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THESIS ABSTRACT

NAME: Waled Al-Khulaifi
TITLE OF STUDY:  Polynomial Solutions of Differential Equations
MAJOR FIELD: Department of Mathematics and Statistics

DATE OF DEGREE: May 2013

Polynomial solutions of linear differential equations have been investigated by
many authors. In this thesis, we study a new approach based on elemen-

tary linear algebra for investigating polynomial solutions of differential equations

N
L(y) = 3 ar(2)y™® = 0 with polynomial coefficients. Any differential operator
=0

of the form L(y) = If:ak(x)y(k), where ay, is a polynomial of degree < k, on
=0
the space of polynomials over an infinite field F, has all eigenvalues in F. If
these eigenvalues are distinct, then there is a unique monic polynomial of degree
n which is an eigenfunction of the operator L. We also carry out a study of
orthogonality of such eigenfunctions. Further for the general case of operators
N

L(y) = Y. ap(z)y™® where degree of the polynomials ay, is arbitrary, an algorith-
k=0

mic procedure is presented for determining the existence of polynomial solutions

vii



as well as for constructing these solutions. An implementation of the algorithmic
procedure is carried out through Maple codes which are applied to obtain poly-
nomial solutions of different types of differential equations of current interest in

Physics.
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CHAPTER 1

INTRODUCTION

Polynomial solutions of linear differential equations is a classical topic. Many
authors have extensively studied it, especially in relation to the orthogonal prop-
erties of these solutions; see for example [10, 13, 21] and the references therein.
In 1884, Routh [20] gave a classification of second order differential equations
with polynomial coefficients and discussed the orthogonality of these solutions.
Bochner (1929) [4] also gave a classification of these linear differential equations
but he missed some cases namely those yielding Romanovski polynomials. In
1930, Brenke [6] investigated polynomial solutions of linear differential equations
using an approach similar to the one presented here. In his classification of second-
order ODEs that have polynomial solutions, he discussed mainly the self-adjoint
case. Polynomial solutions are also of current interest in Physics. Indeed, many
authors, e.g. [11, 23] have studied their existence in relation to some specific

problems, for example Schrodinger’s equation with Coulomb potential, which is



useful as a model potential in atomic and molecular physics [12]. Azad et al.
[1, 2] approached the subject using elementary linear algebra, and recovered all
the classical orthogonal polynomials as well as some non-classical ones. In this
thesis we will study in detail this approach and apply it to several ODEs that are
of current interest, and provide an algorithmic procedure which can be used to
compute polynomial solutions of arbitrary degree, when they exist, depending of
course on the available computational power.

We now give a summary of the contents of the thesis. In Chapter 2 we give the
details of the theoretical results of this approach. Chapter 3 presents the algo-
rithms using Maple. In Chapter 4 we use the Maple codes on examples that arise

in Physics.



CHAPTER 2

MAIN RESULTS

This is the fundamental chapter of this thesis, we classify all linear differential
operators of N-th order, which have polynomial coefficients and operate on the
space of polynomials over an infinite field, into two cases which are presented in
two sections. In each section we deal with the general form of the operators, then
we focus our attention to second-order operators because of their importance in
applications.

Throughout, P is the space of all polynomials over an infinite field F' and P, is
the subspace of polynomials of degree at most n. Let L : P — P be the Nth-order
operator defined by L(y) = k% ay(z)D*y where D is the usual differential operator

=0

and ay(x) is a polynomial of degree d;, (0 < k < N). We will distinguish and study
two cases for the operator L depending on whether d; < j for all 0 < 7 < N, and

which we call non-defective operator, or d; > j for some j (0 < j < N) which

we call defective operator.



2.1 Non-defective operators

Following [1], we will show that non-defective operators have all their eigenvalues
in the field F' and in case the eigenvalues are distinct, there is exactly one monic
polynomial in every degree which is an eigenfunction of L. In the first part, we
consider general operators of order NNV, in particular N = 2, while, in the second

part, we restrict our attention to second-order self-adjoint operators.

2.1.1 General case

In this case we can assume that a,(z) = > agpz™ where ay, = 0 if k < h. Let
h>0

L(y) = ag(x)Dky. (2.1)

N
k=1
It is obvious that P, is L-invariant for each non-negative integer n. For 1 <
Jj < n, L(z7) is a scalar multiple of 27 plus lower order terms, from this we
see that the matrix representation A, of L, with respect to the standard basis
B, ={1,z,...,2"}, is upper triangular and the eigenvalues are the coefficients of

27 in L(27) . The following example will illustrate the pattern of entries of the

matrix A,

Example 2.1 Let Py be the space of all polynomials of degree at most 4 and

3
consider the 3™ order operator L such that Ly = > ap(z)D*y. The matriz
k=1



representation of L relative to the standard basis By = {1, z, 22, 23, 21} is

0 a 2a4 6aso 0
0 ay1 2a19+ 2a9; 6aqg + 6as; 24a30
As=10 0 2a11+2a 3aip+6as +6azs  12a9 + 24ag u
0 0 0 3ai; + 6ags + 6ass 4aig + 12a9 + 24as;
0 0 0 0 day; + 12a92 + 24ass

Now, when L is operating on P, the (n 4+ 1) x (n + 1) matrix representation in

the standard basis of P, will be of the form:

An = |27 = k) ke priej

k>1

] 1<7,5<n+1

where (j — k)= (G —1)(j —2)...(j — k) and ag, = 0 when k < h. Clearly A, 44
is obtained from A,, by adding one row and one column at the end, and so all the

eigenvalues of the operator L are in F' and are given by

Ao =0,\, =nay +n(n—1)ag + -+ nlay, forn >1

where a,, = 0 if n > N. From the invariance of P, under L, each ), has an
eigenfunction of the form vy, = Y0+ yn1x+- - -+ Ynnx™ whose vector representation
18 (Ynos Ynis - - - ,ym)T in the standard basis B, and can be computed from the

homogeneous triangular system

(An - AnI)(ynm Yniy - - - aynn)T =0 (22)



We shall use the following definitions and lemma.

Definition 2.2 Let A be an eigenvalue of an operator L on a finite dimensional
vector space V. The geometric multiplicity of X is the dimension of its eigenspace
while its algebraic multiplicity (or multiplicity for short) is its multiplicity as a

zero of the characteristic polynomial of L.

Definition 2.3 The eigenvalue X is said to be
(1) simple if its algebraic multiplicity is equal to 1.
(2) semisimple if its algebraic and geometric multiplicities are equal.

(3) defective if its algebraic multiplicity is greater than its geometric multiplicity.

Lemma 2.4 Geometric multiplicity < Algebraic multiplicity

Proof. Suppose that dim(V') = n and let F) be the eigenspace corresponding
to A where dim(FE)) = m. Let {vi,vq,...,v,} be a basis for E, and extend this
basis to a basis B for V' by adding vectors v,,11, Vmio,...,v,. We see that the

matrix representation of L, with respect to the basis B, is

M, C
A=|[Llp =
0 D
where L(v;) = Av; for ¢ = 1,...,m while C and D are block matrices. Now the

characteristic polynomial p4(x) of A is

pa(z) = (A = 2)"pp(z)



where pp(z) is the characteristic polynomial of D. Hence, the geometric multi-
plicity is less than or equal to the algebraic multiplicity. |
Now back to the study of the operator L(y) on the space of polynomials. We can

prove the following result:

N
Corollary 2.5 Let L : P — P be an operator given by L(y) = >~ ax(x) D*y, where
k=1
ar(z) is a polynomial of degree at most k. If all the eigenvalues Ao, A1, ..., A\, (for
some n) are distinct, then L has (up to a constant) a unique polynomial for each

degree v (0 < r < mn) corresponding to A, as an eigenfunction.

Proof. Without loss of generality, suppose there are at least two different monic
polynomials p ad ¢ of different degrees as eigenfunctions of A.. Since p and gq
are linearly independent, the dimension of the eigenspace that contains p and ¢
should be at least 2, but A, has multiplicity 1 which contradicts Lemma 2.4 (when

applied to L|p, ). |

Now, we summarize the above in the following proposition

Proposition 2.6 [1, Proposition 2.1] Let L : P — P be an operator given by

N

L(y) = 3 ap(z)D*y, where ay(x) is a polynomial of degree at most k. For each
k=1

kE(1<k<N), letcy be the coefficient of 2* in ay(z). Then all the eigenvalues of

L are in the field F and are Z-linear combinations of the cy. If all the eigenvalues

are distinct, then L has, up to a constant, a unique polynomial for each degree as

an eigenfunction.



Some observations concerning the eigenvalues and their multiplicity can be pointed

out. First, let
f)=car+cr(z—1)+--+ceyz(z—1)...(x —N+1) (2.3)

where as in Proposition 2.6, ¢, = ayy is the coefficient of z* in a;. Then each
eigenvalue A, of L is just f(n) (n > 0). This immediately gives an (N + 1)-term

recurrence relation between the eigenvalues.

