/ VuVudr = % vds — / Auvdzx,
Q Q

Fan

where g—z = n.Vu is the exterior normal derivative of v on I'.
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Theorem 2.20 ([1, 2]) Let n be a positive integer , and let A be a square matrix

of order n. Then the following are equivalent statements about the linear system

Ax =1
(i) For each right side b, the system Az = b has exactly one solution x
(ii) For each right side b, the system Ax = b has at least one solution z

(i7i) The homogeneous form of Az = 0 has exactly one solution

(iv) det(A) # 0.

2.5 Fractional Inequalities

In this section, we show some important fractional inequalities that we will use

through the dissertation.

Lemma 2.21 If 0 < a <1, u € AC[0,T]and D'~ >u € Ly(0,T), then we have

Tl_a T @
oy /0 D'~ 2 u(s)|* ds. (2.1)

u(®)F < 2eOF + 23— e s

for0 <t <T.
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Proof. By applying fundamental theorem of calculus (2.16), Cauchy-Schwarz

inequality (2.8)(i) and using semigroup property (2.7)(iii), we find

([ ) ([ o)
o (i ) ([ )
<

(1—(5;(&1—%)) ([ o U'”S);- 2.2)

Squaring both sides of the inequality (2.2) and using the geometric-arithmetic

mean inequality (2.8)(iii), then we obtain the desired result.

Remark 2.22 For the rest of the thesis, we consider a partition of the interval

[0, T] given by the points:

O=to<ti <---<ty=T,

and let k, = t, — t,_1, V" = v(t,) and Vo™ = Vo(t,),0 <n < N.

Definition 2.23 We denote by C'(UUY_,I,) is the space of functions v
UN., I, — R such that the restriction v'|;, extends to a continuous function

on the closed interval [t,,_1,t,],1 <n < N.
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Lemma 2.24 Let v, w € C[0,t,] N CYU,_, [;), 1 < n < N. Then for the

memory term fot" D' (7)v'(7) dr, we have

(1) If
tn
max |v/| =0 and / V(1) D' *u(7) dr =0,
= 0

7=0

then v =0 on (0,t,).

(i) The memory term satisfies the coercivity property:
tn tn o
/ D u(T) ' (1) dr > ca/ DY~ 20(7)]2dr, co = cos(am/2).
0 0

(7i) The memory term satisfies the continuity property:

1 n cl—a tn cnl—a
S—Z/O D U(T)U'(T)dT/O D" “w(r)w' (1) dr.

Ca

/0 " D) ol (7) dr

Proof. To prove this Lemma, we will follow the derivation used to obtain
Lemma 3.1 in [35]. The proof of (i) is based on using Fourier transform. To that
1

end, we extend v by zero outside the interval (0,¢,] and we extend w,(7) = 7%~

by zero for 7 < 0, i.e, let

v(T) if 0<7<t, Wo (T) if 7>0
o(7) = Wa(T) =

0 otherwise 0 if 7<0.
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Let © denotes the fourier transform of v,

ily) = /_ " eimy(r)dr

o0

By using Plancherel’s theorem (2.18), the fact o (y) = o (—y), v is a real-valued

function, and &, (y) = (iy)~*, we find that

/0 " () D (e dr = / @) D) dr

:/_: ) /_(:(Da(T—s)z?'(s)dsdT

_ %Re / T ) ) dy

7

cos(am/2) /°°

27

Re(exp e WHm/2) 57 ()2 dy

ly| =10/ (y)* dy (2.3)

—00

_ coslor/2) | v

™

Since we have [;" v/(1) D'~*v(7)dr = 0 and y~*cos(ar/2) > 0 for y € (0, 00)
and 0 < a < 1, it follows that @ = 0 almost everywhere in (0, 0). This leads to
v" = 0 almost everywhere in (0, 00). This implies 0 = constant almost everywhere
in (0,00). Using this and because v vanishes outside the interval [0,¢,] then we
have v = constant. Using the first equation in part (i) of this lemma, we obtain
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v =0 on [0,%,] and hence, the proof of (i) is completed.

To prove (ii) we write |y|~* = |(iy)~*/?|?, using (2.3) and Plancherel’s theorem

again, we have

[ v Doty ar = ST i) ay
=D [ s )Py
e N R
— cos(ar/2) /_ Z D5 5(¢)| dt

= cos(am/2) (/io |Z:(t) +I2(t)‘2

+ /Oo T, (t) + Zs(2) +I4(t)|2dt)>=

where
Ii(7) = / We /2(T — 5)0'(s)ds,
Iy(7) = /Ooo Wa2(T — 5)0'(s)ds,
Iy(7) = /0 nwa/2(7' — $)¥'(s)ds,
and

Zy(7) = /too We/2(T — 5)0'(s)ds.

We notice that Z;(7) = 0 since ¥'(s) = 0 on (—00,0), V7 € (—o00,0).

Also, Zy(t) = 0 since a2 =0 on (0,00), V7 € (—00,0). Moreover, Z3(7) =
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fot” Way2(T — 8)V'(s)ds since wWaj2 = Was2, and o(s) = v(s) on (0,t,), V7 €
(0,00). Finally Zy(7) = 0 since wWa2 = 0 on (t,,00), V7 € (0,t,] and

0(s) =0 on (t,00), V7 € (t,,00). This leads to

tn [e'e]
/ V(1) D (1) dr = cos(am/2) / D20 ()P dr
0 0

Zcos(mr/Q)/on D=2 0(r) 2 dr (2.4)

This proves part (ii).
To prove the inequality in (iii), from (2.3), Plancherel’s theorem and Cauchy

Schwarz inequality 2.8(i), we have

/Otn V(1) D' w(r) dr

1 o0

<5 (/2 ’“y)a/?%)ﬁdyf (/" ter @f(y)\?czy)é
S vrwrn) ([ vewra)
- (/0 V) CDI_Q“WT); ( / " w(r) D) dff |

The proof is completed now.
Lemma 2.25 Let v, w € C([0,t,]; L2(Q)) N CH (U, I;; L2(R), 1 < n < N.
Then for the memory term fg" (W' (1),°D'"*v(7)) d7, we have

(i) If max?_ [[v/]] = 0 and fotn<’l}/(7'),ch_aU(T)>dT = 0, then v = 0 on
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(0,t,).

(i1) The memory term satisfies the coercivity property:

tn tn
/ W'(1), CDI_%(T» dr > ca/ ||CD1_%U(7')||2d7' with ¢, = cos(am/2).
0 0

(7i) The memory term satisfies the continuity property:

tn tn
/ (W' (1), D *w(r)) dr| < —62 / W' (1), D' v(T)) dr
0 2 Ca Jo
1 n / -«
+32 (W'(7), D" “w(T))dr for any € > 0.
€Jo

Proof. Let {®,,}>_, be the complete set of eigenfunctions of the operator —A

subject to homogeneous dirichlet boundary conditions. Then we can write

o0 o
v = E Un®,, and w = E W, P,

where v, = (v, ®,,,) and w,, = (w, Y,,).

Using the orthonormality property of the eignfunctions {®,,}>°_, and Lemma
2.24 we obtain the first and second part of this lemma. To prove the third part
of this lemma we follow the same derivation in the first and second part of this
lemma and the geometric-arithmetic mean inequality (2.8)(iii) we obtain the de-

sired results.
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CHAPTER 3

Piecewise Linear, Discontinuous

Petrov Galerkin Method

We start this chapter by showing some stability properties of the continuous so-
lution of problem (1.3). We introduce a time-stepping DPG method for (1.3) and
show the existence, uniqueness and stability of the approximate solution. Then,
we conduct the error analysis of the method and prove convergence of order k!,
where k is the maximum time step. Finally, we present the implementation of

DPG scheme to problem (1.3).

3.1 Stability of The Continuous Solution

A stability property of the solution for problem (1.3) will be proved in the next
theorem. More precisely, we find an upper bound of ||u(¢)||; that depends on the

initial data and the source function.
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Theorem 3.1 We assume that f € H'([0,T]; Ly(Q)), and u(0) € H}(), then

u € Loo((0,T); H}(Q)) and

()2 < ¢, (I!Vu(0>||2 =R+ | \If’(s)\|2d5> , (3.1)

where '} depends on €2 and T.

Proof. By taking the inner product of (1.3) with u/, using Green’s formula 2.19

and integrating over the interval [0, ¢], we obtain

/0<CD1_au(T),u'(T)>dT+/O(Vu(T),Vu'(T)>dT:/O (f(r),d(7))dr. (3.2)

Using part (ii) of Lemma 2.25 and the equality

1 d

[ v vy i =5 [ LIvuol ar = SIvuol? - 319u0)

we notice that

IVu@®|* = Vu(0)]* < 2 /0 (f(7),u'(7))dr|. (3.3)

To bound the right hand side of the inequality (3.3), we integrate by parts to

obtain

/0(f(T),U’(T»dT:<f(t)>U(t)>—<f(0),U(0)>—/0<f’(T)aU(T)>dT, (3.4)
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and using Cauchy-Schwarz inequality 2.8(i), Poincare’s inequality 2.8(ii) and the

geometric-arithmetic mean inequality 2.8(iii), yield

/0<f(7),U’(T)>dT SC||f(7f)||||VU(1ﬁ)||+||f(0)III|U(0)II+C/O LA (O V()| dr

SCl\f(t)\|2+Hf(O)HHU(U)H+0/0 LF (7)1 dr

1 1 [
IV + 5 [ IVu@lPdr
0
(3.5)

and consequently, we notice from (3.3) that

IVu(®)|?

SQHVU(O)HQHHf(O)H\Iu(O)\|+4CHf(t)\!2+4C/0 Hf’(S)H2ds+/0 [Vu(s)[| ds.

for any 0 < t < T. By writing

fw;MHAW@m

we obtain

IVu(t)|?

S2HVU(0)H2+(2+2C)IIJ"(0)H2+2Hu(0)!|2+40(2T+1)/0 ||f’(8)||2ds+/0 IVu(s)|* ds.
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Hence, using the standard Gronwall’s inequality, we obtain
t
[Vu()* < 2| Vu(0)||* + (2+2C)[| £(0) || +2[u(0)[|* +4C (2T + 1)/0 LF/ ()| ds.

Therefore, again an application of Poincare’s inequality 2.8(ii) we obtain (3.1),

where Cy = 20(4T + 2) + 6. |

3.2 Time-Stepping DPG Method

To describe the time-stepping discontinuous Petrov-Galerkin (DPG) method, we
introduce a (possibly nonuniform) time partition of the interval [0,7] given by
the points:

O=to<ti <---<tn=T.

We set k,, = t,—t,—1. The maximum step-size is defined as k = max;<,<n k. The
supremum of the function u is defined as |[u(t)||z, = sup,e;, ||u(t)||. We assume

that for a fixed parameter v > 1, there holds
k" <k < CLR7, (3.6)
and

1

ity T < ky < Cokt,'7 and t, < Cot,_y for 2<n < N. (3.7)
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For instance, these properties hold if
t, = <£>7 T for 0<n<N\. (3.8)

Next, for any Sobolev space H, and for a fixed m > 1, we introduce the trial
space

Wp(H) ={v € C([0,T]; H) : v|1, € Pu(H),1 <n < N}

and the test space
Tm(H) ={v e Ly((0,T); H) : 0|1, € Po1(H),1 <n < N},

where P,,(H) denotes the space of polynomials of degree < m in the time variable
t, with coefficients in H. For m = 1 we set W(H) := W,,(H) and T (H) := T,.(H).

Now, we are ready to define our numerical scheme. Following [23, 30], we
define the DPG approximation U € W(H}) of the solution u of problem (1.3) is

now defined as follows: Find U € W(H,) such that

where G is the global bilinear form defined by

Gn(U, X) = / T<CD1’O‘U(t),X(t)) dt + / T(VU(t), VX (1)) dt.
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We notice that the approximate solution U(x,t) is piecewise linear in time

with coefficients in Hj ().

3.3 Existence and Uniqueness

In this section, we will show the existence and uniqueness of the DPG solution.
Theorem 3.2 The discrete solution U of (3.9) exists and is unique.

Proof. Since the operator —A possesses a complete orthonormal eigensys-
tem {);, ®;}22,, problem (3.9) can be reduced to a finite linear algebraic equation
on each subinterval I,,. To see this, let P; be the space of piecewise linear function
in time. If we now take X (¢) = ®; on I,, and zero elsewhere in (3.9), then we find

that

/ . (Clean(t)JrAjUj(t))dt: / ’ fi(t) di (3.10)

for all j =1,2,3,... with U; = (U, ®;) € P, and f; = (f, ®;). By using theorem
2.20 we note that the finite dimensionality of problem (3.10) on each subinterval
I,, the existence of the scalar function U; follows from its uniqueness. Since the
DPG solution U is constructed step by step, it is enough to show the uniqueness
on the first time interval [0, ¢1]. That is, it is enough to consider n = 1 in (3.10)
(for n > 2 the proof is completely analogous). To this end, let U;, and Uj, be
two DPG solutions on [;. By linearity, the difference V; := (U;, — Uj,)|r, then

satisfies:
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t1
[ (orvmeamor)a-o vz @
0

with V) = 0. Using lemma 2.25 (ii) and (3.11) we conclude that

t1
/ DV(t)dt = 0
0

Since V) = 0, V! = 0 and using Lemma 2.25 (i), we obtain V; = 0 on [0,%,],

This completes the proof. |

3.4 Stability of the Approximate Solution

In this section we show the stability of the approximate solution U of (3.9) in the

following theorem.

