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Thesis Abstract
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Lie symmetry method is the most general technique that can be used to investigate
questions related to differential equations. One of the significant applications of Lie
symmetry theory is to find exact solutions of differential equations with some natural
symmetries inherited from the physical phenomena governing the differential
equations.

This research is concerned with carrying out a symmetry analysis of wave equations
on two spherically symmetric spacetimes, precisely

e the non-static spacetime with the metric

g =dt®—dr?—e"" (dy?+sin’(y)dz *)

e and the Schwarzschild spacetime with the metric

-1
g :(1—ﬂjdt2—(1—mj dr®—r?(dy?+sin’(y )dz *).
r r

If O denotes the Laplacian on the spacetime then the wave equations under study are

equations of the form
ou=0 *)

and the aim is, for each case of the metric,



To determine symmetries of the wave equation (*)

To carry out different reductions of the wave equation (*) to a PDE in two
variables utilizing a combination of symmetries

To obtain exact solutions of wave equation (*) by further analyzing the
reduced PDEs.
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Introduction

The theory of General Relativity is currently the most widely accepted theory of
gravitation [1]. It is at present the most accurately tested physical theory [2] for
example on account of the observations of the Taylor-Hulse binary pulsar, for which

Taylor and Hulse were awarded the Nobel Prize in Physics[3].

Einstein's theory regards the motion of objects not as being due to some driving force
(as in Newton’s theory) but as due to the curvature of spacetime, where the usual 3-
dimensional space and 1-dimensional time are inextricably tied together as an
indivisible whole spacetime [4]. A class of physically significant spacetimes are
spherically symmetric which have been completely classified according to their

isometries in [5], [6].

In this work, two types of spherically symmetric spacetimes will be considered.
These consist of a non-static spacetime and the Schwarzschild spacetime. In both
cases, the wave equation on the metrics associated to these spacetimes will be studied.
The tool playing the central role in this study is going to be the method of Lie

symmetries. Similar work can also be found in [ 7 ].

The method of studying differential equations using their symmetries was introduced
by the Norwegian mathematician Sophus Lie more than a century ago. In this
research, the method of Lie symmetries will be briefly reviewed and then will be
applied to investigate wave equation on the two spacetimes mentioned above.
Chapters 1 and 2 provide an introduction to symmetries of ODEs whereas chapter 3

presents the Lie symmetry method for studying PDEs.



A non-static spherically symmetric spacetime with the metric
g =dt®—dr?—e"" (dy*+sin®(y )dz *)

is considered in chapter 4, and a symmetry analysis of the corresponding wave

equation

U, +U, +U, —u, —e"" cot(y )u, —e""u,, —e"" csc*(y Ju,, =0 (*)

yy
is carried out. Precisely, symmetries of the wave equation (*) obtained and are further
applied to find the following four new solutions of (*).

The first solution is
u,t,r,y,z) =%er [h(t +r)Injsin(y)cos(z)—1—h(t +r)In|sin(y ) cos(z ) +1|+2g (t +T) .

The second solution is

1

u,(t,r,y,z)=ke?

(a-1)t +%(a+1) r

[In [L+sin(y )cos(z )|+ In[1—sin(y ) cos(z )| +01].

The third solution is

1

1
(a-Dt+=(a+1)r
uyt,ry,z)=ke? = 2 [In

[L+sin(y )sin(z )|+ In[L—sin(y )sin(z )|+c1:|.
The fourth solution is

Ly b (r-t )+c1+L(t -7)
u4(t,r,y,z)=cos(LIn|csc(y)—cot(y)|+c2je2[ C“’J can
a—c

The final chapter is focused towards studying the wave equation on Schwarzschild

spacetime given by

2 6M AM  AM?  aM? cot(y) 1
Uy _Fur + r2 u. —-u, + r u, — rg u - rz u, — r_z uy _?uyy
N 2M cot(y)u N 2M 1 2M

ri Yoot Y rrsini(y) 0 sinf(y) ¢ ()



where the Schwarzschild spacetime is described by the metric

-1
g :[1—27det2 —(1—ZTMJ dr?—r?(dy * +sin*(y )dz *).

The symmetry algebra is determined and is employed to find two new solutions of

equation (**).

The first solution is
u,t,r.y,z)=k,(2M —r)*e"* cos| In|csc(y ) —cot(y )| | HeunC (—4M ,4M ,0,8M 2,—8M z,l—ﬁj
The second solution is

U (t,ry.z)=k,(2M —r)?*" e cos| Incsc(y ) —cot(y )| [HeunC [—4M ,—4M ,0,8M 2,-8M 2,1—ﬁJ



CHAPTER 1

INTRODUCTION TO SYMMETRIES OF
DIFFERENTIAL EQUATIONS

This chapter provides an introduction to the notion of symmetries of differential
equations. It seems that most people have heard the word ' symmetry ' for the first
time in elementary schools. In particular, geometry classes in primary schools made
our first exposure to this term. This is the reason why most people perceive the term
'symmetry' in a geometrical sense. However, nowadays we know that the concept of
symmetry is not restricted to geometry. It is becoming a fundamental concept in many

areas of science.

In mathematical sciences for instance, this concept appears in many branches like
mathematical logic, algebra and differential equations. The concept has been also

implemented in other areas of science like biology, chemistry and physics.

In fact, in some cases symmetry plays a very central role in the development of
science. In the case of modern physics, symmetries underlie some of the most
profound results found in this field (for example general relativity and quatntum
mechanics) [8]. Its role has been extremely important to the extent that inspired the

noble Laureate PW Anderson to write in one of his articles the following statement:



"It is only slightly overstating the case to say that physics is the study of symmetry'

[9].

Although the meanings of symmetry are distinguishable in different contexts, there is
something in common between all the contexts. It is harmony and similarity. In our
context in this thesis we are going to deal with a specific type of symmetry. It is the

symmetry of differential equations.

Actually, studying symmetries of differential equations has proved to be a very
efficient tool in simplifying and finding exact solutions to these equations. As we are
going to see in the next chapters, the symmetry based approach can solve wide range
of differential equations of familiar and unfamiliar types. Nowadays, the symmetry
analysis of differential equations is a significant area of research in applied
mathematics. This fact is reasonable since most of the differential equations that we

face in science and engineering are hard to solve.

1.1 The Basic Definition and Examples

A symmetry in general is a mapping of one mathematical object into itself or into
another mathematical object that preserves some properties of the object. In the sense
of geometry, a symmetry of a geometrical object is a transformation whose action
leaves the object apparently unchanged. For instance, if we rotate an equilateral
triangle anticlockwise about its center by an angle of 2z/3 (or 4x/3 or 2z ) then
the triangle will look the same as it did before the rotation. In this case we say that this
transformation is a symmetry for the equilateral triangle. In the case of the sphere it is
evident that rotation by any angle will leave the sphere unchanged. This means that
the sphere is invariant under a continuous group of rotational symmetries. Hence, we
call the symmetries of the sphere continuous symmetries while that of the equilateral

triangle are called discrete symmetries.

In fact, the concept of invariance of geometrical objects under a symmetry
transformation can be generalized to differential equations. Thus, any transformation

mapping a differential equation into an equivalent equation of the same form is said to



be a symmetry of the equation. Such transformation maps the solution space of the
differential equation into itself. This argument leads us into the following definition.

Definition
A symmetry of a differential equitation is a transformation that keeps its form

invariant.

In order to understand this definition in more depth we consider the following

examples.
Example 1.1.1

Decide whether or not the transformation

Solution
Obviously,
dor__du_du
dt d(t+a) dt
Also,
d'w _d%
dx?  dx?
Thus,

Hence, the heat equation is invariant under the given transformation.

Example 1.1.2

Show that the Ri+ccati equation



has the symmetry

_ X _ y
X = , =
1—e&x y 1-eXx
Solution
dy = (I—e&x)dy +eydx
(1-ex)?
dx — (1—&x)dx + exdx

(1-ex)?

dy _(@-ex)dy +sydx )( (L—ex)dx +exdx N
dx 1—ex)? 1—ex)?

_(@-ex)dy | eydx (L-ex)dx exdx ]_l
l@-ex)dx  @Q-ex)dx )\ @—ex)dx  (1—ex)dx

1-ex +&x

-1 2
:(d_y+ gy j(“ £X j _ y+1+y_3Jr gy (
dx 1-—e&x 1-¢&Xx X X 1-¢&Xx

_(@=a)(y +D) y?(l-ex) .
X X

y

_yHl-ex y(l-ex)

3




Therefore,

2
dy_y+1+y_3:>

dx X X

o |
x| <

<
><| +

H
x| |‘<|
w N

Thus, the given transformation is a symmetry of the Riccati equation.

1.2 Symmetries of First Order ODEs

In order to understand the concept of symmetry of differential equations let us
consider the simplest case which is the first order ODE. In particular, consider the

equation

d—yzf (x). (1.2.1)
dx

We know from elementary course in differential equations that equation (1.2.1) is

easily solved by putting
dy =f (x)dx.

Then we integrate both sides of the above equation to obtain the required solution.
Obviously, equation (1.2.1) is simple to solve because it is separable.

However, there is a deeper property that enabled us to solve this equation. In order to

understand this property notice that the slopes of the solution curves dy /dx are
independent of y . This means that we can shift any solution curve in the y-direction

into any of the other solution curves by means of the transformation

(x,y)—(x,y +c) asshown in figure 1.2.1.

Similarly, if we consider the ODE given by

g_yz a(y). (1.2.2)
X

Then, it is evident that this equation is separable as well since we can put

by =dx.
g(y)



Again here the slopes of the solution curves dy /dx are independent of x which

means that we can shift any solution curve in the x-direction into any other by means

Of the transformation (x,y) — (x +c,y) as shown in figure 1.2.2 below.

- TN a
3 S P / x\\ \
— '
e - J— \\‘ — Y 1 2 N 5 5
~ /// 05| \ \ / //
T R / , .\ / /
_— N4 N A4
1 — wE — —
Figure 1.2.1 : Solution curves Figure 1.2.2 : Solution curves
shifted in the y-direction. shifted in the x-direction.

Actually, we can easily check that equation (1.2.1) is invariant under the
transformation (x,y)—(x,y +c) while equation (1.2.2) is invariant under the
transformation (x,y)—(x +c,y). In other words, the first transformation is a
symmetry of equation (1.2.1) and the second transformation is a symmetry of equation

(1.2.2). Now we go back to our main inquiry : why equations (1.2.1) and (1.2.2) were
easy to solve? What was the deeper property that made them solvable?

The answer is getting clear for us now. It is the presence of a continuous
transformation that takes each solution curve into another. In other words, the
presence of a Lie symmetry is the deeper property that enabled us to solve equations
(1.2.1) and (1.2.2).

For more details on this subject see [ 10 ].

1.3 Separability of First Order ODEs

In the previous section we have seen that a first order ODE can be transformed into a
separable equation if its set of solution curves is invariant under transformation in

some coordinate system. Actually, knowing the proper coordinate system to be



10

utilized makes it easy to transform the considered equation into a separable one.

Consider the following example for better clarification of this idea.

pExample 1.3.1

Transform the differential equation

d_y_X2+y2

dx Xy

into a separable equation using the substitution

then find its solution.

Solution

Obviously,

implies that

Hence,

Dividing by x gives

or equivalently,

du

_ xdy —ydx

u(ey)=>-

u(ey)=2

= X “du = xdy —ydx.

2

(1.3.1)



Substituting the above equation into equation (1.3.1) we get

X +1
2 2 2
xd—u+u:x Yy :>xd—+u=y
X Xy X X
y
Thus,
u u?+1
X —+U =
dx u
du 1 du 1
X—+U=U+—X —==
dx u dx u

Therefore, the above expression leads us to the separable equation
dx
udu =—
X

We can solve the upper separable equation by integrating both sides to get

u2
—=In|x|+c
2
or equivalently,
L —In|x|=c.
2
Therefore,

2
E(XJ —In|x|:c.
2\ X

Hence, the final answer can be expressed as
y :xﬂ/2In|x|+c.
Remark

Consider the following transformation

11
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&

X

e X
e‘y.

<
I

Then, it is obvious that equation (1.3.1) is invariant under the given transformation. In
other words, equation (1.3.1) implies that

d_y__x_

2+>72
dx Xy

Moreover, we can easily check that the transformation satisfies the following

properties.
i) =0 gives the identity transformation
X=Xx,y=Y.
i) —& characterizes the inverse transformation
X =e7°X,y =e"y.
iii ) The product of transformations is also a member of the set of transformations.

A transformation satisfying these three properties is said to be a one parameter group
of transformation. This group will be studied in details in the next chapter.
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CHAPTER 2

SYMMETRIES OF ODEs

In the previous chapter we have seen that a symmetry of a first order ODE is a
transformation that leave the differential equation invariant. As a matter of fact, the
concept of symmetry can be generalized to any differential equation including higher
order ODEs and PDEs.

Indeed, the method of symmetry can be thought of as a general method that
determines the coordinate system which simplifies the equation so that it can be easier
to solve. The question that need to be raised is how to obtain this coordinate system?.
In order to answer this question we need first to know how to obtain the symmetries

of a given differential equation.

In fact, the definition of symmetry that we gave in the previous chapter is good
enough to determining if a given transformation is a symmetry of a given differential
equation. However, this definition does not give us information about how to obtain
the symmetries of the equation. Therefore, we need a more technical definition that
we can use as a criterion to obtain the symmetries. In this chapter our main goal will

be to derive the criterion that will enable us to obtain symmetries of ODEs.
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2.1 One Parameter Group of Transformations in Plane

Definition (point transformations)

A transformation in the xy-plane T :R? — R?*which transform a point p =(x,y)

into another point T (p) =p =(X,y) through the functions
X =¢(x,y)
y=w(x.y)

is called a point transformation.

The table below gives some examples of point transformations.

The transformation Action
X=x+c Translate the point (x,y ) horizontally by
y=Yy C units.
X =X Translate the point (x,y ) vertically by c
y=Yy+cC units.
X =X cos(e)— y sin (9) Rotate the point (x,y ) counterclockwise

y =xsin(@)+y cos(8) through an angle of 6.

X =e“X

7=ty Rescale the point (x,y) uniformly.

X =e“ix

7 —eky Rescale the point (x,y)non- uniformly.

Table 2.1.1 : Some famous examples of point transformations.