N
Lemma 2.7 Let g(x) =Y a;z' and let E be the shift operator given by Eg(x) =
i=0

g(z +1), then (B — 1)NTlg(x) =0

Proof. By induction, when N = 1 suppose that g(z) = ag + a;x then

(E—1)%g(z) = (E—1)(E-1)g(x)
= (E—-1)(Eg(z) — g(x))
= (E-1)(g(z+1)—g(z))
= (E—1)(ap+ @z +a; —ap — ayx)

= (E — 1)@1

Assume that (E — 1)Ng(z) = 0 if deg(g) < N. If deg(g) = N then

(E—1)""g(@) = (B - 1)"(E - 1g(z)



but deg((E — 1)g(x)) < N, so from induction hypothesis we conclude that

(B —1)Mg(x) = 0

From Lemma 2.7 we derive (E — 1)¥*1f(n) = 0. When all the ¢, are zero (i.e.
all eigenvalues are equal to zero), then f is identically zero and one can get eigen-
functions of L by considering the (/N — 1)-st order operator obtained from L by
replacing Dy by y. We therefore assume that f is not the zero polynomial. Sup-
pose that an eigenvalue is repeated r times, say

Ay = Apy = -+ = A\p,, Where 0 < ny; <mny <--- <n,. Here, f takes on the same
value at r different non-negative integers, and so r < deg(f)< N. If the field is R

then we have the following lemma

Lemma 2.8 Let f(x) be a non-constant polynomial over R. Then for every a €

R, the set {x : f(x) = a} is finite.

Proof. For fixed real number a € R, assume the set {z : f(z) = a} is infinite.
Consider g(z) = f(x) — a. This would have more than N distinct zeros, where N

is the degree of f, which is impossible. |

Since f is not constant, there exists an interval [k, o0), where k is a positive
integer, over which f is monotonic. This means that only finitely many eigenvalues

An, of L have multiplicity greater than 1, and, if any exist, they must all lie



between the largest local maximum and the smallest local minimum of f for
x > 0. Another fact worth noticing occurs when N = 2. Suppose that not both
coefficients ¢; and ¢y are zero and that an eigenvalue has algebraic multiplicity 2,
say A, = A, for some non-negative integers n < n’. Then, from Equation (2.3),
cn+ean(n—1) = ¢yn’ +cen/(n’ — 1) implies ¢1(n —n') +ca(n—n')(n+n'—1) = 0.

Since n —n’ # 0, this leads to ¢; + co(n +n' — 1) = 0 and so

an+n)+cn+n)(n+n —1)=0

which means A, ,» = 0. Since the multiplicity of the eigenvalue zero cannot exceed
2, we obtain that for each integer k& > n + n/, the eigenvalue A\, has multiplicity
1. We also see that if n; +ny = n + n’, where n; < ng, by reversing the steps

made previously we get \,, = A,, meaning that the number of eigenvalues that

have multiplicity 2 is ("*2"/} where [x] = min{n € Z|n > x}.

Proposition 2.9 [1, Proposition 2.2] Let the field be R. Then, with the above

notation, either all eigenvalues of the N-th order operator L are equal to 0 or all

have multiplicity 1 except finitely many of them which will then have multiplicity

at most N. In case N = 2, there will be eigenvalues with multiplicity 2 precisely

when a non-negative integer k exists for which ¢y + kcy = 0, and then the number
k41

of such eigenvalues is [“1=].

Now, we focus on second-order operators. Let L(y) = a(z)y” + b(x)y’, where
deg(a) = 2, deg(b) < 1. By using scaling and translation on a(z) we can assume

10



that a(z) = 2> — 1, 22 + 1 or z%. To see this let p(x) = 2? + bx + ¢. Then p(z)
can be classified into one of the three possible cases:

Case 1: p(z) has a repeated zero m, so one can write p(x) = (z — m)?. If we use
the translation g = x — m then p(u) = p(x —m) = p(x) where p(u) = p>.

Case 2: p(x) has two distinct real zeros say m; and ms, then

p(x) = (z —m)(z —ma) = (x4 (Z7572))% — ("572)°

Let o = =™="2 and 8 = "5, then

p(z) = (z 4+ «)* — 32, the translation Bu = z + « gives p(u) = B2(u? — 1) where
p#0.

The last case where p(x) has two distinct complex zeros can be treated in the

same way as Case 2 to obtain p(u) = £%(u* + 1).

Proposition 2.10 [1, Proposition 2.3] (i) The equation (z*+¢€)y” + (ax+ B)y +
Ay =0, e=0,1,—1 has unique monic polynomial solutions in every degree if o« > 0
or if a < 0 and it is not an integer. If o = —(n+m —1) for 0 < m < (n—1),
then the eigenvalue A = n(n — 1) + an = —nm has algebraic multiplicity 2 and
ergenpolynomials can only be of degree n or m. An eigenpolynomial y = kf: apx®
=0

is of degree n if and only if €aya(m +2)(m+ 1) + Bapi(m+1) =0

in which case the X eigenspace in P, is two-dimensional; otherwise the A eigenspace
s one-dimensional.

(11) The equation xy"+ (ax+ )y’ + Ay = 0 has unique monic polynomial solutions

in every degree if a # 0.

11



(i1i) The equation y" + (ax+ B)y + Ay = 0 has unique monic polynomial solutions

in every degree if o # 0.

Proof. (i) Let L(y) = (2 + €)y” + (ax + B)y’, where ¢ = 0,—1,1. Using
Equation (2.3) with ¢; = o and ¢y = 1 or noticing that the eigenvalues are given
by the coefficients of ™ in L(z™) we obtain the eigenvalues A\, = n(n — 1) 4+ an.
Suppose such an eigenvalue is a repeated eigenvalue (i.e. there is m # n such that
Am = An). Then, n(n —1) +an = m(m — 1) + am which gives « = —(n+m —1).
This means that if « is not an integer or if o is a positive integer, then the
operator L has distinct eigenvalues. From Proposition 2.6, there is, up to a
scalar, only one polynomial in every degree which is an eigenfunction of L.

Now let &« = —(n +m — 1) where n and m are non-negative integers and
A =n(n—1)4an = —nm. We may assume that n > m. Suppose there is another
integer k such that Ay = A\, with k #n. Thena=—-(n+m—-1)=—(n+k—1)
gives k = m. Therefore, if there is a repeated eigenvalue, it is of multiplic-
ity 2 and eigenpolynomials can only be of degree m and n. Moreover, if
a=—(n+m-—1)=—(i+j — 1) then the eigenvalue —ij is also repeated.

Always assuming that a = —(n +m — 1) where n > m >0, let y = >_ apz* then
k=0

Ly) = [agk(k — 1) 4+ capyo(k 4+ 2)(k 4+ 1) + aapk + Baj1 (k + 1)]2"

+lan_1(n —1)(n —2) + aa,_1(n — 1) + Bay,n)z™ ' + [n(n — 1) + an]a,z"

12



The solutions of L(y) = Ay = (n(n — 1) + an)y = —(nm)y satisfy therefore

akk(k — 1) + eak+2(k + 2)(k‘ + 1) + OéCka + ﬁak+1(/€ + 1) = )\CLk, (k = O, . ,n)

(2.4)

Where a,11 = 0 = a,2 and a, # 0. The following is the system of equations we

obtain from (2.4).

2¢eas + Paq Ao
€amia(m +2)(m + 1) + Bami1(m + 1) + ap(m(m — 1) + am) Ay,
an_1(n—1)(n— 24 a) + Ba,n A1
Aay, Aay,
(2.5)

From Equation (2.4) we can solve for aj in terms of agi1, ari2 provided

k(k — 1)+ ak — XA # 0. Therefore, we can solve for all a; with & > m in terms of

a,. For k = m, Equation (2.4) becomes

€amp2(m+2)(m+ 1)+ Bapi(m+1) = [A=m(m —1) —amla,, =0 (2.6)

13



Since a,,4+2 and a,, 41 can be written in terms of a,, Equation (2.6) has the form
g(a, B,€)a, = 0 where g(«, 5,¢€) is a linear combination of the parameters «, 3
and e.

If g(o, B, €) = 0 then a,, can be arbitrary and every a; for k < m is determined in
terms of a,, and a,. In this case, the \ eigenspace is two-dimensional. If a, = 0
then ap = 0 for n > k& > m which means that there is no eigenpolynomial of
degree > m. In this case, there will be a unique monic eigenpolynomial of degree
m.

(ii) and (iii) Here the proof follows from the fact that the eigenvalues of the

operator L in both cases are an so, for a # 0, all the eigenvalues are distinct. |

Proposition 2.10 shows that there are cases where the algebraic and geometric
multiplicities are equal to 2 and cases where the algebraic multiplicity is 2 and

the geometric multiplicity is 1 (cf. [4]).

Corollary 2.11 [1, Corollary 2.4] Let L(y) = z*y" + (ax + B)y.

(i) If v is not a non-positive integer then all the eigenvalues of L are distinct.
(i1) If « = —(n+m—1) where n > m > 0 then all eigenvalues A except A = —nm,
are distinct and the eigenvalue —mm has multiplicity 2.