Theorem 3.3 Let f € AC([0,T]; H'(Q)) and g € H'(Q2), then for 1 < n < N,

the DPG solution U of (3.9) satisfies
tn o
CO‘/ 1D 2U@)[Pdt + IVU"|]* < C1Ga(f. 9),
0
where ¢, = cos(am/2), and

Gulf9) = IFE)I” + £ O gl + 1+ k) IVal® + /Otn LF ()1I* dt

Proof. In (3.9) we choose X|(4,) = U’ and zero elsewhere,
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/Otn (‘DU (), U'(t)) dt + /Otn(VU(t), VU'(t)) dt = /Otn<f(t), U'(t)) dt,

1 <n < N. Following the derivation used to obtain (3.5), we have

/0 R0 U’<t>>dt‘ < CIFE)IP + 1 O)llgl + C / PR a

(3.12)
1 n||2 1 tn 2
+-|VU"||* + - IVU(t)||* dt.
4 4 J,
By using the equality
tn
! 1 n||2 1 2
(VU(), VU (5) dt = S| VU™~ 2 |Vl
0
we obtain
tn
VU |? +4/ (DU®),U'(t)) dt
0
t7l
< 2| VU°|1? +4C| f(ta)* + 4l FO) gl + 40/0 Lf'(&)]1* at
tn
+/ VU ()| dt.
0
Also from the coercivity property in Lemma 2.25 we have
tn tn .
/ (DU (@), U (1) dt > ca / D5 U ()| dt. (3.13)
0 0
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Thus,

tn
||VU"|]2+4ca/ D=2 U (1) dt
0
tn
< 2| VU°|* +4C|| f(t) |1 + 4l £ 0) Il gl +4C/0 1f/ (&) dt

+/t" VU )| dt. (3.14)

However, Ul is a linear polynomial (in time), so [|U||;, < max{||U’7'|[,|U7|}

and hence,

tn n
JRLGOIRTED SO (R e

n—1
= (ki + k) IVU P + k[ VU + k| VU™
j=1
n—1 ‘
<O KIVU ) + ki [VUO? + k[ VU], 1 < n < N,

Jj=1

(3.15)

where in the last inequality we shifted the summation indices in the first term and
used the mesh assumption, k; 1 < C,k; for j > 1.
Insert (3.15) in (3.14) and using the assumption that &, is sufficiently small,

then for 1 <n < N, we obtain

tn
o [ IDEU@ P+ (L k) TU
0

n—1
< (648C)Gn(f,9) +Cy Y Kl VUI|*. (3.16)

j=1
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Multiplying both sides of (3.16) by (1 — k,)~', then we have

tn
deo(1— kn)‘l/ D5 U () |2dt + VU™
0

< (64 8C)(1 — ky)*Ga(f, 9) + C,(1 Zk; VU2, (3.17)
From (3.17), we have

IVU™|[> < (6 +8C)(1 — ku) *Gu(f, 9) + C(1 ZkHVU]IIQ

< (648C)(1 — k) Gul(f,g) +Cy(1 — k)~ Z E|VUI 1. (3.18)

Thus, by using Gronwall’s inequality 2.9 (a, = [|[VU"||* and b, = (6 + 8C)(1 —
k)~1G,.(f, g), we notice that a, and b, are non-negative and b, is increasing) we

have

VU < (64 80)(1 k)*Gn(f,g)exp(cv(l—k)—l 7 k)

1=

< (6+8C)(1— k) 'Gu(f,9) exp(C k(1 — k)" (n —1))

< (6+8C)(1— k) 'Gu(f, 9) exp(C (1 — k) 'k(n —1)). (3.19)
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Inserting (3.19) in (3.17) yields

4ca(1_kn)—1/0" I DS U () |2dt + VU
< (64 8C)(1—k)2Gu(f, 9) + k(1 — k) "2(n — 1) exp(Cyk(1 — k)Y (n — 1)) G ([, 9)
< (64+8C)(1 = k)2Gou(f,9) + k(1 —k)(n — 1) exp(Cy k(1 — k)" H(n — 1))Gu(f, 9)

SOIGn(f7g)7 1§TL§N,

where C} = max{(6+8C)(1 — k)% k(1 —k)*(n—1)exp(C k(1 — k)" (n—1))}.

This completes the proof. |

3.5 Error Estimate

This section is devoted to the derivation of error estimates for the time-stepping
DPG method. To do so, we introduce piecewise linear interpolants that have been
frequently used in the analysis of discontinuous Galerkin time- stepping methods
and finite element methods for one dimensional reaction-diffusion problems. For
any function v € C([0,T7]; L2(£2)) we define the piecewise linear interpolant [Tu :

[0,T] — Lo(2) by setting

Explicitly, we have

(t — ), (3.20)
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and

(3.21)

A [
:_/ /t/ 0)de ds dg, (3.22)

and

(TTu) (1) — i §)ds — o (¢)

n

i s)ds — _/
- —/ / 0)d ds. (3.23)

In the next theorem, we derive the error estimates and some useful properties

oy

F

of the interpolation operator II.
Theorem 3.4 For 2 < n < N, then the following properties hold.

(i) For any ul;, € H2(I,; Ly(9)),

tn
I(u = T |7, + Aoll(u — Tu)'|I7, < Cky / lu”(£)]1* dt.
tn—l
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(ii) For any u|;, € H*(I,; Lo(L2)),

tn tn tn
[ Nw-m@Pa i [ -ty @l < okt [ o))
tnh—1 tn—1 tn

-1

(1ii) For any u|;, € H'(I,; L2(£2)),

tn tn
| nmayraes [P
tn—1 tn—1

Proof. To estimate the first term in part (i), we use the explicit representation

of ITu, (3.22) and Cauchy-Schwarz inequality 2.8(i) to obtain

(T — w7, = = sup (T — ) (t)]]*

/( / / / lu" (0, x \dfdsdth) dx
g/(—/ / / ]u”(ﬂ,x)\d@dsdth) dx
o \kn oy Jtus Jtus
tn
<k / / (" (¢, 7)) dt dz
tn—1
/ / "(t,z))* dx dt

:kg/ |u” ()| dt, n>2. (3.24)
tn—1

To bound the second term in part (i) we follow the same steps that we used to
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show the first term and using (3.23), then we have

tn 2
-y, < [ ([ weola)
Q th—1
tn tn
< / / 1 dt / (' (t, 2))2 dt da
QJtn_1 tnh—1

tn

= k’n/ /(u”(t,x))2 dx dt
tn—1 Q
tn

= k’n/ lu"(t)||*dt for n>2.
tn—1

For the first term in part (ii), from part (i) we have the bound

tn tn tn
(/ummwwWﬁsmm—wm/ msﬁ/ ()2 dt
tn—1 tn—1 tn—1

Similarly, from part(i) we have the bound

tn tn tn
/'mm—meﬁswmﬂmm/ ﬁsﬁ/ ()2 dt.
th—1 tn—1 tn—1

By combining (3.26) and (3.27) we obtain (ii).

(3.25)

(3.26)

(3.27)

Finally, to show (iii), we use (3.23) and Cauchy-Schwarz inequality 2.8(i),

1 tn 2 1 tn
wm%f(;/|wﬂm)s;/|wﬂm&
n Jtn_1 n Jitp_1

Thus,

mmemsmmmm/"ﬁs/"W@ww

In tn—1 tn—1
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Now, we decompose the error U — u into two terms,
U—u=(U—-Tu)+ (Ilu—u)=0+n (3.29)

where 6 = U — Ilu and n = Ilu — u. Accordingly, we have the following bound.

Theorem 3.5 For 1 <n < N, we have

tn
o [ 1D S0 Pt + Ve
0

Wa+1(tn t / - /
<c(Ivep+ =) [ iPa+ S wIvaIE ). (330

o ]:1

Proof. First, since the solution u of problem (1.3) satisfies
T
Gn(u, X) :/ (f(t),X(t))dt forall X €T,
0
U — u satisfies the orthogonality condition
GyU —u,X)=0 forall X €T. (3.31)
Hence,
tn tN
(0, X) = —Gix(n, X) = — / (D', X) dt — / (Vi VXYt (3.32)
0 0

By choosing X|¢,) = 6 and zero elsewhere, and using the equality:
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(VO(t), VO (1)) = LL|VO(t)||2, we obtain

tn
2/ (D0(1), 0 (1)) dt + ||V ||* — [[Ve°]®
0

=2 [ gya—2 [ onn, Vo) a

From the continuity result in Lemma 2.24, we have

2

[ (D). 00

<% [0 oyas [T .o a

2 Jo

«

By simplifying and employing the coercivity property in Lemma 2.25, we obtain

tn N 1 [t
o [ IDHOOIP + o~ [ < 5 [ D e @)t + T,
0 0

«

(3.33)

where
n tj
7, = _22/ (Vn(t), V' (1)) dt.
j=17ti-1

Next, we want to estimate the first term on the right-hand side of (3.33). To do

so, we recall the inequality in 2.7 (i): for g € Ls(0,T), there holds

[ ([ ate=9000) at <) [ [ g i

. (3.34)
§w3+1(T)/ g*(t)dt for 0<a<1.
0

42



From Generalized Minkowski Inequality 2.11 and inequality (3.34), we have

tn tn
/ IDYn(6)|2dt < W, (t) / I ()Pt (3.35)
0

Using the Cauchy-Schwarz inequality 2.8(i) again and inequality (3.35) we obtain

2

([ o ewiwra) < ([ wonm-aeie)

tn tn
< [ [ gt P
0 0

2

2

< (wonten) [CIolra) @

To bound Z,, on the right hand side of (3.33), we integrate by parts, use the

property 7 = 0, 0 < j < N, and the inequality
2(Vn(t), VO'(t)) < 2[Vi' ()] [IVO@) < IV7' () + VO],

n t; n
T, <2) / <Vn<t>,ve’(t>>dt§ij(\|v7;’\|i+|rv0||i). (3.37)
j=1“ti-1 j=1

Since, V0)|;, is linear in time then V6|;, < max{|V6’~'|,|V#’|}. Thus,

S kIO < STRIVEE + Y k[ Ve
Jj=1 j=1 =1

n—1
<O kIVP |+ k|| VOO|” + K[| VO (3.38)
j=1
Following the steps that used in the proof of theorem 3.3 we obtain (3.30). |

In the next theorem, we derive the error estimate for the DPG solution, giving

43



rise to suboptimal algebraic rates of convergence. Following [26], we assume that

the solution u of (1.3) satisfies the finite regularity assumptions:
IV @) + tIVu' @) < Cat77 (3.39)

for some positive constants Cy and o.

Theorem 3.6 Let the solution u of problem (1.3) satisfies (3.39). Let U € W be

the DPG approximation defined by (3.9). Then we have the error estimate

(U — u)”%w((QT);Lg(Q))

N
We 1(T) T
<C (—zz / I @Pdt+> "k IVT13 ) + 20003 ryma@y-  (3:40)

« 0 j=1

Proof. From (3.29) and theorem 3.5, we find

I = @)l comzaen < 200 omyzaon T2l o200y

wa+1(T) g / 2 Y 112 2
Cl—n [ @l dt +> ki IV 17 ) 421007 oo -

« 0

IN

J=1

Theorem 3.7 Let the solution u of problem (1.3) satisfies (3.39) with 1 < 20 <
2. Let U € W(H;) be the DPG approximation defined by (3.9) with the partition

satisfying (3.6) and (3.7). Then we have the error estimate:

2 2
(U — U)HLOO((O,tn);Lg(Q)) <Ck”, for v> 5% — 1
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where C' is a constant that depends only on Csy, T', o, v and o.
Proof.  To estimate the term > 7, k;[|Vy'[|7 in (3.40) we use (3.24), (3.39),

(3.7) and the assumption v > 2/(20 — 1), then for n > 2, we have

tj t; - t; a2
kil V17, < kf/t |V ()| dt < Okf/t 120 4q < OkQ/t 2022 g
! -1

J— j—1 5

So,
n tn )
> kilIva|, < Ck?/ 22 de < C k2 (3.41)
j=2 t1
Similarly,
tj tj 5
[ e scr [T et
tj—1 ti—1
So,
n tj tn 9
"OPdt < CK* | 2 dt < C K2 3.42
n
j=2 Jti-1 t1
Similarly,

t; t b
Inll7, < k?/t Vo ()2 dt < ijz/t $20-3 44 < Ckg/t P
' -1

= j—1 J
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So,

n tn ,
> il < Ck?/ 1273 dt < Ok,
j=2 t1

Now, from theorem 3.4, (3.39) and (3.6) with 20 > 1, we have

2

WYL, < k' ( [ avuon+ ||Vu'<t>u>ds)

t1 2
< Chyt ( / (5771 + t”l)ds)
0

= C(1/o +1)*t,> L < CKoD

Similarly,

/Otl I () |IPdt < /Otl (/Otl(uvu/(s)u + HVul(t)H)ds>2dt

= C(1/)o + 1), L < CkV%o D),

and

t1 t1 2
HnHiSkfl( / / (Hu’(s)l!+Hu’(q)H)dsdq) <o

This completes the proof.
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3.6 Implementations of the Numerical Schemes

In this section we discuss the implementation of the time-stepping DPG scheme
defined by (3.9). We start by defining the hat basis functions ¢y, ¢, ..., o5 of the

trial space W as follows: for j =1,..., N — 1,

(
t—t;_
Pt tel;
(1) = { tjpa—t
¢] (t) Jk‘;il , te Ij+1
0, elsewhere
\
t—t
1k_1’ te ]1
o(t) =
0, elsewhere .
and
t—tn_
%7 te IN
Pn(t) =
0, elsewhere .

Figure 3.1: The hat basis functions ¢, ¢o, ..., ¢ of the trial space W.
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To proceed in our implementation, we reformulate the DPG scheme (3.9) lo-

cally and obtain

tn
/ / ot — s)(U', X>dsdt+/ (VU,VX)dt
tp—1 Jiln—1 ln—1
tn
:/ X)dt — / / ot —s)(U', X)dsdt, (3.44)
tn— tn—1

for all X € H} (), n=1,---,N. Let

with ap = U(0, z). Then from (3.44), we have

1
n— Qp_1, X / / o(t —s)dsdt
k tn—1 tn—1

+—/ (tn — )V a1 + (t — tn1)Van, VX )dt
tn—1

o
tn ti
= a1, X) / / wolt — 5)dsdt, (3.45)
tn—1 Jti—1

forn=1,--- ) N. By integrating (3.45), we obtain

n—1

- [ vwxa -3

=1

Wa+2 (kn>

ky,
p (an—an_l,X)+?(V(an+an_1),VX>

n n—1
:/t (f(t), X)dt =Y " w"(a; — a1, X), (3.46)
tn—1 i=1
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where

) 1 tn t;
w””:—/ / wa(t — s)ds dt
ki tn—1 Jti—1
1

= _[wa+2(tn*1 - tj) - wa+2(tN - tj) + wa+2(tn - tjfl) - wa+2(tn71 - tj71>] .

ki

So, we arrive at the following system

ke
—kg

B=1 o

(3.47)
2B(a, X) + I'(a +2)D(Va,VX) = 2I'(a + 2)F (3.48)
where the bi-diagonal matrices B and D are
0 0 0 ky 0 0 0
k2a 0 . k’g kz 0
0(>D=10 0>
—k‘%_l k?\[f—l 0 kN—l kN—l 0
0 —kS k% o --- 0 kn  kn

and the vectors a and F are

ai

a2

an

Jo (1), X)dt + 22220070, ) — (U0, VX)

2 <f(t)7 X>dt - ij(aj - Qj-1, X>

t1

NOf), X)dt — S N e, — ajoy, X)

tN—1 J
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We notice that (3.48) is the result of discretizing time to find a. However, we
will combine this system with a standard finite elements discretization in space

to obtain a fully discrete system.
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CHAPTER 4

High Order, Discontinuous

Petrov Galerkin Method

In this chapter, we define a time-stepping high order DPG method for the time
fractional diffusion problem (1.3). The existence, uniqueness and stability of the
approximate solution will be shown. Then, we present the error analysis of the
method and convergence of order k£™+%/2 will be proved, where m is the degree of

the approximate solution in time.