Definition (one parameter group of point transformations in plane)

The set of transformations T, with el —R is called a one parameter group of

transformations if the following conditions are satisfied.

I ) The existence of the identity transformation T, so that

T,(x,y)=(x,y).
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ii ) For every transformation Tgthere exists the inverse transformation T *=T

—&

such that
Tng‘l =T8‘*I' L =1

iii ) The composition of two transformations in the group is a member of the set of
transformation in the group (closure property).

Remark

The one parameter group of transformations satisfies the associativity of group

multiplication. That is,
T.(MT) =TT
Example 2.1.1
Show that the set of transformations {T,}given by
T.(X,y)=(X+&,y +meg)
is a one parameter group of transformation.
Solution

1) Itis clear that T is the identity transformation since
T,(X,y)=(xx+0,y +0)=(x,y).
ii) T_, is the inverse transformation because
TT . X,y)=T.Xx -,y —meg)=(X —e+&,y —Mms+me)=(X,Y)

T T.xX,y)=T (X+&y+me)=(X+e—&,y +me—me)=(X,y).

iii ) The closure property is satisfied since

T.T,(Y)=T, (X+&,y +mg)=(X +&,+&,y +Me, +Mg)

=(X +(g+¢&,)Y +m(gl+52))=T

& + &9
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Therefore, the given transformation is a one parameter group of transformation.

2.2 Infinitesimal Generator of One Parameter Group of
Transformations
Definition
Given a one parameter group of transformation
X=x(&)=¢(x,y,¢)
y=y(e)=vy(x,y,e)
then the vector field

9

X =c(x,y)§x+n(x,y)ay

is called an infinitesimal generator of the group if

_0¢ _oy
4’(x.y)—agg:0 and ”(X’y)_ag

=0

so that the vector (£,77) gives the tangent to the curve
a(e)=(X,¥)=(g(x,y,e)p(x,y,¢))
at the point p(x,y).

Example 2.2.1

Find the infinitesimal generator of the following group

X_: , _:
1-¢y d 1-¢gy

Solution
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X d¢ Xy
X,Y, - -7
Px..8) 1—gy:>dg (l-¢y)’
d
§(x,y)=d—¢ =Xy
gs:O
W(lel‘g):lL
dy __y*
de (1—5y)2

d
n(x,y)z—d‘// —y?
g

=0

Hence, the infinitesimal generator of the given group is

0 0
X =Xy —+y?—.
X OX oy oy
Group Corresponding to Generator

We have seen so far that if we have a one parameter group of transformations then we
can find its infinitesimal generator. The opposite of this argument also holds. That is,
if we know the infinitesimal generator then we can generate the one parameter group

associated with it. This is explained in more details below.
Result
Given the infinitesimal generator
X =Ly S
The corresponding one parameter group of transformations
X=¢(x,y,¢)

y=w(x,y,¢)



with

H(x,y,0)=x, w(x,y,0)=y

can be obtained by solving the ODE

sy
with initial condition
x(0)=x,
and the ODE
Y n,y)
with initial condition
y(@)=y.

Remark
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The existence and uniqueness of solutions to the above ODEs is derived from

fundamental existence and uniqueness theorems of systems of first order ODEs.

Example 2.2.2

Find the group generated by the infinitesimal generator

0
X =x2—+X
o y

Solution

We need to solve two systems of ODEs. The first one is

The second one is

o
oy

—=x° , x(0)=x



dy
de

The first equation can be solved as follows

dx
X_2:dg
1
——=¢+C
X
X(e)=-
g +C

The initial condition x (0) =x implies that

1
X =—=
C
1
cC=——
X
Hence,
1
x(g)=——1
6‘_7
X
Or equivalently,
X
X(g)=
() l-x¢

We then solve the second equation by putting

d—y:dg
Xy

This leads into

1
=Inly|=¢+c
X

—=xy , y(@)=y

19



Multiplying both sides of the above equation by x gives
In|y|=x & +cx

X &+CX

y(e)=¢

The initial condition y (0) =y implies that

y =€
ox =Iny|
Or equivalently,
C= xi In|y|
Therefore,
y (€) :eXSexl(In\y\x
or equivalently,
y (£) = ye*“.

Hence, the group generated by the given generator is

= y =ye*
1-xg '

2.3 Prolongation of Vector Fields

A vector field

X =¢(x,y)§+n(x,y>ay

9

20

(2.3.1)
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in a plane transforms a point (x,y) into another point (x,y) at a small scale.

Therefore, the infinitesimal transformation of the corresponding group can be

expressed using the Taylor series as

X=X +&l(x,y)+0(s?)

y =y +en(x,y)+0 ().

For the sake of symmetry approach method we will need to know how to transform
the derivatives infinitesimally via the given vector field (or the transformation group).
The required information can be obtained by the prolongation of the vector field. In
this context, a first prolongation of the vector field will provide the infinitesimal
transformations for each of x,y,y". If we need to transform the second derivative y "
also then we have to find the second prolongation. In general the kth prolongation
X ®1 of the vector field (2.3.1) gives the infinitesimal transformations for each

! 14

X, ¥, Y" e, Yy where y ) denotes the kth derivative of .

First Prolongation

The first prolongation extends the vector field (2.3.1) into the vector field

0 0 0
XWP=¢x,y)=—+nx,y)—+n"x,y,y)— 239
¢( y)ax n( y)ay 7( yy)ay, (2.3.2)
sothaty’:d—yistransformedto Y,:d_y:
dx dx

Thus, we should be able to express y' as

y' =y +en(x,y,y)+0(&).
Now, our main aim is to obtain a formula for ™ (x,y,y").
Notice that,

X=X+&l(x,y)=>dX =dx +ed g

Y=y +en(x,y)=dy =dy +edz
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Hence,

_dy _dy+edp
d< dx+edd

<

Dividing the numerator and the denominator of the above expression by dx we obtain

dy _dn@
2 et 1
)T=—dx ddX =(y'+gd—nJ(l+gd—gj
14.9¢ dx dx
dx

Using the binomial theorem the above expression becomes

y :(y'+g(;—xnj(l—gi—xg+0(gz)j: y'+g[3—xn—y’z—xgj+0(52)

Clearly, from the above result we conclude that

w_dn_,d¢
dx dx

If we use the definition of total differentiation of a function as

dg(x,y) _a¢  acdy
dx ox oy dx

dn(x,y) _on  ondy
dx ox oy dx

Then the expression for 7™ can be written as

7Y,y ) =n, 4y (0, - S) (V) G, -
Definition
The first prolongation of the vector field (2.3.1) is given by

1 0 0 ’ "? 0
X H =§(x,y)&+n(x,y)5+(m +Y'(n, =&)=(Y') 43)@'

The next example illustrates how to obtain the first prolongation for a given vector
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field.
Example 2.3.1

Find the first prolongation of the vector field

X =x>—+y

.0
oy

x
Solution

Sx,y)=x*=¢,=2x and ¢, =0
Similarly,

n(x,y)=y’=n,=0and n, =2y

!

7YY ) =n +y (i, —6) = (V) &, =2y —2xy
Therefore, the first prolongation is given by

0 0 0
XM=x2 —4y? —4+(2yy'—2xy")—.
OX oy oy’

Second Prolongation

Now, we are seeking to find a transformation of the second derivative y”. In other

words, our goal is to extend the vector field (2.3.1) to the vector field

o 0 o 0
X B = 2,y ) 470X, Y ) —+ 79, Y, Y ) ==+ 72 (X, Y, Y, Y ")
OX oy oy’ oy "

dy’

sothat y"= p is transformed to V"=dl such that
X

OX

V'=y"+en?(x,y,y",y")+0(£%).

Hence, we need to find a formula for n™(x,y,y’,y"). In order to derive the desired

formula we can proceed as follows.
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7 — !+ [1](X !) d—!:d I+ d [1]
y =y +én Y.y )=ay y +éedn

V,,_@_dy'wdn[”
dx  dx +ed¢

Dividing the numerator and denominator in the above expression by dx yields

' [ -1 1] -1
"= dL+5dL (1+5d—§j = y”+gdL (1+5d—§j
dx dx dx dx dx

Using the binomial expansion the above expression becomes

i - .
v = y"+g—d77 (1+gd—§) = y"+gdL (1—8d—§+0(52)]
dx dx dx dx

(1
=yn+g(d77 _y”d_é/J_l_o(gZ)

<

dx dx

From the above result we get

! " d [1] "d
P20,y yyn =3 yrde
dx dx

Notice that the above expression can be computed using the total differentiation and

the chain rule to get
720Gy Y Y ) =1+ (2 =S )Y+ (1 =28, )(Y) =S (v ) +(my 26, =3y 'S, )y "
Definition

The second prolongation of the wvector field (2.3.1) is given by
0 0 2 0

[2] _ ' _ _ !

XE=00ay) o -+n(,y) — +(n+y'(n,—¢) (y)é”y)—g,

+(77XX +(217Xy -, )y’+(77yy -2¢,, )(y')z—.{yy (y')3+(77y -2, -3y'¢, )y”);”

Example 2.3.2

Find the second prolongation of the vector field
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X :x2i+yZi
X oy

Solution

The first prolongation for this vector field has been computed in example 2.3.1 and it

was found to be

X :x2i+y2i+(2yy'—2xy’) 0

OX oy oy’

Therefore, all we need to compute now is 7 (x,y,y’,y"). Thus, using the derived

formula given in the previous definition we have,
720Gy YY) = (20 =80 )Y+ (my =28, ) () =<, (V) + (1, —26, -3y S, )y
:2(y’)2+2yy”—2y'—4xy”

Therefore, the second prolongation of the given vector field is given by

0 0 0 2 0
X =x? —4y?—+Qyy'—2xy)—+(2(y') +2yy" -2y —4xy" |—
x oy oy’ ( ) )5)/"

Higher Order Prolongation

We can show by induction that if we extend the vector field (2.3.1) then the

coefficient of &/dy ™ in the extended vector is given by

iy zd”_(iil) _y<i>d_§

dx dx
where i =1,2,3,....,n and 7% =7.

Therefore, we can now generalize the definition of the prolongation of the vector field
(2.3.2).

Definition

The nth prolongation of the vector field (2.3.1) is given by
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o o d o
X = (X, ) — (X, Y )=+ 7P (X, Y Y ) P (X, Y,y Y )
OX oy oy’ oy "

0

Furrennn +n[”](x,y,y’,y”,...,y(”))m

where

a_dn®? | dg
] _ _yde
g dx y dx

2.4 Invariance Criterion for Finding Symmetries of ODEs

We are now very close to achieving our main goal of this chapter which is to find a
criterion for obtaining symmetries of ODEs. However, before we proceed to this point

it is worthwhile to introduce the concept of differential invariants of a vector field.

Definition (differential invariants of a vector field)
A function f (x,y) is adifferential invariant of a vector field if the form of f (x,y)

does not change under the infinitesimal transformation
X=X+&l(X,y)
y=y+en(x,y)
Thatis, f (X, V) =f (x,Yy)
Or equivalently, the function f (x,y) is invariant of the vector field X if
X (f)=0.
Example 2.4.1

Find the general differential invariant of the vector field

X =yi+xi- (2.4.1)
OX oy
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Solution
The differential invariant f (x,y) has to satisfy the equation
X (f)=0.

This leads to

yi+xi=0

OX oy

The characteristic system of the above PDE is

de _dy = Xdx = ydy
y X
This implies that,
2 2
L.
2 2
Or equivalently,
x?-y?=c.

Therefore, the most general differential invariant of the given vector field is given by
f(x,y)=¢(x*-y?).
Definition (Invariance Criterion)
The infinitesimal transformation
X=X+&l(x,y)
y=y+en(x,y)
or equivalently, the generator

9

X =4(x,y)aix+n(x,y)ay
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is a symmetry of the ODE

FX,y,y ey ™)=0

where X ™ s the nth prolongation of the generator X .

In fact, the invariance criterion is useful in two aspects. It can be used to check if a
given generator is a symmetry of a given ODE. Moreover, it can be applied to obtain
the symmetries of an ODE. The following example will clarify the first point.

Example 2.4.2

Show that the generator

X :x2i+xyi

OX oy

is a symmetry of the differential equation

X

xy'—y =e’.
Solution

Since the given ODE is first order then we only need to find the first prolongation of
X .Notice that,

g“(x,y):x2:>d—§:2x
dx

d ,
n(X,y)=xy :>—d77=y +Xy
X

! d (d 14 !
Py, y) =2y 8E _yyaxy =y —xy
dx dx

!

Thus, the first prolongation of X is given by
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d d d
XW=x?—+4xy —+(y —xy’
> T (y y)5 ,

Let

Then

O X 0 x P X
XUF =x?—|xy'-y —e’ [+xy —|xy'-y —€”’ —xy')—|xy'-y —e’
ax{v y J+ yay[y y J+(y y)ay,[y y J

:x2£y'—$eyJ+xy [—1+%ey]+(y -xy")(x)

2 X 2 X

:xzy’—X—eV—xy +X—e7+xy -x%y'=0
y

Hence, X MF . 0 which implies that the given generator is a symmetry of the

given equation.

2.5 Finding the Symmetries of ODEs

We have mentioned in the previous section that the invariance criterion X "'F| =0

plays the key role in finding the symmetries of ODEs. The idea is to apply this

criterion to the given ODE which lead to a system of PDEs in ,# . This system is

called the system of determining equations (which in general will be overdetermined).

Solving the determining equations will give us all the functions £(x,y), n(x,y) that

satisfy the invariance condition.
Procedure for Finding Symmetries of ODEs

We can summarize the procedure for finding symmetries of ODEs as follows.
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Step#1

Apply the invariance criterion

where F(x,y,y",y",......y ™) =0is the given differential equation.

X "' s the nth prolongation of the symmetry generator X .
Step #2

Compare the coefficients of the derivatives of y in step # 1 to obtain the determining

equations.
Step #3
Simplify and solve the determining equations.

The procedure of obtaining symmetries of ODEs is described in details in many
textbooks, see for example [11], [12], [13], [14], [15], [16], [17], [18].