In this case if B = 0 then all the eigenvalues are semisimple with eigenpolynomials
o8 (k=0,1,...).

If B # 0 then the repeated eigenvalue —nm is defective with eigenpolynomial

> (=8 () G (= 5)'

14



Proof. (i) and the first statement of (ii) follow directly from Proposition 2.10.
Putting « = —(n+m — 1) where 0 < m <n—-1, A =n(n—1) +an = —nm,

¢ = 0 in Equation (2.4) we get

agk(k —1) — (n+m — Dagk + Pag1(k+ 1) = (—nm)ay

i.e Bap(k+1)=ap(k—k*+kn+km—k—nm)

Which leads to

Pagi1(k+1) = ap(n — k)(k —m) (2.7)

We now have a system of equations

Bay ag(—nm)
66me am_l(m —-n — 1)
/Bam-l-l(m + 1) 0
= (2.8)
Bama(m + 2) api1(n—m —1)
Bann an,l(n —1-— m)
Ban—i-l(n + 1) 0

15



If 8 =0, then ax(n — k)(k —m) = 0. Therefore, all a5, are zero except for k =n
and k£ = m. The general solution is therefore a linear combination of 2™ and z™.
The eigenvalue A\ = —nm in this case is of geometric multiplicity 2.

Now, let 8 # 0. For kK = n and k = m Equation (2.7) gives fa,+1(n+ 1) =0 and
Bami1(m + 1) = 0. Since a,; is zero, if there is an eigenpolynomial of degree n
then we must have a,,11 = 0 and therefore all a, = 0 for (k =m+1,...,n). This
means that there cannot be an eigenpolynomial of degree n.

Now from Equation (2.7) we get

Bak+1(k3 + 1)
(n—k)(k—m)

ap — ng’gm—l

Taking a,, = 1 one can evaluate the coefficients

a = —mp

" (n—(m—1)

" _ (—=1)%m(m — 1)B?

m 2(n—(m—1))(n—(m—2))

B o 5 3(m (n —m)!
s TR o gy o 13 R (3)(n—(m—3))!




Which gives the monic eigenpolynomial of degree [

> () Sty

=0

2.1.2 Self-adjoint case

After we established the basic results of this approach we shall investigate neces-
sary and sufficient conditions for a second-order operator to be self-adjoint. We
give a complete classification of second-order operators which are self-adjoint with

respect to some weight function, using an inner product on P of the form

wwwa/mwmwmwm

1

where u,v € P, p > 0 is the weight function and [ is a finite or infinite inter-
val. This includes all the classical orthogonal polynomials and some non-classical
ones. In the last part of this subsection, we briefly discuss recurrence relations for

orthogonal polynomials. We have the following general definitions

Definition 2.12 Two integrable real-valued functions u and v are orthogonal with

weight function p > 0 on an interval I if and only if

17



Definition 2.13 Let T' be an operator on an inner product space V. Then we say

that T is self-adjoint if

(T'(y),w) = (y,T(u))

for all y and u in V.

Now, the following proposition shows that both the weight and general boundary
conditions (for the interval I) are forced upon us as soon as we demand that the
operator L(y) = a(z)y” + b(z)y + c(x)y should be self-adjoint for some weight
function p. Throughout, we shall denote by E(x)|;, where E(z) is a function of x

and [ = (a,b) (finite or infinite) interval, the expression hril E(z) — lim £ (x).
T—0" Tr—a

Proposition 2.14 [1, Proposition 2.5] Let L be the operator defined by Ly =
a(x)y" +b(x)y + c(x)y on a linear space C of functions which are at least twice
differentiable on a finite interval I. Define a bilinear function on C by (y,u) =
[ pyudz, where p € C is nonnegative and does not vanish identically in any open

T
subinterval of I. Then

(Ly,u) — (y, Lu) = pa(uy’ — u'y)\; for all y,u € C if and only if (pa) = pb
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Proof.

Locu) = (.Lu) = [ pulay"+ by + )t~ [ pylan” + b+ cuo

1

pa(uy” —u"y)dz + /pb(uy’ —yu')dx
T

pa(uy” +u'y —u'y — u"y)dx + / pb(uy’ — u'y)dx
I

pa(uy’ — u'y) dx + /pb(uy' — u'y)dx (2.9)
T

N\ ~\ N\ N\

If (pa)" = pb, then

(Ly,u) — (y, Lu) = /pa uy' — u'y dfc+/ (wy' —u'y)dx
I

I
= /pauy—uy )| dx
I

= (pa)(uy’ —u'y)ls

For the converse, assume that (Ly, u)—(y, Lu) = (pa)(uy’ —u'y)|;, from integration

by parts we have [(pa)(uy’ —u'y)'dz = (pa)(uy’ —u'y)|; — [(pa) (uy’ —u'y)dz i.e.
T T

(pa)(uy' —u'y)|; = / (pa)(uy’ — u'y)'dx + / (pa)' (uy —u'y)dz  (2.10)

1 1
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since the left-hand sides of Equations (2.10), (2.9) are equal we get

(pa) (uy' — u'y)dx = / pb(uy’ — u'y)dx
I

i.e. [ ((pa) — pb)(uy' —u'y)dx =0

N\J ’N\

Putting w = (pa)’ — pb, u = 1, and choosing y so that ¢y’ = (pa)’ — pb, we get

/deaz =0

I

t
Suppose first that I is an open interval (a, 3). Then, from lim+ [ widz =0, we
s—a g
t—B~

get for each subinterval [o,7] of I, [w?dz = 0. From Mean Value Theorem for
integrals there is d € [0, 7] such that w?(d) = —= [w?dz = 0 for each 0,7 € I

where ¢ < 7, which implies w? = 0 on I and so w is identically zero on I. The

case when one or both endpoints of I are in [ is similarly dealt with. |

From Proposition 2.14, the operator L would be self-adjoint if there is no contri-
bution from the boundary terms: this is ensured if the product a(x)p(z) vanishes
at the endpoints of the interval (finite or infinite) on which the natural weight
function p(x) associated to L is integrable on the entire interval and it is deter-

mined from Proposition 2.14:
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Let z = pa then

d b
= &~ —dx
z a
b
= Ilnz= /—d:c
a
b b—ad
= lnp:/—dx—lna:/ ¢ iz
a a
So the weight function is of the form
[ b
p:efba v o p:—eH ,  a#0 (2.11)
a

Now the following lemma yields immediately orthogonal polynomials

Lemma 2.15 Let L be the operator defined in (2.1) on the inner product space
P,,. If L is self-adjoint then eigenpolynomials corresponding to distinct eigenvalues

are orthogonal.

Proof. Let y,, and y, be the eigenpolynomials corresponding to the eigenvalues

Am and A, (A, # \). From the self-adjointness of L we see that

0= (L(ym)a yrl) - (yma L(yn)) = ()‘mymayn) - (yma )‘nyn) = ()‘m - An)(yma yn)
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Since the eigenvalues are distinct, we obtain

From Lemma 2.15 we see that when L is self-adjoint (with distinct eigenvalues),
we obtain orthogonal eigenpolynomials. Let us summarize the requirements for

the operator L to be self-adjoint

1. the leading term a(x) is non-zero of degree at most 2, the degree of b(z) is

at most 1 and ¢(x) is a constant.

2. the natural weight function associated to L is integrable on the interval [

determined by roots of a(z).

3. p(x)a(zx) vanishes at the endpoints of I and, in case there is an end point
at infinity, the product p(x)a(x)P(z) should vanish at infinity for all poly-

nomials P(z).

4. all polynomials should have finite norm on the interval I with the weight

p(x).

Now, we study the possible cases for the operator L with respect to the leading
term a(x)

Case 1: The polynomial a(z) has two distinct real roots.
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By scaling and translation we may assume that a(z) = 1 — 2% and so the roots

are 1 and —1 and it is non-negative on the interval [—1,1]. Let b(x) = ax + 3, so

b(z)  axt+p e Ba
o@) (O=—2)(+2) 1-z 1+z

From Equation (2.11), the weight function p(z) is

B—«

1 Bta o —a
ple) = el I = (1) (1) (L) ()
—x
_ 1+x)ﬂ7372
(1_x)ﬁ+g+2

It is clear that the weight function p(x) is finite in the interval (—1,1) and is

B—a—2

integrable if =2 4+ 1 > 0 and =22 +1>0ie. f—a > 0and 8+ a < 0.

Thus a < f < —a, so a < 0.
Case 2: The polynomial a(z) has repeated roots.
By scaling and translation we assume that a(x) = 2. Let b(z) = ax + 3, so the

weight function is

o
iefiazgﬁdx _ iealn\:ﬂ 6—% _ |.T’ B_g

We can take the interval I = (0, 00), since fooo x" pdx must be finite for every non-

n+a—2

negative integer n, the integral [ AO; x e~%dx must also be finite for arbitrary

positive M. On any subinterval [M, M’] of [M, ), e~ has a positive minimum,
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k say. This implies

oo M’ m+a—1 n+oa—1
o _B _ M - M
a2 > k a2y = k
M M n+a—1

which goes to oo for sufficiently large n and M’, so this case does not arise.
Case 3: The polynomial a(x) is linear.