4.1 Discontinuous Petrov-Galerkin Scheme

In this section, we define the high order DPG approximate solution for problem
(1.3).

The time-stepping DPG approximation of the solution u of problem (1.3) is

o1



now defined as follows: Find U € W,,,(H}) such that
(4.1)

where G is the global bilinear form defined by
tN tn
Gn(U,X) := / (DU (t), X (1)) dt + / (VU(t), VX (t))dt.
0 0
For later use, since the solution u of problem (1.3) satisfies
tN
Gn(u, X) = / (f(t),X())dt forall X € T,,(H}),
0
then U — u satisfies the orthogonality condition
Gn(U —u,X)=0 forall X € T,,(Hy). (4.2)

The orthogonality condition (4.2), we will use it to derive error estimate.

4.2 Well-posedness of The DPG Scheme

The existence, uniqueness and stability of the discrete DPG solution U will be
shown in this section. We will use the properties of the memory term that we
showed in chapter 2.

We start by proving the existence and uniqueness of the DPG solution.
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Theorem 4.1 The discrete solution U of (4.1) exists and is unique.

Proof. Since the operator —A possesses a complete orthonormal eigensys-
tem {\;, ®,};>1, problem (4.1) can be reduced to a finite linear system of algebraic
equations on each subinterval I,,. To see this, let P, be the space of polynomial of
degree < m in time. If we now take X (x,t) = ®,(x)w(t) on I, and zero elsewhere

in (4.1), then

/ ) (DM Tjw(t) + \Uw(t) ) dt = / ") de (4.3)

forall j =1,2,3,... andw € P,,_;, with U; = (U, ®;) € P,, and f; = (f, ®;). Be-
cause of the finite dimensionality of system (4.3) (m x m equations), the existence
of the scalar function U; follows from its uniqueness. Since the DPG solution is
constructed element by element, it is enough to show the uniqueness on the first
time interval [0,¢;]. That is, it is enough to consider n = 1 in (4.3) (for n > 2 the
proof is completely analogous). To this end, let U, and U;, be two DPG solutions

on I;. By linearity, the difference V; := (U, — U}, )]s, then satisfies:
t1
/ (D V(u(t) + AV (0u(t) ) dt =0 Yw e Py Vi> 1 (44)
0
with Vjo = (. Choosing w =V} yields

h N[ d
/ VI(t)’D'V;(t) dt + —J/ —|V;(#)|> dt = 0.
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Integrating then we have
" 1 Aj 12 0
! c —Q
| VoD vt des Ve - eR) = o
Since V; = 0 then we obtain
t1 A
/ VIO D) dt+ 2V =0
0
Using lemma 2.25 (ii), we conclude that
31
V=0 and / V() D' V() dt = 0.
0

Thus, from Lemma 2.25 (i), we obtain V; = 0 on [0, #;]. This completes the proof.
|

Next, we show the stability of the DPG scheme.

Theorem 4.2 Assume that g € Hj(Q2), and f € H'([0,T]; L2(©)). Then, for

1 <n < N, the DPG solution U defined by (4.1) satisfies the following stability

property:

[ v v VU <96+ [ D @)
0 Ca Jo

«

where ¢, = cos(am/2).

Proof. In (4.1) choose X|4,) = U’ and zero elsewhere. Noticing that f(t) =

o4



D~*(I'=* £)(t), we obtain

/ " eple (1), U (1)) dt + / U, VU () dt

t'll
= / (DI (), U(E))dt, 1<n<N. (4.6)
0
Thus, from the continuity property (#i¢) of Lemma 2.25,

2

Ca

/0 (DI ) 0, U (1)) dt\ <L / D@ ) )1 ) (1) dt

+ / " i), U1 dt

_ 2 [T r) + / " DU 1), U (1)) .

2
Ca Jo

By inserting this in (4.6) and using the equality

tn tnd
2 [Cvu, Uy a = [ LIVU@Pd= V0| - 907
0 0

we obtain (4.5). |

4.3 Error Estimate

The error estimates for the time-stepping high order DPG scheme will be derived
in this section. For this purpose, we introduce a projection operator that has been
used frequently in the analysis of discontinuous Galerkin time-stepping methods

as well as finite element methods for one dimensional reaction-diffusion problems.
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For any u € C([0,T]; L2(2)), the projection operator (m > 2) Ilu : [0,7] —

Ly(2): for 2 < n < N, is defined by
tn
Mu(t,) = u(t,) and Hu(t,_1) = u(t,—1) and/ (lMMu—u, v)ydt =0 for all v € By, .
tn—1

For instance, we define piecewise quadratic projection (m = 2) Ilu : I,, — H(Q)

by setting
Hu(t,) = u(t,), Hu(t,—1)=u(t,_1)
and
/(Hu—u)(t)dt:O, n=1---,N
In
Explicitly,

() = L= ) (:m“ T LA e dt)

k2 kn Ji1,
(t — tn) n n—1 6 n
+ ? du™ +2u" — o u(t)dt ) +u”. (4.7)
n n JI,

If further, u € H3(I,; L»(2)), then using integration by parts, we find that the
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projection error admits the integral representations in terms of u”’

u(t) — u(t)

(t - tn)2 n n—1 n / 2 1

tn B
* k’E / (¢ = tna)” (1) dt) + L 2 tn) (4u” +2u™! — 6u”
n tn—1

n

tn tn
+ 3k, (t,) — K24 (t,) + L / (t —to_1)>u" (1) dt) - / u'(s)ds
tn—1 t

K
t—tn)? n
- (k—zn) (—3/ u'(s)ds + 3k, u'(t,) — k2 u"(t,)
n tn—1

E " _ 3, (t — tn) _ tn / /
+ o (t —tpq)’u"(t)dt ) + ? 2 u'(s) ds + 3k, u'(t,)
n Jit,_1 tn—1

n

R (,) +k% /t S =t P () dt) (= t) (1)

(t — tn)z "

A
t—u (t) + 5/ (s —tn)*u"(s)ds
tn—1
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Through further using integration by parts,

Mu(t) — u(t)

_ 2 tn
= (t kjn) (_3kn U,(tn) + ; ki u"(tn) . g/ (t . tn)2u"'(t) dt
tn—1

6 [
— / (t —t,_1)® " (1) dt)
kn tn—1

(t B tn)

tn
+ (—2kn u(t,) + k2 (t,) — / (t — )% (t) dt
n tn—1

+ 3k, u'(t,) — k:i u” (t,) +

tn
+ 3kt (t,) — K2 U (t,) + kg/ (t—to1)?u" (1) dt>
tn—1

n

(t _ tn)2 "

—(t —tp) ' (t) + — U (t) + % /t n(s —t,)?u"(s) ds

(t — tN)Z " (t — tn>2

=)+ Yy 4 - 1) /t o(s) ds

t—t,)? [T t—tn)? [T
_ % / (t _ tn)Q u///<t) dt + ( " ) / (t o tnfl)g u///(t) dt
tn—1 tn—1

n n

t—t,) [T I
- ( = ) / (t —tn)*u" (t) dt + 5 / (5 —tn)?u"(s)ds
tn—1 t

n

_ (t — tn)2 /t u"/(t) dt — ?)(t_—t””)Q /t" (lf — tn)2 um(t) dt

2 Ak3
t _ tn 2 tn
n tn—1
_ tn L[
n (t k;n) / (t N tn>3 u'"(t) dt + 5 / (8 _ tn)Q u///(s) ds (48)
n tn—1 t

From (4.8), using integration by parts we have

58



' (t) — o' (¢)

2(t —t,
— % (3u” +3u™ — 6u™ + 3k, U (t,) — k2 (t,)

6 [t X
* kn / (t = taa)*u"(t) dt) + o <4u" + 2™ — 6u”
n—1

n

6 [tr
+ 3k ! (t,) — k20" (L) + k—/ (t —to_1)®u"(t )dt) u'(t)
n Jt,_1

2(t — t, n
= % (—3/ u'(s) ds + 3k, ' (t,) — k2 u"(t,)

tn

—1
6 tn 1 tn

+ — (t —to_1)®u”(t)dt | + — —2/ u'(s) ds
kn tn—1 kn tn—1

6 [
+ 3k, (t,) — K2 u" (t,) + . / (t—tn_1)>u"(t )dt) u'(t)
n tn—1

2(t — ty) 3 3 [t
— n _ kn ,tn <20 W) — = _ 2,
— ( 3k u'( )+2k:nu(t) 2/tn_1<t o) (t) dt

n

tn
+ 3k, (t,) — K2 u" (t,) + kﬁ / (t—to1)>u"(t) dt)
mn Jt,_1

1 n
e <—2kn Wt R ()~ [ ) di 3k ()
n ln—1

—kiu”(tn)Jrk%/tn (t =t 1P u"(t )dt) (1)

:<t—tn>u"<t)+/” u"(s )ds+%/t" (t —to)2 0" (t) dt

12(¢ — ¢,
4 (k3 )/ (t—tn 1)3 /// Zf——/ t—t 2 ///(t)dt
In

n

1 [t
+ E (S -t )2 ”/(8) ds
n—1
i 3(t—t,) ™
:/ (tn—t) u///(S) dS—l—%/ (t—t )2 /”(t) dt
t 2 -
12(t — tn b 1 tn
+ % / (t — tn—1)3 u///(t) dt — —/ (t _ tn)Q U”/(t) dt
n tn—1 kn t
1 [t
+ 52 (s —t,)*u" (s) ds. (4.9)
n Jitn_1

59



So, for n > 2,1lul;, € P,(L2(R2)) is the Raviart-Thomas projection operator
of u. However, due to the singular behaviour of v at ¢ = 0 in the model problem
(1.3), we consider ITu|;, € Pi(L2(92))(linear polynomial in the time variable),
interpolates u at the endpoints ¢ and t;.

In the next theorem, we show the error estimates of the projection operator I1

and derive some useful bounds of the error estimate.

Theorem 4.3 For 2 <n < N and m > 2, we have

(i) For any u|;, € H(I,; Ly(f2)), there holds
tn tn
[ nmyopa <z [ o).
th—1 tn—1
(11) For any ul;, € H™ 1 (I,,; Ly(€)), there holds

["nw—nmwmwuwﬁ[”uw—HMﬁwwt

tn
go@mﬂ/ D (1)1 dt.
tn—1

(iii) For any ul;, € H™(1,,; Lo(Q)), there holds

tn
1(u = )7, + kgl (u — Iu)'|[7, < Chy™* / ™V (2|1 dt.
tn—l
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Proof. From the definition of Ilu, integration by parts yields

/" (Tl — )/ (¢), v(t)) dt = —/n (Tu—u)(t), V'(£))dt =0 for all v e Py

- - (4.10)
So, choosing v(t) = (Ilu)'(t), we notice that
/t "y (1) de = / " (), (T (1)) dt < / @y () 1 1))

Therefore, we use the inequality 2||(TTu)’(¢)|| ||/ (¢)]] < ||(TTu)' (¢)||* + ||/ (¢)|* to

obtain part(i). To estimate the second term in (ii) we use (4.10), then we have

/t " — Ty (1) 2dt = / " (= T (1), (u — Thu) (1))t
- / " (= Ty (1), (uf — (T ) ()t
- / " (0 — Ty (8), o (1))t / " (0 — Ty (1), (T (2))dt

tn
— [ (- . o)
tn—1
By using Bramble-Hilbert Lemma 2.17, there exists ¢ € P,,,_; such that

1w = &) < Chlu D 2)]]
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and using Cauchy-Schwarz inequality 2.8(i), then we have

/"Mu—mW@sz/w«u—mwwxw—@@Mt

th—1 tn—1

< / I = Thu) (@)1 | (" = @) (2) | dt

tn—1

= (/tt I(u = Hu)'(t)Hth)é (/tt I — d))(t)Hth);
< CkY </tt l(u — Hu)’(t)Hth) < /tt e+ <t)||2dt) 3

3

[SIES

So,

tn tn
/'nw—mW@WﬁSOﬁd/ a0 (1) Pt
tn—1 tn

—1

Next, we want to estimate the first term in part(ii) Lt:_l |(uw — Tu)(t)||*dt, we
apply fundamental theorem of calculus 2.16, Cauchy-Schwarz inequality 2.8 (i)

and Generalized Minkowski inequality 2.11, then we find

/”nm—nw@mww=/"«u—Hmaxw—Hmumﬁ

th—1 tn—1
tn t t
-/ </ (=T o) o, [ w—nmwn@>ﬁ
tn—1 tn—1 tn—1
tn t t
< / Mmemm@/ I u — ) (g)|| dg dt
tn—l tn—l tn—l
tn t

- /t (/t I(w = TTu)'(g)ll dq)2 dt

<[ =t [ Ne-m@lPdd @
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So,

tn tn
/ I — Thu) () |dt < CR2+? / a2t (4.12)
th—1 tn—1

To estimate || (u—1IIu)||;, in part(iii), we use fundamental theorem of calculus 2.16

and Cauchy-Schwarz inequality 2.8, then we get

(u— )2, < ( / " — T (q) | dg)?