Example 2.5.1
Find the symmetries of the differential equation

y"+y?=0. (2.5.1)
Solution

Notice that the symmetry generator of the given differential equation is of the form
0 0
X =C(X,y)—+nx,y)—
é(xnax n( y)ay (2.5.2)

Step#1

We apply the invariance criterion which is in this case

XPF =0

F=0

This leads to
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X UF =§(x,y)%(y”wz)w(x,y)g(y”+.\/2)+77[”W(y”w2)+77m%(y"+y2)=0
Or equivalently,

2yn(x,y)+n4 =0

This implies that,

2y (.Y )+ +(20 =S )Y+ (1 =26 ) (Y)Y =<, (V') +(m, —28, =3y ¢, )y " =0
Using y”=—y? then substituting in the above equation we get

2y 7,y ) + 13 +(2 =G )Y+, =26, )YV =G, (¥) Y2 (1, =28, =3y ¢, ) =0
Step # 2

We derive now the determining equations.

This is done by equating the coefficients of different powers of derivatives of y to

Zero.

From step # 1 above we have the following coefficients
.. N0 - . 2 2

Coefficientof (y') is: 2yn+2y°S, —yn, +1n,

Coefficient of y'is: 3y’ +2n, —&,

Coefficient of (y ')’ is: 7, —2¢,

Coefficient of (y') is: ¢,

Therefore, the determining equations can be written as

el: g, =0

e2:n, —2¢, =0

e3:3y°’¢, +2n, —¢, =0



e4: 2yn+2y°*, —y*n, +n, =0
Step #3

We solve the above determining system as follows.

Differentiating e2 with respect to y gives after simplification the following

My =0
Differentiating e3 with respect to y then simplify to get
6y é,y +277xyy _g(xy =0.

Differentiating (2.5.4) with respect to y then simplify to get

¢, =0.
Putting (2.5.5) in e2 we obtain
Ny = 0.
Also, putting (2.5.5) into e3 we obtain
2y = G -
Now, (2.5.5) implies that
¢=A(x).

Moreover, (2.5.6) implies that
n(x,y)=B(x)y +C(x).
Thus, putting (2.5.8) and (2.5.9) into (2.5.7) we obtain
2B'(x)=A"(x).

Thus, e4 becomes

2B(X)y?+2C(x)y +2y°A’'(x)-B(x)y*+B"(x)y +C"(x)=0.

32

(2.5.3)

(2.5.4)

(2.5.5)

(2.5.6)

(2.5.7)

(2.5.8)

(2.5.9)

(2.5.10)
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Therefore, the above equation implies that
B(x)+2A'(x)=0.
Differentiating the above equation with respect to x gives
B'(x)+2A"(x)=0. (2.5.11)
Equations (2.5.10) and (2.5.11) imply that
A"(x)=0
A(x)=cx +c, (25.12)
Also, (2.5.8) and (2.5.12) imply that
¢ =CX +C,. (2.5.13)
Furthermore, putting (2.5.12) into (2.5.11) we get
B'(x)=0
B(x)=c,

Hence, (2.5.9) becomes after substitution

n(x,y)=czy +C(x). (2.5.14)
Now, substituting (2.5.13) and (2.5.14) into e4 gives
Cy?+2C(x)y +2c,y*+C"(x)=0.
The above equation leads to
c,=-2c, and C(x)=0.
Therefore, the final solution of the determining system can be rewritten as

{ =CcX +C,

n=-2y
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Now, to find the symmetries we proceed as follows.

Set ¢, =1, ¢, =0 then substitute in the symmetry generator (2.5.2) to get the first

symmetry which is given by

0 0
X, =X—=-2y —.
1 =X 5 yay

Similarly, to get the second symmetry we set ¢, =1 , ¢, =0 then we substitute in

(2.5.2) to get

It is a standard result that the set of all symmetries of an ODE forms a Lie algebra

with commutator operation
[X 1 X1 ) =X, [X, (F )] =X, [X, (F )]

Notice that the Lie algebra generated by the symmetries X, X, of equation (2.5.1)

IS given in table (2.5.1).

xl Xz
Xl 0 _Xz
X, X, 0

Table 2.5.1 : The commutator table generated
by symmetries Of equation (2.5.1).

2.6 Reduction of ODEs Using Symmetries

ODEs can be reduced into simpler forms if we know the proper coordinate system that
can be utilized to simplify them. The symmetries of an ODE provide us with the
desired coordinate system. This task can be achieved using invariant functions
expressed as new independent variables. These functions are called the similarity
variables. They are obtained by solving the characteristic system produced by the

equation
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X M =0.

The symmetry transformation converts a first order ODE into a separable equation and
reduces the order of a higher order ODE by one. This means that a second order ODE
can be reduced into a first order. To illustrate this idea consider the Riccati equation

given in the following example.
Example 2.6.1

Reduce the Riccati equation given by

using the symmetry

X :Xi_yi

ox "oy

into a separable equation (algebraic equation) then find its exact solutions.

Solution
Setting
X(1)=0
we get the characteristic system
dx _dy
L

Integrating both sides of the above equation yields
In|x|==In|y|+c

where ¢ denotes constant.

Equivalently, this leads into

In|x|+In|y|=c
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Hence,
In|xy|=c
Xy =k
where k denotes constant.

Therefore, the general form of invariant solution is

xy =k
or equivalently,
y =X (2.6.1)
X
Thus,
dy __k
dx X2

Now, substitute for dy /dx in the given Riccati equation we obtain an algebraic

equation given by
k?—k —2=0.

In order to obtain exact solution for the Riccati equation we solve this algebraic

equation to obtain two solutions
k,=-1, k,=2.
Substituting these two solutions in equation (2.6.1) yields

-1 2
y1:7 and y2:;.

Table (2.6.1) provides some examples of symmetries of some nonlinear first order

differential equations.



No. Equation Symmetry
y'=F(y) x -9
1 OX
y'=F(ax +by) N
2 ox oy
' y 0 0
=F(& X =X —+Yy —
; y (X) o yay
0 0
roxE L X =X —+ky —
4 yer (xk] x oy
XyI:F(Xe_y) X =X i_}_i
5 ox oy
y'=yF(ye”) X =2y 9
6 ox "oy
y'—l+xF(lj x =2.Y 9
7 X X OX X oy
, y 0
=2 X =y —
8 y X +F(y) yax
xy'=y +F(x) W oy O
9 oy
xy'=y[Iny +F(x)] X =xy 2
10 oy

Table 2.6.1 : A known symmetry of some 1% order nonlinear ODEs [15]
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CHAPTER 3

SYMMETRIES OF PDEs

This chapter is focused towards generalizing the notion of symmetries of ODEs to
PDEs. The underlying concept in the case of PDEs is the same. Since the symmetry of
an ODE is a transformation that preserves the form of the ODE or a transformation
that keeps the ODE invariant, then the symmetry of a PDE is a transformation that
keeps it unchanged. Without loss of generality we will restrict our attention in this
chapter to second order PDEs that involve one dependent variable and two
independent variables. However, the ideas and concepts can be extended to PDEs of
any type. In the next two chapters we will see that the symmetry approach can be

applied successfully to more complicated PDEs.

3.1 Definition of Symmetries of PDEs

A one parameter group of transformations

x=f (x,y,u,¢&)
y=g(x,y,u,s)
a=h(x,y,u,é&)

is called a symmetry of the PDE
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F(x,y,u,u,,u,u,.u,.u .,0'u)=0

XX ! yy 't

if the form of PDE remains unchanged under the transformations. In other words,
T(X,y,u)—>X,y,0)=F(,y,u0,ad,...,0a0)=0

where 0"u denotes the nth partial derivative of u .

3.2 Prolongation of Infinitesimal Generators of Symmetries
of PDEs

Consider the second order PDE in two independent variables of the form

u.,u,)=0.

F(x,y,uu,,u, ,u,,u,u,

The symmetry operator of this PDE is going to be of the form
0 0 0
X,y,u)—+n(X,y,u)—+¢(x,y,u)— (3.2.1)
gx,y )6x n(x,y )8y p(x,y )au

Thus, the infinitesimal group is

X=X +&l(X,y,u)+0(&?)
y =y +en(x,y,u)+0(?)

T =U+s&p(x,y,u)+0 (%)

To find the transformation of the partial derivatives of first order u, ,u, we need to

derive a formula for the first prolongation. The prolongation formulas will be derived

using the total differentiation operator defined below

Definition (Total Differentiation Operator)
Given a function F(x,y,u(x,y),f*(x,y),f*(x,y ) f "(X,Y)).

The total differentiation operators with respect to x and Yy are respectively defined as
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0 ouo oft o of* 0 of" o
D,=—+——+ T+ R + -
Ox oxou ox of ox of ox of
o ouo oft o of? o of" o
D, =—+_——+ o+ R + -
oy oy ou oy of oy of oy of

First Prolongation

We are looking for the functions 7*1(x,y ,u,u,,u,) and 7*!(x,y,u,u,,u, ) such that
0, =u, +er?I(x,y,u,u,,u,)+0 (%)
0, =u, +er” (x,y,u,u,,u, ) +O (&)

Notice that

ou ou
= X + y
OX oy

Hence,

dx =dx +ed & +0 (&)

=dx +£(&,dx +¢,dy +¢,du )+O(¢°)

=dx +g[§xdx +¢£,dy +¢, (Z—de +2y—udy D+O(gz)

=[1+5(§X +2—)l:§u de +g(§y +Zy—u§ujdy +0 (%)

dX =[1+£D,¢]dx +£[ D, ¢ Jdy +O (&) (32.2)
Similarly, we have

dy =&(D,7)dx +&(1+D,7)dy +O (&%) (3.2.3)

Furthermore, we have



ou

da = |:2—)L:+8D ¢} {;—u+gDy¢}dy +0(%)
Notice that 0 =0 (X,y) implies that

dr = Lax + gy

ox a7
Putting equations (3.2.2), (3.2.3) and (3.2.4) in equation (3.2.5) we get

ou ou
[&+5D ¢}dx {EHJ‘D ¢}dy +0 (&%)

oo

ou
)4

d =du +&d ¢ +0 (&* )_—dx +gdy +g[¢ dx +¢,dy +d, [—dx +Zy—udy
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H+O (&%)

(3.2.4)

(3.2.5)

=a?[(1+ ¢D,{)dx +¢D, Cdy +0(52)]+2y—“:[ngndx +(1+ D, 7)dy +0(gz)]

:(—[1+5D ¢)+e[D, ”]Zy jdx +(—8[D §]+%[1+8D n]jdy +0(&")

But since dx and dy are linearly independent, the previous relation implies

o d
a—)‘:+ &D ¢——[1+5D ¢]+&(D, 77)8“_
gy—“+ eD ¢_— (D, §)+—[1+5D 7]

The above two relations can be put in a matrix form as follows

ou oo
&+8D ¢ (1+8DX§ eD,n j oK
0_u+ D, 4 eD,¢  1+eDypy 8_11
oy oy

1+&D D
Set :( N4 XUJ

eD, & 1+eDyny



D D
Also, let Bz[ < XUJ

D, Dyn
Then, we have
A=1+&B
which implies that
A7 =(1 +&B) =1 —¢B +O(?).
From equation (3.2.4) we get

oo ou

a—_ a—+8DX¢
X l=at +0 (&)
ou ou
— —+€Dy¢
oy oy
Or equivalently,
g—u_ 2—u+gDX¢
X | X )
T =(1-¢B) 2 +0(&%).
— —+€Dy¢
oy oy

Simplifying we obtain

a—u+€77[”(x,y,u,ux,uy)+0(52) M ou
O OX D.¢ OX ,
= té —&B +0 (&%)
U, i | | éu D, P
—+en’l(x,y,u,u,0)+0() | | — y a
which implies that
au
7 _(Bu#) (Dg D)l ox
7 D,¢) (D,g D,n)l ou
oy

Writing the above equation in terms of £,z and ¢ gives

42
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[77[”}_[@ +(d =& U, —1u, —4uf —nuu,

77[y] ¢y +(¢% =1, )uy _é/yux _é/uuxuy —%Uj
Therefore,
7= o (=6 U~ — Ul -nu, (326
n[y] :¢y +(¢Z -1, )uy _é’yux _é’uuxuy —77uuy2 (3.2.7)
Definition

The first prolongation of the vector field (3.2.1) is given by

w_ 2 2 o _EVL —nu, —CuE - 0
X =00y ) e,y ) 2o 9y ) 2 (6 (=60~ =Gl —mudy ) 32

X

+(¢y +(¢J _77y )uy _é/yux _gjuxuy _nuu5)£

y

Second Prolongation

We want to prolong the vector field X given in (3.2.1) to the generator

X @)= X W 0 ] 0 ] 0
ou aou,, ou

XX

yy

so that the functions n™ »™1 and #"! provide transformations for the 2"

derivatives. That is,

e =Up +e™ Iy uu, Uy U, U U ) +0 (67)

Iy =U,, +enI(x,y,u,u,,u, ,u,,u,,,u, ) +0 (&%)

Xy !

_ Wl 2
w =Uy, +en I y,uuu,,u, U, 0, ) +0(67)

It can be shown by doing similar computation as in the first prolongation that the

functions 71, 7™ and 71 are given by
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Y =g + (26, — S JUy —1hoUy +(dhy — 28, UE — 27, U,U, — & US
~ Uy + (4 =28, Uy = 3G U U, —7UUy —27U, — 27U, U,
0=y +(dhy =Gy Y = (s =78 Uy = U5+ (b =G =70y JUSY,
1 U7 = U, —nuuuxuj+(¢g -, —ny) —24,u,U,, —2m,U,U,, — 73U,
UMy, =Gy =G U Uy, -
0= g, + (24 =1, Uy =Gl — 28,00, +(dy — 2, Uy — U0, — 7,0

~26,u,, —26,u,u,, + (4 —27, Ju,, —uu, —3pu,u,,.