By scaling and translation we can assume that a(z) = x. Let b(z) = ax + f3, so
the weight function is

ief %wdx _ |$|6—16ax.

p(x) = 2]

This is integrable near zero if and only if 5 > 0. From the fact that

o0

/e‘”:vgdx (2.12)

0

where € > 0, is finite only if & < 0 we only choose one the intervals [0,00) or
(—00,0]. Without loss of generality let the interval I = [0,00), so the weight
function is p = 2771 with o < 0 and 8 > 0. From Equation (2.12) all the
eigenpolynomials P(z) have finite norm and the product zP(x)p(x) vanishes at
0 and oo. Hence the equation xy” + (ax + 8)y + Ay = 0, where the eigenvalue
is A = —an, has polynomial solutions in every degree and all are orthogonal (in
different degrees).

Case 4: When a(z) = 1.
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Here, the weight function is

az+f 2
Todr — % et

plz) = el

For all polynomials P(z), the product p(z)P(z) will vanish at the endpoints of
the interval I if o < 0, and therefore I must be (—o0, 00).

Case 5: When a(z) has no real roots.

We can assume that a(z) = 2% + 1 and b(z) = az + . Then the weight function
is

1 az+f

el T = (g2 4 1) f @ (2.13)

When o < 0 the product a(z)p(z) = (#2+1)2e” % (*) vanishes at the endpoints
of I = (—o00,00). Since P(z)p(x) must be integrable on I for all polynomials
P(z), we must have (22 + 1)" T2 ef @ @) integrable where n = deg(P(z)). For
all z and 8, ftan™'(x) > —[B|3, so that eftant (@) > o=IPl3 hence (224 1)"" 113
must be integrable on I, which is impossible for sufficiently large n.

Now we provide examples of classical orthogonal polynomials and non-classical

polynomials and discuss them using the ideas and the results obtained so far.

I) Classical orthogonal polynomials

1) Laguerre polynomials
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Consider the following differential equation
! /
zy" + (1 —x)y = A\y.

The operator L is given by L(y) = zy” + (1 — x)y’. The weight function
is p(x) = (ﬁ)ef 2t — == Hence the weight is integrable over the
interval I = [0,00). As i)fox”e_”dx = n!, all polynomials have finite
0
norm. As zp(x) vanishes at © = 0 and at infinity, the operator L is self-
adjoint on the space of all polynomials. For every non-negative integer
n, there must be a polynomial of degree n which is an eigenfunction
of L. The corresponding eigenvalue is given by the coefficient of z" in
L(z") which is A = —n. Therefore, the ODE for Laguerre polynomials is

xy" + (1 —x)y +ny =0.

Hermite polynomials

Here the differential equation is

y" —2xy + Ay = 0.

= el ~2ude #> and the interval is I =

The weight function is p(x) = e
(—00,00). Thus all polynomials have finite norm relative to this weight.
As 2" p(x) vanishes at oo and —oo, the operator L is self-adjoint with the

eigenvalues A = —2n. Hence there is a unique monic polynomial of every
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degree n which is an eigenfunction of L.

Jacobi polynomials

Consider the following differential equation

(1—2*)y" + (az + B)y + My = 0.

Here the operator is L(y) = (1 — z%)y” + (ax + B)y’ and the weight

function is

1
So [ p(x)dz would be finite if 5+ o < 0 and g — a > 0, that is, if
51

a<fB<—a,s0a<0.

Moreover,
B—a—2
+ax) 2 —(B+a)
p(x)a(z) = (1 - 2?) e = (L—2)” 7 (1
1—x) 2

From (2.14) we see that p(z)a(x) vanishes at the endpoints —1 and 1.

It is easy to verify that (L(z™),2") = (2™, L(z")) for all non-negative

integers m, n. Hence, L is a self-adjoint operator on the vector space

of all polynomials of degree at most n and so, there must be, up to

scalar, a unique polynomial which is an eigenfunction of L for eigenvalue
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A= —n(n—1) 4+ an. So the polynomials of different degrees that satisfy

the equation

(1 —2*)y" + (ax + B)y + (n(n — 1) —na)y =0 (2.15)

are all pairwise orthogonal with respect to the given inner product.
Remark If we substitute specific values for « and § in (2.15) then the
polynomial solutions will be special cases of Jacobi polynomials, Table

2.1 shows some standard examples because of their importance in appli-

cations.
Q@ £ | Polynomials
-2 0 | Legendre
—1 0 | Chebyshev (the first kind)
-3 0 | Chebyshev (the second kind)

—(2v+1) | 0 | Gegenbauer

Table 2.1

IT) Some non-classical polynomials

1) The equation t(1 —t)y" + (1 —t)y + Ay =0
This equation was obtained in [7] where the polynomial solutions were
determined by machine computations. Here, we apply the results we
had before to find the eigenvalues and to study the orthogonality of the
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polynomial solutions of this equation.
Let L(y) = t(1 — t)y" + (1 — t)y’ operate on P, where P, is the space
of all polynomials of degree at most n. The eigenvalues A\, of L are the

coefficients of ¢" in the expression
t(1—t)(n(n — D" ) 4+ (1 —t)(nt" )

so that A\, = —n% As we can see, the eigenvalues are distinct, so from
Proposition 2.6 there is, up to a constant, a unique polynomial of degree
n as an eigenfunction of L.

The weight function is p(t) = ﬁef At 7= on the interval (0, 1),

and it is not integrable over this interval. For every polynomial that is a

multiple of (1 —t), say y = (1 — t)1(¢t) we have

Liy) =t(1 =) [(A=1)y" = 2D+ (1 =) (L =)y —y))

which is also a polynomial multiple of (1 —¢). So L maps the space V
of all polynomials that are multiples of (1 — t) into itself. Moreover, the

norm of each polynomial in V' is finite:
1

/ p(1)((1 — typ(t))?dt = / (1 — R ()dt

0
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From Proposition 2.14, for every £ and n in V' we have

(L(€),m) = (& L(m)) = p(O)t(1 = )(En — Em)]y = t(&n —&m)| =0

1
0
since £ and n vanish at 1, the operator L is self-adjoint on V.
Now let V,, = (1 —1t)P,, where PP, is the space of all polynomials of degree
at most n. As the codimension of V,, in V.1 is 1, the operator L must
have an eigenvector in V,, for all the degrees from 1 to n + 1.

Therefore, there is, up to a scalar, a unique eigenfunction of degree n + 1
which is a multiple of 1—t for each n and all these functions are orthogonal

1

with respect to the weight p(t) = .

—
Romanovski polynomials
These polynomials are investigated in [19, 22] and their finite orthogonal-
ity is also proven there. We are going to apply the results of the approach

used here on these polynomials. Consider the following operator
Ly) = (14 2°)y" + (ax + B)y.

From Proposition 2.10 Part (i), when o > 0 or when o < 0 and it is not
an integer there is a unique monic polynomial in every degree which is
an eigenfunction of L. If « is a non-positive integer then the eigenspaces

corresponding to the eigenvalues of L can be two-dimensional for certain
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values of f3.

The weight function will be as in (2.13):
p(z) = (2% +1)°7 ftan™' (@),

Therefore, a polynomial of degree N is integrable over I = (—00, 00) with
weight p if and only if N < 1 — «a. If the product of two nonconstant
polynomials P, () is integrable, then the polynomials are themselves in-
tegrable for the weight p since deg(P) + deg(Q) = deg(PQ).

For polynomials P and @ and for sufficiently large ||
o an~1(z « 1 o an~1(z
(2* + DEST(PQ = PQ) = o] (L + ) Fe ™ W H (2)

where H(z) is a polynomial of degree at most deg(P)+deg(Q)— 1. Since

lim |z|*H(z) = 0 when a + deg(P) + deg(Q) — 1 < 0 we get

T—F00

(L(P).Q) ~ (P.LQ) = [Jef(1+ )t @) =0

—00

Therefore, if P, () are integrable eigenfunctions of L with different eigen-
values and « + deg(P) + deg(Q)) — 1 < 0, then P, @ are orthogonal.
For further reading concerning applications for Romanovski polynomials

in Physics, the reader is referred to [19].
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As we shall see, the coefficients of the three-term recurrence relation (2.16) for
orthogonal polynomials can be obtained from their norms.'To do that, we prove

the following well-known proposition.

Proposition 2.16 [3, p.356] [1, Proposition 2.6] If P, is a sequence of orthogonal

polynomials, then in the expression

n+1

xPy=> kP,
=0

all the coefficients are 0 except for j =n —1,n,n+ 1.