< tto—tod) ([ Mo-my@la). a1y

tn—1

this leads

tn
I(u = Tw)|7, < Chy™ / [l (8)||d. (4.14)

tn—1
To estimate ||(u — Iu)'||,, we have two cases:

Case(1) for m > 3 we decompose it as:
I(w = )|, < [[(u = Tw)'|[z, + | (Hu = Hu)’|1,,

where TTu|;, € Pp(Ly(R)) will be defined such that

tn
o= T}, + k20 o = a3, < CR2mt [ o

tn—1

For instance, one may choose ITu on I, as follows: Tu(t,) = u(t,), Mu(t,_,) =
u(tn—1), (Iu)(t,) = u/(t,) and f[u(gnl) =u(&,y), l=1,...,m — 2, where §,; =
tho1+ kn§ and 0 < &§ < & < -+ - < &2 are the (m — 2)-point Gauss-Legendre

quadrature on the interval (0,1). By using inverse and triangle inequalities, we
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have [|(Tu — Iu)'||7, < Cky*(|(Tu — )|z, + [|(u — )|z, ). So,

1w = T)'||7, < Ol (u — Tu)'|[7, + Cky, (| (Tu — )7, + [}(w — u)|7,)

tn
<cert [ )P
tn—1

Case(2) for m = 2 we use the explicit representation of Ilu, (4.9) and using

Cauchy-Schwarz inequality 2.8 (i) to obtain

tn 9 tn
=y, < [ (7 - orealas g [7 @02
Q tn—1 n Jtn—1
144 [t 1 i
) (t —tn1)® |u"(t,x)| dt + =N (t—tn)* |u"(t,z)| dt
n n—1 n n—1
1 [t ) 2
+t (t—t,) |u" (t, 2)| dt) dx
n Jth—1
K3 [t 9k3 [
< [(& [ weapa e G [T @it
Q 3 tnh—1 20 tn—1
144k3 [ kS [t
s [T @ (2 [ )
7 th—1 5 tn—1
k3 tn 2
+ (—n/ (u"(t,z))* dt)l/Q) dx
5 tn—1
tn
= C’kf’l/ /(u"(t, x))? dx dt
tn—1 Q
tn
=k [ o) a
tn—1
and thus, the proof of the third bound is completed now. |

Now, we decompose the error U — u as before (chapter three) into two terms,

U—u=U-Tu)+ (Ilu—u)=0+n (4.15)
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where § = U — Ilu,n = Ilu — u. The main task reduces to bound 6. In the next

theorem we derive an interesting upper bound of # that depends on 7.

Theorem 4.4 For 1 <n < N, we have

/Otn (‘D'0(t), 0'(t)) dt + || V"))

< —(/Otn<cD1an(t),77’(t)> dt + /Otn<A77,c D*An) dt) . (4.16)

Proof.  First, the orthogonality property (4.2) and the decomposition (4.15)

imply

GN((gvX) = _GN(777X)

— [Teoeaw. xo) - [ a0, VX @),

Hence,

CDI *g(t )) dt + X (t))dt

CDl “n X(t))dt. (4.17)

O\o\
O\o\

By choosing X|(o4,) = ¢ and zero elsewhere, and with the aid of the equality:

tn
2 / (VO(t), VO (1)) di = |V6" |2 — ||V6°|
0
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and the fact that 8° = 0, we obtain

2 /On(ch_aé(t),Q’(t»dt—l—HVG”H2 =-2 /On<ch_an(t),9’(t)>dt

42 / CAn@).00) . (418)

Now, using the continuity property, Lemma 2.25 (7ii), and Cauchy-Schwarz in-

equality 2.8 (iii), we notice that

and in addition, we use the identity An = °D'~*(I'~*An) and observe

2

/On<An(t),9'(t)>dt‘ <= /On<CD1_“(11_“An)(t)>(11_%77)’(?5)>dt

2
1 [t
+§/ (D'=*0(t),0'(t)) dt
0

_ 2 "<An(t),CDaAn(t)>dt+% /0 (D), 8 (1)) dt

2
Ca Jo

where in the second inequality we used properties 2.7 (iii)

DoAR(E) = (2An) () = wi_a(t) An(0) + D An(t) = D*An(t).  (4.19)
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Inserting the above inequalities in (4.18) yields

[ o s@parsiver < 5 ([ @ oo

+ /0 " An(t), D A D)) dt) (4.20)

Before proceeding in our error analysis, we want to remind the reader that the
continuous solution u of the time fractional model problem (1.3) is not regular.
More precisely, v has a singular behaviour near ¢ = 0 where typically, u satisfies

the finite regularity assumptions:
|u@ @) < cgt7™% for t>0 with 1<g<m+]1, (4.21)

for some positive constants ¢, and o. Using this, we can show another class of

regularity properties that are needed in our forthcoming error analysis given by:
[AuD ()] < d, #7971 for t>0 with 1<qg<m+1, (4.22)

for some positive constant d,, with (1 — «)/2 <o <1 and 6 > 1. For ¢ > 1 all
proof can be easily modified. The proof of the above regularity properties follows
from the regularity analysis in [25, 27].

Because the exact solution u is not sufficiently smooth near ¢t = 0, the global er-

ror in U fails to be O(k™*1) accurate in time if we use a uniform time step k.Indeed,
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for problems of the form (1.3) and based on the above regularity assumptions, by
using any class of finite difference or finite element methods over a uniform time
mesh, we often expect to observe a global convergence of order O(k?) where typ-
ically ¢ < 1. To this end, to capture the singular behaviour of u near t = 0,
following see [25, 26, 33, 34], we employ a family of non-uniform meshes that
concentrate the time levels near t = 0. Using the above regularity and time mesh
assumptions, we estimate the first and second terms on the right-hand side of

(4.16) in the next two lemmas.

Lemma 4.5 Assume that u satisfies the regularity assumptions (4.21) with 2 >
20 > 1—«, and the time mesh satisfies the conditions (3.6) and (3.7). Then, there

exists a constant C' depends on ¢,, o, o, v, m and T' such that, for 1 <n < N

n 2 1
/ (D' n(t),n'(t)) dt < C K™ for ~ > max { mia mt } .
0

a+20—-1" o

Proof. We start our proof by splitting fot" (<D'7n(t),n'(t)) dt as follows:

o) a
= [ o) a Y [ s+ 45,0+ A3 0 0) (@23
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where

t

wa(t —s)n'(s)ds,

t1

1)

I
— — S—

A5 () wa(t — s)7'(s)ds,
b1 (4.24)
55(t) = t wa(t — s)7'(s)ds,
Ag(t) = /t Wa(t — 8) 1 (s)ds.

For ¢t € I, from (3.23) and the regularity properties, (4.21) (recall that o < 1),

we observe

/ 1 h / / C n o—1 o—1
IO =— [ )l ds + '@ = — [ s ds+Ct
tl 0 tl 0

<C@ETt+rh <ol (4.25)

Hence, using the Cauchy-Schwarz inequality (2.8)(i), we have

(AT (@), 7 ()| dt < i ||77’(lf)||/0 wal(t = 5) [ (s)| ds dt

I

t
<C t"l/ (t—s)* s dsdt (4.26)
11 0

<C / et g < Ot

Iy

To estimate the term involving AS(¢) , we use the above bound (4.25), the pro-

jection errors in Theorem 4.3, and then, integrating follows by the use of the
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inequality:(t; — s)* — (t;—1 — s)* < k%, yield

[ es@.antar< [ 1o [ et = o)l dsar
< C7'|l1, /1 /I(t —s)* s dtds

<Ok (/1 ||u(m+1)(t)||2dt> ket

Thus, using the time mesh assumption (3.7), the regularity properties and (4.21)

we obtain

1
/ [(AS(8), 77 (1) dt < C kot g/ ( / {2 —2Am+1) dt) t]
I.

J

[N

J
J

S Crk,m—‘roc—l tm-ﬁ-a—l—(m-‘roa—l)/'y k]1/2 (/ t2a—2(m+1) dt) t?
I

1
2
m+toa— m+a1 m+a—1) 1/2 o—2(m o
< C k™t 1t ( /vk/ (/It2 2( H)dt> o

J

1
2
< Ckm+o¢—1 kjl/Q (/ t20+2a—4—2(m+a—1)/’y dt) tzlf

I

< Ck,m—‘ra 1 k,] t;?-i-{l 2—(m+a—1)/v to’

S Ckm+oe—1 k?j t;+a_2_(m+a_1)/'y t?

< Cvk,m—‘roc—l / ta+a—2—(m+oc—l)/7 dt tflf ]
I

J

Hence, summing over j, integrating and using the assumption v > (m + 1) /o, we
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achieve

n tn
Z/ ’<Ag(t>,77/(t)>‘ dt < Otn{ k,m-i—a—l/ to+a—2—(m+o¢—1)/'y dt
j=2 1 t1

(4.27)

< C maX{ka-i-a’ t?+20—1} )

To estimate the term involving A§ ;(t), we integrate by parts to obtain

55() =— / a Wa—1(t — s)n(s) ds.

t1

Following the arguments we used above yield

J J

s wara <ot [ [ =) asa

Wl [ laltis = ) = walty = ) (o) ds

t1

7j—1
=0l > lIn
1=2

L / wa(tjm1 = s) —walt; — s)]ds.
I;
Changing the order of summations give

S RIZHORTONE
j=2 71
< ax ||,
< ;g% 111, 117
<Y lIn
=2

n
<O R max || |17,
j=i

=2

L / i [wa(tj—1 — 5) —walt; — s)]ds
f=it) (4.28)

n
ol [ et s)ds

But, by following similar arguments in the estimation of the term
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S (AS (), (1)) dt, we have

ket max (|||,
j=t

j=i

< Okia—i-l m’éx kam—l </ t20’—2(m+1) dt)
I;

j=i J

< Ok max BT ( / 2o 2m+1) dt)
I.

J
J

[A

< Ck;:erl Hl?lX kZm l{;fl tJQ’r_nl—Qm/’Y (/ t2072(m+1) dt)
I

J

< CketY max k2 k! (

< Ck;l—i—l Hl%X ka tzi—Q—Qm/'y

< qu+1 k2m t207272m/'y

< Ck2m+a k} t?a+a72f(2m+a)/'y'

Hence, summing over j, integrating and using 20 + o — 1 > (2m + «) /7 (since

v > (2m+a)/(20 + a — 1)), then we find

t1

~ t7l
> / (A3 (8), 1/ (£)] dt < C k> / ora-2-mta)/y gy
= (4.29)

< C k,Zm—l—atiU—l—a—l—(Zm-l—a)/'y ]
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Finally, to estimate the term involving A$(t), we use similar arguments and get

/l |dt<||m|1// wult — 5) ds di

< Ck?m_l/l [u™ D (@)]1? dt wara(ky)

< Cka—l—a t§m+a—(2m+a)/’7/ t2a—2(m+1) dt
I

< O J2mra tir_n;ra(Qera)/v/ $20-2(m+1) 1y
I;

< Cvk,Zm—i-a/ t2a+o¢—2—(2m+a)/’y dt.
1

Summing over j and using 20+a—1 > (2m+a«) /7 (since y > (2m+a)/(20+a—1))
, we obtain

tn
Z/ ’ >>‘ dt < Ck2m+a/ t20+a—2—(2m+a)/'y dt

t1

(4.30)

< C k2m+a tiﬂ+a—1—(2m+a)/7 )

Finally, combine (4.23), (4.26), (4.27), (4.29), and (4.30) to obtain the desired

estimate. I

Lemma 4.6 Assume that u satisfies the regularity assumptions (4.22) and the

time mesh satisfies the conditions (3.6) and (3.7). Then, we have

t
n +a 2m+ o
e« < 2m+ta m
/0 (D*An(t), An(t))dt < Ck , 7>max{5_1,25_a_1}

where the constant C' depends on d,,d, o, o, v, m and T'.

73



Proof. As in the proof of Lemma (4.5), first we split fot" (‘D*An(t), An(t)) dt as

follows:

tn
| oo sne) e = [ (2 Aw(0), Ao a
0 11
+ Z - [ A0+ A0+ AT 0, Sn)
(4.31)
where A]7%(t), Ay7(t), A3;(t) and A;;°(t) defined in (4.24) be replaced a by
1 — a. To bound the first term we use AA;™(t) = & fo wi—a(t —s) An(s)ds, and

thus, integrating by parts, we obtain

/11 <M(t>’ /ot Wiza(t = s) An(s) ds> dt‘
_ /11<A77’(t),/0tw2a(t—3) Arj(s) ds> dt‘.

Now, following the derivation in (4.26) and using the regularity property (4.22)

JRINRURNT) dt\ _

I

instead of (4.21), we obtain

[aae.an0 i) < [ 18000 [ rate s 187 dsr

<C/t(52/ 1a52d8dt
I

< Okt (4.32)

To estimate the term that contains A%, we use the same steps that we used to
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obtain (4.27) and using 6 > 1, we have

J

[ aas 0, an0)) at

I;

< / A @) / st — ) 1A (5)] ds d

t1
<c / 1A ()] / ot — ) 02 ds i
Ij 0

N|=

<CEY? ( / HAu(mH)(t)H?dt) 8k
I

1
2

_ Ot}—a k_;’”»-i—l/? </I ||Au(m+1)(t)||2 dt) t?_l

1
2
<otk kY ( / $26—2m—4 dt) -t
I,

J

S Ot}—a L™ kjl/Q (/ t2o+2a—4—2m/7 dt) t(13—1
I

<Otk kT

[NIES

< Ok )
= C k™ ke T

<Ck™ t‘{l/ to==m gt
)

J

Hence, summing over j, integrating and using vy > 7%1“, we achieve

n tn
3 / (AAL(8), An(t)| dt < C k™ £ / po=1-m/
j=2 71 t1

< C max{k?mre 20—y

Following the derivation in (4.28), and using Theorem 4.3 and (4.22),

1)



> [ KAk @), ant)de < €Sk Al w2,
=271

I] 1=2

where

ki |An

n
. max || Anl,

< Chy= k| Au D ()], max K7 Aut D (@)
j=t

J

n _ —9m—
S C kl max ijm—i—Q « t§6_12m 4
j=i

n _ 9 —
S C kz max k2m+a kJQ 2a t26 2m—4
g j j

n 90— —
S C kz max kj?m+a t?é 2a0—2m—2
J=

s 7
j=i

< Ck; k*mte max{t?é_a_z_(zmm)/v, 1}
< O |2mta (/ t257a727(2m+a)/’y dt + kz)
< ;
Thus, we employ the assumption v > (2m + «)/(20 — o — 1)

> / (AAL(8), An(t)| dt < CRPmHe e Cmre)/r 4 1) < O™, (4.33)
Jj=2 I

To estimate Y7, [, [(AAL(t), An(t))| dt, we use the preceding arguments and
J i
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obtain

n

> /1 (AALGE (), An(e) dt
i t
< Z HAUH%J- / / wi_qo(t — s)dsdt
J=2 Ij tj—l

2m+1 26—2m—4 l1—a
<CY K / t dt I}
j=2 1

2m+a 1.2—2a 20—2m—4
<O KMk / t dt

I;

j=2

=2

< Ck,?m—f—a Z tj?m+a—(2m+oc)/v t?—ro / t25—2m—4 dt

j=2 I;

< Ck?m—i—a Z / t25—o¢—2—(2m+o¢)/'y dt
Jj=2 I

tn
— Crk,Qm-‘,—oz/ t?&—a—?—(?m-i—oz)/’y dt

I

< Ck,2m+a tn267a717(2m+a)/'y

Finally, combine this with (4.32), (4.33), (4.33), and (4.34) yield the desired
estimate. |

In the next theorem, we derive the main error results for the DPG solution
giving rise to suboptimal algebraic rates of convergence in time (short by order 1—
a/2 from being optimal) if the solution u of (1.3) is sufficiently regular. However,

our numerical results illustrate an optimal convergence rate.