Example 3.2.1

Find the second prolongation of the vector field

Solution
£(x,y,u)=x"
n(x,y.u)=y’
$(x,y,u)=u
Substituting in the formulas of 71,73, 71 71 41 we obtain the following.
7 =(1-2x )u,
' =(1-2y )u,

P =-2u, +(1-4x )u,,
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1 =(1-2x -2y )u,,
M =-2u, +(1-4y u,,

Substituting these values in the formula of X ! we obtain the required second

prolongation of X to be

X[Z]:x2i+y2i+ui+(l—2x)uX 0 +(1—2y)uyi+(—2uX +U,, —4xXu,, ) 0

OX oy ou ou, ou, ou,,

0 0
+(1-2x -2y )u,, au—+(—2uy +u, —4yu,, )au_

Xy Yy

3.3 Invariance Criterion for Finding Symmetries of PDESs

An alternative definition of symmetries of PDEs can be given now. This definition
will be based on prolongation. As in the case of ODEs in the previous chapter, this

definition will play the key role in obtaining symmetries of PDEs.
Definition (Invariance Criterion for Symmetries of PDES)
The infinitesimal transformation

X=X +e&(x,y,u)+0(g?)

y =y +en(x,y,u)+0(e?)
T =U+s&p(X,y,u)+0 (%)

or equivalently, the generator
0 0 0
X =f(X,y,u)—+nX,y,u)—+4¢(x,y,u)—
clx,y )ax n(x,y )ay p(x,y )au

is a symmetry of the PDE

u, ,u

XX POy

F(x,y.u,u,u,u S

,&d'u)=0 (3.3.1)
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if XMF| =0
F=0

where X " is the nth prolongation of X .
Example 3.3.1
Show that the generator

9

X =y —+X

o
ox

is a symmetry of the wave equation

Solution

Since the wave equation is a second order then the invariance criterion will be

XPF =0
F=0

where

F=u, -u,
Thus,

[2] _ o Dx] Iyl
X FF:O—n n?'=0.

Notice that,

X IF :(é(x +(2¢é1>< _é;x )ux — Uy +(¢Zu _Zé/xu )uxz _Znuxuxuy _é/uuuf _%uufuy +(¢E _24; )uxx
_3é/uuxxux _%uxxuy _Zﬂxuyx _277uuxyux _¢yy _(ZQW _nyy )Uy +§yyux +2§UyUyUX _(%” _277yu )Uj

2 3
+ouUyU, +m,Uy +24 U, +24U U, —(¢g —2n, )uyy +¢guu, +3nu.u,

Also, for the given generator we have
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c(x,y,u)=y
n(x,y,u)=x

P(x,y,u)=0

Substituting the values of £(x,y,u),n(x,y,u) and #(x,y,u) in the above equation

we obtain
X¥F=—2u, +2u, =0

Therefore, the given generator is a symmetry of the given wave equation.

3.4 Finding the Symmetries of PDEs

In order to obtain the symmetries of the PDE (3.3.1) we follow the procedure that is

similar to the one mentioned in chapter 2. In particular the steps are as follows.
Step#1

Apply the invariance criterion

XME =0

F=0

Step #2

Compare the coefficients of different powers of derivatives of u in step 2 to obtain the

determining equations.
Step # 3
Simplify and solve the determining equations.

Furthermore, for more details in the procedure of obtaining symmetries of PDEs see
[11], [12], [23], [14], [15], [17], [18].

Example 3.4.1

Find the symmetry algebra of the differential equation



Solution

The symmetry generator is given by

X =;(x,y,u)§+n(x,y,u)§+¢(x,y,u)%

Step#1

The invariance criterion is
XPF =0
F=0

where F =u,, —u, —u.

Thus, the above condition leads to
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(3.4.1)

(3.4.2)

X IF ZQV(X,y,U)a—FH](X,y,u)a—F+¢(X,y,u)a—F+77[X] oF + oF ) oF
OX oy ou

ou,
_H][xy] oF _H][yy] oF =0
ou,, ou,,
This leads to

—p(x,y u)+n" =™ =0.

Substituting for #*1 and #™! in the above equation yields

ou ou

y XX

_¢(X’y ’u)+¢xx +(2¢ux _é/xx )ux _nxxuy +(¢uu _Zé/xu )Ux2 _Znuxuxuy _guuuf _nuuuxzuy

+(¢u _Zé/x )uxx _3§uuxxux _nuuxxuy _znxuyx _Znuuyxux _¢yy _(2¢uy _77yy )uy +§yyux

+2§uyuxuy _(¢uu _277uy )U; +§uuu5ux +77uuuj +2§yuxy +2é/uuyuxy _(¢u _277y )uyy

+guu, +3pu, U, =0
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Step # 2
The coefficients of powers of the derivatives of U are given as follows

Constantterms : ¢, —¢, —¢
Coefficientof u, is: 2¢4, —¢, +¢,
Coefficient of u, is: -1, —24, +n,
Coefficientof u’ is: ¢, —2¢&,
Coefficient of u,u  is: —2n, +24,
Coefficientof u® is: ¢,
Coefficient of ufuy is: -7,
Coefficientof u,, is: ¢ —2¢,
Coefficient of u,,u, is: -3¢,
Coefficientof u,, is: 2¢ —2n
Coefficient of uy2 is: —¢, +27,

Coefficient of uyzuX is: &,

Coefficient of u; is: 7,
Coefficient of u u,, is: 2¢,
Coefficientof u  is: 25, —4¢
Coefficientof u u  is: ¢
Coefficientof u u,, is: 37,

Coefficient of u u, is: —2n,



Coefficient of u, u, is: —n,
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Equating these coefficients to zero we obtain after simplifying and removing the

redundant equations the following system of PDEs

el:

e2:

e3:

e4 :

eb:

€6 :

e’ :

e8

e9:

¢ =0
n, =0
Mo —6y =0
gy~ =0

Zﬁjx _é;x + vy =0

Z%y + 70 —77yy =0

¢é|u _Zé;(u =0
f—2C, =0
¢ —2m, =0

el0: ¢, —¢, —¢=0

Step#3
we solve the system as follows.

Notice that el implies that

Also, e2 implies that

Moreover, e8 and €9 imply that

¢=c(x,y).

n=n(x,y).

S =1

Differentiating (3.4.3) with respect to x gives

(3.4.3)

(3.4.4)



é;x = ﬂyx :

Differentiating e4 with respect to y implies that

Sy =Thy-
Notice that (3.4.4) and (3.4.5) lead to
Cxx = Gyy -
Putting (3.4.6) into e5 we obtain
@, =0.

Differentiating e4 with respect to x yields
Mo = Gy -
Differentiating (3.4.3) with respect to y yields
Ty =Sy

Equations (3.4.8) and (3.4.9) imply that

Thx = Myy -
Putting (3.4.10) in e6 we get
é, =0
Also, putting el into e7 we obtain
@, =0.

Therefore, equations (3.4.7), (3.4.11) and (3.4.12) lead to

g=cu+B(x,y).

Putting (3.4.13) in €8 we obtain

1
Clzzé,x =4, :2
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(3.4.5)

(3.4.6)

(3.4.7)

(3.4.8)

(3.4.9)

(3.4.10)

(3.4.11)

(3.4.12)

(3.4.13)
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Integrating the above equation with respect tox gives
1
gzaclx +f (y). (3.4.14)

Substituting (3.4.14) into (3.4.3) yields

Integrating the above equation with respect to y yields
1
=50 +9(x) (3.4.15)

Substituting (3.4.14) and (3.4.15) into e4 yields
f'ly)=9'(x).
This implies that
f'ly)=9'(x)=c,.
Therefore,
f(y)=c,y +¢c,
g(x)=c,x +c,

Substituting for f (y) into (3.4.14) we obtain
1 (3.4.16)
cj:Eclx +C,Yy +Cj;. o
Furthermore, Substituting for g(x) into (3.4.15) gives
1 (3.4.17)
n=§qy+%x+g. 4.

Putting (3.4.13) into €10 we get

B,« —B,, —cu—-B =0.
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The above equation implies that ¢, =0 and
B, —B,, —B =0.

Putting the value of c, into (3.4.13), (3.4.16) and (3.4.17) we obtain the final solution

to the determining system which is given by
¢ =Cy +C4
n=C,X +C,
g=B(x,y)
where B (x,y) is any function satisfying equation (3.4.1).
Now, to obtain the symmetries we first set

¢, =1and c, =c, =0 then we substitute in the symmetry generator (3.4.2) to get

0 0
X, =y —+X —.
1 y5

%y

Similarly, set ¢, =1 and ¢, =c, =0 then we substitute in (3.4.2) to obtain

Finally, set ¢, =1 and ¢, =c, =0 then substituting into (3.4.2) we get

0
X3:5.

Furthermore, we have also the symmetry
0
X =B(X,y)—
- =BY)—
where B (x,y) is any function satisfying equation (3.4.1).

The commutator table of the Lie algebra formed by X,,X,, X is given below.
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X, X, X,
X, 0 —X, =X,
X, X, 0 0
X, X, 0 0

Table 3.4.1 : Commutator table generated by symmetries of equation (3.4.1)

3.5 Reduction of PDEs Using Symmetries

The PDEs can be reduced into simpler forms using symmetries. As in the case of
ODEs the task will be achieved using invariant functions. These functions will be
obtained by solving the characteristic system produced by the equation

X (1)=0.

However, a symmetry of a PDE will reduce the number of variables in the equation by
one. In particular, this means that a second order PDE with two independent variables
can be converted into an ODE by a symmetry transformation. The method of

reduction is illustrated in the following example.
Example 3.5.1

Reduce the equation

using the symmetry

Solution

We solve the equation



The characteristic system produced by the above equation is

dx _dy _du
X 0
xdx = ydy
Hence,
x?-y?=c
Moreover,

du=0=u =c,.
Therefore, the new similarity variables are
é/(xvyiu):xz_yz

V(¢)=u
Now, using the chain rule we differentiate u as follows

u, =2xV,
Uy =2, +4xY
u, =-2yV,

Uy, :—2\/§+4yz\/§g

Substituting the partial derivatives of u in the differential equation we obtain

N+, +N, -4yV -V =0
&, +(4x7-4y° |V, -V =0
&, +4(x*—y* NV, -V =0

Therefore, the final reduced equation is given by
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N, +40V -V =0.

which is an ODE obtained by reducing the given PDE by one variable.
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CHAPTER 4

SYMMETRY ANALYSIS OF THE WAVE EQUATION
ON A NON-STATIC SPACETIME

A spacetime is said to be a spherically symmetric if its metric is invariant under
rotation. In more technical terms, a spherically symmetric spacetime is a spacetime
whose isometry group contains a subgroup which is isomorphic to the rotation group

SO (3)and the orbits of this group are 2-dimensional spheres. These isometries are

interpreted as rotations [4].

Recall that an isometry of a spacetime is a transformation that preserves its metric
and the Killing vector fields represent the infinitesimal form of isometries. The reader
is referred to [19] for detailed introduction to isometry and Killing vector fields.

In fact, spherical symmetry is a characteristic feature of many solutions to the Einstein
field equations. In this chapter, we are going to consider a spherically symmetric
spacetime where the wave equation on the metric associated with it is going to be
studied. The Lie symmetries method will be applied since it is an appropriate method
for dealing with a natural equation on a four dimensional spacetime where four

independent variables appear in the equation under study.

4.1 The Non-static Spacetime
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The spacetime being considered is the spherically symmetric non-static spacetime
described by the following metric

g =dt®—dr?—e"" (dy?+sin’(y)dz *) (4.1.1)

This spacetime does not admit o/¢ot as a Killing vector field and hence is non-static
[19]. Notice that the spacetime described by the metric (4.1.1) is like a twisted cross

product between a plane and a sphere. This metric is written in a matrix form as

1 0 0 0
1o -1 0 0
9710 0 e 0
0 0 0 —e'""sin’(y)

1 0 0 0

;o -1 o 0

9 7lo 0 0
0 0 0 —e""csc’(y)

The wave equation on the metric (4.1.1) is obtained using the following formula

L 0 i du
- detg. |g¥ — 1
- ‘detgij‘iz_;@xi { ‘ etg”‘g dXiJ (4.1.2)

Applying the above formula to the metric (4.1.1) we obtain the wave equation of this

metric which is given by
U, +U, +U, —u, —e"" cot(y u, —e"u,, —e"" csc*(y Ju,, =0. (4.1.3)

Obviously, equation (4.1.3) is a 2" order PDE in four independent variables and is not
easy to solve using standard methods. Therefore, Lie symmetry methods will be used
to find exact solutions of this equation.

4.2 Symmetry Algebra of the Wave Equation on the Non-

static Spacetime
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Our main objective in this section is to apply the symmetry analysis to obtain all the

symmetries of equation (4.1.3).

Since equation (4.1.3) is a 2" order PDE in four independent variables and one

dependent variable then its symmetry generator will take the following form

0 0 0 0
X =¢cUe,r,y,z,u)—+"t,r,y,z,u)—+ Yt ry,z,u)—+ Nt ry,z u)—
grt,r,y )at grit,ry )ar gt r,y )8y e (N )az

0
+4(t,r,y,z,u)—. 2.
glt.r.y )au (4.2.1)
In order to obtain all the symmetries of equation (4.1.3) we have to apply the three
steps mentioned in the previous chapter.
Step#1

The invariance criterion is
XPF|_ =0
F=0
where F is the left hand side of equation (4.1.3).

This criterion leads to

oF oF oF
X?F| =Yy, zu)—+M,ry 2 u)—+Mery 2 u)—+
R O R AT Pt S CUS LU ey

1OF g F i OB e O

ou, ou ou ou,

r y

Ay, 2 ) D gt ry 2 ) D
0z ou

i1 OF ) oF .

+n[tt]£+n[tr]£+n[ty] oF ] oF ] oF 1

Ou, ou, ou,, ou,, ou,, ou,, ou,,
n[yy] oF + n[yZ] oF + 77[221 oF =0
ou,, ou,, ou,,

Step #2
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The lengthy calculation of step 1 can be computed using maple to obtain a system of
26 PDEs given below

el: & =0

e2:¢ =0

e3: ¢, =0
ed: =0
e5:¢; =0
e6:¢ =0
e7:¢) =0
e8:4 =0
e9:¢ =0
el0: ¢ =0
ell: ¢ =0
el2: £ =0
el3: ¢4’ =0
eld: g =-¢"

el15: ¢ =—csc’(y)S,

el6: £ =—cot(y)s”

1 1
el7: ¢ == —-=¢"
- 2? 24“



P 1 1.
el8: é/r :Eé/t _Eg

1, 1,1
~{-=¢ 24?

el9: ¢, =
4 4

e20: ¢ =¢
1 1 1
e2l:n ===
=78 =76 34
e22:n, =0

e23:n, =0

e24:n, =0

1, 1., 1
825 %t :_Zé/t +Zé/ +Eé/r[

e26: 1, = (€', +e"sin’(y)n,, —e'sin’(y )y, +e'sin’(y )y,

—e' sin’(y )i +e" cos(y )sin(y )n, ) /e' sin*(y)
Step # 3
We solve the determining system as follows.