Proof.

ki(P, By) = (kiP;, B))
n+1
= (&P, =) kiP),P)
=
= (2P, P;) since (P, P;))=0 for i#j

- (mepj)

Jj+1

= (P (Q_kiP))

If j 4+ 1 < n, then k;(P;, P;) = 0 which means k; = 0 for j = 0,1,...,n—2. |

L We point out that there is a purely linear algebraic approach to classical orthogonal
polynomials (given an inner product) using Gram-Schmidt orthogonalization procedure;
we refer the reader to [15].
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Now the expression in Proposition 2.16 can be written as

2P, = a,Poy1 + b, Py + Py (2.16)

for some constants a,,, b,, ¢,. Let us assume that all eigenfunctions (or eigenpoly-
nomials) are normalized to be monic. So that a, = 1 and P, = zP,_; + ¢(x), for

some polynomial g(x) of degree less than n. Then

(Pnypn) - (J;Pn—l +Q(x)7pn> - (xPn—lu-Pn)
= (Pnthzpn)
= (Pnfh anPnJrl + bnpn + Cnpnfl)

= (Pn—17 Cnpn—l) = Cn(Pn—b Pn—l)

since (P}, P;) = 0 for all j and 7 such that j # i. We can evaluate the coefficients

¢, as follows

iy (247

Also it is clear that

(Pnypn) = CpCp—1 - --Cl(P07P0)
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where (Fy, Fp) is the integral of the weight function p over an appropriate interval.

The values of b, ¢, for classical monic polynomials (i.e. a, =

Table 2.2 below.

1) are given in

Polynomial bn, Cn
TL2
Legendre 0 @ni1)@n—1)
Hermite 0 3
Laguerre 2n+1 n?
Chebyshev 0 %1 (for n >2)
. —B(2+a) n(n—a—2)(2n—(f+a+2))(2n+(8—a—2))
Jacobi (2n—2—a)(2n—a) (2n—a—3)(2n—2—a)?(2n—a—1) (for n22)
blzggtz; 01:% > herea< B < —«a

Table 2.2

As an example we will evaluate b, and ¢, for Laguerre polynomials. These
polynomials are orthogonal on (0,00) with respect to the weight e~ and they

forms an orthonormal basis for P. These polynomials are of the form

when we normalize them to be monic we get

L (z) = (=1)"n!L,(z).

n
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Now

Cn = = ' =n (2.18)

The first two leading terms of L% (x), L:_,(x), Ly, () and xL}(x) are obtained

as follows
I o n N\
* — 1\ _ 1\t <o _n 2, n—1
Ly(x) = (=1)"nlL,(z) = ) iZO( 1) <n - Z) =3 o +...
Li () = 2" —(n—-1)%2""2+...
vLi(x) = "t —n%2" + ...
Li(z) = 2" —(n+1)%2"+... (2.19)

Now substituting (2.18) and (2.19) in Equation (2.16) (with a,, = 1) and equating

the coefficients of " gives

—n?=—(n+1)>+b,+0
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which leads to

b,=2n+1

2.2 Defective operators

In [2], linear differential equations of arbitrary order with polynomial coefficients
that are of arbitrary degrees are discussed and necessary and sufficient conditions
for the existence of polynomial solutions of these differential equations are given.
In this section we present details of these results. Let L(y) = % pr(7) D*y where
k=0
pe(r) = 3 praa™ is a polynomial of degree dj, (with the convention that the zero
h>0

polynomial has degree —oco and that D% = y). We no longer assume, as we did
in the previous section, that d; < k for all k. in this case, it is clear that P, is
not necessarily invariant under L, and so we cannot apply directly the eigenvalue
approach used in Section 2.1. To address this issue we will do the following.

Let m = Oréliag%(di —4) and put y = D"z to get

H(z) = > a(z)D"z, (2.20)

where ay(z) = 0 if k < m and ag(z) = pr_m(z) if K > m. Put ax(z) = > appa”.
h>0
The equation L(y) = 0 is equivalent to H(z) = 0, and L(y) = 0 has a polynomial

solution of degree n > 0 if and only if H(z) = 0 has a polynomial solution of degree
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n + m. Clearly, for each non-negative integer n, P, is H-invariant, and H(z") is
a scalar multiple of ™ plus lower order terms. So the matrix representation of H,
with respect to the standard basis B, = {1,z,...,2"} of P, is upper triangular
and its eigenvalues are the coefficients of ™ in H(x™). Moreover, the (n+1)x(n+1)

matrix A, of H operating on P, is of the form

An = |2 (J = k) ke riej

k>1

] 1<i,j<n+1

where (j—k)r = (7 —1)(j —2)...(j — k). We note that the first m columns of 4,
are zero and A, is obtained from A, by adding one row and one column at the
end. Each eigenvalue A, has an eigenpolynomial y,(z) of degree at most n and
whose vector representation (¥,0,Yn1,---,¥nn)’ in the standard basis B, can be
directly computed from (2.2). Now our task is reduced to finding necessary and
sufficient conditions for which the operator H has an eigenpolynomial of degree
n + m corresponding to A\, ,, = 0, that is, necessary and sufficient conditions for

the homogeneous system

An—&—m(yn-i-m,Oa s 7yn+m,n+m>T =0 (221)

to have a solution (Yn1m.0;- - Yntmmtm)' With Ynimnrm = 1. This can be done

from the following lemmas.

Lemma 2.17 [2, Lemma 1] Let A be an m x n matriz. Then the homogeneous

system AX = 0 has a solution X = (x1, 2o, ..., x,)" with 2}, # 0 for some k if and
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only if rank(A) = rank(Ay) where (Ay) is the matriz obtained from A by deleting

the k" column.

Proof. Let c¢i,69,...,Ck,...,c, be the columns of A. It is clear that
rank([Ag : cg]) = rank(A). Hence,

rank(A) = rank(Ag) < rank([Ax : cx]) = rank(Ag) < the system A X = —c¢g

is consistent < there exists a solution X = ({L‘l,IQ,...,ZL‘k_l,IL‘k+1,...,In)T
n n

such that Y cz; = —cx & Y. cz; = 0 where (zp = 1) & X =
i=1 i=1
i#k

(r1, T2, Tp_1, 1, Zpy1, ..., 2,) T is a solution for AX = 0. |

Lemma 2.18 Let A be an n X n real upper triangular matriz and let A" be the
matriz obtained from A by deleting the last column. If rank(A) = rank(A’) then

the last entry ay,,, of A is zero.

Proof. Assume that rank(A) = rank(A) =k (0 < k < n — 1) then there are
k linearly independent columns of A', say ¢1,¢a,...,cx. Now, in upper triangular
matrices, the last row has all entries 0 except possibly the last entry. If ¢, is the

last column of A then there exist aq, o, ..., a, € R, such that

Cp = 01C1 + -+ QpC

Since the last entries of the columns ¢y, co, ..., ¢; are all 0, we get a,,, =0 |
Now we state the main result of this section whose proof is straightforward from
the above lemmas.
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Proposition 2.19 With the above notations, let A, ., be the

j—1
(n+m+1) x (n+m+1) matriz with (i, j)™ entry > aremirmri—i(J — )erm and
i=0

let Apym—1 be the matriz obtained from A, ., by deleting the last column. Then
the differential equation L(y) = 0 has a polynomial solution of degree n > 0 if and

only if rank(Ayim) = rank(Anim—1). [ ]

Let M,, and M;b be, respectively, the matrices obtained from A,,.,, and A, ,,_1 by
deleting the first m zero columns. It is obvious that rank(A, .,) = rank(A,1m-1)

if and only if rank(M,) = rank(M,). Moreover, the (i, )" entry of the
j—1 Jj—1

(n+m—1) x (n+1) matrix M, is Y arimerij(J —)erm = 2 Previ—i (G —)t4m-
=0 =0

Now Proposition 2.19 is reduced to the following

Proposition 2.20 /2, Proposition 2] Let M, be the (n+m) x (n+ 1) matriz with
j—1

(i, )" entry Zpt trioi(4 = Usm, and let M, be the matriz obtained from M, by
=0

deleting the last column. Then the differential equation Ly = 0 has a polynomial

solution of degree n > 0 if and only if
rank(M,) = rank(M.,). (2.22)

If the equation L(y) = 0 has a polynomial solution of degree n > 0, then A, ., =
> Pritm(n —t)eym = 0, and since M, has n columns, rank(M,) = rank(M) im-
t>1

plies that rank(M,) < n. The following lemma is useful for determining necessary

conditions to have (2.22).
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Lemma 2.21 Let M be a m x n matriz such that
rank(M ) < k, where k < min{m,n} — 1
then every (k + 1) x (k + 1) submatriz of M has zero determinant.

Proof. Suppose rank(M) = k and choose k + 1 columns ¢, ¢a, ..., cxr1 of M,

they will be linearly dependent, so without loss of generality assume

Ck1 = Q1C1 + QaCo + - - - + g, for some scalars ayq, ..., o
Let M = [ci|ca] ... |ck|cks1]. Then by elementary column operations
M — [cilea| . .. |erlepsr — arel] — [eilea] .. |er]crir — aner — aocs]
— edlea| .. |er]0) = W

where “—” stands for equivalence of matrices. Now, let M be any (k+1)x(k+1)
submatrix of M then clearly det(M) = 0 since the last column of W is zero. |
Now we summarize the results obtained so far in the following proposition

which determines the conditions for existence of polynomial solutions of linear

differential equations.