Theorem 4.7 Let the solution u of problem (1.3) satisfy (4.21) and (4.22).
Let U € W, (Hj) be the DPG approximation defined by (4.1). Assume

that the time mesh satisfies assumptions (3.6) and (3.7). Then for v >

7



2m+ta 2m+a m4a m+l
a+20—-17 26—a—1’ 6—1° o

max{ } , we have the error estimate:

U — UH%OO((O,T);LQ(Q)) < C ke,

where C' is a constant that depends only on dy, ds, 9, o, o, v, m and T'.

Proof. Setting e := U — u, recalling that e = § 4+ 1 , we observe

||e||%oo((0,T);L2(Q)) <C (HQH%OO((O,T);LQ(Q)) + ||77||%00((0,T);L2(Q))) .

By using lemma 2.1, theorem 2.25, theorem 4.4, theorem 4.5 and theorem 4.6,

we find that

HGH%M((O,T);LQ(Q)) < O kPmte

From Theorem 4.3, the regularity assumption (4.21) and the inequality

7> (2m+ @)/ 20,
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we obtain

tn
|wzsm?“/ a0 (8)2 dt

tn—1

tn
S ijim-i-l / t20—2m—2 dt

tn—1

S Ckim—i—a ki—a /tn t2a—o¢—2m—1 dt
tn—1
tn
S Ckim—l—a t7ll—a / t20—a—2m—1 dt
tn—1
tn
S Crkim—i-a tqlm:? / t20—a—2m—1 dt
tn—1
tn
S Crkim—l—a / t2a—cx—2m—1 dt
tn—1
tn
< Ck2m+a / 2f2<7—1—(2m—|-oz)/'y dt
tn—1

< ka,Qera tn20*(2m+a)/77 (434)

for 2 < n < N. However, for n = 1, by using (3.22) and the mesh assumption

v > (m+1)/o, we observe

t1 ph1 2
il <6 ([ [ Qo+ I @ihdsdg) < e < e

So,

||77||%oo((0,T);L2(Q)) = max Inll7. < C k™,

This proves the assertion.
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4.4 Implementations of The Numerical Schemes

This section is devoted to discuss the implementation of the time-stepping DPG

scheme defined by (4.1). Let {¢} ()} = %}T o' be the set of basis

functions of the dimentional trial space W,, over the subinterval (¢, _1,t,). So,
Uz, ), = U, taa) + Y ()0 (t)

Using this in (4.1) with X = mx we obtain

m—1 t t :
< " —th1)? (t—t—1)"
ZM“JQ/ / walt — ) BTt o)
tn—1 tn—1 k"‘]l kr
1

=0 n

)i+

— b (t—t,
+ Valt V) / ( e dt
jzzg tnfl (] _I_ 1) kgl+r
tn t—t, 1) b (t—t,_1)"
- [ v e - vt v [ <,€—r1)dt
7fnfl —1

kﬂ“
/ / ot —s)(U', X)ds dt,
tn—1

for all x € H}(Q) and for r =0,1,...,m — 1 and for n = 1,--- , N. Integrating,

a+1 — j+1 I'(j+1) ) m—1 » )
o ;]m" ’X>(J'+Oé+7”+ 1)F(j+a+1)+k";)<va” ’VX>(j+ )(j+r+2)
a /tnnl - _Izg_l)r ((f(t), X>—/O o wa(t—8)(U', X)ds ) knl (VU(tn), V).

(4.35)
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Then

m—1 ) 1
‘ LG +1) . 1
k, ot i+l , : 42 Vot v
¢ m—1n—1 " )
_ / e (UBVED D WC ’X>/t anlt =9 =1 g
n " j=0 d=1 d—1 ¥
kn
— 1 VU ta-), V) (4.36)

So, we arrive at the following system

k2t By (an, X) + k2D1(Va,, VX) =F, (4.37)

where the matrices B; and Dy are

r) r'(2) . L(m)
(14+a)T'(14w) 24+a)T'(24a) (m+a)T'(m+a)
) r'(2) .. L'(m)
B. — 24+a)(1+«) (B3+a)I'(2+«) (m+a+1)I'(m+a)
1— )
r{) [(2) .. L'(m)
_(m—i—a)F(l—i—a) (m+a+1)T'(24a) 2m+a—-1)I'(m+a)
1 ... 1
2 (2)(3) (m)(m~+1)
1 _1 R
D, = 3 (2)(4) (m)(m+2) 7
1 1 S S
| (m+1)  (2)(m+2) (m)(2m) |
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and the vectors a,, and F,, are

a
a
a, — )
a;
RIRTIORYL bn (VU (t-1). VX)
I A O L B LA C(CRA Y

o S Um0 | B (VU (), V),

: . _
tnlzg OZd 1<ad, X) dlwa(t S)( tddl s dt

ta_

tn (t tn— 1

] t
tho1 k2 ZgOZdlaaN ftd S‘“ddt

tn —tp_1)m 1L " et )
ftn,l ¢ tk:{li)l Z] 02 e 1<ad7 X) J.! Wa(t—s)%dsdt

ti—1

The system (4.37) is the result of discretizing time to find a,, on the subinterval

I, for 1 < n < N. However, in chapter five we will combine the system (4.37)

with a standard finite elements discretization in space to obtain a fully discrete

system.
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CHAPTER 5

Fully Discrete Scheme

In this chapter, we show the stability, the uniqueness and the existence of the
approximate solution in space for our problem (1.3). Also we will combine the
Petrov-Galerkin scheme with respect to time with a standard finite element dis-
cretization in space and obtain a fully discrete scheme of our problem (1.3). In
addition, we analyze the error analysis of the method and show the convergence
of order k™*+/2 4 h’*+1 where m and r are the degrees of approximate solutions in
time and spatial variables, respectively. Finally we derive the implementation of
the fully discrete discontinuous petrov galerkin finite element (DPGFE) scheme

defined on rectangular polygons.

5.1 Error for the spatial discretization

Let S;, C H}(Q) denote the space of continuous, piecewise polynomials of degree
< r(r > 1) with respect to a quasi-uniform partition of € into triangular or

quadrilateral (or tetrahedral etc.) finite elements, with maximum diameter h.
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Let the operator Ry : H}(Q2) — S), denote the Ritz projection defined by

(V(Rpv —v),Vx) =0 forall x €S, (5.1)

and has the approximation property

|Rpv — || < C ™™ o2 for ve HT'NHy, r>1, s>0. (52)
The solution of the continuous problem (1.3) satisfies
(D'"u(t), X) — (Du(t), X) = (f().X), VX € H)(Q).  (53)

So, we define the spatially semi-discrete solution uy, : [0,7] — S), by

(D" up (1), X) + (Vup(t), VX) = (f(t),X)dt, VX €S. (5.4)

with uh(O) = Rhg.

Definition 5.1 [/1] Let Q@ = (a,b) C R be a bounded interval. Amesh 7' on
Q is a partition of Q into M(T') open, disjoint subintervals QF, T' = {QT}jW(lT ,

{QF} = (a1, 2T), a = af <af <--- <a];. The points z; € Q are nodal points

(nodes) and the Q; are the elements of the mesh T'. Set hl := z] — ] .

Definition 5.2 [41] A family of meshes {7} is a quasi-uniform in €2 if there
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exists constants ¢y, ¢ > 0 independent of j such that

MaXy <i<M(Tj) h;

< Co.

€1 > :
MINY << M(Ty) hi

Theorem 5.3 The spatially semi-discrete solution satisfies

lun(0)]2 < € (uwh<0>uz+uf<o>u2+ / ||f'<s>u2ds), (5.5)

where C depends on €2 and T

Proof. By using (Vuj,(t), Vuy(t)) = d/dt||ux(t)|| and choosing X = uj}, in (5.4)

then we have

[ 0wy + [ @) v @)= [ @00

Following the same steps that we used in the proof of Theorem 3.1 we obtain
(5.5). |
The uniqueness and existence of the semi-discrete solution wuy, of problem (5.4)

will be proved in the next theorem.
Theorem 5.4 For each fixed ¢ the finite element solution u;, exists and is unique.

Proof. Let
My,
up(w,t) = Z ci(t) gi(x),

i=1

where ¢;(x) are the basis of S, and M), is the number of the interior nodes.
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By subsituting u; in (5.4) and choosing X = ¢,(z), we obtain

My, Mp,
D D) (0 d5) + Y alt) (Vo V)
i=1 1=1

= <f(t)7¢j>= ] =1, quh‘

Then we arrive at the following system (B;°D'~* + B,)C(t) = b where

(1, 01) -+ (¢1,0m,) c1(t)
B, := : , Ct) =
_<¢Mh,’ ¢1> e <¢Mh7 ¢Mh>_ _CMh (t)_
and
<v¢1a v¢1> T <v¢17 V¢Mh> <f<t)7 ¢1>
Bg = , b=
_<V¢Mh7 V¢1> T <V¢Mh7 V¢Mh>_ _<f<t)7 ¢Mh>_

Because of the finite dimensionality of system (5.4) (M}, x M, systems), the
existence of the scalar function wu; follows from its uniqueness. To show this,
let up; and upe be two solutions for (5.4) on I;. By linearity, the difference

v, := (up1 — up2)|y, then satisfies:

(D" un(£), X (1) + (Vou(t), VX (1)) = 0.
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Choosing X = v} (t) and integrating from 0 to t;, and following the derivation

that used in theorem 3.2, we obtain

vy =
This completes the proof. |
Now, we decompose u;, — u as
up —u = (up — Rpu) + (Rpu —u) = ¢+ &, (5.6)

where ¢ = uy, — Rpu and € = Ryu — u.

Theorem 5.5 For 0 <t < T, the solution of the spatially semidiscrete problem

(5.3) satisfies

[un(t) = u(®)]]

Wa t T ! !
< o(Iv =+ 50 L)) 60

Proof. From (5.3) and (5.4), we observe that for X € S,

(D(t), X) + (Vo(t), VX)
= (f(t), X) = ("D "Ryu(t), X) — (VRpu(t), VX)

= —(‘D'"(t), X) — (VE(1), VX)
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By following the steps of Theorem 3.5 we obtain

¢ . ar1(t) [*
ca/O HCD“Qaﬁ(s)HQdH|!V¢>(t)||2§O<HV¢>0H2+“Z—§£<)/O H£<s>||2ds)-

From (5.2), we have

/ I D% ()2t + | Vo(h)|?

a1 (t !
go(uv<uh—Rhu>°u?+“;—;“h”+2 JAE]E d) (5.5)
@ 0

Using (5.8) and Lemma 2.21 we have

||¢<t>||so(||v<Rhu a4 “oill) parso / o () 24y s )

and using (5.6) and (5.2) we obtain (5.7). I

5.2 Error Estimate for high order in time and

spatial variable in space

In this section we define high order DPG finite dimensional trial and test space
of Uy, then we derive error estimates for high order DPG-FE scheme.

The DPG-FE approximation of the solution u of problem (1.3) is now defined
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as follows: Find U, € W,,(S},) such that

GN(Uh,X) = /T<f<t),X(t)> dt forall X € Tm<Sh), ( )
0 5.9

Uh<0) = Rhg.

where the global bilinear form
T T
G (Un X) = [ (D00, X(O)de+ [ (VU(0), VX (0) dt.
0 0

We are ready now to prove the existence and uniqueness of the DPG-FE so-

lution.
Theorem 5.6 The discrete solution Uy of (5.9) exists and is unique.

Proof. Because of the finite dimensionality of problem (5.9) on each sub-domain
Q x I,, the existence of the approximate solution U, follows from its uniqueness.

To see this, we take X = 0 outside Q x I, in (5.9), then we find that
tn tn
/ (D" Uy, X) + (VU VX)) di = / (F.UIVdt with U9 = Ryg. (5.10)
th—1 tn—1

Since the Uy, is constructed element by element (in time), it is enough to show
the uniqueness on the first sub-domain € x I;. That is, it is enough to consider
n = 1in (5.10) (for n > 2 the proof is completely analogous). To this end, let

Una and Uy o be two solutions of (5.10) on © x [;. By linearity, the difference
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Vi := (Up1 — Up2) on Q x I; then satisfies:
t1 t1
/ (D' *Vj, X) dt+/ (VVi, VX)dt =0 Ywe€P, 1, ¥Vj>1 (5.11)
0 0

with V2 = 0. Choosing X =V} Choosing X = V}/, using lemma 2.25 (i), (ii) and

following the derivation that we used in the proof of theorem 3.2, we obtain

t1 1 t1 d
/0 (<D'=*V},, V) dt+§/0 aHVVh(t)Hth:O.

Integrating, then using V;¥ = 0 and Lemma 2.25 (ii), we conclude that
t1
IVVA2 = VY2 =0 and / (DY Vi, Vi) dt = 0.
0

Therefore, ||[V;!]] = ||[V}?]| = 0 and consequently, an application of Lemma 2.25 (4)
yields V;, = 0 on Q x [0,¢;]. This completes the proof. |

Now, to derive fully error estimate, we decompose the error U, — u into three
terms:

Uy—u=C+1E+n (5.12)

with

(=U,—lRyu, &=Ryu—u and n=Iu—u,

The main task reduces to bound ¢. In the next theorem we derive an interesting

upper bound of ¢ that depends on n and &.
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Theorem 5.7 For1 <n < N, we have

/ "D (). (1) e

n—1

tn 4
[ e iver s 5

n—1 «

w7 w000 de o) [l @I ). (513

n—1 0

Proof. First, the orthogonality property, (4.2) and the decomposition (5.12)

imply

GN(CvX) - _GN(H§+7]’X)

= /OtN (D' (I +n)(1), X (1)) dt — /OtN(V(Hg +0)(t), VX (1)) dt .