Notice that 7 , €8 , €9 and e10 implies
& =8 =4 =¢ =0
which means that
&' =4"(2).
Also , e14 implies that
Y +¢7 =0.

This leads to

&Y =c,cos(z)+c,sin(z).
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(4.2.2)
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Furthermore , e11, e12 and el13 imply
G =g =g =0
which means that
¢t =2'(y.z)
Differentiating (4.2.2) with respect to z we get
&) =—¢,;sin(z)+c,cos(z). (4.2.3)

Furthermore, €15 and (4.2.3) lead to
¢y =—csc’(y)g) =—csc(y)[—¢,sin(z) +c, cos(z)]

¢} =c;sin(z )csc?(y ) —c, cos(z ) csc’(y )

Integrating the above equation with respect toy leads to

¢t =, sin(z) cot(y ) +¢, cos(z ) cot(y ) + g (2) (4.2.4)
Differentiating (4.2.4) with respect to z we obtain

&F =—,008(z ) cot(y ) ¢, sin(z ) cot(y ) +9'(z) (4.2.5)
Putting (4.2.2) and (4.2.5) in e16 produces

—(c, cos(z ) +c, sin(z ))cot(y ) = —, cos(z ) cot(y ) —c, sin(z ) cot(y ) +g'(z) .
This implies that
9'(z)=0=9(z)=c,.

Hence , (4.2.4) becomes

¢* =—c,sin(z)cot(y )+c, cos(z ) cot(y ) +c,. (4.2.6)
Moreover , e24 implies

n=A(,r,y,zu+B(,r,y,z). (4.2.7)
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Hence, e22 and e23 with (4.2.7) lead to

dA(t,r,y,z) dA(t,r,y,z)

0
dz dy
A=A(t,r)
Thus, (4.2.7) becomes
n=At,ru+B(t,r,y,z). (4.2.8)
Also, e 21 and e 25 imply
e = e (4.2.9)
Now , (4.2.8) and (4.2.9) lead to
dAt,r) __dA(t.r) (4.2.10)
dt dr
Differentiating e21 with respect tor yields
1 1 1
Az A 4.2.11
e =56 -4 5 4211)
Substituting €18 and €19 into (4.2.11) gives
1 111 1.1 111 1.1
nurr_Zé/tr —Zh?{ —55} 2[444 45 24?}
1, 1., 1
== +=-¢" -=¢.
- 24? ¢ 45 (4.2.12)
Comparing (4.2.12) with e21 yield
(4.2.13)

e = e -

Equations (4.2.13) and (4.2.8) imply

2 2
dA (tz, r) :_dA(t,r) N dA (tz, r) +dA(t,r) 0
dr dr dr dr

Integrating the above equation with respect to r yields

At r)+ 2L _g o)
dr
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At,r)=g,(t)e " +9,t) (4.2.14)
Differentiating (4.2.14) with respect to r yields

dA(t,r) _

o -g,(t)e". (4.2.15)

Also , differentiating (4.2.14) with respect to t implies

dA(t,r)

=g+ g0, (4216)

Substituting (4.2.15) and (4.2.16) into (4.2.10) we get
g, +9;t)=9,t)e " =9;t)=0.
Hence ,
9,(t)=c,
Also,
9,(t)=9,(t) = g,(t) =ce".
Substituting g, (t)and g,(t)into (4.2.14) gives
A(t,r)=ce'" +c,. (4.2.17)
Now , substituting (4.2.17) into (4.2.8) we obtain
n=@ce" " +cu+B(t,r,y,z). (4.2.18)
Notice that e26 implies that B (t,r,y,z) is any function satisfying equation (4.1.3).
Furthermore , el ,e2 and e3 imply
G =6=4=0==0(rt).
Similarly, e4 , e5 and e6 imply
G =8 = =0=0"=4"(rt).
Notice that, (4.2.18) implies that

n, =ce". (4.2.19)



Substituting (4.2.19) into e25 gives

1., 1., 1.,

ce' ==+ ST+ =0

4 4 2
Multiplying the above equation by -2 will give

1 t 1 r t t-r
SO DT = e
24 24, é’r 5

Putting e18 in the above equation we obtain
S —¢=-2ce'.
Integrating the above equation with respect to r gives
= =2+ ().
Multiplying the above equation by —% leads to

1 1

2 2

Putting 18 again in (4.2.20) gives
S =—ce'" —%fl(t) :

Integrating the above equation with respect to r yields

¢ =ce'" —%rfl(t)+f2(t).
Differentiating (4.2.21) with respect to t we get

¢ =ce'" —%rfl’(t)+f2'(t).
Thus, €20 and (4.2.22) imply

¢ =ce' —%rfl(t)Jrfz'(t).

Integrating the above equation with respect to r yields

1

S =—ce'" —Zrzfl'(t)+rf2'(t)+f3(t).

r -r l
_Q/t -=¢ :_Cset _Efl(t)-
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(4.2.20)

(4.2.21)

(4.2.22)

(4.2.23)
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Equations e17 and e18 imply

g (4.2.24)
t r-
Differentiating (4.2.23) with respect to t gives
-r 1 " " /
&= —Zrzfl (t)+rf, () +F,1t). (4.2.25)
Putting (4.2.21) and (4.2.25) into (4.2.24) vyields
t-r 1 2¢ g " ' t-r 1
—C.£ —Zr fre)+rf/ @)+ (t)=—e _Efl(t)'
Therefore ,
f/(t)=0
f (t)=cg +c,
Similarly,
f, (t)=0
f,(t)=cg +cq4
Also ,
1
fy)=-31.0)
1 1
f3’(t) :—Ecst —EC7
Thus,
1 1
f3(t)=—zc6t2—§c7t +Cy -
Substituting for f (t) and f,(t) into (4.2.21) yields
‘ er 1 1
¢ =ce —Ecetr—§c7r +Cgt +Cy. (4.2.26)

Moreover , substituting for f (t) , f,(t)and f,(t)into (4.2.23) gives
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t

1 1 1
S =—ce'” —ZC6I’2 +Cgl —ZCG'[Z _Ec7t FCyp - (4.2.27)

Differentiating (4.2.26) with respect to r yields

S =—ce'’ —%cet —%07. (4.2.28)

Differentiating (4.2.27) with respect to t yields

1.1
- —5C (4.2.29)

=—Ce
(= =

t

Putting (4.2.26), (4.2.27) and (4.2.29) into el17 leads to

t‘r—lct—lc ——cet"—lc r2+1c r—lctz—lct+1c +1ctr+1c r—lct—lc
6 7 5 6 8 6 7 210 46 47 28 29

—C.£
2 2 8 2 8 4

The above equation leads to

Furthermore,
Cy—Co =26, =—C,. (4.2.30)

Therefore , equations (4.2.26) and (4.2.27) become

£ =ce' T He,r +Ct +Cy (4.2.31)
= Her +ct +Cy (4.2.32)

Notice that £ can be rewritten as
" =c '+ r +ct +cy —2c, (4.2.33)

Now, we can obtain the symmetries from (4.2.2), (4.2.6), (4.2.18), (4.2.32) and
(4.2.33) as follows.

Set ¢, =1 and c, =0 for i =1 then substitute in the symmetry generator (4.2.1) to

obtain the first symmetry which is given by



. 0 0
X, =-sin(z)cot(y)—+cos(z)—.
1 (z) (y)aZ ( )ay
Setc,=1and c, =0 for i =2 then substitute in (4.2.1) to get
o . 0
X, =cos(z)cot(y )—+sin(z)—.
2 (z) (y)82 ( )ay

Setc,=1and c, =0 for i #3 then substitute in (4.2.1) to get

Set c,=1and c, =0 for i #8 then substitute in (4.2.1) to get
0 0
Xe=(+t-2)—+(r+t)—.
o= (Mt =2)—(r+t)
Set c,,=1and c, =0 for i #10 then substitute in (4.2.1) to get
0
+—.
or ot
Moreover, we have
XOO:B(t,r,y,z)i
ou

whereB (t,r,y,z) isany function satisfying equation (4.1.3).
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Finally, the commutation relation for Lie algebra generated by X ,, X ,, X ;, X ,, X, X
and X is given in the table 4.2.1. This table will help us to choose the proper

subalgebra that will be utilized in the reduction of the wave equation (4.1.3). In the
next four sections we will reduce equation (4.1.3) to four equivalent equations using

combinations of the symmetries that we have obtained.

X, X, X, X, X X X,
X, 0 —X X, 0 0 0 0
X, X3 0 X 0 0 0 0
X, —X, Xy 0 0 0 0 0
X, 0 0 0 0 0 0 0
X 0 0 0 0 0 —2X g 0
X 0 0 0 0 2X 0 —2X,
X, 0 0 0 0 0 2X, 0

Table 4.2.1 : Commutator table generated by symmetries of equation (4.1.3).

4.3 Reduction and Exact Solution of the Wave Equation
Using the Subalgebra (X ,,X ;)

It is obvious from the commutator table in section 4.2 thati
[X 5, X 5] =0.

This means that X, and X, commute. Hence, we can use the abelian subalgebra

<X 5, X 5> to reduce equation (4.1.3) by two variables. This reduction can be done as

follows.
Level 1 Reduction

This reduction will be done using the symmetry

X =X, =cos(z)cot(y)§+sin(z)§.

Solving the equation X (1 )=0 produces the following characteristic system
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dt _dr _dy _ dz du

0 0 sin(z) cos(z)cot(y) O

Solving the above system gives

sin(y )cos(z) =c,

u=c,

The new similarity variables are
atry,z)=t
&Ltry.z)=r

&,(t,r,y,z)=sin(y)cos(z)

V (61 ¢2:¢3) =u (4.3.1)
We use the chain rule to differentiate u as follows

U, :Vg1

it =V a6

u" =V§2

Up :V§z§2
u, =cos(y)cos(z V,

u,, =-sin(y)cos(z V. +cos’(y)cos’(z V.

u, ==sin(y)sin(z vV,



u,, =-sin(y)cos(z V. +sin’(y )sin®(z Ve

Substituting the new variables into equation (4.1.3) yields

71

Vo +V, V. -V, —e"" cot(y ) cos(y ) cos(z V., +e" " sin(y ) cos(z V., —e"" cos’(y ) cos’(z N

+e" csc’(y)sin(y )cos(z V, —e"" esc’(y )sin’(y)sin’(z V., =0

Simplifying the above equation gives

&4 2 &4 _
V4V, V-V, +20e ivgs+(§3 —1)e vV, =0.

Level 2 Reduction

Next we perform further reduction using the symmetry

X =X, =e"" i—e“r g+e“ru 2
or ot ou

Notice that
X (§)=X () ="
X (£,) =X () ="
X (¢3) =X 5(sin(y ) cos(z)) =0

XV )=Xsu)=e"V
so that the symmetry

0

X =X (£) -2+ X (5) -2+ X (&) -2 +X w)a%

¢, 9, 0¢;
inherited by equation (4.3.2) is given by

X =—'" 0 +e' " 0 +0 0 +e''V 9

o<, oc, g, oV

Now, equation X (1) =0 produces the following characteristic system

(4.3.2)
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dg, _d¢, dg,_ dv

- et 0 eV

Solving the system we obtain
$3=C;
g +¢,=¢,

InV |-¢, =c,

The new similarity variables are
X(é/l'é/Z’é/S):é/S
5(4/1’4/214/3):4/14'4/2

W (x,s)=In}V |-¢,

Therefore,

vV =W (9 (4.3.3)

Using the chain rule to differentiate V we get

Vv, =W eV &

VQQ =Wssew e +WSZeW +6

V, =W, +1e" "

Vi =Wee" 5+ W, +1ye" ™
V, =W, QW+

_ W +¢; 2.\W +¢;
V. =W, 6" 1w 2"

Substituting the above variables in equation (4.3.2) we obtain
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We" e W e e 4w e e 4 v, + 1) T W e e — W +1)%e" T + 2xW e e

+(x 2 —1)W, e" e 4 (x 2 —1)AW " e =0

Simplifying the above equation we obtain our final reduced equation which is given

by
2XW +xW W +xW?Z-W>=0
or equivalently,
(X* =W, +(x*=1W,2 +2xW, =0 (4.3.4)

The above equation is a 2" order in two independent variables since W is a function

of x and s .
Exact Solution

We can obtain exact solution to the wave equation (4.1.3) by solving the reduced

equation (4.3.4) above.