Proposition 2.22 [2, proposition 3] Let L be the operator defined by L(y) =

N

S ar(x)D¥(y). Let d; be the degree of a; and let
k=0

m = max{0,d; : 0 < < N}.
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N
Let H be the operator defined by H(y) = > ar(z)D*™(y). A necessary condition
k=0
for the equation L(y) = 0 to have a non-zero polynomial solution of degree at most
n is that 0 must occur as an eigenvalue of the operator H with multiplicity at least

(m +1). Moreover, the eigenvalues of H are the coefficients of x™ in H(x") for

n=0,1,2,....

We next present another way for determining necessary and sufficient conditions to
have polynomial solutions, which can be extended to high-order linear differential
equations through appropriate modifications.

First, every cubic polynomial must have a real root, so by scaling and translation
we can assume that polynomial to be of the form f(z) = raz® + sz? + tz.

Let y = >~ cz* be a solution of the differential equation

k>0

L(y) = (ra® + sz® + to)y" + (b2® + cx + 8y + (ex + fly =0 (2.23)

Then

Z(rk(k: — 1) + bk + €)cpz™™ + (sk(k — 1) + ck + flepga® + (th(k — 1) + 5k)cpa™ = 0.

k>0
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For k > 0, the coefficient of z* is zero which gives the following relation a(k)c,_; =

B(k)ex + v(k)eks1 (and ¢—1 = 0) where

ak) = rlk—1)(k—2)+bk—1)+e¢
B(k) = —sk(k—1)—ck—f

(k) = —th(k+1)—d(k+1)

Suppose that y is monic of degree n (i.e. ¢, = 1), then a(n+1) = B(n+1)c,q1 +
v(n + 1)cpie = 0 (since ¢,41 = ¢pyo = 0). If n is the smallest positive integer for
which there is a monic polynomial solution (2.23) with degree n, then a(n+1) = 0

and a(k) # 0 for 1 < k <mn, so that ¢, = Mck + %ckﬂ.

a(k)
Bk) (k)
For each k (1 <k <mn), let Ay = alk)  alk) . Then
1 0
Ck %Ck + %Ckﬂ Ck—1
Ak — =
Chk+1 Ck Ck
so that
Co 1 Ca Cn n 1
= A = A, A, = A Ay .. A, = ([ A«
€1 Co 3 Cnt1 k=1 0
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If we substitute y = > ¢;z" in (2.23) and then we put z = 0 we get
i=0

Co n 1
5cl+f00:0:>{f 5} :0:>{f 5}(HA,§> =0.
k=1

C1 0

Up to now we proved that if the ODE (2.23) has a monic polynomial solution of

n 1
smallest degree n then a(n + 1) = 0 and { ) } (H Ak) = 0.
k=1

0

For the converse, assume there exists a positive integer n such that a(n +1) =0

n 1
and [ f o } (kHI Ak) = 0. Define a sequence (¢;);>0 by
B 0

¢g = 0 of j>n

¢, = 1
Cj-1 = %Cﬂr%%ﬂ if 0<j<n-1

It is easy to verify, by reversing the argument above, that the monic polynomial

>~ ¢z of degree n is a solution of the ODE (2.23). We summarize this in the
Jj=0

following result.

Proposition 2.23 [2, Proposition 4] With above notation, the ODE (2.23) has a

monic polynomial solution of degree n and so no other monic polynomial solution

n 1
of smaller degree if and only if a(n+ 1) = 0 and [ ) } (H Ak) = 0.
k=1
0
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n—1
This monic solution is given by y = x" + >
k=0
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CHAPTER 3

THE ALGORITHMIC

PROCEDURE

In this chapter we provide Maple codes for two algorithms that will be used to

compute polynomial solutions of given degree n of any ODE of the type L(y) =

N
3" ax(x)D¥y. The main difference between these two algorithms is in solving the
k=0

rank equation
rank(Anim) = rank(A,im-1)

where A, 1, is the matrix representation of H(z) = L(%2) and (Ayim-1) is

the matrix obtained from A, ., by deleting the last column. We illustrate each

algorithm with an example using Maple.
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3.1 1% Approach

Consider the linear second order ODE arising in the study of one dimensional
Schrodinger problems [14]. The investigation of Krylov and Robnik [14] about
polynomial solutions of one dimensional Schrédinger problems leads to finding

polynomial solutions of the following differential equation

d*y dy

Here we apply the results we obtained so far algorithmically. The set of Maple
commands given below can be used for any given value of a. For illustration
we take a = le5 and look for solution of degree n = 6. The Maple code below

determines ¢ = 15, f = 3(750)i and computes the corresponding polynomial

solution of degree 6 of ODE (3.1) as

ylz) = 725+ T 1080%13% + 21

V1080 (—65 + 2 v/1080) 2 420 V1080 (v/1080 — 30) 2*

_l’_
30 111080 — 360 11+/1080 — 360

. (=72 + v/1080) * 630 (=72 + V/1080) 750%/z
11+/1080 — 360 (11 /1080 — 360) (—60 + v/750)
- (=72 + V/1080) V750
(111080 — 360) (—60 + /750)

_|_

The Maple code with explanations is provided below:

restart:
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with(LinearAlgebra):

ode := 2*(diff (y(x), 2.2)) + a(e?* — 1)(diff (y(2), 2)) + (ex + F)y(x)

N =2

a:=—15/2

peoeff := Array(0 .. N)

peoeff[0] := ex + f

peoeff[1] := a(z* — 1)

peoeff[2] := x?
The commands above are defining the ODE, its order N, the value of a and the
polynomials pg(z) from the operator ké\]:o pr(7)DFy. The commands below deter-
mine the value m (which is the maximum difference between the indices and the

orders of each term) and then we define the polynomials ay(x) of the operator

N+m

> a(z)Dry
k=0
Vm = Array(0..N) :
dk = Array(0..N) :
for i from 0 to N do
dk[i] := degree(pcoeff]i], x)
Vm[i]:= degree(pcoefffi],z)-i end do:
m := maz(Vm)

dkmax = max(dk)

acoeff := Array(1 .. m+N):

47



for i from m to (m+N) do
acoefffi]:= pcoefffi-m] end do:
Next we set the degree of the polynomial solution as we desired and let us call it
“soldegree”.
soldegree := 6:
n := soldegree+m:
Now we compute the matrices A, ., Anim—1 by executing the following com-
mands where we denote them by An and Anprime respectively.
cAM := mazx(dkmaz, n+m+N):
rAM := m+N:
AM := Array(1 .. rAM, 0 .. cAM):
for i from m to rAM do
AMY[i,0]:= coeff(z acoefffi],x*) end do:
for i from m to rAM do
for g from 1 to cAM do
AM[i, j] := coeff(acoefffi], x7)
end do
end do
An := Matriz(n+1,n+1):
for i from 1 to n+1 do

for 7 from 1 to n+1 do
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for k from 1 to rAM do

if (k+i-j) >0 and (k-j+1) <0

(=
]

then Anfi,jl:= Anfi,j]+AM][k,k+i-j] G
end if
end do
end do
end do
Anprime := Matriz(n+1,n)
for @ from 1 to n+1 do
for g7 from 1 to n do
Anprimefi, j| := Anli, j]
end do

end do
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At this stage the matrix An (or A,4,,) should be

_o foo15 0 0 0 0 0 _
0 ¢ 2f 45 0 0 0 0
0 0 2—15 3f 90 0 0 0
00 0 3—39 Af 150 0 0
00 0 0 4e—66 5f 225 0
00 0 0 0 56—90  6f 315
00 0 0 0 0 6e—105 7f
00 0 0 0 0 0  7e—105

and the matrix Anprime (or A, m,_1) is the same as the matrix An after deleting
the last column. If we check the ranks of the matrices at this stage we see that
Rank(An) # Rank(Anprime). Next we determine the values of parameters so
that Rank(An) equals Rank(Anprime). The first condition employed is vanish-
ing of the last diagonal entry of the upper triangular matrix An which determines
¢ by the following commands.

ansbeta := solve(Anfn+1, n+1] = 0, €):

€ := ansbeta
Here the ranks still not equal which we have to put another condition. Imple-
menting Lemma 2.21 by taking the 7 x 7 submatrix, obtained by deleting the last

zero row and the first zero column of An, and have its determinant equal to zero,
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provides the value of f which can be computed via the commands below.
with(linalg) :
Andet := Matriz(submatriz(An, [1,2,3,4,5,6,7],[2,3,4,5,6,7,8])):
Determinant(Andet):
ansdet := solve(Determinant(Andet) = 0, f)

This leads to seven roots. At this stage a root needs to be chosen before checking

the rank condition. For illustration we choose f = 3(750)%/4.

fr=3(750)1/4

Rank(An)

Rank(Anprime)
As the rank condition is satisfied (i.e. Rank(An) = Rank(Anprime)) so the de-
sired polynomial solution can be obtained by the following set of commands.

kern := NullSpace(An)
The output of the above command contains two vectors kern; and kerns with
kerny = (1,0,0,0,0,0,0)T so the vector kern, is used as below to find the solu-
tion.