But, the operators II and Rj are commute (Il R, = Rj,II) and so, from the
definition of Ritz projector, we have (VII¢, VX) = (V(R,(Ilu) — lu), VX) = 0.

Hence,

/O N<CD1—“<’(t),X(t)>dt+ /0 N<vg(t),vx(t)>dt

tN tn
= —/ (‘DL€ + 1), X) dt — / (Vn,VX)dt. (5.14)
0 0
By choosing X|(p4,) = ¢’ and zero elsewhere with the aid of the equality:

2(VE, V), = IVCI7 = VI
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and the fact that ¢° = 0, we obtain

tn ch—a ld n 2:_ tn ch—aH /d tn A /d
2/0 (D0, ¢ di + |V 2/0 (DY (IIE + 1), ) t+2/0 (An, & dt

(5.15)
Now, using the continuity property, Lemma 2.25 (iii), and the € inequality, we

notice that

tn 4 tn 1 tn
9 / <cD1—oz77’ </> dt‘ S - / <CD17047]’77/> dt + Zl/ <cD17aC, C,> dt,
0 0 0

2
Ca

tn cl—a ! i n cyl—a ! 1 tn cl—a /
o| [ ey < 5 [T@mene menars g [Meoec e

«

and following the derivation used in theorem 4.4 we obtain

/0 "preg, ¢y di + |V

4 tn tn tn
— D p 'y d An,°D*An) d D71 (1) dt ) .
< (/ o -enatyas [ v s as [ £,<5>>t)

2
Ca

(5.16)

To complete the proof, we need to estimate the third term on the right-hand side

of (3.35). To do so, we use the same derivation that we used in theorem 3.5

tn tn
| / (D'CTIE, I df] < / |D*Tie | e’ de
0 0
< D' TE| 10,60 || TIE) || £ 0,0:02)

< W1 ()N 2, 0 400y < Warra ()€ 1T, 0,050

Finally, we insert this estimate in (5.16) and the proof is completed now. |
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In the next theorem, we derive main error results for the DPG-FE solution
giving rise to suboptimal algebraic rates of convergence in time (short by order
1 — a/2 from being optimal), and optimal convergence rates in the spatial dis-
cretization provided the the solution u of (1.3) is sufficiently regular. However,

our numerical results illustrate an optimal convergence rate.

Theorem 5.8 Let the solution u of problem (1.3) satisfy (4.21) and (4.22). In
addition we assume thatu(0), u(t;) € H™(Q) and u; € Ly((t1,T); H(Q)).
Let U, € W, (Sn) be the DPG approximation defined by (5.9). Assume

that the time mesh satisfies assumptions (3.6) and (3.7), then for >

2m+a 2m+a m+4a m+l
ot+a—1’ 26—a—1’ -1’ o

max { 5 } , we have the error estimate:

1Uh = ullc(omyza(0)
T
< (W )tk | O d) for 1< <

t1

where C' is a constant that depends on dy, ds, 0, a, v, m and T'.

Proof. Setting e := U, — u, recalling that e = { + 11§ + 7 , we observe

lell? ooy < C (ICI7 . (0.r):za)) + ITENT 0y o)) + 17017 0.1):2002))) -

To estimate the term ||II||;,. For n = 1, II€ is a linear polynomial in time and so,

T[], < max [[TE(O) [}, [TIE(E)]| = max [I€(0) ]|, [[£(#1)]| and thus, from the Ritz
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projection approximation error (5.1), we have
Il < CRFH([[u(0) | + flult)]])

Now, for n > 2 we use Inverse inequality(2.10) and Theorem 4.3 and the interpo-

lation properties of the projection operator II, and obtain

|mmisc([unﬂwwu—mnm+nmawﬁ

scm(ﬁﬂe@Wﬁ>

after noting from the approximation property of the Ritz projection that

tn
IM@WﬁSCW“é|W®%Mm

To estimate the first term ||||;,, we use lemma 2.21, lemma 2.25 and then

lemma 4.5 , lemma 4.6 and theorem 5.7, we find that

tn
IG1E caaiay < R 4O [T,
0

From (4.34), we obtain that

Hn”%oo((oj);LQ(Q)) < C *mre
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the assertion follows. |

5.3 Implementations of DPGFE scheme

5.3.1 Casel: Piecewise linear in time and one dimension
in space

This section is devoted to implement the fully discrete DPGFE scheme defined
by (5.9). Let a, = Zf\ihl ay,i%;, where 1; are basis of Sy, for all n =1,2,.., N and
choose X = ¢, for all j = 1,2,.., M}. We subsitute (replace a, = S Mn A iVis

i=1

X =1; ) in (3.46) and integrating, we get

ey (k) My, My, I M, M,
a+2\vn n
k—n <Z an,iwz‘—z Ap—1,iVi, ¢j>+? <V Zl i i +V Zl -1, V¢j>

=1 =1

tn n—1 My, My,
= / (f(t),v;)dt — Zw"’<z ap;V; — Z a1, ¢j>
t 1 i=1 i=1

n—1 1=
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then

Wa+2 (kn>

ap1 — Ap-11

SRFIORTE

tn—1

| tn—1

So, we arrive at the following system

SRVIGOREALY

Qp1+ Gp_11

A0y, + Ap—1,M;,

(2A1 + (o + 2)E1>Y =2T(a+2)G

A= [<Q/Ji,¢j>]Mh><Mh7 E= [(vwiyv¢j>]Mh><Mh

Ai=B®A=

A 0 0 0
—kSA KSA 0

0 0

kS A KS A0

0 0 —k3A kYA
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E,

G =

| /o

kE

11

alleh

21

a/27Mh

an, 1

anth

0

kE  kE

knE kv E 0O

0

0

Gl

G2

GN

PP, )t 4 et (g0 gy

(), g, )t + 22O gy —
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(f(t), Ty)dt (aj1—aj_1,1,¥1)

tn—1

n—1
G" = — Z W™ A
j=1
(), W, )t (@jan, — @jtams a,)

for n=2,...,N.

where w™ is defined in (3.47).

¥ Wi

Figure 5.1: The figure that shows the basis of S.

5.3.2 Case2: Piecewise linear in time and two dimension
in space

In this section, we will implement the fully discrete DPGFE scheme de-
fined by (5.9) on rectangular polygons. To do this, let a,(z,y) =
Zj]\ihl Zf\iﬁ anijVi(2)(y), where ¢;(x),v;(y) are basis for alln = 1,2,.., N

and choose X = () (y) for all d,m = 1,2,.., M,. We subsitute (replace
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an(,y) = S0 M a0 ()5 (9), X = a(@)n(y) ) in (3.46), we obtain

Wa+2 My, My
ZZ ni,j — Qn— 1%])wz¢3a¢d¢m>

7=1 =1
My, My, My My
<v Z Z Qp u%% + \Y% Z Z Qp—1 z]wzwm v¢d¢m>
j=1 i=1 j=1 i=1
tn My, My My My,
= / <f( %% xy Zw <Zzamﬂ/h% Zzanz]wz ) wdwm>
tn—1 j=1 i=1 j=1 i=1 Yy
(5.17)
where
<¢i¢j7 wdwm>zy = <¢17 1/)d> <7vbj7 ¢m>
So, we can write (5.17) in the form
Ap11 — Gp-1,1,1 Ap11 + Gp-1,1,1
A1, M, — Qn—1,1,M), Qn,1,M, + An_1,1,M,
We ]{In kn
%A@A + 5 (E@A+AQE)
Qp My, 1 — Qn—1,My,1 Ap My, 1 — Gp—1,My,1
aTL,Mh,Mh - a’n—l,Mh,Mh an,Mh,Mh + an—l,Mh,Mh
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tt:il <f<t)7 ¢1¢1>dt ari11 — Ar-11,1

tin_l <f(t)7 wﬂﬂMh)dt Qr1,My, — Q1—1,1,M,,
n—1

= : ) wA®A

=1

tn

o (S@), Yan, 1) dt Q1 — A—1,Mp,1

tn

J"tnfl(f(t)a Yo, Yy, ) dt Qg My, My, — Q1—1,M,,, M,

So, we arrive at the following system

(QB* + (o + 2)D*>V =2 +2)Q
where

T

V= [a171,1 Q1AM QLM s QL MMy Q11,1 A 1 My, O My, 1 7 G M), M),
B =B(A®A),D'=D(E®xA+ARE)

Q= Ql QQ QN ,
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P (), Prgp)dt + o2 B0 o) — B(VUO, Vi Vi)

tzl (f(t), V1thag,)dt + %@(UO,%@/}M}) — B(VU°, VU, Vi)

P, Yag r )t + 2B (G0 ) — BUTUO, Ty, Vi)

i til <f(t)7 ,l/}Mhz/}Mh>dt + %%l(kl)ajo, thwa) - k_21<VU07 vahvah>

f;"_1<f(t), ¢1¢1>dt Q1,1 — ar-1,1,1

tn

- (f(t), V1vu,)dt a1, M, — Q1—1,1,M),
n—1

- Saea

j=1

tn

tn71<f(t)a VYo, 1) dt ag M, 1 — Q—1,M;,,1

_L:,l <f(t)v ¢Mh¢Mh>dt QA My My, — A—1,My,, My,

for n=2,...,N.
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5.3.3 Case3: High order in time and one dimension in
space

This section is devoted to implement the fully discrete DPGFE scheme defined
by (5.9). Let al = S M a{l,l\lfl, where 1, are basis for all | =1,2,..,n and choose
X = ¥ for all I* = 1,2, .., M},. We subsitute (replace a/, = Zz : nl@/zl, X =Y )

in (4.37) and integrating, we obtain

/3 (+1)
ka+1 J R
' ;o<;a””¢l wl>(j+a+r+1)F<j+a+1>

m—1 , My, 1
BN oS rerss

=0 ‘=1

T
kn
m—1n—1 My

=D > lad ) / d wa(t—s><5_k#ds)dt,
tg—1 d

=0 d=1 I=1

/ttn M((f(t),wﬂ—rlzl(vmtn1)’V¢l*>

for I* =1,2,..., M and for r =0,1,....m — 1 and for j =0,2,....m — 1.

We introduce the following notations

Ay = [(Vi, i) an xan,, Ba = (Vi Vi) |, <,

B,=B1®A;, D;=D;®E,

where the two matrices By and Dy are defined in chapter 4 section (4.4) and

t S 1 n—1

. n t _ tn t

wn,d,&] :/ ( - 11 / Wa t—S d 1) At Vi P 2
th—1 kn k
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So, we arrive at the following system

(k;‘;HBz + k§D2>Y = Gy, (5.18)
where ) )
ai,l
a111,Mh
Y = ,
aZth
|
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tn
tn1 <f(t)7 %)dt K, <U(tn—17 w1>
o (F(0), g, )t b (U (t1, V)
G, = _
tn —tp— m—1
o T (8), ) dt B (U (1), 41)
_ m—1
S S () )t || (Ut )
agl,l
wn,d,0,0 wn,d,O,l . wn7d70,m—1
agy
wn,d,l,O wn,d,l,l . wn,d,l,mfl
aé,Mh
wn,d,m—l,O wn,d,m—l,l L wn,d,m—l,m—l
£

The system (5.18) obtained after combining the DPG scheme in time with

FEM in space to find a.
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CHAPTER 6

Numerical Results

In this chapter, we present a series of numerical examples and compare the theo-

retical results with the numerical results.

6.1 Composite p-point Gauss Quadrature Rule

In this section, we will introduce a quadrature rule that we use to compute inte-
grals. Let g be a function defined on [0,1], consider a mesh 0 = xy < 21 < x5 <
.. <xpy =1andlet h; = x; — x;_1. The composite p-point Gauss quadrature rule

for approximating fo x)dzx is defined by

M p

1
/ dI—ZZwl zgle
0

=1 [=1

where x;; = x;_1 + &, wi, wo, ..., w, are the weights and &;, &y, ..., §, are the
nodes.

To determine the p nodes (&) and p weights (w;) we need to solve the 2p
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nonlinear equations

Wiy A weky A AWk, = ——

The 7" equation is obtained by the requirement that the rule

1
wi&y +wely + .+ wpE) = / p(z)dz
0

be exact for p(z) = 2", r=0,1,...,2p — 1.

For instance, if p = 2 the weights are w;,wy and the nodes are &;,&,.

determine these, we require it to be exact for the four monomials

p(z) = 1,z 2% 23

This leads to the four equations

1 =w; +ws
1/2 = wi& 4+ webs
1/3 = w1 €] + waés

1/4 = wi & + waoél
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To evaluate L., error in time, we introduce the finer grid

G" = {t; 1 +nk;fq : 1<j<N, 0<n<qh, (6.1)

where N is the number of time mesh subintervals. Thus, for large values of ¢, the
error measure |||v]||; := maxegaq ||[v(t)|| approximates the norm ||v||107:0.(0))-
To compute spatial Lo-norm, we apply a composite 2-point Gauss quadrature
rule on each interval of the uniform spatial mesh.

We compute the order of convergence with respect to the change in the number

of subintervals N in the spatial mesh by using the following formula:

log(error(N(i — 1)) /error(N(i))
log(N(9)/N(i = 1)) ’

where error(N(i)) is the error measure |||v]|,.

1 7
£, t+ gk, ta+sk, o+ 2Lk,

Figure 6.1: This figure shows the set G? on the interval [t;_i,;].

6.2 Examples

Example 1( one dimension in space)

We let Q = (0,1), Au = Uy, T =1 and ug = 0.
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(a) Smooth solution
We assume that u = u(x,t) satisfies (1.3). We choose f(z,t) such that u =

t"*sin(mrzx) is the exact solution of (1.3). Thus

f(z,t) = (7%t + T(2 + a)) sin(7z).