In order to solve (4.3.4) we will divide both sides of the equation by (x2 —1)\Nx to get

V£+WX + fx =0.
W, x“-1
Integrating the above equation gives
INW, |+W +In|x*—1 = A(s). (4.3.5)
Assume
W =Inlf (x,s)|. (4.3.6)
Putting (4.3.6) into (4.3.5) we get
In‘f (X,8)(X*~1W, |=A(s)

f(x,s)(x*-1W, =e*® =h(s)
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- h(s) (4.3.7)
(x* =1°f (x,s)

Also from equation (4.3.6) we have

df (x,s)
w, =X (4.3.8)
f(x,s)
Equating (4.3.7) and (4.3.8) yields
df (x,s)
h(s) __ dx

(x2=1>%f (x,s) f(x,s)
This leads to

df (x,s) h(s)
dx  x?-1

Integrating the above equation with respect to x gives
f (x,s)=@ln|x -1- h(s )In|x +1+9(s).
Therefore, substituting for f (x,s) into equation (4.3.6) gives

W =In ?IMX -1]- hs )In|x +1+9(s)| - (4.3.9)

Substituting (4.3.9) into equation (4.3.3) gives

[x +1+g (s)

h h
In %In\x —1\—%In +&,

V =e

v :%e“[h(s)ln|§3—1|—h(S)|n|§3+ﬂ+29(§1+§z)] (4.3.10)

Finally, we can find our final solution by substituting (4.3.10) into equation (4.3.1) to

obtain

u(t,r,y,z)=%er[h(t +r)Injsin(y)cos(z) -1 —h(t +r)Infsin(y )cos(z ) +1/+2g (t +r) |
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4.4 Reduction and Exact Solution of the Wave Equation
Using the Subalgebra (X, +aX,,X,)

Obviously, from the commutator table we notice that (X, +aX,,X,) forms an

abelian subalgebra since

[X,+8X,,X,]=0

Thus, we can use the two-dimensional subalgebra <X ,+aX,, X 2) to reduce the wave

equation (4.1.3) by two variables.
Level 1 Reduction
Using the symmetry

X =X7+aX4=ai+§+auai,
r u

the equation X (1) =0 gives the following system

1 0 O
Solving the system gives
y =¢
z =c,
r-t=c,
Inju|-at =c,
The new similarity variables are
at.ry.z)=y
&@try,z)=z

43(t,r,y,z):r—t
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v (§1'§2’§3)2|n|u|_at
Therefore,
u=e*" . (4.4.1)

The derivatives of u are found using the chain rule as follows

u = [a -V, ]ea“”

2
at+v at+v
u, =V, .e +(a —Vga) e

_ at+v
u =V.e

eaI+V +V 2eat+v

u. =V 4

g ¢33

o at 4V
u, —Vgle

. at v 2 at+V
Uy, —V%e +V§1e

0 at+v
u, =V_e

eat +V +V Zeat+V

U, = 6, 9

Substituting the new variables in equation (4.1.3) gives

2
at+v at+v at+v at+Vv at+Vv 2, a4V r-t,at+Vv
(a -V, )e +V, e™ 4 (a -V, ) eV 4V e*V Vv _ e -V ¥V —cot(f,V " e

1

r—t,at+Vv 2 r-t,at+Vv 2 r—tat+Vv 2 2 r-tqat+v
vV, .e'e —Vg ee™" —csc (G Ve et —esct (G VM eet T =0
Simplifying the above equation we obtain

2 ¢ c @/ 2 ¢ 2
a+ta®—-2av, —e“cot(G NV, —eV  —eV —e?csc (M,

—“csc’ (G V=0 (4.4.2)

Level 2 Reduction

Since the symmetry
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X =X, =sin(z )i+cot(y)cos(z )i
2 oy oz
commute with X, +aX, so the symmetry given by

X =X (a)£+x (;2>£+x (@)%M @/)£

=X (y)%m (z)%m (r —t)%m (In|u|—at)£

is inherited by equation (4.4.2). In other words, the generator

. 0 0 0 0
X =sin — +cot(<;) cos +0 +0 .
()5 7+ COUG)OS(E,) 5~ +0 7 —+0
IS a symmetry of equation (4.4.2).

The equation X (1 )=0 produces the system

dg, _ dg, _dg_av

sin(,)  cot(¢,)cos(¢,) 0 0

The solution of the system is

sin(¢;)cos(¢,) =c,
V =c,
The new similarity variables are
X(£1:62:¢5) =5
$(¢1. ¢, &s) =sin(g,) cos(S,)
W (x,s) =V (4.4.3)
The partial derivatives of V are given below

V. =cos(&;) cos(&, W,
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V., =—sin(g) cos(g, W, +cos’(¢;) cos” (S, W
chz = —Sin(é;)Sin(gz)Ns

V., = —SiN(&;) COS(S, Wi +sin’(¢;)sin® (&, W,

Vé{3 =W,
Substituting these variables in equation (4.4.2) we obtain
a+a’ —2aW, —e* cot(¢;) cos(<;) cos(, W, +e* sin(¢;) cos(<,) cos(, W, —e* cos(&;) cos” (&, W,
—" €05 (&) cos* (&, W.” +e* ¢sc? (&) sin(<;) cos($, W, —e* csc? (&) sin’ (&, W,
—e* ¢sc’ (&) sin’ (&) sin® (&, W, =0
The above equation can be simplified to get our final reduced equation which is
(a+a”—2aW, Je™ +2sW, —(1-s* W, —(1-s* W, =0, (4.4.4)

Exact Solution

Now we are going to solve equation (4.4.4) to get exact solution to the wave equation
(4.1.3).

In order to solve equation (4.4.4) we will assume first that
W =f (x)+g(s) (4.4.5)
This implies that

W, =f'(x)=w,, =f"(x)

WS = g ,(S) :>WSS = g "(S)

Substituting into equation (4.4.4) yields
(a+a”—2af "(x))e ™ +2sg'(s)—(1-s%)g"(s)—(1-s*)g"*(s) =0
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(a+a®—2af '(x))e™ =-25g'(s)+(1-5")g"(s) +(1-s°)g"*(s) =¢

where ¢ denotes constant.

Taking the constant to be zero for simplicity then, the above equation leads into two
different equations. These equations are

(a+a®—2af '(x))e™ =0 (4.4.6)
~259'(s) +(L-s7)g"(s) +(1-5")g"*(s) =0 (4.4.7)
Equation (4.4.6) is easily solvable by putting
a+a’—2af '(x)=0

which leads to
1 1
f'xX)==+=a
(x) )

Integrating the above equation we obtain the solution of equation (4.4.6) which is

given by
1 1
f(x)==x+=ax +cC. 448
(x) Xt (4.4.8)

Now, we are to solve equation (4.4.7).

let's first divide the equation by g’(s)(1-s?) to get

ey, 9°()  2s
S)+——————=
9'(s) 0's) Ls?
Integrating the above equation we get
g(s)+|n|g’(s)|+|n‘1—32‘:O (4.4.9)

Assume that

g(s)=Inlh(s)| (4.4.10)
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Putting (4.4.10) into (4.4.9) yields
In‘(l—sz)h’(s)‘ =0
or equivalently,
(1-s*)h'(s) =1

1
1-s?

h'(s)zl[i+i}
2|1+s 1-s

h'(s) =

Integrating we obtain
1 1
h(s)=EIn|1+s|—§In|1—s|+c (4.4.11)

Substituting (4.4.11) into (4.4.10) produces

g(s)=In %In|1+s|—%ln|1—s|+c . (4.4.12)
Substituting (4.4.8) and (4.4.12) into equation (4.4.5) we obtain
W =In 1In|1+s|—lln|1—s|+c1 +1ax +1x +C,. (4.4.13)
2 2 2 2

Substituting (4.4.13) into (4.4.3) we get after making the necessary transformations

V =In %In [1+sin(¢;) cos(<)| —% In[1—sin(<;) cos(<,)| +¢,

1
+Ea§3
t563+C (4.4.14)

Finally, substitute equation (4.4.14) into equation (4.4.1) and make the necessary

transformations to get our final solution which is

1

1
(a-Dt+-(a+l)
ut,r.y,z)=kez 2 [In

[1+sin(y ) cos(z )| - InfL—sin(y ) cos(z )| +¢, |.
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4.5 Reduction and Exact Solution of the Wave Equation
Using the Subalgebra (X, +aX ,,X )

Since we have
[X,+aX,,X,]=0

we can use the abelian subalgebra (X ,+aX,, X 1) to reduce the wave equation (4.1.3)

by two variables as we did in the previous section.
Level 1 Reduction

First we use the symmetry

X :X7+aX4:§+§+auai.
r u

We have seen in section 4.4 that this symmetry reduced the wave equation (4.1.3) into
equation (4.4.2). Therefore, we will jump immediately into the second level of

reduction.
Level 2 Reduction

Using the symmetry
. 0 0
X, =-sin(z)cot(y )—+cos(z) —,
: (z) (y)az ( )ay

the symmetry inherited by equation (4.4.2) is given by

X =X (Q)%M (:2)£+x (@%M w)a%

where the similarity variables ¢;,¢,,¢, and V' are the same variables that we have

obtained in section 4.4.

Thus, the above expression can be written as

X =X (y)£+x (z)£+x (r —t)£+x (Inu —at)%.



82

Or equivalently,

0 0

X =—cos(gz)iJrcot(g“l)sin(;z) 0 +0 +0 .
¢, g, 0g; oV

The characteristic system produced by the equation X (1) =0 is given by

dg, _ dg,  _dg_dv

—cos(¢,)  cot(dy)sin(g,) 0 0

The solution of the system is given by
63 =C
sin(¢;)sin(<,) =c,
V =c,

The new similarity variables are

X (Gl =4,
$(61085Cy) =SiNG)SIN(S,)
W (x,s)=V (4.5.1)
The partial derivatives of V are
V,, =cos(¢,)sin(,W,
V.., ==Sin(g)sin(, W, +cos*(¢;)sin? (&, W,,
V,, =sin(¢;) cos(¢, W,
V... ==Sin(g)sin(, W, +Sin*(¢;) cos* (&, W,

V., =W

I X

0363 :WXX
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Substituting these variables in equation (4.4.2) we obtain our reduced equation which
is given by

a+a’—2aW, —e* cot(&)cos(<;)sin(S, W, +e* sin(<;)sin(S, W, —e* cos* (&) sin® (&, W,
—e* c0s’ (¢;)sin* (&, W7 +e” csc? (<) sin(<) sin($, W, —e* esc® (&) sin? () cos? (S W,

—e* ¢sC(¢;)sin’(¢;) cos’ (&, W 2 =0
The above equation can be simplified as
(a+a2 —2aW, )e‘X +25W, —(l—sz)\NSS —(l—sz)Ws2 =0.

This reduced equation is exactly the same as equation (4.4.4) in the previous section.
Therefore, we can pick its solution immediately from section 4.4.Thus, this solution is

W =In

1In|1+s|—lln|1—s|+c1
2 2

1 1
+=ax +=X +C,.
2 2
Substituting this solution in equation (4.5.1) and transforming the variables we get

V =In|_InfLsing)sin(é;)] - S InfL-sin(Z,)sin(¢,)] e, + 2 ac,

1
=G, (4.5.2)
Finally, putting (4.5.2) into (4.4.1) and making the transformations between variables

we obtain the final solution which is given by

1

1
(a-lt+-(a+l)
utt,r.y,z)=kez 2 [In

[L+sin(y )sin(z )| - In[L—sin(y ) sin(z )|+01]

4.6 Reduction and Exact Solution of the Wave Equation
Using the Subalgebra(X , + X ,,aX , +bX , +cX,)

Notice that X ;,X, and X, commute with one another since,



[X 5 X ]=[X X, ] =[X 1 X 5] =0.
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Therefore, the two dimensional abelian subalgebra (X, +X,,aX ,+bX ,+cX ) can

reduce the equation (4.1.3) by two variables.
Level 1 Reduction
Using the symmetry

X =X,+X, =§+§+§,
z r

the invariants of X (1) =0 are obtained by solving the characteristic system

The solution of the system is

The similarity variables are
atry.z)=y
&y, z)=r-t
Gt,ry,z)=t-z

v (41’4214/3) =u
The partial derivatives of u are found as follows

u, :—\/42 +V§3

(4.6.1)
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Uy :Vg“z{z - 2\/5243 +V§3§3
u =V,

Ur =V,

U, =V

Uy =V

u, = _V§3

U, :V@Cg

Substituting the partial derivatives in equation (4.1.3) gives
V, -, +v, . —e%cot({V, —eNV . —e?csc (G )V, =0. (4.6.2)

Level 2 Reduction
Next reduction is obtained using the symmetry

X :aX3+bX4+cX7:ai+bui+cﬁ+cg
oz ou or ot

The symmetry

X =X (@%M (@%M (@)%M o/)a%

=X (y)%+x (r —t)£+x (t —z)%+x (u)%

is inherited by equation (4.6.2). Therefore, the generator

X :0i+oi+(c —a)ierV e

g, 0g, 0¢s oV

is a symmetry of (4.6.2).

The invariants of X (1) =0 are found by solving the system
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d¢, _dg, _dg, _dv

0 0 c-a bV '

Solving the system gives

é/lzcl
¢, =C,
b
InV |_E§3 =C,

The similarity variables are
X (4/114/214/3) :gl

8(41’4/2'4,3) 24’2
W (x,8)=In |- 2,
c-a
The last equation leads to

W+L§
v e o (4.6.3)

Differentiating V using the chain rule produces

b b
+—G W03
e ©a +wle ca

N

&6 :Wxx

b
_w et e
v, =we

b b
—w e ema” Ly e e
\Y s =w_e6 +W

b
V. = b eW ‘*’;ga
C—a
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Substituting the new variables into (4.6.2) yields

2 b b b

b w+Llg 2b w+l g b W2 g W L
——e @ - We @ +|——|e 2 —e’cot(xW,e °@ -W,_e%e @
c-a c-a c-a

b 2 b
W +——; b W +——¢;
W %% e —csc? (x)(—} ge °c2 =0
c-a

Simplifying the above equation gives our reduced equation which is

2 2
b _ 2 W, +( b j —e° cot(x W, -W_e* -W %° —cscz(x)[Lj e’ =0.
c-a c-a c-a

Multiplying the above equation by e ~* yields

2
b oo 20 e~ W, +(L) e —cot(x W, -W W/}
c-a c-a c-a
b 2
—cscz(x)(—) =0 (4.6.4)
c-a
Exact Solution
We are now to solve equation (4.6.4).
Assume that
W (x,s)=f (x)+g(s). (4.6.5)

Putting equation (4.6.5) into (4.6.4) gives

BLEPS —ﬂe*g'(s){ij e~ —cot(x)f ‘(x)—f "(x)—f '2(x)—csc2(x)(Lj 0.
c-a c-a

c—a c—-a

The above equation leads to
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2 2
Le’s —Aesg’(s)w{Lj e~ =cot(x)f "(x)+f "(x)+f ’z(x)+csc2(x)(Lj =C
c-a c-a c-a c-a

where ¢ denotes constant.

Taking the constant to be zero then the above expression leads into two different

equations. These equations are

2
D oD e‘sg'(s)Jr(—b j e =0 (4.6.6)
a c

cot(x )f "(x)+f "(x)+f '2(x)+csc2(x)(Lj = (4.6.7)

First of all, we are going to solve equation (4.6.6), so multiplying (4.6.6) by e° then it

will become

Or equivalently,

0(5) =2
2(c-a) 2
Integrating we get
g (s) :%{1+L}s ‘c,. (4.6.8)
Now we solve equation (4.6.7).
Assume that
f'(x)=csc(x)h(x). (4.6.9)

Differentiating we obtain

f "(x)=—csc(x)cot(x)h(x)+csc(x)h'(x) . (4.6.10)
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Substituting (4.6.9) and (4.6.10) into equation (4.6.7) we obtain

cot(x ) csc(x Y)h (x ) —csc(x ) cot(x Yh (x ) +csc(x Yh'(x ) +csc?(x )h*(x ) +csc? (x )(L) =0

Simplifying we get

csc(x)h'(x)+csc2(x)h2(x)+csc2(x)[Lj =0.