Vkern := kern; :

solm := 0:

for i from 1 to (n+1) do

solm:= solm + Vkernf[i] z'~' end do:

soln := diff(solm, z)
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The output soln provides the solution given in (3.2).

3.2 2" Approach

This approach differs with the first one on reducing the rank of An. To demon-
strate this approach we consider the following differential equation related to the
investigation of the radial Schrodinger equation with shifted Coulomb potential

which has been discussed in [11, 12].

Lly) = z(z+ 5)dd—;y(1:) + (—2aa:2 +2(K+1—af)z+268(K + 1)) %y(:c)

+ ((—2a(K +1)+22)x — 2aB(K + 1)) y(x) =0 (3.3)

For illustration, we fix K = —3 and compute polynomial solution of ODE (3.3) of
degree 7 (so we set “soldegree” equal to 7). Here we apply the same commands
as in the 1% approach until we reach the following

ansbeta := solve(An/n+1, n+1] = 0, a):

a = ansbeta

The above commands provide the first condition for existence of the desired
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polynomial solution which is o = %Z . Now the matrix An reads

_ 0 18z -8 0 0 0 0 0 0 |

0 £Z 1pZ-8 -183 0 0 0 0 0

0 0 2z —18 —248 0 0 0 0

0 0 0 62 -ipz-24  —208 0 0 0

0 0 0 0 27z —4B8Z—-20 0 0 0

0 0 0 0 0 67 ~3%37 4283 0

0 0 0 0 0 0 Bz N7 442 112

0 0 0 0 0 0 0 2z —168Z + 112
0 0 0 0 0 0 0 0 0

The idea of this approach is to make the entries An(1,j) zero using An(j,j) for
j=2,3,...,8 which can be done by the following commands
for k from m+1 to n do

for i from 1 to m do

Anli,k]

mult = AnliA]

for g from m+1 to n+1 do
Anfijl:= Anfi,j]- mult*An/k,j]:
end do
end do

end do
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which gives

_ 0 0 0 0 0 0 0 0 A(1,9) _
0 ¥z 1pz-8 -183 0 0 0 0 0
0 0 2z —~18 —248 0 0 0 0
0 0 0 6Z —5Z—24 —208 0 0 0
0 0 0 0 27 —487Z — 20 0 0 0
0 0 0 0 0 67 -85z 423 0
0 0 0 0 0 0 27 -Bp7+42 1128
0 0 0 0 0 0 0 £z —1668Z 4112
0 0 0 0 0 0 0 0 0
where An(1,9) = &70 62(62Z2_50ﬂZ_75)Z(5_60ﬁz+175+4ﬁ222). To reduce the rank of An

we need An(1,9) = 0, and this leads to the following condition

5(54+2v7) 5(3++/2)

=0,0
l8 9 9y Z 2Z
As an example we take § = 5(5%2@, then we continue the commands as in 1% approach

where we evaluate the null space of An which gives the polynomial solution as

(9 +5 ﬁ) o (277 +100 ﬁ) P + 2500 (5 +2 ﬁ) (159 156 \ﬁ) ot

y(z) = SaT+80 = =
(3+v7) (5+2V7) (159+56V7) o
(5+2v7) (159 +ZB46 VT) (8+3v7) a2
(5+2v7) (159 +§65\ﬁ) (193+73v7)a
(5+2v7) (159 +§2 v7) (193 +73V7)
7

+ 300

+ 12500

+ 75000

+ 31250

+ 156250
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CHAPTER 4

APPLICATIONS

In this chapter we provide several examples as applications for the results of the
algorithmic approach presented in Chapter 2 & 3. Two of the applications here,
have been dealt with in [2] and the others arise in the study of solutions of linear
second-order differential equations [16, 23]. Here we show the effectiveness of the
algorithmic procedure provided in Chapter 3 by determining the conditions for the
existence of polynomial solutions and calculating the corresponding polynomial

solutions.
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4.1 A Bohr Hamiltonian

Boztosun et al [5] studied the analytical solutions of the Bohr Hamiltonian for the

Davidson potential which can be rewritten as [11, Eq.22]

L) = wsy(a) — (20 — 2~ 2) o y(x) — (2 + 3~ ay(e) =0 (41)

The operator L(y) is of defect 1 (m = 1), so the substitution y = £ in ODE (4.1)

gives

d
H(,z):x——(2x2_2M—2)7z—(2u+3_6)x£:0 (4.2)

The necessary condition to have polynomial solution of degree n + 1 for ODE
(4.2), i.e. of degree n for ODE (4.1) is when A1 = 0 or when the coefficient of

2" in H(2"™) is equal to zero, which is
e=2u+34+2n

Using the Maple code provided in Chapter 3 for ODE 4.1 readily generates poly-
nomial solutions of a given degree n. The Tables 4.1 and 4.2 show some examples

for solutions of even as well as odd degrees respectively.

o6



n |e Polynomial solutions of ODE (4.1) of degree n = 2m

0 |2u+3 |1

2 | 2u+7 | 222 — (2u+3)

4 | 2u+11 | 42t —42u+5)a® + (2u + 3)(2u + 5)

6 | 2n+15 | 8% —12(2p + 7T)a* + 6(2u + 5) (2 + 7)?

—(2p+3)2p+5)2u+17)

8 | 2u+19 | 162% — 32(2u + 9)2® + 24(2u + 7)(2p + 9)2*
—8(2 +5)(2u + 7)(2p + 9)

+(2u+3)2u+5)2u+7) (21 +9)

10 | 200+ 23 | 32210 — 80(2p + 11)a® + 80(2p + 9) (2 + 11)a®
—40(2u+7)(2p 4+ 9) (2 + 11)a?
+10(21 + 5)(2u + 7) (21 + 9) (2p + 11) 22

—2p+3)2u+5)2u+7)(21+9)(2p + 11)

12 | 20+ 27 | 642" — 1922 + 13)2'° + 24021 + 11) (21 + 13)28
—160(24 + 9)(2p + 11) (20 + 13)28

+60(2u + 7)(2p + 9) (2p + 11)(2p + 13)2*
122+ 5) 2+ 7)(2p + 9) (21 + 11) (210 + 13)

Cu+3)2u+5)2u+T7)(21+9)(21 + 11)(2p + 13)

Table 4.1

From the Table 4.1 one can find the general form for polynomial solutions of
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degree n = 2m which is

— 9om 2m —1)igm—i 2(m—1) 2 2 1
y(a) = 2"z + ;_1 [(=1) (Z>w j_m|_|i+1( p+2j+ 1))

nie i | Polynomial solutions of ODE (4.1) of degree n = 2m + 1

1| 2u+5 | -1z

3|2u+9 | —1]2%- 322

512u+13| -1 | 2% —52%+ L

T 2u+17 | =1 | 2" — 2ad + 1Pg% — 1By
—2 | o7 — Tab + 2a?

3| z" = %x‘r’

9 | 2u+21| =1 |2°— 182" + 18245 — 31553 4 28y

—2 | 2% — Zg" 4 18955 303

=3 | 2% — 927 + Bg°

Table 4.2
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An observation can made from Table 4.2 for finding family of polynomial
solutions of degree n =2m + 1. For k =0, 1,2,3 ODE (4.1) admits the following
class of polynomial solutions of degree n = 2m+1 (m > k) with y = —(m+1—k)

and € = 2m + 2k + 3.

e I[fk=0(m=>0)

— 2m+1

elfk=1(m>1)
2m41 _ 2m+1x2m—1

y==x

o If k=23 (m>k)

21

(=D*Cm+1)C2m—1)...2m+1—-2(k — 1))x2m+1*2k
ok

k_l 1 .
y = ¥l kZ (=1)'(2m +1)(2m — 1) s (2m+1-2(— 1)>x2m+172i
1=1

_|_

29



4.2 Coulomb diamagnetic problem

In their study of the polynomial solutions of the planar Coulomb diamagnetic
problem, Chhajlany and Malnev [8] studied the following differential equation:

dQ

= @)+ -2 () + (e ly(r) =0 (43)

L(y) o

Ciftci et al. [11, Eq.18,19] provided conditions for the existence of polynomial
solutions of ODE (4.3). If we apply Proposition 2.22 then the necessary condition
to have polynomial solution of degree n is when A, ,,(n + 1,7+ 1) = 0 where
Ap i is the matrix representation of H(z) = L(g—;) which gives § = 2n.

Now, using the Maple commands provided in Chapter 3 we can obtain polynomial
solutions for ODE (4.3). The Table 4.3 shows some examples of these polynomials
for a # 0. The conditions on the parameters ¢ and p, for having these solutions,

are also determined.
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Polynomial solutions of ODE (4.3) of degree n

2r — «

2 _«a a’—16
x 2T+ Tea

2 /o Fla | o — 2002 — 1 (T HVelET Sar216)or

316| 2a?+
18 9 3 +a2+2y/a(a?—54)
41 +41a54+4003 1/ a(ad—54)F1728a2 —432/ a(ad—54)
54 ia2+2\/o¢(a3754)
1 503+192434 4 5a,3 | 15 (Fa®+76803+03 AF4096—64A)z?
4181 5 o o 7 L7t 5 a(£3a3F192154)

45 (Fa®F128a8+a8 A+81920° —172803 A+262144+4092A)x
64 (£3a3F192+5A4) (Fa3+64+A)

5 B
T 2048 A2 (E303 51927 54) (FaP L6471 A)

where A = Vab — 38403 + 4096 and
B = Fa'? 7 2816a° + o’ A + 52428805 — 5184054

41992294403 + 20070403 A F 150994944 — 2359296 A.