It can be seen that the regularity conditions in (4.21) and (4.22) hold for
0 = 1+aand 0 = 2+a. To test the accuracy of of the DPG-FE scheme (5.9) (with
degree m in the time variable and r in the spatial variable) on the non-uniform
mesh in (3.6)—(3.7) for various choices of v > 1, h (the spatial step-size) will be

chosen such that the temporal errors are dominant. Thus, from Theorem 5.8, we

2m+a m+41

3a+17 a+1 J °

expect to observe convergence of order O(k™+%/2) for ~ > max{
However, the numerical results in Tables 6.1, 6.2, 6.3, 6.4, 6.5, 6.6, 6.7, 6.8 and
6.9 illustrate more optimistic convergence rates compared and also demonstrated
that the grading mesh parameter 7 is slightly relaxed. We observe a uniform
global error bounded by Ck™ir{r(+e)m+1} for ~ > 1 which is optimal for v >
(m+1)/(a+1).

The results are also displayed graphically in Figures 6.2, 6.3, 6.4, 6.5, 6.6, 6.7,
6.8 and 6.9, where we show the errors against the number of time subintervals N,

in the semilogarithmic scale.
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N vy=1 v=14 v=1.38

20 | 4.12e-03 1.9607e-03 2.29e-03

40 | 1.5e-03 1.47 4.90e-04 1.99 | 5.76e-04 1.99

80 | 6.99e-04 1.09 1.53e-04 1.68 | 1.48e-04 1.95
160 | 3.16e-04 1.15 4.89e-05 1.64 | 3.69¢-05 2.00
320 | 1.43e-04 1.15 1.57e-05 1.63 | 8.99e-06 2.04

Table 6.1: The errors |||U, — ul||1o for different time mesh gradings with m = 1
and o = 0.2. We observe convergence of order k*V7(= k') for 1 < v <

(m+1)/(a+1) and for v > (m + 1)/(a+ 1) the order of convergence is k™! .

107} RSRE
—b—vy=1.4
—6—y=1.8
—~ -3 - e
= 10
=)
_IN
o
e
_|8
£ 10 i
S
m
10°F 1
| | | | | |
0 50 100 150 200 250 300 350

Number of time steps N

Figure 6.2: Graph of error in Table 6.1 .
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N vy=1 v=1.2 vy=14

20 | 6.76e-03 3.69e-03 3.22e-03

40 | 2.29e-03  1.56 | 1.01e-03 1.88 | 7.77e-04 2.05

80 | 8.22e-04 1.48 | 2.93e-04 1.78 | 2.03e-04 1.94
160 | 2.77e-04 1.57 | 7.96e-05 1.88 | 5.06e-05 2.00
320 | 9.51e-05 1.55 | 2.21e-05 1.85 | 1.26e-05 2.01

Table 6.2: The errors |||U, — ul||1o for different time mesh gradings with m = 1
and o = 0.5. We observe convergence of order k*V7(= k') for 1 < v <

(m+1)/(a+1) and for v > (m + 1)/(a+ 1) the order of convergence is k™! .
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Figure 6.3: Graph of error in Table 6.2 .
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N vy=1 vy=1.1 v=1.2

20 | 6.45e-03 4.6201e-03 4.15e-03

40 | 1.96e-03 1.72 | 1.2473e-03 1.89 | 8.75e-04 2.24

80 | 6.356e-04 1.62 | 3.6122e-04 1.79 | 2.25e-04 1.96
160 | 1.94e-04 1.72 | 9.7623e-05 1.89 | 5.57e-05 2.01
320 | 5.98e-05 1.69 | 2.6826e-05 1.86 | 1.39e-05 2.00

Table 6.3: The errors |||U, — ul||1o for different time mesh gradings with m = 1
and o = 0.7. We observe convergence of order k*V7(= k'™) for 1 < v <

(m+1)/(a+1) and for v > (m + 1)/(a+ 1) the order of convergence is k™.
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Figure 6.4: Graph of error in Table 6.3 .
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N

y=1

vy=1.5

=25

10
20
40
80
160

0.43e-04
1.95e-04
7.59e-05
3.05e-05
1.25e-05

1.48
1.36

1.3
1.29

1.23e-04

2.88e-05 2.10
7.22e-06  1.99
1.84e-06 1.97
4.73e-07 1.96

6.61e-05
5.43e-06
5.22e-07
5.91e-08
6.95e-09

3.60
3.38
3.14
3.09

|

Table 6.4: The errors |||U, — ul|]1o for different time mesh gradings with m = 2

(that is, the DPG time stepping solution is piecewise quadratic) and o = 0.3. We

observe convergence of order k(177 (= k') for 1 <y < (m+1)/(1+«) and for

v > (m+1)/(a+ 1) the order of convergence is k™.
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Figure 6.5: Graph of error in Table 6.4 .
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N vy=1 v=1.5 v =2

10 | 5.57e-04 1.12e-04 1.04e-04

20 | 1.68e-04 1.73 | 1.7116e-05 2.7055 | 9.18e-06 3.49

40 | 5.29e-05 1.67 | 2.8873e-06 2.5675 | 8.73e-07 3.39

80 | 1.71e-05 1.63 | 5.3985e-07 2.4191 | 8.85e-08 3.30
160 | 5.59e-06 1.61 | 1.0643e-07 2.3426 | 9.39¢-09 3.24

Table 6.5: The errors |||U, — ul|]1o for different time mesh gradings with m = 2
and o = 0.5. We observe convergence of order k(+®)7(= k') for 1 < v <

(m+1)/(1+ «) and for v > (m + 1)/(a+ 1) the order of convergence is k™.

ErrorinL_(0,1; L2(0,1))
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Number of time steps N

Figure 6.6: Graph of error in Table 6.5 .
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N vy=1 v=14 v=1.38

10 | 3.28e-04 1.29e-04 1.51e-04

20 | 8.91e-05 1.8820 | 1.93e-05 2.74 | 1.80e-05 3.07

40 | 2.57e-05 1.7909 | 3.14e-06 2.62 | 1.90e-06 3.25

80 | 7.59¢-06 1.7602 | 5.33e-07 2.56 | 2.01e-07 3.24
160 | 2.26e-06 1.7460 | 9.29e-08 2.52 | 2.17e-08 3.21

Table 6.6: The errors |||U, — ul|]1o for different time mesh gradings with m = 2
and o = 0.7. We observe convergence of order k(+®)7(= k'™) for 1 < v <

(m+1)/(1+ «) and for v > (m + 1)/(a+ 1) the order of convergence is k™.
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Figure 6.7: Graph of error in Table 6.6 .
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N vy=1 v=2 v=3.5

6 | 3.87e-04 5.46e-05 2.49e-05
10 | 1.89e-04 1.40 | 1.34e-05 2.73 | 2.09e-06 4.85
14 | 1.20e-04 1.33 | 5.59e-06 2.61 | 5.04e-07 4.22
18 | 8.69e-05 1.31 | 2.94e-06 2.56 | 1.80e-07 4.09
221 6.72e-05 1.28 | 1.77e-06 2.53 | 7.83e-08 4.15

Table 6.7: The errors |||U, — ul||1o for different time mesh gradings with m = 3
(that is, the DPG time stepping solution is piecewise cubic) and o = 0.2. We
observe convergence of order k(177 (= k'27) for 1 <y < (m+1)/(1+«) and for
v > (m+1)/(a+ 1) the order of convergence is k™.
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Figure 6.8: Graph of error in Table 6.7 .
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N vy=1 v=2 v=3

6 | 4.18e-04 3.02e-05 2.78e-05
10 | 1.60e-04 1.87 | 4.47e-06 3.74 | 2.68e-06 4.57
14 | 8.81e-05 1.78 | 1.37e-06 3.50 | 6.14e-07 4.38
18 | 5.68e-05 1.74 | 5.87e-07 3.38 | 2.08e-07 4.29
221 4.02e-05 1.72 | 3.02e-07 3.31 | 8.94e-08 4.22

Table 6.8: The errors |||U, — ul||1o for different time mesh gradings with m = 3
and o = 0.5. We observe convergence of order k(+®)7(= k') for 1 < v <

(m+1)/(1+ «) and for v > (m + 1)/(a+ 1) the order of convergence is k™.
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Figure 6.9: Graph of error in Table 6.8 .
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N vy=1 vy=1.5 v=25

6 | 2.36e-04 5.88e-05 1.25e-05
10 | 8.56e-05 1.99 | 1.27e-05 2.99 | 1.14e-06 4.69
14 | 4.53e-05 1.89 | 4.89e-06 2.84 | 2.61e-07 4.38
18 | 2.85e-05 1.85 | 2.43e-06 2.78 | 9.14e-08 4.18
22| 1.97e-05 1.83 | 1.40e-06 2.75 | 3.98e-08 4.14

Table 6.9: The errors |||U, — ul|]1o for different time mesh gradings with m = 3
and o = 0.7. We observe convergence of order k(+®)7(= k'™) for 1 < v <
(m+1)/(1+ «) and for v > (m + 1)/(a+ 1) the order of convergence is k™.

107 :
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Figure 6.10: Graph of error in Table 6.9 .

Next, we test the performance of the spatial finite elements discretizaton of
(order degree r) of the scheme (5.9). We use a uniform spatial mesh consists

of Nx subintervals and each is of width h. The time step-size k and the degree
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of the time-stepping DPG discretization are chosen such that the spatial errors
is dominating. Hence, we expect from Theorem 5.8 to see convergence of order

O(h™+1). We illustrate these results in Tables 6.10 and 6.11 for r = 1,2, 3.

N, r=1 r=2 r=3

10 | 5.70e-03 1.29e-04 2.38e-06

15 | 2.52e-03 2.16 | 3.80e-05 3.25 | 4.68e-07 4.34
20 | 1.43e-03 2.08 | 1.51e-05 3.38 | 1.58e-07 3.97
25 1 9.20e-04 2.07 | 8.25e-06 2.85 | 6.23e-08 4.38
30 | 5.69e-04 2.02 | 3.95e-06 3.08 | 4.02e-08 4.01

Table 6.10: The errors |||Uy, —ul||10 for different time mesh gradings with v = 0.2.

We observe convergence of order A"+ for r = 1,2, 3.

N, r=1 r=2 r=3

10 | 5.64e-03 1.77e-04 2.29e-06

15 | 2.51e-03 2.16 | 5.67e-05 3.03 | 4.55e-07 4.32
20 | 1.42e-03 2.08 | 2.41e-05 3.15 | 1.50e-07 4.07
251 9.17e-04 2.06 | 1.26e-05 3.00 | 6.01e-08 4.29
30 | 5.68e-04 2.01 | 6.02e-06 3.12 | 2.28e-08 4.05

Table 6.11: The errors |||U, —ul||1o for different time mesh gradings with o = 0.7.

We observe convergence of order A"+ for r = 1,2, 3.
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Y 1)

Numerical Solution

Space

Figure 6.11: This figure that shows the numerical solution for « = 0.5 and v = 1.4.
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Figure 6.12: This figure that shows the exact solution for « = 0.5 and v = 1.4.
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Error Estimate

Space Time

Figure 6.13: This figure that shows the error estimate for « = 0.5 and v = 1.4.
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(b) Nonsmooth solution

We choose the initial datum such that the exact solution is:

u(z,t) = t'*sin(mx). (6.2)

Thus f(x,t) = (7%t'7* + T'(2 — a)) sin(mz). It can be seen that the regularity
conditions in (4.21) and (4.22) hold for ¢ = 1—a and § = 2—a. In this part we test
the accuracy of the time-stepping DPG when the solution of (1.3) in (6.2) is less
smooth than part (a). We From Theorem 5.8, we expect to observe convergence
of order O(k™+/2) for v > (2m + a)/(1 — o). However, the numerical results in
Tables 6.12, 6.13, 6.14, 6.15, 6.16, 6.17, 6.18, 6.19, 6.20 and 6.21 illustrate more
optimistic convergence rates compared and also demonstrated that the grading
mesh parameter 7 is slightly relaxed. We observe a uniform global error bounded

by Ckmin{yd=a)m+1} for 4 > 1, which is optimal for v > (m +1)/(1 — a).
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N vy=1 v =2 v=3

20 | 4.21e-03 4.26e-04 4.44e-04

40 | 2.52e-03 T7.41e-01 | 1.42e-04 1.58 | 1.14e-04 1.96

80 | 1.49e-03 7.58e-01 | 4.69e-05 1.59 | 2.88e-05 1.98
160 | 8.74e-04 7.72e-01 | 1.56e-05 1.60 | 7.22e-06 2.00
320 | 5.08e-04 7.82e-01 | 5.12e-06 1.60 | 1.70e-06 2.08

Table 6.12: The errors |||Uy — ul||1o for different time mesh gradings with m =1
and a = 0.2. We observe convergence of order k1=®7(= k0% for 1 < v <

(m+1)/(1 —a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Figure 6.14: Graph of error in Table 6.12.
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N vy=1 v =2 v =3

20 | 9.33e-03 1.48e-03 1.52e-03

40 | 5.62e-03 7.31e-01 | 4.50e-04 1.72 | 3.91e-04 1.96

80 | 3.53e-03 6.71e-01 | 1.72e-04 1.39 | 9.89e-05 1.98
160 | 2.20e-03  6.78e-01 | 6.52e-05 1.39 | 2.48e-05 2.01
320 | 1.38e-03  6.85e-01 | 2.47e-05 1.40 | 5.70e-06 2.12

Table 6.13: The errors |||Uy — ul||10 for different time mesh gradings with m =1
and o = 0.3. We observe convergence of order k(=®7(= k%™) for 1 < v <

(m+1)/(1—a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Figure 6.15: Graph of error in Table 6.13.
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N vy=1 v=25 v=4

20 | 4.25e-02 3.47e-03 1.68e-03

40 | 2.87e-02  5.66e-01 | 1.48e-03 1.23 | 4.28e-04 1.97

80 | 1.93e-02 5.76e-01 | 6.23e-04 1.24 | 1.08e-04 1.98
160 | 1.29e-02 5.77e-01 | 2.62e-04 1.25 | 2.71e-05 2.00
320 | 8.69e-03  5.73e-01 | 1.10e-04 1.25 | 6.33e-06 2.09

Table 6.14: The errors |||Uy — ul||1o for different time mesh gradings with m = 1
and o = 0.5. We observe convergence of order k(=®7(= k%) for 1 < v <

(m+1)/(1—a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Figure 6.16: Graph of error in Table 6.14.
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N v=1 v=4 v="T

10 | 1.82e-01 2.20e-02 8.64e-03

20 | 1.48e-01 2.94e-01 | 9.14e-03 1.27 | 2.26e-03 1.93

40 | 1.19e-01  3.12e-01 | 3.84e-03 1.25 | 5.78e-04 1.97

80 | 9.59e-02 3.18e-01 | 1.64e-03 1.22 | 1.45e-04 1.98
160 | 7.68e-02 3.20e-01 | 7.07e-04 1.21 | 3.81e-05 1.93

Table 6.15: The errors |||Uy — ul||10 for different time mesh gradings with m =1
and o = 0.7. We observe convergence of order k(=®7(= k%) for 1 < v <

(m+1)/(1—a) and for v > (m + 1)/(1 — «) the order of convergence is k™.