Multiplying the above equation by sin®(x) we obtain

hz(x)+sin(x)h’(x)+(%J2 =0. (4.6.11)
To solve (4.6.11) assume that
h(x) :CbTatan[A(x )] (4.6.12)
Differentiating we obtain
h'(x)= CbTaA’(x )sec?[A(x)]. (4.6.13)

Substituting (4.6.12) and (4.6.13) into (4.6.11) gives

{LT tan°[A (x )]+ ——sin(x JA"(x ) sec?[A (X )] +(Lj2 -0.
Cc—a C

Therefore, we have

[L} (tanZ[A(x)]+1)+Lsin(x)A'(x)secZ[A(x)]:0
c—-a

[L} sec’[A(x )]+ CbTasin(x JA'(x)sec’[A(x)] =0

This implies that

sec[A (x )]HL} +CbTasin(x )A'(X )] -0
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This leads into

[L} + 2 sinpoar) =0
c—a

c-a
, b
A'(x)=——csc(x)
a-c
Integrating the above equation gives
b
A(x)= ﬁIn lesc(x ) —cot(x )| +c,. (4.6.14)
Substituting (4.6.14) into (4.6.12) we obtain
b b
h(x)=——tan {— In|cse(x ) —cot(x )|+cz] (4.6.15)
c-a a-c
Putting (4.6.15) into (4.6.9) yields
, b b
f '(x) =——csc(x ) tan [— In|esc(x ) —cot(x )| +cz} :
c-a a-c
Integrating the above equation we obtain

f(x)=In +C;. (4.6.16)

Cos {L In|csc(x ) —cot(x))| +cz}
a-c

Substituting (4.6.8) and (4.6.16) into (4.6.5) we get

W =In

oS [L In|cse(x ) —cot(x )| +cz}
a—c

1 b
+§ 1+C— S+C,.  (4.6.17)

Now substituting (4.6.17) into (4.6.3) (taking into account that x =¢;,s =¢,) we get

1 b b
= I+ — Ci+——
[ +c—a}42+ 168

V =cos (ach In|cse(<;) —cot(<y))| +czje 2 (4.6.18)

Finally, to obtain the final solution of the wave equation (4.1.3) we substitute equation
(4.6.18) into (4.6.1) (taking into account that ¢, =y,d, =r—t,{, =t —z ) to obtain

the final solution which is given by
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VP ity 2t 2)
uct,r,y,z)= cos(L In|csc(y ) —cot(y )| +c2je 2[ HJ c-a
a—c

4.7 Summary of the results

We can summarize the results of chapter 4 in the tables below. The first table contains
the symmetries of the wave equation on the non-static spacetime. The other tables
contain the solutions to the equation that we have obtained.

The Metric g =dt>—dr®—e'" (dy * +sin’(y )dz *)

i —t —t —t 2
Wave Equation | y +u, +u, —u, —e"" cot(y Ju, —e"‘u,, —e"" csc’(y u,, =

X, =-sin(z )cot(y)£+cos(z )%

X, =cos(z )cot(y)aiz+sin(z )%

0
. X3=_
Symmetries 0z
X4=ui
ou
X, zetu 0 gt qr O
ou ot or
0 0
=(r+t-2)—+(r+t)—
( )5t~
_0,9
"o ot

Table 4.7.1 : The symmetries of the wave equation (4.1.3).

The exact solutions of the wave equation (4.1.3) are given in the following tables

First Exact Solution

Subalgebra S, = xz,x>

0 0 ., 0 0
Generator <05(Z)C0t(y)—Z+SIn(Z)Ee ua—u—et E+e‘ 8_r>
Reduced X2 —LW,2 +2XW, =0
equation ( )W ( )W
Exa-Ct u('[’rvy'z)zler[h('[+r)|”|3iﬂ(y)COS(Z)—]J—h(t+r)|n|sin(y)cos(z)+JJ+Zg(t+r)]
solution 2

Table 4.7.2 : First exact solution of the wave equation (4.1.3).




Second Exact Solution
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Subalgebra S, : x +aX ,, X )
0
Generator <8—+—+au— cos(z)cot(y)—+sm(z)5>
Reduced | (a+a?—2aw +2sW, —(1-s —(1-s*Wz2=0
equation ( e (18t W (LT,
E t a-1t+=(a+1)r
sol)lj?ii)n u,r,y,z)==ke vy [In|1+sin(y)cos(z)|—In|1—sin(y)cos(z)|+c1]

Table 4.7.3 : Second exact solution of the wave equation (4.1.3).

Third Exact Solution

Subalgebra | s, =(X, +ax,,X,)
0 8 d

Generator <a—+—+au = —Sln(Z)COt(y)—+cos(z)g>

Reduced a+a’—2aW, Je™ +2sW_—(1—s —(1-s2W2=0

equation ( *) s ( )Wss ( )Ws

(a 1)t+ (a+1) A i . .

Exact ut,r,y,z)=ke? [ In[1+sin(y)sin(z )| - In[L—sin(y )sin(z )| +c, |

solution

Table 4.7.4 : Third exact solution of the wave equation (4.1.3).

Fourth Exact Solution

Subalgebra | 5, =(X,+X,,aX,+bX ,+cX )
<£+£+i ai bu i+c£+c£>
Generator | \or "ot "oz "z au o &t
2
Reduced b g 2 e~ W, +(—b J ™ —cot(x W, -W,, -W
: c-a c-a c-a
equation ,
—cscz(x)(Lj =0
c-a
El_,_L( _1)+cl+ b (t Z)
Exact u(t,r,y,z):cos[LIn|csc(y)—c0t(y)|+c2je2[ HJ ¢
solution a-c

Table 4.7.5 : Fourth exact solution of the wave equation (4.1.3)
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CHAPTER 5

SYMMETRY ANALYSIS OF THE WAVE EQUATION
ON SCHWARZSCHILD SPACETIME

5.1 Historical Background

Schwarzschild is the name of a mathematician who was the first one to find an exact
solution to Einstein field equations . This solution, which is one of the simplest and
most useful solutions, appeared just few weeks after Einstein had published his
famous work on General Relativity in 1915/1916 [4].

The Einstein field equations are given by a system of partial differential equations that
describes the relationships between two types of physical quantities. The left hand
side of these equations involves an expression of mass, energy and stress of a given
physical system while the right hand side involves an expression of the curvature of

spacetime in the same system [4].

Actually, solving the Einstein field equations is a very difficult task as they form a
coupled system of ten nonlinear PDEs in four dimensional spacetime in general.
Therefore, the Schwarzschild approach in solving the system was to simplify it by
considering the curvature of spacetime produced by a massive nonrotating spherical
object. This means that Schwarzschild spacetime is consisting of one spherical object

that is isolated from other masses as it lies in an empty space.
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Unfortunately, Schwarzschild had little time to think about his solution as he died
shortly after his paper was published. He was serving in the German army during

World War | when he suffered from a disease that led ultimately into his death.

However, this solution became later the most famous solution to the field equations as
it attracted the attention of physicists and mathematicians. Studying this spacetime had
proved to be a very powerful tool to increasing our perception of gravity in the basis
of general relativity.

5.2 Significance of the Schwarzschild Spacetime

The Schwarzschild solution is the most interesting spherically symmetric, static
vacuum solution of the Einstein field equations. The importance of this solution arises
from the fact that it provides the first verification of the Einstein theory of gravity.
Indeed, studies with reference to this solution led to a few physical predictions
concerning our solar system. These predictions were important in increasing our
understanding of the solar system in particular and the whole universe in general as
they were more accurate than the predictions made by the classical theory of
Newtonian gravity. The reader is refereed to [20] for more details.

In summary, we can list three important predictions made by studying the

Schwarzschild spacetime.

Firstly, it provides an explanation for the perihelion shift of Mercury that were not

explained initially by Newtonian gravity.

Secondly, it predicted successfully the bending of starlight passing near the sun that

Newton's Theory was unable to completely account for.

Finally, studying the Schwarzschild spacetime paved the way for the discovery and

study of the black holes.

Moreover, in classical limits the relativity theory approximate to the Newton theory.
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5.3 The Schwarzschild Metric

Schwarzschild metric describes the gravitational field exterior to a static spherical,
uncharged mass (usually a star, a planet or a black hole) without angular momentum
and isolated from all other masses [4]. This metric is given by

-1
g :[l—zﬂjdt2 —[1—2ﬂj dr?—r?(dy * +sin’(y )dz *) (5.3.1)
r r

where t is the time coordinate, r,y and z are radial, zenith and azimuthal coordinates

respectively, and M is the mass of the star (or planet).

This metric applies to the region r >2M . The region for which r < 2M is called a
black hole because the gravitational field at this region is strong to the extent that

nothing can escape, not even light.

It is obvious that some components of the metric blow upat r =0 and r =2M . This
means that the metric has singularities at these radii. However, the singularity at
r =2M is not a real singularity. It appears because of bad choice of coordinate.
However, the singularity at r=0 is a genuine singularity as the curvature of
spacetime at this point is infinite. The reader is referred to [21] and [22] for more
details on the Schwarzschild solution and the black holes.

Wave Equation on Schwarzschild Metric

The Schwarzschild metric can be written in a matrix form as

1—M 0 0 0
r
2M "
g”: 0 —(1—Tj 0 0
0 0 -r? 0
0 0 0 -r’sin’y

The inverse of the above matrix is given by
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-1

(1_27Mj 0 0 0

0 —(l—zﬂ) 0 0

gij _ r
0 0 _—21 0
r

0 0 0 ——— 712

i resin®y |

We can derive the wave equation on Schwarzschild spacetime by applying the
formula (4.1.2) of the previous chapter. The formula applied to the metric (5.3.1) leads

to the following wave equation

2 6M AM  AM?  AM? cot(y) 1
Uy _Fur + rz u —-u,+ r u, — r3 ro rz o rz uy _r_zuyy
+2M cot(y)u +2M U - 1 U+ 2M U -0
P TR Y sindy) 7 Psind(y) © (5.3.2)

Evidently, the above equation is a very complicated one as it involves 13 terms and
depends on four independent variables, t,r,y and z . Therefore, the classical
techniques are not very helpful to obtain exact solutions to this equation. Thus, our
task now is to implement symmetry analysis to reduce this equation into 2" order
PDE in two independent variables. This reduction will make the equation easier to
handle.

54 The Symmetry Algebra of the Wave Equation on

Schwarzschild Spacetime

In order to find symmetry algebra of equation (5.3.2) we first take the infinitesimal
generator of symmetry algebra of the form
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_ 2 r i y i z i

X _g(t,r,y,z,u)at+§ (t,r,y,z,u)ar+§ (t,r,y,z,u)ay+§ (t,r,y,z,u)az

+ﬂthwzuri (5.4.1)
ou

Then, we apply the three steps mentioned in section 3.4.

We start by applying the invariance condition (step#1) which is

XPF|_ =0

F=0

where

F 2 6M 4M 4M 2 4M 2 cot(y) 1
=Uy _Fur + r.2 u —-u, + r U, — r3 ro r2 U, — r.2 uy _Fuyy
2M cot(y) 2M 1 2M

+ 3 Uy +—-Uy ——= = U, + =5 U,

r r resin“(y) r’sin(y)

The above criterion leads to a system of 22 linear PDEs (step#2) given below

y y
el: zz:_é’
y
e2:¢,=0
y
e3:¢4 =0
y
ed: ¢ =0
y
e5: ¢, =0
t
e6: ¢ =0
t
e7:¢, =0
t
e8: ¢, =0

e9: ¢, =0



el0:

ell:

el2:

el3:

els :

el5:

el6:

el7 :

el8:

el9:

e20 :

e2l:

e22 :

4-—t

B r*sin*(y)
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[ré, —24,m cos(y )sin(y ) —2¢, msin®(y ) +44m?sin*(y)

—2¢, m —64mrsin(y ) +4¢ m°rsin’(y ) —4g.mrsin’*(y ) + 4, rsin’(y )

+cos(y )¢, rsin(y ) +¢,r’sin’(y ) +24r*sin’(y )] =0

We now solve the system (step 3) as follows.

Notice that equations e6, e7, €8, €9 and e10 imply

ét/(t’r!yvz’u)zcl- (542)



Also, e2, e3, e4 and e5 implies

y y
¢=¢(2).
Thus, el leads to

2 =C,C0s(z)+c,sin(z).

Moreover, el1, e12 and e15 imply

£=¢(y.2).
Putting (5.4.3) into e14 gives
&, =—c,cos(z)cot(y)—c,sin(z)cot(y).

Integrating the above equation with respect to z yields

" =—c,sin(z)cot(y)+c,cos(z)cot(y)+f (y).

Differentiating the above equation with respectto y gives

y

Putting equation (5.4.3) into e13 yields
&7 =c,sin(z)csc’(y)—c,cos(z ) esc’(y) .
Comparing (5.4.5) with (5.4.6) gives
f'(y)=0=f (y)=c,.
Substituting the value of f (y) into (5.4.4) gives
" =—c,sin(z)cot(y)+c,cos(z)cot(y)+c,.
Furthermore, equations e17, e18, €19, e20 and e21 imply

g=cu+B(,r,y,z).

&7 =c,sin(z)csc?(y ) —c,cos(z)esc* (y ) +f '(y).
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(5.4.3)

(5.4.4)

(5.4.5)

(5.4.6)

(5.4.7)

(5.4.8)
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Finally, e22 implies that B (t,r,y,z)is any function satisfying the wave equation

(5.3.2).

Now, we can obtain the required symmetries from equations (5.4.2), (5.4.3), (5.4.7)
and (5.4.8) as follows.

In order to obtain the first symmetry we set

c,=1land c, =0 for i =1

then we substitute in the symmetry generator (5.4.1) to get
0

X 1 = E .

Similarly, to obtain the second symmetry we set

c,=landc, =0 fori =2

then we substitute again in (5.4.1) to get
0 . 0
X, =co0s(z)——cot(y)sin(z) —.
2 (z) Y (y)sin(z) pe
We proceed in a similar manner to obtain the remaining symmetries as

. 0 0
X, =sin(z )E+cot(y)cos(z )8_2

0

X, =—
‘ooz
stui
ou

X(}O=B(t,r,y,z)i
ou

where B (t,r,y,z) isany function satisfying (5.3.2).