Table 4.3

Using the algorithms provided in Chapter 3 one can compute polynomial solu-

tion of ODE (4.3) of any given degree n, of course depending on the computational

power. The following are examples for polynomial solutions of degrees 12 and 30.

e For « =0 and n = 12 implies § = 24, p = %(741810)% and the polynomial

solution of degree 12 of ODE (4.3) is

y(z) =

1521
132'% — % UTATBI0 — 28627 + o 7418107345 + % V7418102

320
415233 156 ) 9842749 , 924033139
— 77418102345 — 7418102 + 00003
320 ¢ T qo5 MBI = moong VTAISI0z A+ e
9232509 ) 9232509 382104339643
7418102342 — V7418100 — o000
5120000 ¥ 128000 ¥ 40960000
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e For a =0, n = 33 with § = 66 and p = 0 the polynomial solution of ODE

(4.3) of degree 33 is

y(zr) = 342 — 598420 4 433840227 — 1691976022 + 3891544802!
— 544816272028 + 463093831202'° — 2315469156002% + 6367540179002

—  849005357200x° + 4245026786002 — 38591152600

4.3 A Schrodinger wave function with Coulomb

potential

In this example we consider the following ODE that appeared in the study of
system of two electrons, interacting via Coulomb potential, but constrained on

the surface of D-sphere (D = 1,2,...) of radius R [16, 23].

4R?

du?

4AR2 u | du

2 e 2D—1)u D-1]d
{U 1} 3/ V . © %= by,
u

where FE is the energy. If we made change of variable w = 2Rx then the above

ODE becomes a Heun’s equation

& d
Ly) = 2(a? — 1>d_xg (2D - D2 —D+ 1)d—i 4 (2R — 4R*Ex)y = 0. (4.4)
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At this stage, Loos [16] and Zhang [23] adopted different methods in finding the
polynomial solutions of (4.4). Here we implement the results of this approach
algorithmically and we determine the necessary conditions for existence of poly-
nomial solutions as well as we find these solutions.

The operator L is of defect 1 (i.e m = 1), so the necessary condition for existence
of polynomial solutions of degree n is when the coefficient of 2" in L(-L(2"+1))
is zero, that is

n
FEF=— 2D —2
4R2(n+ )

Now adopting the algorithms presented in Chapter 3 can generate polynomial
solutions of ODE (4.4) along with determining the sufficient condition on R and
D for the existence of these solutions. Some examples of solutions up to degree
4 generated by this approach are presented in Table 4.4. It is worth mentioning

that Loos [16] and Zhang [23] produced only solutions up to degree 2.
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4.4 Schrodinger equation from the kink stability

analysis of ¢'-type field Theory

Consider the linear second order ODE arising in the study of the Schrodinger
equation that comes from the stability analysis of ¢°-type field theory [23]. Zhang

transformed the problem into the following ODE
1 1 1
(e (b)) o (2) )
4F E

where € is a real constant, £ > 0 and p # 0. We rewrite the ODE into the form,

L(y) = (e’ + (u* = p?e?) 2 — )y + (=5 p*¢2™ + (i + 6p”e?) )
+ ((4B€ + 5% a + AE — p* = 6p°¢*) y = 0

(4.5)

The operator L is of defect 2 (i.e. m = 2). The necessary condition for (4.5) to

have a non-zero polynomial solution of degree n is when the coefficient of 2"*2 in

H(z""?) is zero where H(z) = L(%), that is

Eu?(n+2)(n+ Dn(n —1) = 52u(n +2)(n + 1)n + (4Ee* + 562u*)(n +2)(n+1) =0
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which implies

p?(n? —n) —5u’n +4E 4+ 5u* = 0

so the first condition we have is

E= “Zz(n —1)(5—n) (4.6)

since £ > 0 we have n = 1,2, 3,4,5. Although it appears that one gets 5 different

polynomial solutions for (4.5), corresponding ton = 1, ..., 5, this in fact is not the

case (Cf. [23] where the author states that there are five non-negative solutions

to the equation). First, the following table shows the first and second polynomial

solutions with the given values F and e

n|E |e Polynomial solutions of ODE (4.5) of degree n
110 no constraint | 6z
2| 3% | £1V2 1222 — 24

Table 4.5

When n = 3 then £ = p?, let A, ;o = As be the matrix representation of H
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then

0 0 6up*—12u% 0 —24 142 0
0 0 0 24 i 0 —120 42
0 0 18 p12e? 0 84 p? + 48 p2e? 0
A5 —
0 0 0 24 1122 0 240 p? + 120 pi2e?
0 0 0 0 12 pi2e? 0
0 0 0 0 0 0

According to Proposition 2.20, Equation (4.5) has a polynomial solution of degree
3 if and only if rank(As) = rank(A%) if and only if 4 = 0 (and therefore £ = 0)
where Af is the matrix obtained from Aj after deleting the last column, so this
solution does not arise.

Similarly, for n = 4 we have E = 31% and

0 0 4p?—12pu2e 0 —24 p? 0 0
0 0 0 18 2 0 —120 p? 0
0 0 16 pu?e? 0 72 1?4+ 48 p2e? 0 —360 p?
As= 10 o 0 18 pu2e2 0 220 42 + 120 pi2€2 0
0 0 0 0 0 0 540 p2 + 180 p?e?
0 0 0 0 0 —20 pu2e? 0
[ 0 0 0 0 0 0 0 i

Notice that the eigenvalue zero is repeated four times (as A\g = Ay = Ay = Ag = 0).
Now rank(Ag) = rank(Ag) if e = £1+/2. and the polynomial solution is y(z) =

1222 — 24 with no constraint on . With the same way when n =5 we get £ =0
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and the polynomial solution is y(x) = 6.

4.5 Planar Dirac electron in Coulomb and mag-

netic fields

As a last example, we consider the second-order differential equation arising in the
study of Dirac equation for an electron in two spatial dimensions in the Coulomb
and homogeneous magnetic fields [9, 23]. After certain transformations made in

[23], the problem is reduced to the question of finding solutions of

d2f+(2§—|—1_ 1 —eBx)df e+ ar+c,

LA =0
dx? T x + 1 dx + x(z +19) !

where

3
cp = E2—m§—eB(§+L+§),

)
g = 2EZa+ Eg—mg—eB(§+L+§) ro,

1
Co = 2EZO(T0+L+§—5.
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where v and e are constants, £ is related to the parameter Z. We put the above

ODE into the following form

L) = 2l +70) 5 4+ (26 + 1) 7o) = — eBa(a £ 7o) L
r r (4.7)

+(cor® + 17+ o) f = 0.

In [23], Zhang provided the conditions for existence of solution f(z) = 1 (i.e.
n = 0). Here, we apply the algorithms of this approach to determine the conditions
for existence of polynomial solutions as well as evaluate them.

Since m = 2, the substitution f = fj% in ODE (4.7) yields

d*z 2 d’z
H(z) = w(x + 1o)== + (26 + D(w +10) = —eBa*(z +10)) 7 (4.8)
+(cz2+cx+c)@_0 |
2 1 Va2

The necessary condition for the existence of polynomial solution of degree n of

ODE (4.7) is obtained when the coefficient of 2" in H(z"*?) is zero, that is

3
E2:m§+eB(§+L+§+n). (4.9)
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Now, when n = 0 then the matrix representation Ay, o of H relative to the basis

{1, z,2%, ... 2"} is
0 0 AFEZarg+2L+1—-2¢
0 0 4EZa+2r)(E>—m>2 —eB(¢+L+3)) (4.10)
0 0 0

and according to Proposition 2.19 the ODE (4.7) has a polynomial solution of
degree n = 0 (i.e. the constant solution) if and only if rank(A4,) = 0 if and only

if the parameters E, Z, B satisfy the following relations

AEZarg+2L+1-2£=0

AEZo+2rg (E* —m2 —eB(§+L+32)) =0 (4.11)

and Equation (4.9).
Following the 1%¢ approach of algorithms presented in Chapter 3, the existence of
polynomial solutions of degree n = 1 of ODE (4.7) is ensured if the parameters

E,m., B obey the following relations

5
E? :mg+eB(£+L+§)

1
4E*7%0*r? + 4 EZarg(L +€) + (L + 5)2 —&=0

) 1
—4F*7%0* (L + € + 5) +4EZary(E* —m?) + (E* —m2)(L + & + 5) =0
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and is given by

(264‘ 1)7"0
-1
V-8LE+8E2 —1—4L+1

flz) = + 6.

The question of finding polynomial solutions of degree > 2 can be treated simi-
larly, however the computational complexity may increase for finding polynomial

solutions of higher degree.
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