Errorin Lw(O,l;Lz(O,l))
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Figure 6.17: Graph of error in Table 6.15.
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N vy=1 v=25 v=4.5

10 | 6.25e-03 6.85e-04 4.54e-04

18 | 4.12e-03 7.09e-01 | 2.27e-04 1.87 | 5.65e-05 3.54
26 | 3.19e-03 6.93e-01 | 1.16e-04 1.82 | 1.55e-05 3.51
34 | 2.65e-03 6.88e-01 | 7.16e-05 1.81 | 6.26e-06 3.39
42 | 2.29e-03  6.86e-01 | 4.91e-05 1.79 | 3.17e-06 3.22

Table 6.16: The errors |||Us — ul||10 for different time mesh gradings with m = 2
and o = 0.3. We observe convergence of order k(=®7(= k%™) for 1 < v <

(m+1)/(1—a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Figure 6.18: Graph of error in Table 6.16 .
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N vy=1 v=4 v=26

5 | 5.56e-02 1.38e-02 2.31e-02
10 | 3.43e-02 7.01e-01 | 1.36e-03 3.34 | 2.98e-03 2.95
15 | 2.62e-02  6.65e-01 | 5.00e-04 2.47 | 7.99e-04 3.24
20 | 2.16e-02  6.53e-01 | 2.72e-04 2.10 | 2.97e-04 3.44
25 | 1.87e-02 6.46e-01 | 1.71e-04 2.08 | 1.42e-04 3.28

Table 6.17: The errors |||Us — ul||10 for different time mesh gradings with m = 2
and a = 0.5. We observe convergence of order k1=®7(= k097 for 1 < v <

(m+1)/(1 —a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Figure 6.19: Graph of error in Table 6.17.
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N v=1 v=2 v =

10 | 1.31e-01 6.32e-02 3.01e-02

20 | 1.02e-01 3.53e-01 | 3.83e-02 7.25e-01 | 1.42e-02 1.09
30 | 8.90e-02 3.44e-01 | 2.88e-02 7.04e-01 | 9.34e-03 1.03
40 | 8.07e-02  3.41e-01 | 2.35e-02  6.95e-01 | 6.99¢-03 1.01

90 | 7.48e-02  3.39e-01 | 2.02e-02 6.88e-01 | 5.61e-03  9.90e-01

Table 6.18: The errors |||Us — ul||10 for different time mesh gradings with m = 2
and o = 0.7. We observe convergence of order k1= (= k%37) for 1 < v <

(m+1)/(1—a).
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Figure 6.20: Graph of error in Table 6.18 .
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N v = v =2 v=3

4 | 8.30e-03 3.28e-03 1.50e-03

8 | 3.92e-03 1.08 | 9.82e-04 1.74 | 2.46e-04 2.61
12 | 2.85e-03 7.88e-01 | 5.16e-04 1.58 | 9.49e-05 2.36
16 | 2.28e-03  7.66e-01 | 3.32e-04 1.52 | 4.94e-05 2.27
20 | 1.93e-03  7.55e-01 | 2.37e-04 1.49 | 3.01e-05 2.23

Table 6.19: The errors |||Us — ul||10 for different time mesh gradings with m = 3
(that is, the DPG time stepping solution is piecewise cubic) and o = 0.3. We

observe convergence of order k(=7 (= k%) for 1 < < (m +1)/(1 — ).
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Figure 6.21: Graph of error in Table 6.19 .
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N vy=1 v =2 v=3

6 | 4.87e-02 1.83e-02 7.87e-03
10 | 3.43e-02  6.92e-01 | 8.86e-03 1.42 | 2.65e-03 2.13
14 | 2.74e-02  6.67e-01 | 5.67e-03 1.32 | 1.54e-03 1.61
18 | 2.32e-02  6.56e-01 | 4.15e-03 1.25 | 1.03e-03 1.58
22 | 2.04e-02  6.49e-01 | 3.37e-03 1.02 | 7.56e-04 1.56

Table 6.20: The errors |||Us — ul||10 for different time mesh gradings with m = 3

and o = 0.5. We observe convergence of order k=7 (= k%5 for 1 < v <

(m+1)/(1—a).
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Figure 6.22: Graph of error in Table 6.20.
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N vy=1 v =2 vy=3

4| 1.47e-01 1.02e-01 7.07e-02

8 | 1.11e-01 4.04e-01 | 5.77e-02 8.27e-01 | 2.95e-02 1.26
12 1 9.58e-02  3.72e-01 | 4.23e-02 7.66e-01 | 1.84e-02 1.15
16 | 8.63e-02 3.62e-01 | 3.41e-02 7.45e-01 | 1.34e-02 1.11
20 | 7.97e-02 3.57e-01 | 2.90e-02 7.33e-01 | 1.06e-02 1.07

Table 6.21: The errors |||Us — ul||10 for different time mesh gradings with m = 3
and o = 0.7. We observe convergence of order k1= (= k%37) for 1 < v <

(m+1)/(1—a).
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4 6 8 10 12 14 16 18 20
Number of time steps N

Figure 6.23: Graph of error in Table 6.21.

Next, we test the performance of the spatial finite elements discretizaton of
(order degree r) of the scheme (5.9). We use a uniform spatial mesh consists

of Nz subintervals and each is of width h. The time step-size k and the degree
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of the time-stepping DPG discretization are chosen such that the spatial errors

is dominating. Hence, we expect from Theorem 5.8 to see convergence of order

O(h™+1). We illustrate these results in Tables 6.22 for r = 1, 2.

N, r=1 r=2

6 | 1.65e-02 1.21e-03
10 | 5.92e-03 2.26 | 1.71e-04 3.11
14 | 3.02e-03 2.17 | 5.49e-05 2.97
18 | 1.83e-03 2.13 | 2.44e-05 2.93
22 | 1.09e-03 2.18 | 1.12e-05 3.59

Table 6.22: The errors |||Uy, —ul||10 for different time mesh gradings with oo = 0.3.

We observe convergence of order A"+ for r = 1, 2.

Numerical Solution

Space

Time

Figure 6.24: This figure that shows the numerical solution for « = 0.3 and v = 3.
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Figure 6.25: This figure that shows the exact solution for « = 0.3 and v = 3.
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Figure 6.26: This figure that shows the error estimate for « = 0.3 and ~ = 3.

Example 2 ( two dimension in space)

We let Q = (0,1) x (0,1), Au = ugy + uyy, T =1 and ug = 0.
(a) Smooth solution

We choose the initial datum such that the exact solution is:

u(z,y,t) = t'sin(7x) sin(ry) (6.3)

Thus f(z,y,t) = (7217 + T'(2 + «)) sin(7z)sin(my). As part (a) in examplel,

the theoretical results in Theorem 5.8 show the convergence of order O(k™+/2)

amta mtll  However, the numerical results in Tables 6.23
a+1? a+l ’ )

for ~ > max{
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6.24 and 6.25 illustrate more optimistic convergence rates compared and also
demonstrated that the grading mesh parameter 7 is slightly relaxed. We observe
the uniform global error bounded by CE™{y(+a)m+1} for ~ > 1 which is optimal

for vy > (m+1)/(a+1).
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N vy=1 v=14 v=18

10 | 1.58e-01 8.11e-02 4.16e-02

20 | 8.05e-02  9.74e-01 | 3.15e-02 1.36 | 1.23e-02 1.75

40 | 3.49e-02  1.20e+00 | 9.79¢-03 1.69 | 2.75e-03 2.17

80 | 1.58e-02 1.14e+00 | 3.24e-03 1.59 | 6.64e-04 2.05
160 | 6.87e-03  1.20e+00 | 1.01e-03 1.68 | 1.48e-04 2.16

Table 6.23: The errors |||Us, — ul||7 for different time mesh gradings with m = 1
and o = 0.2. We observe convergence of order k*V7(= k'?7) for 1 < v <

(m+1)/(a+1) and for v > (m + 1)/(a+ 1) the order of convergence is k™! .

10° ¢ :
f —%—y=1 ]
- > y:1.4 4
101
S
a10°F
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e
8
-
=
5 10°F
( i
1074; 3
| | |

0 20 40 60 80 100 120 140 160
Number of time steps N

Figure 6.27: Graph of error in Table6.23 .
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N vy=1 v=1.2 vy=14

10 | 1.09e-01 7.1560e-02 4.72e-02

20 | 4.68e-02 1.21 2.61e-02 1.46 | 1.45e-02 1.70

40 | 1.65e-02 1.50 7.46e-03 1.81 | 3.38e-03 2.10

80 | 6.15e-03 1.42 2.28e-03 1.71 | 8.47e-04 1.99
160 | 2.17e-03  1.50 6.54e-04 1.80 | 1.97e-04 2.11

Table 6.24: The errors |||Uy, — ul||7 for different time mesh gradings with m = 1

and a = 0.5. We observe convergence of order k®*V7(= k197) for 1 < v <

(m+1)/(a+1) for and for v > (m+1)/(a+ 1) the order of convergence is k™!

Errorin Lw(O,l;LZ(Q))

10 :
—f—y=1
—b—y=1.2
) —o—y=14
10 .
107} .
10°} .
10k .
l l l l l l l
0 20 40 60 80 100 120 140

Number of time steps N

Figure 6.28: Graph of error in Table 6.24 .
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N vy=1 vy=1.1 vy=1.2

10 | 8.42e-02 6.65e-02 5.25e-02

20 | 3.25e-02 1.36 | 2.33e-02 1.51 | 1.67e-02 1.65

40 | 9.98e-03 1.70 | 6.37e-03 1.87 | 4.07e-03 2.04

80 | 3.27e-03 1.61 | 1.86e-03 1.77 | 1.06e-03 1.93
160 | 1.00e-03 1.70 | 5.09e-04 1.87 | 2.58e-04 2.04

Table 6.25: The errors |||Uy, — ul||7 for different time mesh gradings with m = 1
and o = 0.7. We observe convergence of order k*V7(= k'™) for 1 < v <

(m+1)/(a+1) and for v > (m + 1)/(a+ 1) the order of convergence is k™.

-1

10

ErrorinL_(0,1;L,(Q))

10}

| |
0 20 40 60 80 100 120 140 160
Number of time steps N

Figure 6.29: Graph of error in Table 6.25 .

(b)(Nonsmooth solution)

We choose the initial datum such that the exact solution is:

u(z,y,t) =t sin(7z)sin(7y) (6.4)
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Thus

f(z,y,t) = (727 + T(2 — a))sin(7z)sin(7y)

Just as part (b) in examplel, the theoretical results in Theorem 5.8 prove that
convergence of order O(k™%/2) for v < (2m+a)/(1—a). However, the numerical
results in Tables 6.26, 6.27 and 6.28 illustrate more optimistic convergence rates
compared and also demonstrated that the grading mesh parameter ~ is slightly
relaxed. We observe a uniform global error bounded by Ckmir{r(i=e)m+1} fo

v > 1, which is optimal for v > (m +1)/(1 — ).
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N vy=1 v =2 v =3

10 | 1.55e-01 3.14e-02 6.31e-03

20 | 9.57e-02 6.97e-01 | 1.19e-02 1.39 | 1.47e-03 2.10

40 | 5.92e-02  6.94e-01 | 4.54e-03 1.39 | 3.44e-04 2.10

80 | 3.66e-02 6.94e-01 | 1.72e-03 1.40 | 8.03e-05 2.10
160 | 2.26e-02  6.95e-01 | 6.53e-04 1.40 | 1.87e-05 2.10

Table 6.26: The errors |||Uy, — ul||7 for different time mesh gradings with m = 1
and o = 0.3. We observe convergence of order k(=®7(= k%™) for 1 < v <

(m+1)/(1—a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Number of time steps N

Figure 6.30: Graph of error in Table 6.26 .
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N vy=1 v=25 v=4

10 | 3.32e-01 1.00e-01 3.02e-02

20 | 2.35e-01 4.99e-01 | 4.24e-02 1.24 | 7.64e-03 1.99

40 | 1.66e-01  4.97e-01 | 1.79e-02 1.24 | 1.92e-03 1.99

80 | 1.18e-01 4.96e-01 | 7.59e-03 1.24 | 4.79e-04 1.99
160 | 8.36e-02  4.95e-01 | 3.20e-03 1.25 | 1.19e-04 1.99

Table 6.27: The errors |||Uy, — ul||7 for different time mesh gradings with m = 1
and a = 0.5. We observe convergence of order k1=®7(= k097 for 1 < v <

(m+1)/(1 —a) and for v > (m + 1)/(1 — «) the order of convergence is k™.
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Number of time steps N

Figure 6.31: Graph of error in Table 6.27 .

142



N vy=1 v=4 v=7

10 | 4.67e-01 1.35e-01 3.89e-02

20 | 3.94e-01 2.44e-01 | 6.90e-02 9.65e-01 | 1.21e-02 1.69

40 | 3.20e-01  2.99e-01 | 3.02e-02 1.19 | 2.84e-03 2.09

80 | 2.63e-01 2.83e-01 | 1.38e-02 1.13 | 7.16e-04 1.99
160 | 2.14e-01  2.99e-01 | 6.04e-03 1.19 | 1.67e-04 2.09

Table 6.28: The errors |||Uy — ul||7 for different time mesh gradings with m =1

and o = 0.7. We observe convergence of order k(=®7(= k%) for 1 < v <

(m+1)/(1—a) and for v > (m + 1)/(1 — «) the order of convergence is k™.

Errorin Lm(O,l;Lz(Q))
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-4

143

M\H\ﬁe
L —%F—vy=1 4
—b>—y=4
—O—y=7
0 20 40 60 80 100 120 140
Number of time steps N
Figure 6.32: Graph of error in Table 6.28.
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