The commutator table for the Lie algebra generated by X,,X,,X,;, X, and X is

given below.
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X, X, X, X, X
Xy 0 0 0 0 0
X, 0 0 X, X3 0
Xy 0 X, 0 X, 0
X, 0 -X, X, 0 0
X 0 0 0 0 0

Table 5.4.1: The commutator table generated by symmetries of equation (5.3.2).

5.5 Reduction of the Wave Equation on Schwarzschild
Spacetime Using Symmetries

As we have seen in the previous chapter, reducing the wave equation (5.3.2) by two
variables is achieved using two-dimensional subalgebra. It is clear from the

commutator table 5.4.1 that X, X, and X, commute with one another since
[X . X, ]=[X01uXs]=[X4Xs]=0

Therefore, an appropriate subalgebra that will provide us with the desired reduction

is the abelian algebra given by (aX , +bX , +¢cX 5, dX , +eX , +X ).
The reduction can be done as follows.
Level 1 Reduction
We will first use the symmetry given by
X =aX,;+bX , +cX,

That is,

X =ag+bi+cu i
ot 0z ou

Setting X (1) =0, then we have




ol
X(l)=a—+ —
) ot ou

The derived characteristic system is

dt dz dr dy du

b 0 0 w«cu

bﬂ+cu ol =

0

The solution of the above characteristic system is given by

r=c,
y =C,
bt —az =c,

ct—alnju|=c,
Therefore, the similarity variables are
a.ry,z)=r
St.r.y.z)=y

&,(t,r,y,z)=bt —az

V (£1.¢508s) =ct —alnlu]

Hence, the solution of equation (5.3.2) can be expressed as follows

u=e (c/a)t—(lla)V (£1.£2.43)

Now we use the chain rule to differentiate u as follows.

c b -
u = (———V )e(c/a)t (lla)v
t g3
a a

—b?
utt = a V§3§3

plclayt-(tlay (E _ Evg Jelc/an-ay
a a °
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(5.5.1)
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u :_EV e(c/a)t—(lla)\/

r a &
1 (c/a)t—(lla)v 1 2, (clay—(lla)V

u,=—-V,.e +=V,e

L ot} 27 ¢
a a
1 (c/a)t—(lla)V

u =-—-V.,e

y a s
1 (c/a)t—(llav 1 2, (c/a)t—(llaV

u, =—-V,. e +=V e

yy a 828 a2 o

_ (c/a)t—(lla)V
u, =V.e

uzz :—aV e(c/a)t—(lla)\/ +V432e(c/a)t—(1la)\/

¢33

Hence, Equation (5.3.2) can be expressed using the new variables as

b2 c b 2 6M 1 1 AM 4M
—V o AV PV SV TV -5V otV
a a a ag; ag; a a ac; a’¢
4M ? 4M 2 4M ? cot(<,) 1 1 2M cot(<))
+ 3V43+ 2 V64 L2.2 412"' 22 V¢z+ 2\ & a2 42 sz_ 3 2V§z
ag; ag; a‘g ag; ag; a‘g; ag;
2M 2M a 1 2aM
—T3Von T2 3V§22+ 2 aip? V:3¢3_ 2 ai? V¢32_ 3 ain2 V¢3¢3
ag, a’g; ¢, sin“(&5) ¢y sin“(&5) ¢, sin“(&y)
+#v§2 =0 (5.5.2)
¢ sin“(gy) ~

Level 2 Reduction
Next we will use the symmetry X =dX,+eX ,+fX,.

Hence,

Notice that
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X = X(é,l)f X(gz)z"‘x (gs) 4,+X(V)_

is the inherited symmetry of equation (5.5.2). This symmetry can be written as

0 0
X =X (r)a—glJrX (y)a_gz+x (bt — az)a—§3+x (ct—aln|u|)W

or equivalently,

X _Oi+oi+(bd ae)i+(cd —af )— 0
9, 9¢, 9¢; v
X (1)=0 implies that
0OII +0 al + (bd ae)—+(cd af)—=
dg; dg, dd,

The above equation leads to the characteristic system given by

dg,_d¢, _ dg, _ dv
0 0 bd —ae cd —af

Solving the characteristic system yields

(cd —af )&, +(ae —bd vV =c,
Therefore , the new similarity variables are
X (61,62 63)=¢)
$(¢1:¢2:¢3) =&,
W (x,s) = (cd —af )&, +(ae —bd V

Hence, V (¢},¢,,¢,) can be expressed as
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1 cd —af
V=W (x,8) - 5.
e b %) e bd (653)

Using the chain rule we differentiate V (&;,¢,,¢5) as follows

V, = L w,
' ae-bd

1
V, ——=W
“  ge—bd

V, = L w,
2 ae —hd

1
vV, =—W
“:  ge—bd

_cd —af
©  ae—hd
Vi =0

Substituting the new variables into equation (5.5.2) yields
c’x?(ae —bd ¥’ +2chx *(ae —bd )(cd —af )+b?x*(cd —af )’ +2ax (ae —bd W, —6aM (ae —bd W,

2
ax?(ae —bd JV, —xW 7 —4aMx (ae —bd W +4Mxw 2 + 2

(ae —bd W, +4aM 2(ae —bd W,

_AM W 2 +acot(s)(ae —bd W, +aae —bd W, ~W 2 —w(ae b W, —@(ae —bd W,
2 2
Mz & g ey BM g ey =0 (5.5.4)
X sin“(s) X sin“(s)

Obviously, we can fix the values of the constants to simplify equation (5.5.4), so let
a=1,b=1,c=0,d=1,e=2,f =-1.

Then we substitute these values in equation (5.5.4) and simplify to obtain our reduced
form which is



106

3

X —2M

+(2X —2M W, +(x*=2Mx W —(x*=2Mx W 2 +cot(s W, +W_ -W ?

—csc’(s)=0 (5.5.5)

5.6 Solutions of the Wave Equation on Schwarzschild

Spacetime

Clearly, equation (5.5.5) is a 2" order PDE in 2 independent variables. However, this
equation is not a standard one. It cannot be solved by the classical techniques.
Therefore, we will try to implement special tricks to find exact solutions.

Firstly, we will assume that the solution W (x,s) will take the following form

W (x,s)=f (x)+9g(s) (5.6.1)
This means that
W, =f'(x)
W, =9'(s)

Thus, equation (5.5.5) becomes

XS

Y +(2x =2M)f (X)) + (x> =2Mx)f "(x) = (x > —=2Mx)f "*(x ) +cot(s)g'(s)

+9"(s)—9"*(s)—csc*(s) =0

This leads to

X Y +(2x =2M)f (X)) + (X > =2Mx)f "(x) = (x > =2Mx)f "*(x)

=—cot(s)g'(s)—g"(s)+g'*(s)+csc’(s) =c

Taking the constant ¢ to be zero we obtain two equations. These are
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—cot(s)g'(s)-g"(s)+g'*(s)+csc?(s) =0 (5.6.2)

3

X Y +(2x =2M)f () + (x> =2Mx)f "(x ) —(x > —2Mx)f *(x) =0 (5.6.3)

Evidently, equation (5.6.2) is similar to equation (4.6.7) but with different
coefficients. Hence, (5.6.2) can be solved using the same trick that has been

implemented in solving (4.6.7).
Thus, we will start by assuming that
g’'(s)=csc(s)h(s). (5.6.4)
Differentiating (5.6.4) gives
g"(s) =—csc(s)cot(s).h(s)+csc(s)h’(s) . (5.6.5)
Substituting (5.6.4) and (5.6.5) into (5.6.2) yields
csc(s)h’(s) —csc?(s)h?(s) —csc?(s) =0
Or equivalently,
csc(s)(h'(s) —csc(s)h?(s) —csc(s) ) =0
Hence,
h'(s)—csc(s)h?(s)—csc(s) =0. (5.6.6)
Now, to solve (5.6.6) we will assume that
h(s) =tan[A(s)]. (5.6.7)
Putting (5.6.7) into (5.6.6) gives

A’(s)sec’[A(s)]—csc(s) tan’[A(s)]—csc(s) =0
A'(s)sec’[A(s)]—csc(s) [ tan’[A(s)]+1]=0

A’(s)sec’[A(s)]—csc(s)sec’[A(s)] =0
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Therefore,
sec’[A(s)](A’(s)—csc(s)) =0.
Thus,
A’(s)=csc(s).
Integrating the above equation we obtain
A(s) = In|csc(s) —cot(s)| +c, . (5.6.8)
Putting (5.6.8) into (5.6.7) we get
h(s) =tan[ Injcsc(s) —cot(s)| +c, |. (5.6.9)
Putting (5.6.9) into (5.6.4) yields
g'(s) =csc(s) tan [In |csc(s) —cot(s)| +01] . (5.6.10)
Integrating (5.6.10) we get the solution of (5.6.2) which is
g(s)=-In ‘cos(ln|csc(s) —cot(s)|+cl)‘+c2
Or equivalently,
g(s)= In‘sec[ln|csc(s) —cot(s)|+cl]+c2 . (5.6.11)
Now , we are to solve equation (5.6.3)
Let f'(x)=w(x) then (5.6.3) can be written as

dy 2x —2M x*
—— =y’ (X)) -——— (X)) - ———.
i pe(x) w(x) X2 2V )’

5.6.12
X 2 —2MXx ( )

Equation (5.6.12) is a Riccati equation in a standard form. Using maple to solve

(5.6.12) we obtain two solutions y,(x)and w,(x). Then , integrating these solutions
will produce two functions f,(x) and f,(x).These functions are solutions of equation

(5.6.3). The first function f,(x)is given by
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—lx +M
f.(x)=-Inlc,(-x +2M )*e*HeunC | -4M ,4M ,0,8M *,-8M ?, Y
where
—lx +M
HeunC | -4M ,4M ,0,8M *,—8M Z,ZT is a special function called the Heun
function.

The second function f,(x) is given by

—Ex +M
f,(x)=-Inlc,(-x +2M ) e*HeunC | -4M ,-4M ,0,8M *,-8M ?, Y
where
—Ex +M
HeunC | —-4M ,—4M ,0,8M ?,-8M Z,ZT is also a Heun function.
First of all, we will consider the first solution f (x).
Substituting (5.6.11) and f,(x)into (5.6.1) we obtain
sec[ In|csc(s) —cot(s)[](=x +2M )" e~
W (x,s)=1In [ I ) 1 +C; (5.6.13)
-—X+M
c,HeunC (—4M ,4M ,0,8M 2,—8M Z,ZT)

Substituting equation (5.6.13) into equation (5.5.3) (taking into account that x =¢,,
s = ¢, and the constants have been chosen to be a=b =d =1,c=0,e =2,f =-1) we

obtain
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sec[ln lese(<,) — cot(§2)|] (£, +2M ) Me ™4
2GHM

V (£,,4,.¢5)=In -¢,+Cc  (5.6.14)

c,HeunC (-4M ,4M ,0,8M ?,-8M ?, )

Finally, we substitute (5.6.14) into (5.5.1) ( taking into account that &, =r,&, =y and

¢, =t —z ) we get the first exact solution to (5.3.2) which is given by
u,t,r,y,z) =k, (2M —r)™e""* cos| Injesc(y ) - cot(y )| JHeunC (—4M ,4M ,0,8M % —8M 2,1—ﬁj

where k, is a constant.

In a similar manner, if we consider the second solution f,(x) then we make the

necessary substitutions and transformations we reach the second solution

u,(t,r,y,z) which is given by

U,(t,r,y,z)=k,(2M —r) e " cos| In|csc(y ) —cot(y )| |HeunC [—4M ,—4M ,0,8M 2,-8M 2,1—#)

where k, is a constant.

It is worth noting that the two solutions are dependent on the four variables, t,r,y

and z , which make them very interesting solutions from physical point of view.

Finally, we can combine the two solutions together to obtain a solution which is more

general than the two obtained ones. This combined solution is given by

utt,r.y,z)=k,(2M —r)*e"** cos| Incsc(y ) —cot(y )| |HeunC (—4M ,4M ,0,8M ? —8M 2,1—ﬁj

+Kk,(2M —r) e cos[In[csc(y ) — cot(y )| JHeunC (—4M ,—4M ,0,8M 2,—8M 2,1—%)

5.7 Summary of the Results

We can summarize the results of chapter 5 in the two tables below. The first table
contains the symmetries of the wave equation on Schwarzschild spacetime while the

second one presents the obtained solutions of this equation.
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1
g :(1—2det2 —(1—2ﬂj dr?—r?(dy * +sin’(y )dz *)

The Metric
r r
2 6M 4M AM?  4AM?  cot(y) 1
utt_Fur—i_ rz ur _urr+ r urr_ r3 ur_ rz urr_ rz uy _r_zuyy
EVVa‘t’_e JMeoty) oM 1 2M o
quation re Yoo Y rfsin®(y) 0 risinf(y) ¢
0
Xl:a
0 ) 0
X, =c0s(z)——cot(y)sin(z)—
2 ( )ay (y)sin( )az
. 0 0
) X, =sin(z)—+cot(y)cos(z) —
Symmetries oy oz
0
X, =—
Yooz
X5=ui
ou

Table 5.7.1 : The symmetries of the wave equation (5.3.2)

Subalgebra | (X +X,, X, +2X,—X)
0 0 0 5 0 0
Generator | \Z V"5 't ‘@ - au
3
Reduced | 3 o +(2X —2M W, +(X* =2MX W, — (x> =2Mx W 2 +cot(s W,
equation W W cscE(s) =0
o u,t,r,y,z)=k,(2M —r)*™e""* cos[ In|csc(y ) —cot(y )| |H, (M ,r)
irst
Solution | where H,(M ,r)=HeunC (—4|v| ,4M ,0,8M *,-8M 2,1-%)
u,t,r,y,z)=k,(2M —r)?"e " cos[ In|esc(y ) —cot(y )| JH, (M ,r)
Second
Solution | where H,(M,r)=HeunC (—4M ,—4M ,0,8M ?,—8M 2,1—%]
utt,r.y.z)=k,(2M —r)*e™ cos| Injcsc(y ) —cot(y )| |H,(M,r)
Combined o s
Solution | +k,(2M —r)?"e™ cos| Incsc(y ) —cot(y )| [H, (M ,r)

Table 5.7.2 : Exact solutions of the wave equation (5.3.2)
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